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GLOBAL EXISTENCE, UNIQUENESS AND ASYMPTOTIC
BEHAVIOR FOR A NONLINEAR VISCOELASTIC PROBLEM WITH
INTERNAL DAMPING AND LOGARITHMIC SOURCE TERM
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SERIK E. AITZHANOV, SEBASTIAO CORDEIRO AND DANIEL V. ROCHA

(Communicated by K. Cherednichenko)

Abstract. This paper is concerned with the existence of global weak solution for a nonlinear
viscoelastic problem with internal damping and a logarithmic source term and Dirichlet boundary
initial conditions, and with the study of the asymptotic behavior of the problem, involving: a)
exponential decay of total energy of solutions for initial data in the set of stability created by the
Nehari manifold, b) the exponential growth of the logarithmic source term for negative initial
energy. In the existence of global weak solution we employed similar ideas as in the work of S.
Cordeiro, J. Ferreira, et al., 2021, where the Faedo-Galerkin method was combined with Aubin-
Lions lemmas for the passage to the limit in the nonlinear terms. In the study of the exponential
decay of the total energy and in the growth of the logarithmic term of the energy we adapted the
perturbed energy methods in a work of Messaoudi & Tatar, 2006 and 2003.

1. Introduction

The existing theory of elasticity accounts for materials that have a capacity to store
mechanical energy with no dissipation (of energy). On the other hand, a Newtonian vis-
cous fluid in a nonhydrostatic stress state has a capacity for dissipating energy without
storing it. Materials that are outside the scope of these two theories would be those
for which some, but not all, of the work done to deform them can be recovered. Such
materials possess a capacity for storage and dissipation of mechanical energy. This is
the case of ‘viscoelastic’ materials.

Viscoelastic materials are those for which the behavior combines liquid-like and
solid-like characteristics. Viscoelasticity is important in areas such as: biomechanics,
power industry or heavy construction, Synthetic polymers, Wood, Human tissue and
cartilage, Metals at high temperature, Concrete.

Polymers, for instance, are viscoelastic materials, since they occupy an intermedi-
ate position between viscous liquids and elastic solids. The formulation of Boltzmann’s
superposition principle leads to a memory term involving a relaxation function of ex-
ponential type. But, it has been observed that relaxation functions of some viscoelastic
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materials are not necessarily of this type, see [19, 20]. In the present work, we are
concerned with the following initial boundary value problem:

Jur (Rt + M ([|ue]|*) (—Au) — Ay + J5 gt — 5)Au(s)ds +
= ululZ P Infull, in Qx (0,0),
u=0 on JQxJ[0,00), (1)

u(x,0) =up(x) in Q,

u (x,0) =uy(x) in Q,

where Q C R” (n > 1) is a bounded domain with smooth boundary dQ, p > 2 and
p > 0 are constants, and g : R* — R* and M : [0,00) — R are C' functions. The
notations ||-||, ||, |- |z and |- |ge are defined in Section 2.

From the physical point of view, this is also the type of problems that usually arises
in viscoelasticity. It has been considered with a power source term first by Dafermos
[11], where the general decay was discussed.

As mentioned in [17], the logarithmic nonlinearity appears in several branches of
physics such as inflationary cosmology, nuclear physics, optics, and geophysics. With
all this specific underlying meaning in physics, the global-in-time well-posedness of
solution to the problem of evolution equation with such logarithmic-type nonlinearity
captures lots of attention, see [17] for the references related to each branch listed above.

A problem related to the present work is the nonlinear viscoelastic wave equation

t
|ut|%uzt — Au— Auy + /0 g(t —1)Au(t)dt — yAu, = b|u‘ﬁ_2u’

considered by Messaoudi & Tatar, [20], who used the potential well method to prove
existence of global solution. They established results on decay of energy and growth
of solution for suitable values of p, p and under the assumption of decay of function
g. When y = 0 this hypothesis on g is dropped in [19] by improving Zuazua’s method
for the proof of asymptotic decay of energy.

Another problem related to (1) when p = 0, with a power source term, is

Uy — Au+ [5 gt — s)Au(t)dT + au; = b|u\ﬁ€2u in QxR
u(x,0) =up(x) in €, 2
u(x,0) =up(x) inQ,

which has been extensively studied. When g = 0, Zuazua [23] proved that the energy
related to the problem (2) decays exponentially depending on the nature of the bound-
ary, while for g # 0, Cavalcanti et al. [9] studied (2) for a localized damping a(x)u,
and b < 0, showing an exponential rate of decay by assuming that the kernel g decays
exponentially. It is also possible to prove the exponential decay when a = 0 using the
ideas introduced by Mufioz Rivera [15] for small initial data. For nonexistence results,
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Messaoudi [14] considered (2) for & > 0 and with a nonlinear mechanical damping of
the form au |u, |2

For blow-up results related to the problem (2), see Messaoudi [14], who considered
b > 0 and a nonlinear mechanical damping of the form au,|u,|"~2. Tt is also possible
to prove finite-time blow-up when g = 0 and a = 0 and with the source term bu|u|P~2
(see [5]). We recommend [20] for a wider exposition of references relating the existence
in time for the problem (2) and the terms involving a, b, g and the source.

In [10] a Klein-Gordon equation of Kirchhoff Carrier type was studied, with a
strong damping —Au, and a logarithmic source u1n|u|g:

wyy + M (||u]|*) (—Au) + My (Ju|*)u — Ay = uln |ulg 3)

proving the global existence of weak solution by using the potential well technique and
the exponential decay of total energy by means of Nakao’s Lemma. The present work
uses ideas similar to [10] to prove the existence of global weak solutions for initial data
in the stability set created from the Nehari manifold.

An important class of viscoelastic Kirchhoff equations with a logarithmic term
source is that with time varying delay. For instance, we mention the recent work of
Nadia Mezour et. al [17] and the references contained therein, where the global and
local existence of solutions for the equation

t
‘”t‘ﬁ”tt—M(HVMH)AM—AW;—F/O h(t — T)Au(s)ds
+ 1181 (ur (x,1)) + Moo (u (x,0 — (1)) = vuln |ulg

is proved in a suitable Sobolev space using the energy method combined with Faedo-
Galerkin procedures.

Our work studies the interaction between the dissipation and the source term and
how they interact asymptotically. We prove that, when the initial data are in a stable
set, we have global existence. To achieve our goal, we use the potential well method.
Moreover, we show that the energy for the problem (1), i.e, the sum of kinetic and
potential energies of (1), has an exponential decay for initial data in a subset of a stable
set by employing a perturbed energy method. Then we show the exponential growth
of the logarithmic term of the energy for a sufficiently large constant p and negative
initial energy.

This work is structured as follows. Section 2 presents the notation and results
underlying the methods used in this paper. In section 3 we describe the set of sta-
bility of solutions built by the Nehari manifold by considering a functional energy J,
representing the viscoelastic potential energy of the problem (1) including the source
and damping terms. Next, in section 4, we state and prove a theorem on global ex-
istence of a weak solution for the problem (1). Section 5 establish conditions for the
well-posedness of the problem (1). Finally in the sections 6 and 7 we prove results on
asymptotic behavior of some terms of the total energy, including exponential decay of
total energy and exponential growth of logarithmic term of total energy.
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2. Preliminaries and assumptions

DEFINITION 1. Let B be a Banach space and u : [0,7] — B a measurable func-
tion. The vector function spaces L”(0,T;B), 1 < p < o, are defined by:

T 1/p
LP(0,T:B) = u(/ ||u||§dz> ool 1< p<oo,
0

LN(O,T;B) = {” 1 ess SupO<t<T||”(t)HB < °°}'

and

DEFINITION 2. If V and W are Banach spaces and 1 < p < oo, then we define
W,(0,T;V.W):={f¢€ LP(O,T;V)\f’ e LP(0,T;W)}.

The spaces in the Definition 2 are Banach spaces with the natural norms.
Now we present two well-known compactness results. The compactness is needed
to extract a strongly convergent sequence in the set of approximate solutions.

LEMMA 1. (Aubin-Lions lemma, Lions [12], Lemma 1.3, p. 12) Ler Q=Qx (0,T)
be an open and bounded set of R" x R. We denote LP(0,T;L"(Q)) by LP(Q). If gm,
Vm € N, and g are functions on LP(Q), 1 < p < oo, such that

lgmllLro) < C; gm — ga.e. inQ

then g, — g weakly in LP(Q).

LEMMA 2. (Aubin-Lions lemma, Lions [12], Theorem 5.1, p. 58) Let By, B and
By be Banach spaces, B;, i = 0,1, reflexive spaces with By — B compactly, B — B
continously. Define

W={u:ueclLP(0,T;By);u € L' (0,T;B;)}
where T >0 and 1 < p; <o, i=0,1. Then W C LP°(0,T;B), equipped with the norm
Wil = [lellroo.7:8) + el r1 0.7:8,)
is a Banach space and W — LP°(0,T;B) is compact.

For simplicity of notation, hereafter we denote by |- | the Lebesgue space L?(Q)
norm, ||| = [o|V(-)[dx the H} () norm, where |- |g» is the norm in R”.
We start by setting several hypotheses for the problem (1).

(H.1) M € C'([0,%0),R) is such that M(A) = mo VA € [0,0), where mg > 0.

(H.2) g:R* —R" is a Lebesgue integrable and absolutely continuous function such
that

1—/ g(s)ds=:1>0.
0
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(H.3) There exist positive constants &; and &, satisfying
—&1g(t) < g (t) < —&g(t) foralmostallz >0

We will need the very useful relation

[ ¢t =0)Vaw), Vus(1))dz = §<g’<>w><z> ~ (g0 Va) ()
0

{3 (o)

- 1g< 0Vu(e) P, 4)

which can be checked directly, where

(go)( / gt —s)[y(t) —y(s)[*ds.
Let us assume that p >2, p >0 and n=1, 2 or 3, and in order to guarantee the
Sobolev embedddings, hereafter we assume
2<p<3, 0<p<g2if n=3, 5)
p>2, p>0if n=1or2. (6)

Let us denote M(s) = [y M(t)dt. If u(t),u;(t) € H}(Q), we define the following
functionals

2= M) = [ sCyaslall~ [ gl ™
1
#0yi= 5 (3007 - [ eopastul? ) + 3P
k 1
o [l 5 (eo Vi) > [ g ulbar, (8)
Et) = p+2|| w053+ 7 (1), )

where & (1) is called the total energy of (1).

3. Potential well

In this section, we present the potential well corresponding to the logarithmic non-
linearity. It is well known that the energy of a PDE system is, in some sense, split into
kinetic and potential energy. Following the idea presented in [21], see also [18], we
can construct a stability set as follows. We will prove that there is a valley, or a “well”,
of depth d created in the potential energy. If this height d is strictly positive, we find
that for solutions with initial data in the “good part” of the well, the potential energy
of the solution can never escape the well. In general, it is possible for the energy from
the source term to cause a blow-up in finite time. However, in the good part of the well
it remains bounded. As a result, the total energy of the solution remains finite on any
time interval [0,e0), which provides the global existence of the solution.
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3.1. Abstract setting: Nehari manifold

The method of Nehari manifold goes back to Nehari’s work [24, 25]. He consid-
ered a boundary value problem for a certain nonlinear second-order ordinary differential
equation in an interval (a,b) and showed that it has a nontrivial solution, which may
be found by constrained minimization of the Euler-Lagrange functional corresponding
to the problem. For the basic critical point theory and its applications to nonlinear
boundary value problems for elliptic equations, see e.g. [2, 3, 4, 22].

Let E be real Banach space and J € C!(E,R) a functional. If J'(u) = 0 and u #0,
then

ue N :={ueE\{0}:J (u)u=0}.

Thereby .4 is a natural constraint for the set of nontrivial solutions. It is called
the Nehari manifold though it is not a manifold in general. Assume without loss of
generality that J(0) = 0 and denote

d:= uleanJ(u) (10)

The minimum energy d for potential energy along the Nehari manifold will de-
termine the high of the well and will be used to construct a stability set from which
the total energy of the system will never escape. However some assumptions on J are
required in order to guarantee that d > 0. For this purpose we mention next some fun-
damental results from Ambrossetti and Rabinowitz, which will be useful for proving
that d > 0.

DEFINITION 3. (Brézis-Coron-Nirenberg, 1980) Let E be a Banach space, J €
C'(E,R) and ¢ € R. The function J satisfies (PS). condition if any sequence (u,) C E
such that

J(uy) — ¢, J'(uy) — 0
has a convergent subsequence.

LEMMA 3. Consider

T(u) = /Q ('V;‘F v ”; - F(u)) dx,

where F(u) = [y f(s)ds, with f satisfying

(f1) feC(R), and for some 2 < p <2*, ¢y >0,
[f ()] < colls| + Is[7),
(f2) there exists o0 > 2 such that for every s € R,

oF (s) < sf(s).
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(f3) f(s) = o(lsl),|s| = 0.
Then any sequence (up) C E such that

d :=supJ(uy), J (uy) — 0,
n

contains a convergent subsequence.

Proof. The proof follows from an adaptation of the proof of Lemma 3.11 in [22].
O

THEOREM 1. (Ambrossetti & Rabinowitz, 1973 [1]) Let E be a Hilbert space,
J€C*E,R), e € E and r > 0 be such that ||e| > r and

inf J(u) > J(0) = J(e).

[Jull=r

If J satisfies (PS). condition, then c is a critical value for J.

3.2. Constructing the stability set
We start by introducing a functional J : H} () — R by

1+C2 11 k
Ju) = ———2— —/ P In|ulkd ——/ Pd
0= | b= [ s

1 1
- V 2)1 _/ 2
+ 5 /Q\ ulpndx+ 5 Q|u\Rdx,

where C,, stands for the optimal constant in the Poincaré inequality. For all u € H} (Q)
and A > 0, we have

AP(14C3) rk 1 k
JOu) = —7”[—/ rq 1n/1+—/ 2 Injulbd ——/ Lar]
) = = 25 [ i L [ g% [ s
+x—2/ |Vu|2 dx+/l—2/ ||} dx (11)
2 Jo R 2 Jo REA
' 1The functional K : Hj(Q) — R is defined by K(u) := [#J(Au)], _, . More pre-
cisely,

2
K(u):—i/ \u|pln|u\kdx+/ |Vu|]§ndx+/ |u| R dx.
mo+1—1Jg" BTR o 0

Defining f € C!'(R) by

(1+CI2,)\5|p’2sln\s|k
£(s) = { I (12)
0, s=0
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and denoting F(u) := [ f(s)ds, we see that

2 2
](u):/ {M+E_F(w dx.
Q 2 2

Associated with J, we have the well-known Nehari manifold
N ={ueHy(Q)\{0}:K(u)=0}.

LEMMA 4. The following statements hold:

(i) Assume mo+1—1>0. Forany u € H}(Q)\ {0}, if g(A) := J(Au), then there
exists A(u) such that g (A) >0 if L < A(u) and g'(A) <0 if A > A(u). In
particular, A(u) is the unique A > 0 such that Au € A and the maximum of
J(Au) for A >0 is achieved at A = A(u).

(ii) There exists & >0 such that A(u) > & for all u € S, where S = {u € H}(Q) :
|lul| =1}. Consequently A" NB(0,8) =0, which yields that A" is a closed subset
of H (Q).
Proof. (i) Let u € H}(€Q) be fixed. Taking the derivative with relation to A in
(11), we get

"(A
g; ) _ —adP AR+ AP 2 e = h(R)
2 2
where ¢ := |[u||?, a:= %fghﬂﬁdx and b := %fg\m%lnwvﬂidx. Note that
a, ¢ >0 since u # 0 and mo+1—1> 0. Also we can see that / is positive near to
zero, lim) _,yh(A) = —oo, and that there exists a unique critical point 4. for &, namely
Ay =In"! % . These facts suffice to prove (i).
(ii) We suppose by contradiction that there exists a sequence (u,) € S such that
2
0< A :=2A(u,) <1 and A, — 0. Denoting p := %, it follows from the equation
"(An) = dJ(/lu) =0
8 M) = an n . =

that
U o |7Lnun|ﬁln |7Lnun|]ﬂ§dx

A7

n]|* =
Since u, € S, it follows that

_ 1k Jg Pl dx

1< p < HKCTT AL [P < ke A,
n

where C, is the embedding constant for H}(Q) — L’™!(Q). Hence,

I < pkCl*'A~1 -0,
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which is a contradiction. Thus the proof of (ii) is complete. Consequently, if u € A",
we have
u

N Su= u;»uzx(%) >5. O

e

As a consequence of Lemma 4 (i), we can define, as in the Mountain Pass Theorem
due to Ambrossetti and Rabinowitz,

d= inf supJ(Au), (13)
u€H (Q) 1>0
u#0

which is equivalent to the definition given in (10). Furthermore, from Lemma 4 (i),
if d is attained, then d > 0. Whether d is attained or not, by the continuous embed-

2
ding Hj () C LP(Q) and the inequality [, F (u)dx < mﬁ%
to check that if CIZ,(CIZ, +1) <mp+1—1, then d > 0. However this imposes a restric-
tion on the domain through the Poincaré constant. Theorem | makes such restriction
unnecessary by showing that d is indeed attained and it is a critical value of J. The

critical point where d is attained is called ground state. In short:

(Jul?+ |u||5), it is easy

THEOREM 2. If O <mo+1—1, then d is a critical value of J. In particular,
d>0.

Proof. Observe that Lemma 4 (ii) implies the existence of r > 0 such that B(0, )N
A = 0. Consequently from Lemma 4 (i), J is strictly increasing on each ray starting
at zero and ending on dB(0,r). Thus, infj,—.J(u) > J(0). The equation (11) shows
that for any u # 0, limy_...J(Au) = —co. Thus, there exists e € H}(Q) such that
J(e) < J(0) =0, that s,
inf J(u) > J(0) > J(e).

[Jull=r
Since J is (PS), (Lemma 3), it follows from Theorem 1 that d is a critical value
forJ. O

We now introduce
W ={uc H}(Q):J(u) <d}
and partition it into two parts, as follows:
#={ue?  Ku)>0}u{0},
Wr={ueW :K(u)<0}.

LEMMA 5. # is open.

Proof. We know from Lemma 4 (ii) that .4 NB(0,8) = 0. Hence for all 0 # u €
B(0,9), it follows that K(u) > 0, since every ray starting from zero does not intersect
the Nehari manifold inside the ball (see Lemma 4 (i)). Further, 0 € A := {u € H(} (Q):
J(u) <d}NB(0,8) C #1, where A is open. Therefore, #] an opensetin Hj(Q). [

We refer to 7 as the “good” part and %5 as the “bad” part of the well. Then we
define by 7] the stability set for the problem (1).
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4. Existence of a global weak solution

DEFINITION 4. Let T > 0. A function u € C'([0,7T],H} (Q)) is called a weak
solution of (1) on [0,7] if for any @ € H}(Q) and € [0,T]

i (e ()P (1), 0) + M ([[u(t)|*)(Vu(t), V) + (Vi (1), Vo)
— Ji 8= )(Vu(s), Vo)ds + (u,0) = w(t) u(t) 2 |u(t)',0)  (14)
u0)=uo , u,(0)=uj.
LEMMA 6. If u is a weak solution of (1) on [0,T], then &' (t) <0, Vt € [0,T].
Proof. Setting @ = u, in the equation in (14), it follows that
(lus (2 )I”un( ) s (1)) +M([Ju(t) ) (Vae(e), Vity (1)) + (Vi (1), Vit (1))
(), Vae (2))ds + (ur (1), 0, (1))

= (u ()Iu()l” 21nIu(t)l u(1))-

Noting that p/[2(p+1)]+1/[2(p+1)]+1/2 =1 from the generalized Holder
inequality, the nonlinear term [, |u; |Hp§utt u;dx in the above definition makes sense.

Thus we get
d 1 pi2 1o a1 ) k/ 1 P
—— -M =V, (¢ — bd ——/ 9 d
m{p+2zopﬂ+2 Py + 3 VO + 5 [ lulfe—— [ ulf Infulfd

—|u,(t)\2—|—/Otg(t—s)(Vu(s),Vu,(t))ds. (15)

Combining (15) with (4) and then using the hypotheses (H.2) and (H.3), we
obtain

86) = ~lul)P + 3¢ o Vu)(0) ~ 38 OIVa)P <0. O (16)

LEMMA 7. Suppose that 0 < mo+1—1< 1 and that the hypothesis (H.1)—(H.3)
and the conditions over p and p hold. Assume there exists a solution u : [0,T] —
HJ(Q) for the problem (1) with initial data ug € #; and uy € H}(Q) such that 0 <

éa(o) < (m()Jrlfl)d.

1+C3
Then K() 0 forall 0 <t <T. Consequently ¥ (t) >0 and
1 p—2
E(0) = ——|lu (1) |05+ 55— 1—1)]|ul)?
(0) s @)1+ 252 (1= D)
+1||u H2+£/ |u\pdx+l( o Vu)(t) (17)
2 t p2 o R 2 g

forall t €0,T].
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Proof. First, we will show that . (r) > 0 for all 0 <z < T. We notice that
J(u)(z):—l/ |u\1’1n\u|kdx+i/ lulPdx
pJo R p2 R

Mo 2 [ \Vud d
+2(1+c,2,) o Vilendet 3y 1+C2 A [

1 k mo+l—
<—= uplnukdx—i——/ updx—l—i/ Vul?.dx
R R N N\

< E(1).

mo+1—1
1+C3

It follows from Lemma 6 that
2 2
1 +C17 N < 1 —I—Cp
mo+1—1 mo+1—1

J(u)(r) < £(0) <d.

Claim: u(t) € #1, ¥Vt € [0,T]

Indeed, the proof is similar to [21]. Since #] is an opensetand u: [0,7] — H(} (Q)
is continuous, we suppose by contradiction that there exists the first 7; € (0, 7] such that
u(ry) € d#1 . Then we have the following possibilities:

(i) J(u(n)) = (18)

(i) u(r1) # 0 and K(u(t)) = 0. (19)

We have just seen that J (u(t)) <d forall r € (0,T]. Thus, (i) never occurs. Now,
supposing that K(u(t;)) =0, u(t;) # 0, it follows that u(¢;) € .4 and from Lemma 4,

item (i), that A = A (u(f )) =1 is the unique A > 0 for which Au(r;) € A", and the
maximum of J(Au(t)) is achieved when A = A (u(t;)). Hence, we have

sup(Ru(n)) = J(hu(n)) oy = (1)) <d. (20)

which contradicts with definition of d. Thus (ii) does not occur either. This proves our

claim. Therefore, since mféfK( )(#) < F(t) and K(u)(r) >0, forall 1 € [0,T], we

have also proved that .# () > > 0, forall € [0,T].
Finally, note that the following inequalities hold for all 0 <7 < T':

1
£(0) > 6(t) = S5 (o) WO+ 7 (1)

= eI (5 5) (9 - [ eastl?)

1
+ 3l + —2/ ulfdx+ 3 (g0 V() +—J(z)

1 p+2 2
> I3+ p( (Jul?) /gsdsu )

—Huz||2+ /|u\ dx—|— (goVu)(r)
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which imply the bound (17). O

THEOREM 3. Suppose that 0 < my+1— 1 and that the hypotheses (H.1)—(H.3)
and the conditions (5) and (6) over p and p hold. Further, assume that the initial data

uo € W1, wu € Hy(Q) 1)
are such that
(mo+1—1)d
0<&0) < —— 22

Then there exists a function u : [0,T] — H (Q) N H?*(Q) in the class
u,u; € C(0,T:Hy(Q))
uy € L2(0,T;H} (Q))
such that for all ® € H}(Q) we have

d 1
dtp+1

— /(:g(t —5)(Vu(s),Vo)ds + (u;, o) = (u\uﬁ_zln ulk, o)

(Jur|Pur, @) +M(||ue]*) (Vit, V@) + (Vi V)

In particular the function u is a solution for the problem (1).

Proof. Let (@y)yen C HS (Q)NH?(Q) be a basis of L2(Q) from the eigenvectors
of the operator —A. It is known that (@y )yey is a complete and orthonormal system of
Hj(Q). Let V,, = span[®y,- -, ®,] be the space generated by the first m eigenvector
of the system (@y)ven and u™(#) = X7, gjm(t)®; be a solution in the interval [0,7,)
of the approximate problem

(" (1) Py, @) + M (|| (1) |2) (V" (1), V@) + Vit (1), Vo)

!
- / gt —5)(Vu"(s), Vo )ds + (u", ) (23)
0
=" |u"|P 2 In|u"*, 0) Yo €V,
u™(0) = ugy — uo strongly in Hj (Q) (24)
u™(0) = uy,, — uy strongly in Hj (Q). (25)

The solutions (#™) exist by Carathéodory’s Theorem.

First a priori estimate: Setting @ = u}" in the equation (14), we see that u™ satis-
fies (15) in the interval [0,7,]. By continuity of & and the fact that %] is open, we can

suppose that 0 < & (ugy) < mfilcgld and ug,, € # for all m. Hence, from Lemma 7
P

we infer that

-2 1
192_p(m0 L= D) "0+ Elluin(f)ll2 < & (uom, Uim) (26)
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for all ¢ € [0,7,]. By continuity of & once again, there exists L; > 0 independent of
t € [0,t,] and m such that

™ () ||+ 1] (1)]* < Ly 7)

Hence, we can extend the approximate solution ™ (¢) to the interval [0,7]. It follows,
in particular, from (27) that

(u™), (") are bounded in L™(0,T; H} (Q)).
Second a priori estimate: Taking o = u}} in (23), we have

L @l B+
= — (" u) — M([|u™ (1) ||*) (V™ Ve
t
+/O g(t — 5) (Vi (s), Va™)dds + (u" | [ In |u™ [, ul™)

4 2+c,%n||un2+m(ﬁ||u 2+nut,||2)

/ L, 2 1/2
+||u§’§||/0 Ig(t—S)u’"(S)der(/Q’u’"lu’”ﬁé ln\uml'ﬁe‘Rdx |y |
c2 1
P 2 2 2 mi|2 mi|2

u ||”+Conlluy (— w’||T+mnu )
n” |l o |7 + In ™ [ |

| m
>+ g5 [ el (s) s

ta (/’ "8 In " |R‘ dx>+c§nu;’;2.

The first a priori estimate allows us to find a constant C > 0 such that
luse > < (2C5 7+ 1) ady ||
1 -2 k |?
+— /‘umump In |u™ ' dx | +C.
= (e e

The constant 11 can be chosen small enough for that n (2C12, +m+1) < % . Notice that
from the elementary inequality

EleE?me | <collEln+IEIR).

it follows that

m|, mp—2 mk 2 2 m m|p\2
[ [t = eo | ("l 4 a5 .
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Since the assumptions on p assure the embeddings H} (Q) — L??(Q) and H(Q) —
LPT1(Q), there exists a positive constant C independently on . and ¢ such that

/Q ™ 1|2 n |52 < C. (28)
Therefore, there is a positive constant L, independent of m and ¢ such that
g |* < Lo
This is the second a priori estimate, from which we have
(") is bounded in L™ (0,T; Hj (Q)). (29)
Third a priori estimate: We set ® = —Au}" in (23). We have

d d
M )5 P P
1 m m 2 1 m|2
) (”ut H2(p+1)Hutt||2(p+l)) + §|Aut |
1 4 1
+ EHg”L‘”(O,w)/O A (s)[Pds + 5IIgIILl(o,m)IAu,’”IzﬂL a2
1 1
o " " P2 0 P S| A
2 2
Due to the first and second a priori estimates and (28), we get

d
77 (M) a2 4 | A7)

d m m
< M (Sl e +1) 0087

+ 38l [ 1807 (5) s +C. (30)
Since {|u"(t)||} is uniformly bounded for ¢ € [0,T] and m € N, and M € C'10,),

there exists M > 0 such that < G (]lu|*)) < M. Integrating the inequality (30) from 0
to ¢ we obtain

M(||u" )| A ? + |Au

<A1 {10 Pas (Sl +1) [ 18005 Pas
_||g||Lm T/ A" (5)[2ds + C

_cl/ |Au™ (s 2ds+C2/ |Au™(s)[*ds +C

<G / (molAu™(s) + |Aul"(s)|?)ds +C.
0
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Hence,
t
mol A2 + |Au 2 gcg/o (molAu(s) | + |Au"(s)|2)ds +C.

It follows from Gronwall inequality that there is a constant L3 > 0 independent of m
and ¢ such that
mo|Au" >+ |Au"|* < Ls.

In particular,
|Au™? is bounded in L= (0, T;L*(Q)).

Combining the above boundedness with the first a priori estimate, we obtain
(u™) is bounded in L*(0, T; H} (Q) NH?(Q)), (31)
(u™) is bounded in L*(0, T; H} (Q)). (32)

Passage to the limit: From the estimates (31), (32) and (29), there exists a subse-
quence of (#™), also denoted by (u™), such that

u™ =y weakly starin L=(0,T; Hy (Q) NH?(Q)), (33)
u™ — u, weakly in L*(0,T;HZ(Q)), (34)
u™ — u,, weakly in L2(0,T;H{ (Q)). (35)

Note that from (31), (32) we have

(u™) is bounded in L*(0, T; H} (Q) NH?(Q)), (36)

(u™) is bounded in L2(0, T;L*(Q)). 37)
Thus, putting By = H} (Q)NH?*(Q), B=H}(Q), B; = L*(Q), and

W= {u:uclL?*0,T,Bo);u € L*(0,T,B;)}
equipped with the norm

Iwll = llull20.7,80) + el 200,78,
results from (36) and (37) that
(«™) is bounded in W.

Then, by Aubin-Lions Lemma (Lemma 2) we extract a subsequence of (1) which we
continue to denote by (#™), such that

u™ — u strongly in L*(0,T; HZ (Q)). (38)
In particular

u" —uaeinQx(0,7T),

[} = |lu]| a.e in (0, 7).
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Since M is continuous, it follows from the Dominated Convergence Theorem that
M(||u"™||?) — M(||u||?) strongly in L (0, T). (39)

Therefore
(M(||u™)|*) V™, Vw) — (M(||u||*)Vu, Vw) strongly in L>(0,T). (40)

Clearly the convergence in (40) is also valid in D'(0,T) for every w € Hj (). Now,
since that f(s) = s\s|ﬁ_21n |s|% is continuous, we have the convergence

™™ ﬁ_zln ™k — u|u\ﬁ_2ln lul$ ae.inQx (0,T). (41)
It follows from (28) and (41) and Lemma 1 that
|22 n [ = wlul? *Infull weakly in L2(0,T;L2(Q)). (42)
Hence, as before, for every w € Hé (Q),
(™ |u™ ﬁ_21n|um|§&,w) — (u|u|ﬁ_2ln\u|lﬂ‘§,w) inD'(0,T). (43)
Let us make the similar analysis for the nonlinear term that induces the sequence
[ |Pul.
We know that

(u") is bounded in L (0, T; H} (Q)), (44)
(u") is bounded in L (0, T;L*(Q)) (45)

Thus, from (44), (45) and Lemma 2 we have, up to a subsequence,

u™ — u, strongly in L2(0,T;L*(Q)). (46)
Therefore
| |Bu" — |ug Ry ae. in Qx (0,T). (47)
Note that
I B o gz = [ 9IRS
< C/o Hu{"llz“’“)(s)ds <cret. (48)

Combining (47), (48) and Aubin-Lions Lemma (Lemma 1), we deduce
| [Bu™ — |ug|Bu;, weakly in L*(0,T;L*(Q)). (49)
Convergence (49) implies

(| [Ree,w) — (Jus s, w) in 2'(0,T). (50)
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Multiplying (23) by 6 € Z(0;T) and integrating the obtained result over (0;7'), we
obtain

1 g g m 2 m
s (" (1) [ur", )6’ )dH—/ M([|u" @) [7)(Vu™ (1), Vo) 6 (1)dt
+/ (Vul! (1),V)0(r)dt — / /g —5)(Vu"(s),V)0(r)dsdt (51)
o =/0 (" In ", )0 (1)t Yo € Vy

The convergences (35), (36), (37), (40), (43) and (50) are sufficient to pass to the limit
in (51) in order to obtain, for all w € {,,en Vin

o [ 0B @) 0+ [ bl P)(Vu), V)0 0
+ /T(Vu,,(t),Va) 1)di — / / (7 —$)(Vu(s), Vo0 () dsdt (52)
+/ i, ® _/O (ul2 [k, )6 (t)d. (53)
This means that
5yl ©) + M) (V1,Y0) + (Vi Vo)

N /0 gl — $)(Vu(s), Vo)ds + (ur, @) = (ulul2 Infult, ) (54)

holds in 2/(0,T).
AS Upen Vin is dense in H} (Q), (54) is valid for all @ in H}(Q).

Verification of initial data: From the convergences (38) and (46), we infer that
u™ — uin C([0,T],H (Q)).
Hence
u™(0) — u(0) in H(Q).
Also
u™(0) — ug in H} (Q).

Hence u(x,0) = ug(x). Furthermore, by the compact embedding L~(0,T,H] () C
L?(0,T,L2(Q)) and the bound (29), we have, up to a subsequence, that

u™ — uy strongly in L2(0,T,L2(Q)). (55)
Therefore, the convergences (32) and (55) imply

u™ — u, strongly in W5 (0, T;L*(Q),L*(Q)).
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Thus, it follows that
u" — u strongly in C([0,T]; L*(Q)).
Hence
u™(0) — u;(0) in L2(Q).
Since
u™(0) — uy in H} (Q).

it follows that u,(x,0) = uy(x). O

5. Uniqueness of global weak solution

In the previous section, we proved that if initial data are in the stability set %, the
problem (1) possesses a global weak solution. In this section we prove the uniqueness
of the weak solutions for p > 1 and initial data in a neighborhood of %] containing
Zero.

THEOREM 4. Assume that all the hypotheses of the Theorem 3 hold and that
e p>lifn=1o0r2and 1<p<2,ifn=3,

e p>2,ifn=1 or2and%<p<3,ifn:3,

o (26(0))P2Ct'C, < 1,

where C. and C,, are constants from the embedding H}(Q) — L*P+1(Q) and the
Poicanré inequality. Then the solution for the problem (1) is unique.

Proof. Let u,ii solutions for the problem (1) with initial data u(0) = uy = i#(0)
and u,(0) = u; = 15;(0). Denoting U = u — ii, we see that U, u and i satisfy the
equation

!
(M(|U|*)VU, Vo) —( /0 g(t —$)VU(s)ds, V) + (VUy, Vo) + (U;, 0)
= (M(||i]]*)Vi,V o) — (M(|[u]*)Vu, Vo) + (M(|U|*)VU, Vo) (56)
+ (w5 fuel& — a2 n @) + |2 — R, @), Vo € H ().

Setting @ = U; in (56), we obtain

|

t
\VU,\2+M(\VU\2)—/g(s)ds|VU|2+g<>VU <G, (57)
0

N —
QU

t
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where
G(t) = (M(||al*)Va — M(||ul|*)Vu+M(|U|*) VU, V1)
+ (a2 0 [l — a2 i |al + (@2 — || B, U). (58)
Now, we need to estimate G(r).
Claim: there exists a constant C; > 0 such that
M([la)|*)Va—M(|lu*)Vu+M(|U|*)VU,VU) < U T, (59)
forall # € [0,7T]. Indeed: by the Mean Value Theorem, there exists u € (0,1) such that
M(Jlull?) = M([la)) = M (a4 pe([1al|* = ul*) (el = l]a]?).
We have

(M (||| *)Vai—M(|ju]]*)Vul

< M ([|a|*) Vi —m(||a]|*) Vil + M (|ul|*)Vee— M (|| *) Vul

< ([l e — )|+ 1M (o] 4 pe ([l — [lael®)) Il — || || Vi

<m|U| (60)
where 7 is obtained from the fact that u,i € L=(0,T;Hj (€2)) and that M € C'(0,).
Using Holder inequality, we obtain (59).

Claim: there exist a constant C, > 0 such that

/ <u|u\1’—21n|u\k - ﬁ\ﬁ|p_21n|ﬁ|k>Utdx <G|U|IU]- 61)
Q

Indeed, since % (é |E|P21n|& |k> =k(p—1)|E[P~2In|E| +k|E|P~2, from the elemen-

tary inequality
-2
Clezme | <colllr+IEIR),

we have '% (§\§|P*21n\§|k>| < C(|E|+|E[P~14-|€|P~2). By the Mean Value Theo-

rem, there exists 6 € (0, 1) such that, if we denote u := u+ 0 (u — i), then
[ (sl 21w a2 )
Q
<c [ (1a+lal " +1ag ) vtids

SC(/Q(IIZRJrﬁﬁ—l+|ﬁ|ﬁ—z>sdx>i(/gU|,dx>i</Q|thdx>

(1 = _p—1 _p—2
<C(Nlls+ 10255+ 171225 I U, (62)

_—=
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1 1
where — + — 4 — = 1. In order to have suitable embeddings for our estimate, we set s,
s r o q

r and g as follows: s=PL 3 and r=qg=2(p—1)ifn=1or2,and s=r=¢q=3

if n = 3. Hence,
[ (vl — alarg k) Uidx < E (i + i+ a2 U] ).
(63)

Since u,ii € L=(0,T;HL(Q)), there exists C» > 0 satisfying (61).
For the next nonlinear term of G(z), we use the following identity:

1 1
‘lzt|plztt - ‘ut‘pun = —5 <litp + |utp> Ui + 5 <litp - |utp> (uNn +un)~ (64)

Multiplying (64) by U, and integrating over €2, we obtain
. 1 -
[ 1P = P ) Ure < 5 (118 1) 411811, ) 10
1
+§/Q(|IZI‘H%— ‘u,|ﬁ)(u,,—|—ﬁ;,)U1d}c (65)

Recalling that u,ii € L(0,T; H} (Q)) and using the embedding Hj (Q) — L2P+1D(Q),
results for the first term of the right side of the inequality (65) that there exists a constant
C3 > 0 such that

(Nt 1y + 1030 1) ) Wil [0 < Gl NNEHL, £ € O.T]. (66)

The second term of the right side of the inequality (65) can be estimated as follows: By
Mean Value Theorem there exists a function A : (0,7) — (0, 1) such that

~ . -1 ~
il = 1518 < p v+ 2. =PI v = il

Using generalized Holder inequality with

1 1 1 L
T 3r - 3r + 3r o
P=1 r—(p—1) r—(p—1) r—(p—1)
where 7> p,if n=1 or2, or r =6 if n =3, and the embeddings H} (Q) — L"(Q)

3r
and H}(Q) — L™=7-7(Q), we obtain

1
3 - el = 1012) o + ) Ui

P =Pl i i U
<_ +2/ - r - r + T r .
\2Hu’ (=)l (Q)Hu’ u’”u—@—l)(g)”un unHL’*(%l)(Q)H t”erprl)(Q)

(67)
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Since u;, iy, uyy , iy € L°°(07T;H(§ (Q)), there exists C4 > 0 such that
L g
[ 3013 = ) G+ )05 < €61 2. (68)
Therefore, we get the following estimate for G:

G(t) < C1||U||||U,|| +C2HUH HUIH +C3HUII||||UIH +C4||U,H2, (69)

and by the Young inequality, we obtain

¢ G ) G G G » G 2
<2422 BT = 7
G() < (2 ¥ 2)nun +<2 2 S el S ao
forall # € [0,T]. Now, set @ = Uy, in (56). We have
!
(M(||U||2)VU,VU")—(/O g(t—s5)VU(s)ds, VU )+ ||Us||> + (Us,Uy) = H(t), (71)

where
H(r) = (M(||a@|*)Vii—M(|[ul*)Vu+M(|U|]*)VU,VUy)

+ (22 W fuef — |2 W@l + || — ]yt Unr ). (72)

Hence,
t
HUnII2=—(M(IIUllz)VU,VUnH(/O g(t—=s5)VU(s),VUy) + (U, Un) + H(t). (73)

For the first term of the right side of the inequality (73), we use the Young inquality.
Thus,

1
(M([U]*)VU,VUy) < ﬁi<ﬁU2+nllUnII2> (74

where 77t = sup,c o /| M(|U]?).
For the second term, we have

(/Otg(t—s)VU(s),VU,,)

15 r
= [[8(t=9)(VU(5) - VU, VU )ds+ [ glt-5)(VU,VU,)
0 0
! , . VUP )
< - @oVO)W) 41 [ gt—s)dslVUP + [ ge—5) 5+ VUL
n 0 0 4n

1 2 1 2
< ﬁ(gOVU)(I)Jr(l—l) <2n||Un +MHUH ) (75)
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For the third term, we use the Poincaré and Young inequalities:

C2
(U, Uy) < #||U;H2+nq%uUn||2. (76)

To estimate H(z), we can proceed in the same way as to obtain the estimate for
G(t). Then, it follows that there exists positive constants Cs and Cg such that

(M([|&]|*) Vi — M(||u]|*)Vu+M(|U|*)VU,VU) < Cs[|U||[|Unl| (77
and
(ululf, " In Julfy — alall, " 1n |alfy, U) < Co|U | Unl|- (78)
Furthermore,
/Q<|ﬁt|pﬁtt+|utputt>Un

1
P ~ P
< ) <M1||2(p+1) + ||“t2(p+1)> ||UnH2(p+1)|Un|

Yy ~\p—1 ~ ~
+ =g+ A (g —a) |5, o || — i - U+ v U, v
2H t (uy r)HL (Q)H t IHL’*(%’*U (Q)” it nHLr—(zv—l) (Q)H ”HU—(i»—l) @

1 541 -
<3¢ cp<||u~’+||ut||"> U+ Gyl
1
<, (26(0)P 2| Unl> + G| Uil | U (79
Thus, we obtain the following estimate for H(¢):
H(1) < (C5 +Co) |UN||[Unll +CE 7' Cp 28 (0)) ||V |P + GrlIUN | Un]l. - (80)

From the Young inequality, it follows

1
H(r) < (Cs +C6)<HU2+T7”U[IH2>

1
+CPHC, (26(0)P2|| U >+ G (EHU,2 +11U,,2> . (81)
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From the estimates (74), (75), (76) and (81), the inequality (73) takes the form:

1 1
U ]1? < ﬁl(@llUIIzH‘lUﬂz) + ﬁ(gOVU)(t)

1 1
+(1-1) <2n||Ur12+ HU2> +(C5+Co) <R”U”2+77Utr2>
1
+CEC, 26(0) Ul + G (RUszMIIUnIIz)

C2
+4—”HUt||2+nCI2,||UﬁH2. (82)
n
Hence,

1- €2, (26(0))P2 — n (i +2(1 1) + (Cs+Co) +C2) | | Un||?

1

1 1
< —@+1— 24 —(goV
(m+1—1+Cs+Ce)||U]| +4n (go U)(z)+4n

2 2
i G+UIP. ®3)

Since by hypothesis we assumed 1 — CfHCp(Zéo(O))P/2 > 0, we can take 1 > 0 suf-
ficiently small such that

1— Cerle(Zéo(O))p/z —n(m+2(1—1)+ (Cs+Cp) +C127) >0.

Combining (83) with (70), we deduce that there exist positive constants Cg, Cy e Cyg
such that

G(1) < Gs||U|> +Co|Url* +Cro(g o VU) (1), V1 € [0,T]. (84)

Finally, integrating (57) from 0 to ¢ € [0,T] and employing Gronwall inequality, we
obtain

U@+ U0 + (g0 VU) (1) =0, v €[0,T]. (85)

therefore u(r) =ii(r) forall 7 € [0,T]. This prove the uniqueness of weak solution. [J

REMARK 1. Throughout this section, the reader will realize the recurrent men-
tion of Mean Value Theorem (MVT), for which the use demanded diferentiability of
real functions involving the nonlinear terms, namely, &|& \ﬁ_zln €|, |EIR and M(E).
Consequently, the derivative in the formula of MVT depends on objects which depends
on t. However, as a function of ¢, such derivatives remains bounded due to their argu-
ments depend, on norm in H{ (Q), of functions the vary in a ball of L=(0,7,H} (Q)).
This shows the Lipschitz character of the nonlinearities, but the same not happens for
E |ﬁ near zero when 0 < p < 1. We recommend [26] for a study of well-posedness of
a kind of equation with \ut\ﬁutt and 0 < p < 1.
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6. Exponential decay

According to what we have just proved, if the initial data are in the stable set %,
we guarantee the existence of a global weak solution and the associated energy &(¢) is
always non-negative and non-increasing. We shall prove that in fact if a global weak
solution exists with small positive initial energy, then the total energy has an exponential
decay property. For this purpose we will assume a fourth hypothesis over the problem

(D):

(H4) M(t)t>M(1),7>0

THEOREM 5. Considering (H.4), the hypotheses of Theorem 3, and in addition
1(0) > 0. Then there exists § > 0 such that if 0 < &(0) < §, then there exist positive
constants Cy and [ such that

E(t) < Coe ™ (1> 0). (86)

Proof. Let us define the functional

€

a P P _E 2
F (1) = é”(t)+p—+1/Q\ut|Rutudx+£/QVuVutdx 2/Q|M\Rdx+ Ox() (@87

1) = — /Q Vi, /O ot — )(Vu(t) — Vu(s))dsdx
- Ry [
e p+1Jo

gt —s)(u(t) —u(s))dsdx

and € and 6 are small positive constants so that there exist positive constants ¢ and
op satisfying

o F (1) <EM) <pZ(). (88)
Such choices for € and 6 are possible due to (17). Indeed, we have
/ |1tz P wpudx < l/ \u,\z(pﬂ)dx—kl/ || dx
o R 2Jo R 2Ja
2(p+1 c;
<|QP/ PP 2(0))P / Vi + = / \Vul3ndx
Q Q
also
1
/ Vut/ gt —s)(Vu(t) — Vu(s))dsdx
Q 0

1 1
<5 |1V adx-+ 3|9 (g Vu) 1)
2 Jo 2
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and
t
/Q B /0 gt —5)(u(t) — u(s))dsdx
1 2(p+1 1
<3 |l VxS gl Gz Va ()
1
< |Q‘P/(P+1)C3(P+1)/ Vit focdx + S [lg ] 1 Cp (g © Var) (1)
Q

where C; and C, are the embedding H} (Q) < L>P+1)(Q) and the Poincaré constants,
respectively. By mean of (17) there exists a constant C > 0 such that

\Z (1) — £(t)] < Ceb ().

Denoting
F(r):= é”(t)—l—I)L_H/Q|ut|%utudx+e/QVuVutdx—;/Q|u\]12§dx (89)

and differentiating (89) and next adding and subtracting € ) g(r — s)ds||u|* to its ex-
pression, we obtain

F'(1) =5'(1)—SM(HuH2)(||u||2)+8/Otg(t—S)(VM(S)—Vu(t),Vu(t))dS
+£/tg(t—s)dsHuH2+£/Q|u\ﬁéln\u|ﬁ§dx+£/9|Vut\H2gndx
1 / g |2 dlx. (90)
Now we pick o € (0,1) and estimate [, [u[5 In|u|%dx from the formulae (9):

/|M ln|u |Rdx
—a/ |u(z |Rln|u |Rdx+ (-« /|u |Rln|u()|lﬂ§dx
<o PS5 345 ) - [ sl | + S
+—/ ut) ﬁdxﬂ(gow)(r)—pm}
1_ /‘ ‘Rdx 1)

Exploit Young’s inequality, it derives, for any é > 0,

/Otg(t —5)(Vu(s) = Vu(t),Vu(t))ds < %(goVu)(t) + 5/(:g(t —s)dsl|ul>.  (92)
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The logarithmic term [q, [u/% In |u[%dx can be estimated as follows

[ gl <k [l e < kg up!

Q Q

kaJrl 1 2 2
= g Il o = 1)l < B+ mo = D]

< ()~ [ stasll?)
where
ket 2 (p—1)/2
pi= [4+my—1 [(p—Z)(l—Fmo—l)éa(O)] ' ©3)

Shortly
(94)

ezl < B (0107 - [ e(opasul?).

Combining (91), (92), (94) and noting that &’ (¢) < %(g’ o Vu)(r), it follows

(¢ 0 %))~ eM(ulP)(ul?) +e{ g5 Vi 0+ [ s)asll?
e [ etr—s)astul? +eo 23+ 5 [orl?) - [ stoyastul?]
2l + 2 [ o)+ g0V - s}

et - o0 (1) - [ e(opaslul?)

—|—£/ \Vut\@andx—i—&‘ /|ut|p+2dx
Q

NIH

F'(r) <

Thus
(@ ovu) +e (L 1) lulP+e (Dot 1) (e Vi)

(57 222 )l e () + [ (s ) ?
+e % () - [ elopaslul?)
e(1 o0 () / elo)islul? )

+85/g Vds||u(t)|? + /| )[Ldx— eapé (r).

F) <5

95)
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Note that by embeddings H] () < LP*1(Q) and H}(Q) — LPT2(Q) we obtain

/ ulfdx < QY PHICE |u]|? = QY PEICE flul(flu)?) P27
Q

217 217 (17*2)/2
< |Q/+Dcr gt< 50)
- o= 2mor 1= N o= mer -1
—-QW@ka( 2 )MiﬂmWJV%w> (96)
"\ (p—2)(mo+1-1)
and
e [573 < 272 | |[P2 = C2F2 a2 ([l |)?P < 2C272(26(0))P (1) (9T)

The hypotheses (H3) and (H4) and the estimate (96) and (97) lead us to
1 € foap 1 ap 2
Ft)< |z—+ \% —+1
0< 55 (Fra)]| wormore(%+1) ul

ve| <14 (L ra-ap)+ 2] (P - [ st

AR

+a—|£21/<1’+1>c1’< 2P )p/2£(0)<P—2>/2—ap]5(z). (98)
p "\ (p—=2)(mo+1-1)

Next steps are devoted to deal with estimates of derivative of ¥ . We have

M) [ Vo) [ (e =5)(Vite) — Vuts)ds

/(/gt—sVu )(/gt—s )(Vulr Vu(s))ds)dx
+/m/ﬂwwwm—wmmw

/u\u| 1n\u|k/ alt — u(s))dsdx
—EIT/huwa/g%—wxwm—u@»mdx

p+1 (/g ds)/gutﬁﬂdx
_ /Q Vi (1) /O &' (1 — 5)(Vult) — Vu(s))dsdx — ( /O tg(s)ds) /Q Vit 2.

99)

Next we estimate some of the terms of (99). The estimate for the first term is
obtained by using Young inequality followed by Hélder inequality in the second inte-
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grand:
M(HuH2)/ Vu(t)/tg t—5)(Vu(t) — Vu(s))ds
<m5/ Vulbodr+ 1 (/ g(s ds) (g0 Vu)(1) (100)

where m = max;~oM(7).
The second term is handled as follows:

L ([ et=s9uts )(/gt—s Vu(r) — Vu(s))d )

<5/|/gt—sVu ds‘ dx—|— '/gt—s ())dszdx

:5/9)/0 g(t—s)Vu(s)ds‘ dx+E (/0 g(s)ds) (g0 Vu)(0). (101)

The first expression of (101) leads us to

/Q’/Otg(t—s)Vu(s)ds‘zdx
< ( / tg(s)ds) L gt — 5)([Vult) = Va(s)| + [Vu(r) dsdx
= (/Otg(s)ds> (/Q/Otg(t —5)|Vu(r) — Vu(s)|*dsdx

+2/ /tg(t—s)|Vu(t)—Vu(s)|Vu(t)dsdx+//tg(t—s)Vu(t)|2dsdx>

(/g )( (goVu)(t —|—2</g ds)/|Vu Rndx> (102)

Connecting (102) to (101), it follows

/(/gt—sVu )(/gt—s )(Vu(t) — Viu(s))d )dx
<25+ )(/g ds>(g<>vu)()+251—z /|Vu oudx.  (103)

The estimate of third expression of (99) is obtained by mean of Young and Poincaré
inequalities:

/u,/gt—s ) —u(s))dsdx < 5/ |u\Rdx+45 (/g dS) (8o Vu)(r)

<G [ W+ 2 ( [ #0915 ) (e v
(104)
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The fourth term requires the elemental logarithmic identity:

LGP E]| <co(|E]+[E1) (V& €R).

Hence
—/Qu|u\ﬁé72ln|u\k/otg(t—s)(u(t)—u(s))dsdx
<keo [ (uln+ulf) [ glo—s)lute) —u(s)lasa

2
< 5kc0/ (Julr + |ul%) 2dx—|—— (/ g(t—ys)| u(s)|ds) dx
Q
< SkeoC[ull* +28keoCl ™ |[u| P! + SkeoCR||ul [P

kCOCz (/ o(s ) (g0 Vu)() (105)

where C, is a constant obtained from the embedding H} (Q) — L?7(Q). Note that we
obtain directly from (17) the following inequality:

2 2p
flu|= < (p—Z)(mO—f—l—l)g(O)'

Thus the fourth term of (99) is estimated as

_/Qu\u@*zm\mﬁg/otg(t—s)(u(z)—u(s))dsdx

<o e 20mer (g 1)5(0))@_1)/2
+ 8kC?P ((p—Z)(ran;—l—l— 1)@@(0))”‘1} ul?
kc2 </ g(s ) (goVu)(t). 106

For the fifth term we own that ¢’ < 0 and the H}(Q) — L*P+1)(Q) embedding
in order to obtain

- ﬁ /Q e /(: g'(t =) (u(t) —u(s))dsdx

6C2(p+1) g(O)C2
s p 2 p
T 2s) /Q|Vu,|Rndx+475(p+l)

Finally the seventh term is estimated as follows:
t
_ / Vi (1) / (1 —5)(Vu(t) — Vu(s))dsdx

5/ Vit | Rndx+gig)( & Vi) (1) (108)

(—goVu)(t). (107)

S
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The estimates (100), (103), (104), (106), (107), (108) and (98) induce the follow-
ing estimate for the derivative of .#

10 <A (¥(1ul)~ [ e)asll?) + 86’0 Vo) +Clul - D6() (109

where A, B and D are constants depending on o, 6, € and 6, and C depends further
on ¢. For the instance

A= [1+(2 T )ﬂ>+

L0
mo+1—1

(p—2)(mo+1—1)

o(1-1)
m()-l-l—l]

[m+2(1 — 1)’ +Cp+ keoC,

(p—2)(mo+1—1

-[-5(%5)
1 )(l_l)+ C’

9[4652( >(25+45 5 g0

koG (1-1)  8(0G | g(0)
15 & as(p+) W]

p—1
+kc0cfp< 2p )@@(0)) } (110)

(111)

c= [e (% +1)-0 (/Otg(s)dsﬂ 165 [Cg(:l) (2£(0))° + 1] (112)

_ _ 1 op p+2 2p
D—s[ap <p+1+p+2>2c** (2£(0))

Ok () ep 2p PR
12 ¢ o= ®) €O .13

The constants o, 0, € and 0 will be chosen next in order to obtain A < 0,
B,D >0 and C(r) < 0 for all ¢ far from zero.
We start by imposing that £(0) is small enough for that § defined in (93) is less

than 1, and assume that o := % Hence o belongs to the interval (0,1). In order
to obtain D > 0 we suppose that &(0) is even smaller satisfying

p—2p p P42 ’
((1—ﬁ><p+1>+p+2)zc** 280D

/2
+ 5|Q\1/<P+1>Cf ( 2P 5(0)>p E0)P=2/2 < op. (114)
p (p—=2)(mo+1-1)
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Let fo > 0 and denote a := [;” g(s)ds. We then put 8 depending on ¢ in this way:
0:= QPTHS. This implies

e(Z+1)- (/g ) (%2 +1)-6a<0

which allows us to find & > 0 such that if 6 < &y, then C(r) < 0 for all 7 >1y. The
choice of « is also enough for that

—1+(%+(1—a)ﬁ)<0

holds. Thus we can find 6 even smaller and sufficient to make A < 0. Finally we set
€ so small so that the constant B becomes positive. The inequality for derivative of .#
in (109) yields to the following shortened one

F'(t) < =DE&(t), (t>19).

Recurring to (88) twice, the proof of theorem is completed. [J

7. Exponential growth

In this section we shall prove that the logarithmic term of the total energy is un-
bounded when the initial data are large enough in some sense. That is, it will be proved
that the term [, [u|% In |u[% dx grows unboundedly as an exponential function. This will
be established here in spite of the strong exponential decreasingness of the relaxation
function g().

THEOREM 6. Assuming that 0 < p < p—2 then the solution of problem (1) grows
up exponentially in the sense that there exist positive constants c,b and A such that

/|u\§1n\u|§dx+c>be“ (115)
Q

provided that [ >3 2 and that initial conditions satisfy &(0) < 0.
Proof. Let us define the functional
F(t)=8&t)—e¥P(r) (116)

where W(¢) is defined by

W(t) = /\u,\Ru,udx—F/VuVu,dx (117)

p+1

and ¢ is to be defined later.
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Firstly observe that we can find positive constants «;, i = 1,---,5, such that a¢; =
a;i(p,p,€,1,|Q|) such that

1
F1) > a / |2 dx + az / Vit () B+ 5 (g 0 Vi) 1)
Q Q

+a3/ \u|ﬁdx+a4/ \Vu\ﬂzvdx—%/ |u\ﬁln\u|]f&dx—a6. (118)
Q Q Q

Indeed, by our assumption p < p — 2, then % < p +2. Therefore

)|Q
/|ut\Rutu /|u\pd + > Dl | /\ t\p+2dx. (119)
Thus
70> (——_ =D /| w8+ L (1—8)/ Vi 2 lx
p—|—2 pp+1 =
k
+<? (p+1 )/ |u\pdx+ (I+my—1—¢) / |Vuu|Zndx
1 e(p—1)Q|
+ =(goVu)(r ——/ ul% In ukdx—i. (120)
2(8 )(1) » Q‘ | In |u| pp+1)

Choosing € > 0 small enough we have (118) verified.
Secondly, differentiating .% (r) with respect to ¢ yields

70 = = [ s+ 50 V)0 38(0) [ 1Vu(0) R

—8{M(u2)/ \Vu\éndx—i-/tg(t—s)(Vu(s),Vu(t))ds
/utudx+/ |2 I ulf + +1/ utp+2dx+/Q|Vut|§ndx}. (121)

The following estimate is obtained easily from Young inequality:

/ gt —s)(Vu(s),Vu(t))d 2/ g(s ds/ \Vu\Rndx——(gOVu)
> —E(gOVu). (122)
We will also use the estimate

/QutudxgCPSL\VM\%R,zdx—f—%/QMhZRdx (6>0) (123)

where C,, is obtained from the Sobolev embbeding H} (Q) — L*(Q).
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Now we add and subtract ye.% (1) in the right side of the inequality (121) and
obtain

) < e T (1)~ {(,)iz o=1) [ aes S e [ Wultuas

1
+<£_ p+1 )/uhRdx—l- (l+m0—1—£/|Vu|Rndx

—i—l(goVu ——/ ol In Julfdx _%}

— [ e 3¢ 0V e) — 5600) [ Vo) o

—sM(Hqu)/ \vu@ndxﬁ(gow)(zns/ wpudx
Q

[\

—8/ JulB Infulfdx — e /|ut\p+2dx—£/Q|Vut|%&ndx. (124)

p+1

Knowing that M(t) > mo > 1 —1 for all T > 0, also that g'(r) < —&g(r) and
using the estimates (120) and (123) in the inequality (124) yields

a! < _ y ')/8( / p+2
F'(t) < veZ (1) s[p+2+ (p+1 |us | “dx

—¢ [g(lero— 1—&)+my—Cpd / |Vulfndox

ye(l
—_ |:(f+8:|/ ‘VuthRndx 45 /‘ut‘R

_g[l—l—)}/auﬁlnu|lﬂ§dx—§[)/S—I—éz—e](goVu)(t)

ky _ re? }/ o1 / » L rE(p=DIQ|
-5 - dx—=g(t Vu|gn + ——=5—. (125

Note that taking y = p, the logarithmic term vanishes. Then we can find positive
values for € and O such that the terms in the brackets are all positive. Thus

F'(t)<yeZ({)+A, (t>0) (126)
where
205
Ao Ep-DIQ) (127)
p+1

Integrating (126), yields, for M(t) = —% (r)

AN L A AN e
M) > (M(O)—%>e“+% > (M(O)—@e“. (128)
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The initial data are assumed to satisfy M(0) — % =b>0,o0r
A
M0)——>0
ve
or even
A
—&(0) + ¥(0) — 0 (129)

Since &(0) < 0, we can choose € even smaller in such way that (129) is guaran-
teed.
The inequalities (128) and (118) imply

a5/(2|u|ﬁéln|u|lﬂ§dx+a6>—ﬂ(l):M(t) > pe’. O (130)
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