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QUASISTATIC FRICTIONAL CONTACT PROBLEM WITH DAMAGE
FOR THERMO-ELECTRO-ELASTIC-VISCOPLASTIC BODIES

AHMED HAMIDAT* AND ADEL AISSAOUI

(Communicated by I. Vel¢i¢)

Abstract. The aim of present paper is to study the process of a quasistatic frictional contact
between a thermo-electro-elastic-viscoplastic body with damage, and an obstacle, the so-called
foundation. We assume that the normal stress is prescribed on the contact surface and we use the
quasistatic version of Coulomb’s law of dry friction. We establish a variational formulation of
the model, which is set as a system involving the displacement field, the stress field, the electric
potential field, the temperature field and the damage field. Existence and uniqueness of a weak
solution of the problem is proved. The proof is based on arguments of evolutionary variational
inequalities, parabolic inequalities, differential equations and fixed point.

1. Introduction

Situations of frictional contact abound in the industry and everyday life (contacts
of the braking pads with the wheel or the tire with the road are usual examples). As a
result, a considerable effort has been done in its modelling and numerical simulations.
see for instance [10, 16, 18] and the references therein.

The piezoelectric effect is characterized by the coupling between the mechanical
and electrical properties of the materials. In simplest terms, when a piezoelectric ma-
terial is squeezed, an electric charge collects on its surface, conversely, when a piezo-
electric material is subjected to a voltage drop, it mechanically deforms. Piezoelectric
materials are used extensively as switches and actuators in many engineering systems,
in radioelectronics, electroacoustics and measuring equipments. There is a considerable
interest in frictional or frictionless contact problems involving piezoelectric materials,
see for instance [2, 12, 17] and the references therein.

The piezoelectric effect is characterized by the coupling between the mechanical
and electrical properties of the materials. In simplest terms, when a piezoelectric ma-
terial is squeezed, an electric charge collects on its surface, conversely, when a piezo-
electric material is subjected to a voltage drop, it mechanically deforms. Piezoelectric
materials are used extensively as switches and actuators in many engineering systems,
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in radioelectronics, electroacoustics and measuring equipments. There is a consider-
able interest in frictional or frictionless contact problems involving piezoelectric ma-
terials, see for instance [2, 12, 17] and the references therein. Different models have
been proposed to describe the interaction between the thermal and mechanical field,
see for instance [3, 14, 11] and the references therein. A thermo-elastic-viscoplastic
body is considered in [5, 14]. Initial and boundary value problems for thermo mechan-
ical models were studied by many authors. Therefore, existence and uniqueness result
concerning the uncoupled thermo viscoelastic was obtained in [13] using a monotony
method.

Damage is a very important phenomenon in engineering because it directly af-
fects the structure of machines. There exists a very large engineering literature on it.
Early models for mechanical damage derived from the thermodyamical considerations
appeared in [6, 7], where numerical simulations were included. The mathematical anal-
ysis of one-dimensional problems can be found in [8]. In all these results, the damage
of the material is described with a damage function o, restricted to have values be-
tween zero and one. When o = 1 there is no damage in the material, when o = 0,
the material is completely damaged, when 0 < o < 1 there is partial damage and the
system has a reduced load carrying capacity. Quasistatic contact problems with damage
have been investigated in [9, 10, 15].

Quasi-static processes for electro-viscoelastic with long-term memory and dam-
age have been studied in [ 1], such that electrical conditions are introduced in cases
where the foundation conductive. In this paper, we consider a general model for the
a quasistatic process of frictional contact between a deformable body and an obstacle.
The material obeys a general electro elastic-viscoplastic constitutive law with damage
and thermal effects. On the contact surface the body can arrive in frictional contact
with an obstacle, the so-called foundation which is electrically nonconducting and the
contact is given by

o]l < plov],

—oy=F u ) )
v ’ O = _,LL|O-\/| m if Uur #O,
T

where F is a given positive function. The above relations assert that the tangential
stress is bounded by the normal stress multiplied by the value of the friction coefficient
u.

The rest of the article is structured as follows. In Section 2 we present contact
model and provide comments on the contact boundary conditions. In Section 3 we list
the assumptions on the data and derive the variational formulation. We prove in Section
4 the existence and uniqueness of the solution.

2. Problem statement

The physical setting is the following. A body occupies the domain Q C R? (d =
2,3) with outer Lipschitz surface which is divided into three disjoint measurable parts
I'1, I'; and I's on one hand, and a partition of T';y UT, into two open parts [, and I,
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on the other hand. We assume that meas(I";) > 0 and meas(I'y) > 0. Let T > 0 and
let [0, 7] be the time interval of interest. The body is clamped on T’y x (0,7") and the
displacement vanishes there. Surface tractions of density f, act on I'; x (0,7) and a
volume force of density fy is applied in Q x (0,7).

We also assume that the electrical potential vanishes on I'; x (0,7) and a surface
electric charge of density ¢ is prescribed on T', X (0,7). On T'; the potential contact
surface, the body is in contact with an insulator obstacle, the so-called foundation.

The classical formulation of the mechanical problem of electro elastic-viscoplastic
with damage and thermal effects, be stated as follows.

Problem P

Find a displacement field u: Q x (0,T) — R9, a stress field 6 : Q x (0,T) — S¢,
an electric potential field ¢ : Q x (0,T) — R, a temperature field 6 : Q x (0,7) — R, an
electric displacement field D : Q x (0,7) — R?, and a damage field oc: Q x (0,7) — R
such that

o(t) = e (u(t))+ A (e(u)), o) - EE(Q)()

: in Qx (0,7),
+/O G (o(s)— e (u(s)+EE(Q)(s),€ (u(s)))ds—C.0
(L
D=&e(u)+BE(p)  inQx(0,T), )
6 —divk(VO) = r(i, o) +q, inQx (0,7), (3)
o —kAa+doy (o) 3 S(e(u), ), inQx (0,7), 4)
Dive+fo=0 inQx(0,T), (5)
divD—qo=0  inQx(0,T), (6)
u=0 onTy x (0,T), (N
ov = f2 on Iy x (OaT>7 3
—oy=F onT3x(0,T) 9)
o]l < pfovl
O-‘L':_,LL|O-V|||:—TH it i £0 onT3 x (0,7), (10)
00 .
—k,-jgvj:ke(O—OR)+hT(|uT|) OI'le,X(O/T)7 (11)
do
5, =0 onlx (0,7), 12)
=0 onT,x(0,7T), (13)
Dv=g, onT,x(0,T), (14)
6=0  on ([ UTL) x(0,7), (15)

u(0)=up, 0(0)=0p, «0)=o09,  inQ. (16)
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First, equations (1)—(4) represent the electro-elastic-viscoplastic constitutive law
with damage and thermal effects, were </, Z and ¥ are, respectively, nonlinear op-
erators describing the purely viscous, the elastic and the viscoplastic properties of the
material, E(¢) = —V¢ is the electric field, & = (e;jx) represent the third order pieso-
electric tensor, & is its transposition and B denotes the electric permittivity tensor,
C.= (¢ j) represents the thermal expansion tensor, K represent the thermal conductiv-
ity tensor, div(KV0) = (k;;6,) ;. q represent the density of volume heat source and r
is non linear function of velocity and damage.

o, 6 represent the damage, and the temperature. @ (o) denotes the subdiffer-
ential of the indicator function of the set ¢ of admissible damage functions defined
by

7 ={acH (Q)|0<a<!] ae in Q},

and § is the mechanical source of the damage.

Equations (5) and (6) represent the equilibrium equations for the stress and electric
displacement fields. Equations (7)—(8) are the displacement-traction conditions.

Frictional contact conditions of the form (9) and (10) describe the contact on the
surface I'3, (11), (12) represent, respectively on I', a Fourier boundary condition for the
temperature and an homogeneous Neumann boundary condition for the damage field
on I'. (13) and (14) represent the electric boundary conditions. Equation (15) means
that the temperature vanishes on (I'y UT,) x (0,7). Finally, The functions ug, 6y and
0 in (16) are the initial data.

3. Variational formulation and preliminaries

For a weak formulation of the problem, first we introduce some notation. We
denote by S the space of second order symmetric tensors on R?. We define the inner
product and the Euclidean norm on R¢ and S?, respectively, by

|u| = (u-u)2, YueR! and |o|=(c-6)Z, VYoeS

Here and below, the indices 7 and j run from 1 to d and the summation conven-
tion over repeated indices is used and the index that follows a comma indicates a partial
derivative with respect to the corresponding component of the independent variable.
Let Q C R? be a bounded domain with a regular boundary T" and let v denote the unit
outer normal on I". We define the function spaces

H:Lz(Q)d:{uz(ui)\uiELz(Q)}, H ={u=(u;)| e(u) € 2%,
%Z{O’Z(Gij)‘G,'jZGﬁELz(Q)}, M ={occH|Divo €cH}.

Here € : Hy — ¢ and Div: 4 — H are the deformation and divergence operators,
respectively, defined by

(uij+wuj;), Div(o)=o0j;.

| =

e(u) = (&j(u), &;ju)=
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The sets H, H;, 7 and 7] are real Hilbert spaces endowed with the canonical inner
products

(u,v)Hz/Quiv,-dx Yu,v € H, (O',T),;;p:/QG,-jT,-jdx Vo ,T €,

(u,v)m, = (u,v)u + (e(u),e(v)) w, Yu,v<cHy,
(6,7) % =(0,7) »+ (Dive,Divt)y, ©,Tc€ .

The associated norms are denoted by .||z, .||z, |||z and |.[|,5. Let Hr =

H? (T)¢ and y: H, — Hr be the trace map. For every element u € H;, we also write
u for the trace yu of u on I' and we denote by u, and u; the normal and tangential
components of u on I" given by

Uy =u.V, U;=1uU—UyV. 17

We recall that when o is a regular function then the normal component and the tangen-
tial part of the stress field ¢ on the boundary are defined by

Oy=0V:V, O;=0V—0,V, (18)

and for all & € 7] the following Green’s formula holds
(0,€(v))r + (Divo,v)y = / ov.vda, YvE€H,. (19)
r

Now, let 7 denote the closed subspace of H!(Q2) given by
¥ ={yeH(Q)|y=00nT UL},

and we denote by ¥ the dual space of ¥ .
We use the notation (.,.)y 4 to represent the duality pairing between ¥ and 7.
Let V denote the closed subspace of H!(Q)? defined by

V:{VEHI(Q)d|v:OonF1}.

Since meas(I'1) > 0, Korn’s inequality holds and there exists a constant Cp > 0,
that depends only on Q and I'; such that

le)llz = Collvllm e, VveV.
On V, we consider the inner product and the associated norm given by
(w,v)v = (e(u),e(v))r, [vlv = le@)llr, u,veV. (20)

It follows that |||z« and |[|.|[v are equivalent norms on V' and therefore (V,(.,.)v)
is a real Hilbert space.
For the electric displacement field we use two Hilbert spaces

# ={DeH|dvDcl}Q)},
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endowed with the inner products
(D,E)y = (D,E)u + (divD,diVE) 12,
and the associated norm ||.||y-. The electric potential field is to be found in
W={£eH" (Q),E=00nT,}.
Since meas(I';) > 0, the Friedrichs-Poincaré inequality holds:

IVEllE = crlllla @)y VEeW, 2D

where cr > 0 is a constant which depends only on €2 and I',. On W we use the inner
product

((P7€)W = (V¢7V€)H7 (22)

and ||.||w the associated norm. It follows from (21) that |.||;j1(q) and ||.[|w are equiv-
alent norms on W and therefore (W, ||.||w) is a real Hilbert space.

Moreover, by the Sobolev trace theorem, there exist two positive constants ¢y and
Cp such that

VIl 2(rpe S collvllv, eV fvlpr,) <élvlw, vYyeWw.  (23)

Moreover, when D € % is a regular function, the following Green’s type formula
holds

(D.VE)n + (divD, ) 2 ) = /FD-dea7 v e H'(Q). 24)

For any real Hilbert space X , we use the classical notation for the spaces LP(0,T;X)
and W5P(0,T;X), where 1 < p < oo and k> 1. For T > 0 we denote by C(0,T;X)
and C'(0,T;X) the space of continuous and continuously differentiable functions from
[0,T] to X, respectively, with the norms

. = t
£ llcco,r:x) trerfoav;}Hf()Hx,

)

||fHC1(O7T;X) = c

t [&);]Hf(t)nx + max, 1£(@)llx-

In the study of the problem P, we consider the following assumptions
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The viscosity operator o7 : Q x S¢ — S? satisfies

(a) There exists L,; >0 such that
|7 (x, @1) — o (x,@2)|| < Loy || @1 — 03],
forall @, @, € S, aex € Q.
(b) There exists mg >0 such that
(o (x,0)) — o (x,0,)).(0) — 02) > my||0) — o, (25)
forall @, @, € S¢, a.ex e Q.
(¢) The mapping x — <7 (x, @) is Lebesgue measurable on €,

for any @ € S¢.
(d) The mapping x +— </ (x,0) € .

The elasticity operator % : Q x S¢ x R — S satisfies
(a) There exists Ly >0 such that
|B(x, @1, 01) — B(x,@2,0)|| < Lz ([|@) — @2 +[|o1 — 0a]]),

forall m;, @, € Sd,Otl,OCz €R, ae. xeQ.

26
(b) The mapping x— HB(x,®, ) is Lebesgue measurable on Q, (26)
forall @ € S, ot € R.
(c¢) The mapping x +— 2(x,0,0) € 7.
The visco-plasticity operator & : Q x S x S¢ — R satisfies
(a) There exists a constant Ly >0 such that
|9 (x,01,@1) =9 (x,02,@,)|| < Ly (|61 — 02| + || @1 — @2]),
fOI‘aHZE(O,T),Gl,()'z,a)l,(DQESd, ae. xeQ. @7
(b) The mapping x — ¥(x,0,®) is Lebesgue measurable on Q,
forall o, @, S%,1 € (0,7T),
(¢) The mapping x — ¥ (x,0,0) € J7Z.
The function S : Q x S x R — R satisfies
(a) There exists a constant Lg > 0 such that
IS (x, @1, 01) = S (x, @2, 00) || < Ls (|| @1 — @2 + [lon — ez,
for all @1, @, € S, forall o, € R, ae. x € Q. 28)

(b) The mapping x — S(x,®, ) is Lebesgue measurable on €,
forall @ € S, for all o € R.
(¢) The mapping x — S(x,0,0) € L*(Q).
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The thermal expansion operator C, : Q x R — R satisfies

(a) There exists L, > 0 such that

ICe (x,01) — Co (x,62)|| < Lc, ||6) — 6| forall 61,0, € R, a.e. x € Q.
(b) Co=(cij),cij = cji € L™(Q). 29)
(¢) The mapping x — C,(x, 0) is Lebesgue measurable on Q,

forany 6 € R.

(d) The mapping x — C,(x,0) € 7.

The thermal conductivity operator K = (k;;) : Q x R — R satisfies

(a) There exists Lg > 0 such that
IIK (x,r1) — K (x,72)|| < Lg ||r1 — r2||, forall rj,r» € R, ae. x € Q.

(b) kij=kji € L™ (Q),kijoi0; < cpojo; for some ¢ > 0, (30)
forall (o) € R.

(¢) The mapping x — k(x,0) belongs to L().

Electric permittivity operator B = (b;;) : Q@ x R? — R? satisfies

(a) B(.X,E) = (sz(X)E,) forall E = (El) c Rd, ae. xeQ.
(b) bij=bj;i € L~(Q),1<i,j<d.

31
(¢) There exists a constant mp > 0 such that G
BE.E > mg||E|?, forall E = (E;) € R?, ae.in Q.
The piezoelectric operator & : Q x S — R satisfies
(Cl) &= (eijk)aeijkeLw(Q)71 gla.hkgd 32)
(b) £(x)o-T=0-&%1, forall 6 €S, and all T € R?.

The tangential function /iy : '3 x R — R satisfies

(a) There exists Ly > 0 such that

e (xyt0) — e (6,102) | < Le ey — ],

for all u;,u; € R, a.e. x € I'3. 33)
(b) Forany u € R, x — h¢(x,u) is Lebesgue measurable on I's.

(¢) The mapping x — h;(x,0) belongs to L*(T3).

We assume that the friction coefficient u, the normal stress F', the boundary and
initial data 6g, k., 0, up and 6y the volume of forces fy and f, and the charges den-
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sities qo, g2 the heat source density q the microcrack diffusion coefficient kq satisfy

wel”(T3), u>0ae. onls,

2 (34)
FelL (T3), F>0ae.on €3,
O € C(0,T;L*(T3)), k, € L (R ), (35)
ucV, ope?%, 6ye?, (36)
fec(om @), pec(oAr)’), 37)
g0 € C(0,T;L*(Q)), g» € C(0,T;L*(T})), (38)
ko >0, qeC(0,T;L*(Q)). (39)

The function r: V x R — L*(Q) satisfies that there exists a constant L, > 0 such
that

I (a1, 81) = 7 (2, &2) | 12() < Lo ([lar = w2ly + (161 = S2) 1)

(40)
Vup,uy €V, él,éz eR.
We introduce the following bilinear form a : H'(Q) x H!(Q) — R, by
a(§.&) = ko [ V¢-Vear. (4D

Now we consider the mappings j:V — R, f:[0,7] =V, ¢:[0,T] - W, Q:
0,T] =¥, K:¥ — ', and R:V — ¥’ respectively, by

:/nupuwfudm Yw eV, (42)
(€0 wyy = [ fol0)-wax+ [ F2(0) wia, 43)
V) z/qu(t)vdx—/rb (1) vda, (44)
(). 0)y7 = [ kebu(t)oda + [ a(r)odx. (43)
(Kp.9) W—”zl/ l,gp a"’d +/ kepoda. (46)
(Rw.9) v = [ rw)odr+ / e (|ws]) 9da. @7)

forallweV,veW, ¢,p € ¥ and ¢ € [0,T]. Note that
feC(0,T;V), qeC(0,T;W). (48)

Using standard arguments based on Green’s formula, we obtain the following vari-
ational formulation (1)—(16).
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Problem PV
Find a displacement field u : [0,7] — V, a stress field o : [0,T] — 27, an electric

potential ¢ : [0,T] — W, a damage field « : [0,7] — H'(Q), and a temperature 6 :
[0,T] — ¥ such that

o(t)=ode(u(t))+AB(eu()),or)+EVo(t)

i (49)
+/0 G (o(s)— e (u(s)—EVo(s), e (u(s))ds— C.O(1),

D= &€(u)—BV(9), (50)

(0(t),e(v) —e(@(r)) r +j(v) — j@a()) = (@), v —i(r))v, (51

(BVo(1),Vo)n — (€e(u(t),Vo)u = (q(t),¢)w, VoW, 1€(0,T)  (52)

0(t)+KO(t)=Ra(t)+Q(t), in¥, (53)

a(r) € ¥, (0(1),6 — ot)) 2(q) +ale(r),§ — a(r)) 54
> (S(e(u(t)), (1)) ,& — (1) 2(qr) , V6 € ¥, 1 € (0,T),

u(0) =up, 6(0)=6p, 0(0)=00. (55)

Our main existence and uniqueness result for Problem PV is in the following
section.

4. Existence and uniqueness

THEOREM 1. Assume that (25)—(40) hold, Then there exists a unique solution
(u,0,0,0,0,D) to problem PV . Moreover, the solution has the regularity

uccC0,1;v), (56)
@ eC(0,T;W), (57)
o cC(0,T;), (58)
0 €C(0,T;L*(Q))NL*(0,T;¥)nW"2(0,T;77), (59)
o e W' (0,T;L2(Q)) NL* (0,T;H' (Q)), (60)
DecC,T:#). (61)

A set of functions (u, ¢, ¢, 0, o, D), satisfying (1)-(16), (49)—(55) is called
a weak solution of the mechanical problem of electro elastic-viscoplastic with damage
and thermal effects P. We conclude that, under the conditions specified in Theorem 1,
the mechanical problem P has a unique weak solution satisfying (56)—(61).

The proof of Theorem 1 will be carried out in several steps, From now on, in this
section, we always suppose that the assumptions of Theorem 1 hold, and we always
assume that C is a generic positive constant may change from place to place. Let i €
C(0,T;.5¢) and A € C(0,T;L*(Q)) we consider the following variational problem.
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Problem 327%

Find a displacement field uy, : [0,T] — V such that for all 7 € [0, T
(7 (iy (1)), & (w) —(itn (1)) o + (B (& (un (1)), 04 (1)) , € (W) — €(ity (1))
+ (M), e(w) —€(ien (1)) 5+ J (W) — j ity (1)) = (£(t), w — iy (1)),

YweV,ae re(0,T),
(62)

un(0) = uo. (63)

We have the following result for @,%

LEMMA 1. 1) There exists a unique solution uy € CY(0,T;V) to the problem
(62) and (63).

2) If uy and uy are two solutions of (62) and (63) corresponding to the data 11,
N2 € C([0,T); ), then there exists C > 0 such that

1 () — w2 (1)l SC/OIIIm(S)—nz(S)ijd& 1 €[0,7]. (64)

Proof. We define the operators A:V —V and B:V x H'(Q) — V by
(Au,w)y = (Fe(u),eW))w, Yu,weV, (65)
(B(u,00),w)y = (B (e(u), ) e(W)) v, YuweV, acH (Q). (66)
Therefore, (62) can be rewritten as follows
(Au0),w— i)y + (B(a(), le)), w— i)y + () .
—J(u(t)) = (En (1), w —ue(2))y, ,

where
fr(r) =£(t)—n(), ae.re[0,T].

We use assumption (25) to show that A is a strongly monotone Lipschitz continu-
ous operator. Also, it follows from (26) that B is a Lipschitz continuous operator and
we use (23) to see that the functional j defined in (42) satisfies

Jw) < collpllr=my IF 2y Iwllv,  YweV.

So the seminorm j is continuous and, therefore, it is a convex lower semicontinuous
function on V. Finally, note that £, € C([0,T];V) and up € V and we use classical
arguments of functional analysis concerning evolutionary variational inequalities [4,
19] we can easily prove the existence and uniqueness of uy satisfying (56). Using
inequality (62) for 1 = N1, uy, = uy, iy, = u;, we find

(& (r(1)),€(w) —e(@1(1))) o + (B (€ (w1(1)), 05.(1)) € (W) — €(@1(1))) o

+ (M), e(w) —e(@1(1))) o + j(w) — j (@1 (2)) = (£@), w— i1 (1)), (68)
YweV,ae. re(0,T),
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for 1 =12, uy, = uy, ity, = ity , we obtain

(A€ (1)) € (w) — €(ir (1)) + (B (€ (wa(1)) (1)) , € (W) — €(i2(2))) 1
+ (M2(2), e(w) — e(@2(1))) o + j(w) — j (2(2)) = (£(), w— 2 1))y, (69)
YweV,ae re(0,T),

we take w =it (¢) in (68) and w = #; () in (69), add the two inequalities to obtain

(e (1) — (1)), €(ier (1)) — (1))
S (Ble(r),on(r) — 2 (e(ua(t),00(t)), € (@2(1)) — €(@1(7))) o
+(M1(1) = M2(1), (i1 (1)) — (2 (1))

then we use assumptions (25) and (26) to find

i) — 2|y < C ([l —w2lly + [N — M2l ) (70)

!
Since u;(1) = / i;(s)ds + up,Vt € [0,T], we have
0

s = (o)l < [ Jin(5) ~ix(5)ly v

Using (70), (71) and the Gronwall’s inequality, we find

[ i)~ )y ds < [ In() -0 ds, (72)

which concludes the proof of Lemma 1. [

In the second step we use the solution uy , obtained in Lemma 1, and consider the
following variational problem for the electrical potential.

Problem 32,2,

Find an electrical potential ¢y : (0,7) — W such that

(BVoy(1),VE), — (&e(un(1)),VE), = (qt),8)w, forall { e W, t € (0,T).
(73)

LEMMA 2. Problem (73) has unique solution @y which satisfies the regularity
(57). Moreover, if ¢y, and @y, are the solutions of (73) corresponding to N,MN2 €
C([0,T];.7), then there exists C > 0 such that

H(Pm(t) - (Pnz(t)HW < CH“"I(I) _unz(t)HV7 Vi € [O’T]' (74)

Proof. We consider the form L: W xW — R

L(g,0) = (BVQ,Vo)y, Yo,0cW, (75)



Differ. Equ. Appl. 15, No. 4 (2023), 361-380. 373

we use (21), (22), (31) and (75) to show that the form L is bilinear continuous, sym-
metric and coercive on W, moreover using (44) and the Riesz representation theorem
we may define an element &, : [0,7] — W such that

(én (Z),(Z))W = (q(t)7¢)W+ (@@8 (url(t))7v¢)[-17 V‘P € W7 re (07T)7

we apply the Lax-Milgram Theorem to deduce that there exists a unique element @, (¢) €
W such that

L(n(1),0) = (&n(®),0)y, Vo EW. (76)

It follows from (76) that ¢, is a solution of the equation (73). Let ¢p, = ¢;, and
uy, = u; for i=1,2. We use (73) to obtain

lo1(1) = @2(0) llw < Cllur (1) w2 (1), Ve €[0,T].

Now since u, € C1(0,T;V), so implies that ¢, € C(0,T;W). This completes the
proof. [

In the third step, we use the displacement field u; obtained in Lemma 1 to con-
sider the following variational problem.

Problem 7}
Find the temperature field 6y : (0,T) — L*(Q)

On(t)+KOy(t) =Riny (1) +0Q(t), in?', ae.tel0,T], (77)
6 (0) = 6o. (78)

LEMMA 3. There exists a unique solution 0y to the auxiliary problem @% satis-
Sfying (59). Moreover 3C > 0 such that ¥n,,M, € C(0,T;57).

60 (0) = 80 [0y <€ [ M)~ ma0)pds. w1 9
Proof. The result follows from classical first order evolution equation given in
Refs. [1, 18]. Here the Gelfand triple is given by
¥V CIX(Q) = (1) c 7.
The operator K is linear and coercive. By Korn’s inequality, we have
(KT,7)yr.v 2 Cll7])5-
Let 0y, = 0;, and up, = u; for i =1,2. Lett € R be fixed. Then, we have

(61(r) = 02(1),61(t) = 62(1)) 1, + (KOW(1) = KOa(1),01 (1) — 62()) g1y
= (Rity (t) — Rin(t), 01 (1) — 62(1)) ey -
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We integrate the above equality over (0,7) and we use the strong monotonicity of
K and the Lipschitz continuity of R: V — ¥ to deduce that

1
H91(t)—92(f)||iz(g>dS<C/O i1 (s) — aea (s) [,

It follows now from (72), that

1
184() = 0272y <€ [ Imi(s) = ma(o)|5pds, Wi 0.7). O

In the fourth step we let A € C(0,T;L*(Q))

Problem &)
Find the damage field oy, : (0,T) — L*(Q) such that o (1) € % and
(66(1). & — 03) oy + (0, (1),E — 02(1))
= (A(l),& - a?t(t))Lz(Q) vé € g: ae.tc (OaT)7
,(0) = . (81)

(80)

For the study of problem &7, , we have the following result.

LEMMA 4. There exists a unique solution o, to the auxiliary problem &2 satis-
fying (60).

Proof. The inclusion mapping of <H1(Q), Il HHI(Q)> into (Lz(Q), Il HLZ(Q)> is

continuous and its range is dense. We denote by (H'(Q))’ the dual space of H!(Q)
and, identifying the dual of L?(Q) with itself, we can write the Gelfand triple

/

H'(Q) c L*(Q) C (H'(Q)).

We use the notation (.,.) ( to represent the duality pairing between

HY(Q)) xH!(Q)
(H'(Q))" and (H'(€2)). We have

(avp)(Hl(Q))’XHl(Q) = (a,p)Lz(Q)7 Voo e L2(9)7p € HI(Q)7

and we note that K is a closed convex set in (H'(Q)), using the definition (53) of the
bilinear form a, for all v,p € H'(Q), we have a(v,p) = a(p,v) and

la(v,p)| < kIVVllulVella < cllvllggllpllmq):
Therefore, a is continuous and symmetric. Thus, for all v € H 1 (Q), we have

a(v,v) = k|| Vo7,
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SO
a(v,v)+ (k+ l)Hvlliz(Q) >k (HVUH?ﬁ Hvlliz(g)) ;
which implies
a(v,v) +col||uuiz(g) > c1||u\\§,l(m with co = k+ 1 and ¢; = k.

Finally, we use (40), (46) to see that A € L?>(0,T;L*(Q)) and o € K, and we
use a standard result for parabolic variational inequalities (see [1], p. 124), we find
that there exists a unique function o € W' (0,T;L*(Q)) NL* (0,T;H'(Q)) , such that
0(0) = o, a(t) € K forall ¢ € [0,T] and for almost all ¢ € (0,7T)

(ea(t),p— al)(Hl(Q))’XHl(Q) +a(oy(t),p—an(t) = (A(1),p — aa(t))Lz(Q)v
VpeK. O

In the fifth step, we use uy, ¢y, 6y and o obtained in Lemmas 1, 2, 3 and 4,
respectively to construct the following Cauchy problem for the stress field.

Problem 2, ;

Find the stress field o, 5 : [0,7] — % which is a solution of the problem

G (1) = B (2 (n (1), )+ [ 9 (@4(5) un())) ds — C.0n ),
ae. 1€ (0,T).

(82)

LEMMA 5. 2, ; has a unique solutions &, ; € C(0,T;5¢). Moreover, if Gy, 3.,
un;, Oy, and oy, represent the solutions of Problems @,ﬂm, QZ,%, @% and, &) re-
spectively, for (M;,A;) € C(0,T; 7 x L*(Q)), i = 1,2, then there exists C > 0 such
that

160020 (0) = G, 20 O[5 < € ([l (1) =y O]+ [, (1) = 02, ()]

+[6n, (1) eﬂz(I)Hiz(Q) +/Ot [um () — ”nz(s)Hé) :
(83)

Proof. Let X, ; :C(0,T;#) — C(0,T; ) be the operator given by
Zn,m(f)ZQ(S(un(t),az(t))H/O G (0,2(5),€ (un(5))) ds = Cey (1), (84)

Let 6; € W'=(0,T;#), i = 1,2 and #; € (0,T). Using hypothesis (27) and
Holder’s inequality, we find

2 gl
2201 (t) = Zq 202 (1), <Lg2¢T/O o1 (s) — 02(s) 3 ds.
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Integration on the time interval (0,72) C (0,7), it follows that
%) ) 2 %) 11 2
/0 ||Zn77Lo-1 (tl)—Zm;Laz(tl)H%dtl <L(¢T/O /0 HO'](S)—O'z(S)HE%adel].
Therefore
2 a0 [P M 2
20101 () =Zg202 @) [, <1572 [ [V l101(5) = 0a(0)] dsdn.

For t1,t5,...,1, € (0,T), we generalize the procedure above by recurrence on 7.
We obtain the inequality

Hzn,lo'l (tn) —Zy, 102 (1) Hif

"T"/ //Hal 62(5) |2y dsdty ....dy 1.

Which implies

2 L(2;Tn+1 T ’
||ZT,,AO'1(tn)—Zm)LO'z(tn)H%< 'n, /0 o1(s) — 02(5) (|5, ds.

Thus, we can infer, by integrating over the interval time (0,7), that

L2n Tn+2

Hzmlal—zmlﬁﬁZ@hﬂﬁ Hol_oﬂkOTWﬁ

It follows from this inequality that for large n enough, the operator 2’1717 5 isacon-
traction on the Banach space C(0,7;.5¢), and therefore there exists a unique element
0 €C(0,T;2) such that X, ; 6 = 6. Moreover, 0 is the unique solution of Problem
Py 5. - Consider now (11,41),(12,42) € C(0,T;.5 x L*(Q)) and for i = 1,2, denote
Un, = Ui, 97‘1;‘ = 9,', OC)L’. = 04 and O'rh..’)w =0;. We have

oi(t) =B (e(ui(t), 0i(r))) + /Ot%(()‘i(s)ﬁ (ui(s)))ds —C,0(1),

(85)
ae. t€(0,T).
and using the properties (26), (27) and (29) of &, 4 and C, we find
lo1(1) = 02(0) 1%,
< C (1 (1) = wa ()1} + o (1) = 0a(0) 729 + 161 (1) = B2(0) 72y (86)

+/||u1 —uy(s Hvds+/H0'1 )%ds> Vi € [0,7).

We use Gronwall argument in the previous inequality to deduce (83), which con-
cludes the proof of Lemma 5. [J
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Finally, as a consequence of these results and using the properties of the operators
¢, &, C, and the function S, for # € (0,T), we consider the element

A A)(1) = (A (M A)(0), A*(,4)(1)) € A % LA(Q), (87)
defined by

(A" (M, 2)(1),9) 4y = (EVPn(0),€()) o+ (Cey (1), €(v)) 5
—|—(/Otg(0‘,77;L,s(un(s)))ds,£(v)> Wvev,

A2 (M, 2) (1) = S (& (un (1)) , 05 (1)). (89)

Here, for every (n,1) € C(0,T;. x L*(Q)). uy, ¢n, 6y, 05 and 6, ; represent
the displacement field, the electric potential field, the temperature field, the damage
field and the stress field, obtained in Lemmas 1, 2, 3, 4 and 5 respectively. We have the
following result.

(88)

LEMMA 6. The mapping A has a fixed point (n*,A*) € C(0,T;# x [*(Q)),
such that A(M*,A") = (n*,17).

Proof. Let 1 € (0,T) and (11,41),(N2,42) € C(0,T;.# x L*(Q)). We use the
notation that uy, = w;, iy, = w;, Oy, = 6;, Oy, = @i, oy, = oy and Oy, ). = o; for
i=1.2.

Let us start by using (23), (27), (29) and (32), we have

A" (11, 20) (1) = A (12, 22) (1) < |67V 1) = V(1) |2,
+[Ce61 (1)) — Ceba (1) 1%

+ [ 19 (0105).201(5) - (0205), e (5))I 5 ds

(90)
€ (llg1(6) = @20) [y +1161(1) = 02(6)
+ [ l1016) - 00 ds-t [ () was) s ).
We use estimates (74), (83) to obtain
AL (01.20) ()~ A (2. 2) (0)
<¢((llou(t) - 0201 + 1010 ~ 00 o1

t
) =1 + [ ) -l s ).
By similar arguments, from (89) and (28) we obtain
2
[A% (M1, ) (1) = A% (02, 22) (1),

C (Jlwr () = w20) 5+ o (1) — 02(1) [ ) -+ a1 € (0,7,
92)
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It follows now from (92), (91) and (87) that
A (M1, 20) (1) = AM2,22) (O[30
< C( l[on (1) — 062(1)\\%2(9) +116n1(z) — 92(f)||i2(9) (93)
) =) + [ ) -l s ).
Form (80), deduced that

(0 — 6,04 — OCQ)Lz(Q) +a(og — o, 00 — o)

< (A=A, 00 — (X2)L2(Q)7 ae.1€(0,T).

integrate inequality with respect to time, using the initial conditions o (0) = o (0) =
o, and inequality a (o — o, 0 — o) > 0, we find

t
Hlon (1)~ 06 (0l ) < € [ (1 (5) = 22(5) 00 (5) — 0 5)) s
0
which implies
lloa () = o2 ()72

<C /H?Ll —Aa(s ||L2 ds+/H061 (S)HiZ(Q)dS

This inequality combined with the Gronwall inequality leads to
loa (6)— e Oy <C [ 121 )~ 2y ds Ve € 0.T). (94)

Form the previous inequality and estimates (94), (93), (79) and (64) it follows now
that

1A (M1, 20) (8) = A(M2,22) (O 200

r ) 95)
<cC /0 11,2) (5) = (12, 22) (5) 2 2y -

Reiterating this inequality m times we obtain

[A™ (n1,A1) — A (17272’2)”2‘(0,T;=%ﬂ><L2(Q))
Cme

111,20 = (12, 22)13 0 1120 -



Differ. Equ. Appl. 15, No. 4 (2023), 361-380. 379

Thus, for m sufficiently large, A™ is a contraction on the Banach space C(0,T; 5 x
L*(Q)), and so A has a unique fixed point. [J

Now we have every thing that is required to prove Theorem 1.
Proof. Let (n*,1%) € C(0,T; 7 x L*(Q)) be the fixed point of A and

u = un-, 0= 91’[*7 On= =0, =0y~ (96)
GZ%S(#)-FéD*qu(I)—i—O‘n*;L*, (97)
D= &¢(u)+BV(p). (98)

We prove that (u,0,60,¢,0,D) satisfies (49)—(55) and (56)—(61). Indeed, we
write (82) for n* =1n, A* = A and use (96)—(97) to obtain that (49) is satisfied. Now
we consider (62) for n* =n, A* = A and use (96) to find

(e(u(t),e(v—u(t))n+ (2 (e(u)), o)), e(v)—e@@))) »
+ (M7 (0), v — (1)) o+ (v) = j (@) = (K@), v —ie(2))y (99)
YweV,rel0,T].

The equalities A! (n*,1%) =n* and A2 (Q*,1*) = A*. combined with (88)—(89),
(96) and (97) show that forall ve V,

(M (1) ,v)orxy = (E7Vo(t),e(v))r — (CO(t),€(v))r,
+ (/(:%(G(s) — o/e(u(s)) —@@*V(p(t),s(u(s)))d&e(v)) :

AT(t) = S (& (u(r)), a(t)). (101)

We substitute (100) in (99)) and use (49) to see that (51) is satisfied.

We write now (73) for 1 = n* and use (96) to find (52). From (77) and (96) we
see that (53) is satisfied.

We write (80) for A = A* and use (96) and (101) to find that (54) is satisfied

Next, (55), The regularities (56), (57), (59) and (60) follow from Lemmas 1, 2, 3
and 4. The regularity ¢ € C(0,T;.5¢) follows from Lemmas 5.

Letnow 71,1, € [0,T], from (21), (31), (32) and (98), we conclude that there exists
a positive constant C > 0 verifying

1D (1) =D (1)l < C (@ (11) — @ (12) by + [ (21) —u(22)ly) -
The regularity of u and ¢ given by (56) and (57) implies
DecC(0,T;H). (102)

(100)

We choose ¢ € D(Q)? in (52) and using (44) we find
divD(t) = qo(t), Vi€ [0,T], (103)

Property (61) follows from (38),(102) and (103) which concludes the existence part the
Theorem 1. The uniqueness of the solution is a consequence of the uniqueness of the
fixed point of operator A, and the unique solvability of the Problems 2], @%, ,@% ,
), and &y, ; which completes the proof. []
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