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RESULTS ON NON-INSTANTANEOUS IMPULSIVE
¢@-CAPUTO FRACTIONAL DIFFERENTIAL
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Abstract. The main objective of this work is to investigate a class of ¢-Caputo fractional dif-
ferential systems with impulsive effects and nonlocal conditions. We used Banach fixed point
theorem, fractional calculus, and semigroup theory to study the existence of piecewise continu-
ous mild solution for the proposed system. Moreover, we proved the novel stability criteria for
the considered system. Further, we investigated the exact and trajectory controllability of the
proposed system. Finally, the main results are validated with the aid of an example.

1. Introduction

The fractional differential equations (FDEs for short) have acquired considerable
significance due to lots of practical applications such as in multi-agent systems, epi-
demiological models, electric circuits, fluid mechanics, neural networks, viscoelastic-
ity, and control theory. For the basic theory of FDEs and their applications, see [19,
22,27,28,39]. Fractional derivatives are important tools for the description of the
hereditary characteristic of many materials and processes. Several definitions of frac-
tional derivative exist for special kinds of kernel dependency, for example, Caputo,
Caputo-Hadamard, Hadamard, Caputo Erdélyi-Kober, and Riemann-Liouville. In [3],
Almeida derived a new fractional derivative corresponding to another function, which
is known as @ -Caputo derivative. The ¢-Caputo derivative depends on a kernel ¢ and
fractional derivatives like Caputo, Caputo Erdélyi-Kober and Caputo-Hadamard are
obtained by choosing the particular kernel. The ¢ -Caputo fractional systems are con-
sidered by many researchers, see [4,5, 18,35] and the references therein. Suechoei and
Sa Ngiamsunthorn [31] investigated the existence and stability of fractional differential
system with ¢ -Caputo derivative. Many real-life problems have some sudden changes
in their states and these sudden changes are called the impulsive effects. These impul-
sive effects are classified into two types namely, instantaneous impulsive effects, and
another is non-instantaneous impulsive effects. Impulsive effects begin at any arbitrary
fixed point and continue with a finite time interval, which is known as non-instantaneous
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impulses. For more details on non-instantaneous impulses, see [2,6, 10-13, 16,36-38]
and the references therein.

There are only few papers that deal with the stability of the non-instantaneous im-
pulsive fractional system [1,15,23] and the references therein. Kumar et al. [21] studied
the stability and controllability of fractional differential system with impulsive effect.
The controllability problem has drawn the attention of many scientists and researchers
since it plays a crucial role in engineering and control theory. Exact controllability is the
possibility to transfer the system from any initial state to any target state by choosing a
control function. Trajectory controllability is the possibility to transfer the system from
any initial state to any target state along a prescribed trajectory, rather than a suitable
control function steering a given initial state to any target state. For more details on the
exact and trajectory controllability, see [7-9, 14,24-26,29,32,34]. Si et al. [30] studied
the controllability of a system governed by Stieltjes differential equations. Venkate-
san and George [33] analyzed the trajectory controllability for fractional differential
equations in Hilbert spaces. To the author’s knowledge, no manuscript exists on the
existence, stability, exact, and trajectory controllability for ¢-Caputo fractional sys-
tems with impulsive effects and nonlocal conditions in the literature which is the key
inspiration to our research work in this manuscript.

Motivated by the above research, we establish the existence and stability for the
following ¢ -Caputo fractional system defined as follows:

§DE2(y) = H2(y) +A(v,2(v)), ¥ €U o(01, Y1),
(y) = 2i(v.2(v), yeul,(v,al, (1.1)
2(0) + 2(z2) = 20,

and for the controllability results, we consider the following ¢ -Caputo fractional con-
trol system:

§DE(y) = H2(y) +9v(y) +A(Y,2(1)), ¥ €Y o(01,%41],
2y) = 2i(y,2(v), veul (v, (1.2)
2(0) + 2(z2) = 20,

where the state z(-) takes its values in Hilbert space 2 and OCDé denotes the ¢-
Caputo derivative of order x € (0,1). 0=0p=% <71 <01 <P < <Yy < Oy <
Yy+1 =b <oo, ¢ =1[0,b] and S is the generator of a Cy-semigroup {.7 (y)}y>0 on
Z . The functions Z(y,z(y, )) represents non-instantaneous impulses on (y;, 0], [ =
1,2,...,y. The function v(-) in Lz(jl,jﬂ) is the control and ¢ is an operator from
Banach space .’ into 2, which is linear and bounded. The functions A: ¢} x 2 —
Z,2:C N,Z)— 2, and P (V0| x Z — Z, 1=1,2,...,y, are fulfilled
some suitable assumptions that will be specified later.

The work is arranged as follows. In section 2, we recall some useful results. In
section 3 and section 4, we proved the existence of mild solution and stability for the
considered system, respectively. Moreover, in section 5 and section 6, we investigated
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the exact and trajectory controllability of the above system. In section 7, an example is
given to demonstrate the obtained results.

2. Preliminaries

Let #, = [a,b] and ¢ € C"(_#>,R) an increasing function such that ¢'(y) #
0,Vye fz.

DEFINITION 1. [31] The ¢-Caputo fractional derivative of the function & of
order ¥ (m— 1<y <m, meN), is defined as

SDER) () = (uly 2R (1) = iy [ (0(1) — (&))" 717 (e) ) (e)dle,

where m = [x] + 1 and Z")(y) = ((p’ty) d%,)m%(y).

LEMMA 1. [31] Let Z € C"([a,b]) and x > 0. Then we have

nfli@[k] at
olg aDGR(y) = A (1) = Y, 7,{(, )
k=0 .

(0(y) — p(a).
In particular, for x € (0,1), we obtain
al§ DGR (Y) = Z(Y) — % (a).
LEMMA 2. [17] Let x >0 and A > 0, then

Ll (0(r) = (@)1 (1) = raa; (9(1) — 9(a) 7L,

- T(A _
2. DE(9(r) — 9(a)N (1) = qatks (@(y) — @(a) 7L,
LEMMA 3. The ¢ -Caputo fractional Cauchy problem:

{ SDEz(y) = #2(y) + 2(v), v € (0,b],

2(0) = 20, @

has a solution which is defined as follows:
) = ZE 0+ [ (o) -0l T )20 (e, 22
where
Fr.ez= [ 6007 ((0(n) - 0e))/*0)200.

TH(y,e)z = % /0 00,(0)7 ((0(y) — 9(€))20)2d, 0<e<y<b,
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1
where ¢, (0) = ;9(—1 — (1/2))pz(01/%) is the probability density function defined
on (0,00), i.e.
0,(0)>0, 6 € (0,) and / 0,(0)d6 = 1.
0

Proof. Eq. (2.1) is rewritten in the form of the following integral equation

1 Y
) =2+ /0 (@(1) — 0(@)¥ [ H2(e) + D(e)g/(e)de,  (2.3)

T(x)

provided that the Eq. (2.3) exists. Let A > 0. By using the Laplace transform, we obtain

Z(A) = X + ﬁ (AZN)+D(N)),

where

Z(8) = [ MO0 E)g'(E)a,
In) = [0 )/ E)E.
It follows that

Z(A) = NN =) o+ (M=) D (A)
= At [T ede e N T ()G (Nde.
0 0

Taking e = 7%, we obtain

= || (e O T @iy |7 O 7 ()G
=1L+,

where
= / (APl A" 7 (§2) 2047,
b=z [ 7 W T Iy
Taking 7 = ¢(y) — ¢(0), we obtain
h=1 [ A o) = 0(0)F e MO0 O T ((g()~ 9(0) )00 (1Y

TZla (e—<A<<o<y>—<o<o>>>%> T (9(y) — 9(0))%)z0dy.
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b= 1 [ (0(n)=0(0) e MmO 7 (g () - 9(0))) I ()’ (r)dy

_/ / 2(0 )AL= (MOM=0O) 7 ((g(y) — 9(0))%)
e~ co(e)—w(O)))_@(e)<p’( @' (v)dedy.

Now, we take following one-sided stable probability density

3 (—1) o Fe lwsm(m;{) 0 € (0,0),
i=1 :

:\I'—‘

Py (0) =
whose integration is defined as follows

/O e MNp (0)d0 =M, ye(0,1). (2.4)

Using Eq. (2.4), we obtain

o A dy
= [ [ 0p,(0)e Ne0-0000 (o) - 9(0))200(v) Oy
0 JO

= [ eiom-eo) ( [Cou0)7 (W) de) ey

I = = (/Owe—(A(<0(V)—<0(0)))6p%(Q)dg) T ((@(y) — 9(0))%)z0dy

and

/ | [ (000 =000y (01 M09 7 (g (1) - 9(0))?)
(A“"(e)*”((’”@(e)m’( )¢’ (y)dOdedy

:/O /O /O e~ (MOW)T9(0)=20(0 )))((pm_e(fc(o))%_lpx(e)

e (W) P(e)¢/ (¢)' (v)dOdedy

_/// px(e)(w(y)—eﬁ(o))"_ly((w(y);%co(O))")

xP(p~ ((5) o(y)+¢(0))))e (5) (Y)deydi
x—1
_/ >>< /xp 92( e))
(e)*

. (( PEITIAE) gt (eavie ) o' @
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Hence, we get

Z(A) = /O“e—(Awm—(p(on) ( / " 0,(0)7 (M>zOde) o' (v)dy
+/0°°e—(A(<p( (/ / 29 (0 L. @(e)*!

<7 (CEEDE) g0 >dede)<p (E)dE.

ox
By inverse Laplace transform, we get

:/“’p 0 §<(¢(V)—<p(0))">zod6

[ ot SO (000 ) e,
Thus, we obtain

=] o0 0(0))%6)z0d0

s [ / 00,(0)(0(1) ~ 9(e))* T (9(r) ~ 9(e))*0) Z ()¢ (e)d0de.

where ¢,(0) = %6 %px(Q %) For any z € 2, the operators .7 (y,e) and
T (v,e) defined as

FE 0z = [ 00)7 (01~ ole))*0)z40,

and .
THye)z =2 /0 00,(0)7 (0(y) — 0(¢))%0)2d0, 0< e <y <b.

Hence, we obtain
A1) = S0+ [ (0ln) — () T (r.e)2()¢ (e)de.

DEFINITION 2. A function z: 7| — 2 is a mild solution of (1.1) if for every

Y€ 21, z(y) fulfills z(0) =z, and z(y) = Z(v,2(y; ), v € (W, 0], L =1,2,...,y,
and

(1) = S0k~ 21+ [ (o)~ 0l T (r.e)Mecz(e))o(e)de
forall y € [0,y1], I =0 and
() = ZE(r.0) Zi(on, z(y;))
+ [ o) - 0@ T s e)oede. @)

forall v € (o7, y141], [ =1,2,...,y.
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Define the space &% (%) formed by functions {z(y) : v € [0,b]} such that z is
continuous at ¥ # ¥, z(y; ) = z(y) and z(y;") exists forall / =1,2,...,y with norm

Izllz¢ = sup [lz(v)].

<Y<

Then (P26 (%), | - || »«) is Banach space. [

3. Solvability of ¢ -Caputo fractional systems

We assume the subsequent hypotheses:

[Al]: The function A: ¢ x Z — Z is continuous and there exist constants Hn, M
> 0 such that

1Ay, 2)|| < Aa(1+|z]), Vze Z,
IA(Y,21) — A(Y,22)|| < Aa |21 — 22|, Y2122 € Z.

[A2]: The functions & : v, Gl] X% —Z,1=1,2,...,y, are continuous and there
exist constants ,%/}l, j/)a, >0, 1=1,2,...,y, such that

|2, 2|l < Koo, (1+I2]]), Vz€ Z,
121(v.21) — Pi(v,2)|| < M, |21 — 22, V21,20 € Z.

[A3]: The function 2 :C(_¢1,%) — £ is Lipschitz continuous, i.e., there exists a
constant #o > 0 such that

12(z1) = 2(22)|| < Z2lla — 2|, Va2 € 2.

[A4]: The following inequalities hold

” o N M N
max {///;@ + K, + M KA, + 7%%@7(17) - m(O))%} <L
SIsy

For simplicity
hO :'%'%/Qa hl :%*%@[7 l= 1727'”71”7

and
M .

o= m%(fpmm —p(a)%, 1=0,1,.... .

LEMMA 4. [31] For any fixed y > e > 5” (v,e) and %X(y,e) are bounded
linear operators and

176 (v, e) @l < Az, 175 (v, )@ < 75 Izl = —H I

(1+x) I'(x)
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THEOREM 1. Ifthe hypotheses [A1]-[A4] are fulfilled. Then the ¢ -Caputo frac-
tional system (1.1) has a unique mild solution on ¢\ provided

0= max [&, M »,8] <

I<I<y
where &, =h;+o0;, L =0,1,...,y.
Proof. For T >0, we define
We={2€ 2C(Z): ||zll »¢ < 7}

Clearly, #7 is a bounded and closed subset of % (%’). We define the operator § on
W, as follows

5 (1,0)[z0 — 2(2)]

+ I (@(v) = @(e)* ' T (v.e)A(e,z(e) @’ (e)de v [0,1), | =
S2)(r) =4 Zi(v.2(v,)), Y€ Wal 1> 1,
TEv.0) 2 (01,2(1)))

+f (@(v) = @(e)X ' T (v.e)Ae,z(e)) @’ (e)de v € (0y, Y], L= 1.

Step 1. There exists T > 0 such that F(#;) C #7. If we assume that this assertion
is false, then for any 7 >0, we can choose y € _#| and z* € #% such that ||F(z%)(y)|| >
7. For any y € [0,71], we obtain

£ < I8
< 17 Ok~ 2]
] [0t - otz onteene' e
< Ml + 4 Ko 4.4 20))
fos 1+ [ (ot~ o) o'te)de
< Ml + 4 Ho+ 4 20)]

+r(i7//+/x>%““>(“’(m“”(°”%'

+

If ye(y,0], I=1,2,...,y, then we obtain

T < |IFE) W =112 ()I? < Hp (14 7). 3.1)
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Similarly, if y € (07,%11], [ =1,2,...,y, then we obtain

T < [SE)W)
< |N|LE(v.0) 201,25 ()|

[ 0r)— 0™ ZF ()6, ()9 (e

0y

< //zfgz,<1+r>+r‘(—//;%<1+r> / j(¢<y>—<p<e>>%—1<p’<e>de

< MAp(147)+ (14 1)(9 (Y1) — @(01)*.

I(l+y)

Forevery v € 71, we obtain

T <[FE) W)
< g*—F//fe%}gT—ngz,T-i-///fgz,T—F

~

YA
(i1 ) faTe(®) —e ()", (3.2)

where

2 = L all + 412001+ o+ i+

1<I<y

M N
i o) - 00

Here, 2" is independent of 7, both sides of Eq. (3.2) are dividing by 7 and taking
T — oo, we obtain

| < M Ko+ Ko+ M H o, + Ha(p(b) — 9(0))%,

L
I(l+y)
which contradicts to [A4]. Hence, we obtain §(#%) C #; for some 7 > 0.

Step 2. § is a contraction mapping on #.
For all z1,z5 € #%, if y € [0,71], then we obtain

|(Fz0)(y) — Fz2) ()l
< AN 2(21) — 2(22)||

H/ (o(y LT (v 0)[Ale,z1(e) — Ale,22(e))] ¢ (e)de

< M Az — 22| % + ) AMA(0(11) — 9(0)*||z1 — 22|

M
1+

” M ~
< (///%m o) —<p<o>>%) 2t = 22ll - (33)

If ye(y,0],1=1,2,...,y, then we obtain

1321)(¥) — @) V)| < Az)|lz1 — 22| 2% (3.4)
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Similarly, if y € (07,%11], I =1,2,...,y, then we obtain

[(3z1)(v) — Bz2) (V)|
<A 2(01,21(7) — Pi(on,2(1)||

+{ [ (o)~ o) T (re)ale.ci (0) ~ Ale.cale))]o e)e

S /////Z%”Zl —22llo% + )//ZA(w(%+1) —@(o)*||lz1 — 22|l 2

A
I(l+y

< (/M/f T An(0(rs1) — (P(Uz))x) o1 — 22l (3.5)

_M
(14 y)
By Egs. (3.3)—(3.5), we obtain

1@z)(1) = Bz2) (V)| < O [lz1 — 22l 7%,
where

0 = max [8o,M2,,8].

1<I<y
Hence,
1821 — F22ll ¢ < O|21 — 22]| 6. (3.6)

Thus, § is a contraction mapping on #7. Hence, by the fixed point theorem of Banach,
there exists a unique mild solutionon _#7. [

4. Stability results

DEFINITION 3. [21] A mild solution z of the system (1.1) is said to be stable, if
for arbitrary € > 0, there exists kK > 0 such that

12(v) = 2(v)|| <&, whenever [|z(0) — 2| <k,

where Z is the mild solution of the system (1.1) with initial conditions Z(0) = %y, and
the impulsive conditions z(y) = Z(y,2(yv; ), Y€ (v, 01], [ =1,2,...,y.

THEOREM 2. [fthe hypotheses [A1]-[A4] are fulfilled. Then the system (1.1) has
a unique stable mild solution on 7\, provided that

///J?f{ag< 1.

Proof. By Theorem 1, we obtain that the system (1.1) has a unique mild solution
(y). Let Z(y) be any mild solution of system (1.1) with conditions 2(0) = %;, and

z
) =2rey ), remal. 1=12,...,y.
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Case 1. For y € [0,1], we have

J2(r) ~ 201 < Ao~ o]+ 2(2) - 2(2)]
] [/ 00 - ot 2 atete) - ale el erae

< M |20 2ol| + 4 Hol|z(y) — 2(v)l]

+%MZA /Oy(w(Y) — ()" lz(e) —2(e)]|¢'(e)de
S MK+ M Ao2(y) - 2(1)

+%%A /Oy(fp(if) = 9(e)* " lz(e) = 2(e) |9’ (e)de.

Case 2. For y € (y;,01], [ =1,2,...,y, we have

I12(y) = 2l = 120(v.2(v; ) — Zu(y,2000)
< M, 2(v) =200

Case 3. For y € (07,1141], [ = 1,2,..., ¥, we have
2(y) =20l < A || 21 (01,2(y; ) — Pi(on,2(7)||
000 F (r.e)lae.z(e)) — Aes (o))l (e)de

o]

S MM 2(v)—200)||

+%%A /C,,Y«p(y) = 0())* " lzfe) = 2(e)l| ' (e)de.

For y € #, we have

-2 < s 3 LA oy
r— T [0t~ 0@ ele) 20 Ve

L)1 =2 o)
By using impulsive Gronwall’s inequality [20], we get
M
z2(y)—2 < =
I=(r) =2l < 1 A7

n (M, + MMz,
XK[}J(H T Ex(CF(x)(w(n)—co(O))")ﬂ%

< 7k,
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where
W
(fl"‘.%/%r/}l)
cr —0(0)% %,
1—///«%/3 Ll_[1< \— Ay Ex (CT(x)(@(v) —9(0)*) | | %
M .

T (1=t )" 7" 2 (CT(0)(@(v) — 9(0))%)

Next, we can choose a Kk > 0 such that k¥ < y’ then

lz(v) = 2(V)l <e.

Hence, the system (1.1) has a unique stable mild solutionon _#;. [

5. Exact controllability

We assume the following hypotheses

[A5]: The linear operators Ay’“ L2 ((01,7111),-7) — 2, 1=0,1,...,y, defined by

Yi+1
Aty = [ (o) — o) TE i) 9v(e)9 (e)de,

0y

has bounded invertible operators (Ag,+ 1~ which takes values in L*((07,%1+1],-7)
/ Ker(Ang“) and there exist constants A; > 0 such that

)’(Agl+l)_l H < Al'

[A6]: The following inequalities hold

Op = max [ro, My, n) <1,
1<I<y

It

where

= do(M Ao+ A1)~ 9(0))*)

_ A

L(1+x)
A M .

"= (J/f///%+m/flA(¢(Yz+1)—(ﬂ(Gg))%>, [=1,2,--y,

A AN (@ (i41) — @(01))* -
5,:<1+ d F()(lfl) ! ) [=0,1,-,.

DEFINITION 4. The system (1.2) is called exactly controllableon ¢ if for every
20,21 € Z, there exists a suitable control v € L*( J1,”) such that the mild solution
of system (1.2) with respect to v satisfies z(b) = z;.
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DEFINITION 5. A function z: ¢ — £ is a mild solution of (1.2) if for every

AS /1’ Z(Y) fulfills Z(O) =20, and Z(Y) = @l(’y’Z(YI_))v ye (%761]9 [ = 1727”‘71”7
and

2(y) = ZF(1,0)[z0 — 2(2)]
+ / DAL TE(1,0)[Gv(e) + Ae,2(e))]g (¢)de,

forall y € [0,y1], /=0 and

2y) = ZE (. 0) P (01,2(y;))
+ y(‘P(Y) —@(e)* ' TE(v.e)[@v(e) +Ale,z(e)]@' (e)de,  (5.1)

o]
forall y € (o7,y41], [ =1,2,...,w.

Next, we define the control function v(z) as follows
) !
ve() = (A1) |2y = FE (1, 0) Palo2(07)

_/Yl+1(¢(%+l) _ (p(e))xfl%X(YIH7e)A(e7Z(€))§D’(€)de ,

o]

VYE(O%YIHL l:O7"'7W7 (52)

where Z(0,-) = z0 — 2(2).
We put the value of control function v,(y) from Eq. (5.2) in the Eq. (5.1) and
replace ¥ by Y141, 1 =0,1,...,¥, z(Vy+1) = zy,,, = 21, we have

2(Yi41) = ZF (a1, 0) Zi(01,2(1;)
+ [ @) = 90 T (ir, I ve(e) + Aesz(e) o (e
= ng‘(ylﬂ’o-l)@l(o',,z(yf))

1
+ (Mﬁ“) (Agfl> (Zym — E V1,002 (01,207, )

oy

—/ml (@(vi1) — (P(Q))XI%X(Ylﬂ7Q)A(‘1az(‘1))(/’/(‘l)dq>

+/V1+1 (@(i1) — (p(e))%_l%X()’Hl76)A(67Z(6))q’/(6)d6

oy
= -

Hence, control function steers the state from initial state zy to target z;.
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THEOREM 3. [fthe hypotheses [A1]-[A3] and [AS]-[A6] are fulfilled. Then the
@ -Caputo fractional system (1.2) exactly controllable on 1, provided that

> NG| (9(b) — 9(0))
112y [JK@, - (1 " T(x+1)

(%g+%@,+ ‘%}A((p(b)_q’(o))xﬂ <1 (5.3)

C(1+%)
Proof. For p > 0, we define
Rp=1{z€ PC(L): |zl 7 <p}.

Clearly, Z, is a bounded and closed subset of &% (Z’). We define the operator & on
%, as follows

L5 (1,0)[z0 — 2(2)]

+ 15 (@(r) = @) T (v.)Fv(e)¢' (e)de

+ 1 (@) — 0(e) X T (v,€)A(e,2(e)) ¢’ (e)de v € [0,11], 1 =0,
(&2)(1) = Zu(r.2(17)), ve ol 1>1,

FEy,00)Pi(o1,2(1;))
+ 2 (0(7) — @(e)X L T (v, )9 v (€)@’ (e)de

+ [ (@) — @)X ' T (v,€)Ale,2(e)) ¢’ (e)de v € (01, 1111), 1= 1.

Step 1. There exists p > 0 such that &(Z,,) C %, . If we assume that the assertion
is not true, then for p > 0, we take y € ¢ and 2 € %, such that ||&(z”)(y)| > p.
For y € [0,71], we obtain

p < [8E)Wl
<174 (1,0)lz0 — 2(°)]|

|/, (2() = e(e)*” L5 (v.e)A(e, 2P (e))9 (e)de

g / DT vl (e
_ oA 19)(0(n) - <p<o>>%HZ ”
h T(x+1) n
8o M9 (0(1) — 0(0))”
+<1+ 0 F(x+ll) )

x (//znmn M Aop+ ] 200)] +

F(fi/x)%(l +p)(e(n) - <p(0))%>.
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If ye(y,0)], I=1,2,...,y, then we obtain
p <6 = 12,2 (5 NI? < Ao, (14 p). (54)
Similarly, if y € (07,%11], I =1,2,...,y, then we obtain

p <|I8E))ll
< | v, o) 20,2 ()|

Y
(0t~ ()" T (.e)(e.2 (€)' (e)de

o]

_|_

_|_

Y
/G (@(r) — 9(e))*~' TE(1,0)Fv-(e) ¢ (e)de

< MG (9(vii1) — @(01)* Iz |
X F(X"'l) Yi+1
N ANG N (@(Vi41) — @(01))*
- (1 - M+ 1) )

5 M
X (-//%y](l+p)+m

Ha(1+p)(@(Vi41) — w(m))")-

For every v € 7|, we obtain

p < &)W
< &V*+J@,p+<1+

Az///gll(fp(b)—w(o))")
Ix+1)

, , L MArp(0(b) ~ 9(0))*
X (J/%/QP-FJ//X@,P-F Ti+7) ) (5.5
where
NG ) ~ 9(0) :
7= g
AL F (0 (1) — 0(0)*
+(l + T(x+1) )
(Al + AN 20+ T+ 5 A otn) - o)) b
T T(14yx)

Here, 2™ is independent of p, both sides of Eq. (5.5) are dividing by p and taking
0 — oo, we obtain

AN ANG(9(b) — (0))*
T(x+1)

1<1%%+///<1+ )(Jt{@‘f'e%}fﬂl‘f'

which contradicts to Eq. (5.3). Hence, for some p >0, &(%,) C % .
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Step 2. & is a contraction mapping on %, .
For all zi,z) € %, if v € [0,71], then we obtain

[(&z1)(v) — (B22)(v) |
<A 2(z1) - 2(2)|

H/ )AL TE (v, €)[Ale,21(€)) — Ale, 22(e))] @' (e)de

H/ WELTE (v €) (v (€) = viy (€)@ (e)de

Mo |9 (0(1) — 9(0))*
<O+O M+ 1) )

” M o
X <//f=%/3+m///A((P(YI)—(P(O))x> |21 — 22|| % - (5.6)

If ye(y,o],1=1,2,...,y, then we obtain
1(821)(y) = (B2) (V)| < Az/|l21 — 2| 5. (5.7)
Similarly, if y € (07,%+1], [ = 1,2,...,y, then we obtain
1(B21)(7) — (z2) (V)
<A || Pi(o1,2(7) = Pilon2(v)||

+ (<P(Y) 0(e)* T (v.e)[Ale,21(e)) — Ale,z2(e))] @' (e)de

H/ N lgx(% )(vz, (€) — vz, (€)@’ (e)de

M| D ) (0(11) — p(0)
<O+ ruim )

X (/////2%4- //ZA(¢(%+1)—¢(GZ))X> llz1 — 22l 2 (5.8)

_ M

I(l+y)

By Egs. (5.6)—(5.8), we obtain
[(&z1)(v) — (B22)(V)[| < O |21 — 22| 7%

where
O = lrillaxw [ro, ///gzl, rl] )
Hence,
[&z1 — Bz2|| ¢ < O ||z1 — 22| 7% (5.9)

Thus, & is a contraction mapping on Z%,. Hence, by the Banach fixed point theo-
rem, there exists a unique mild solution of system (1.2). Hence, the system (1.2) is
controllableon #;. [
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6. Trajectory controllability

Let & be the set of all functions z(-) defined on _¢; such that z(0) = zo and
z(b) =z forall y € 7 and the fractional derivative {D exists almost everywhere
on _#1. We call & the set of all feasible trajectories for the system (1.2).

DEFINITION 6. [26] The system (1.2) is said to be trajectory controllable (7 -
controllable) on ¢, if for y € &, there exists a control v such that the mild solution
of system (1.2) satisfies z(y) = y(y) almost everywhere.

We assume the following hypotheses

[B]: The continuous operator ¢ is non-zero.

THEOREM 4. Assume that the hypotheses [A1]-[A4] and [B] are hold, then the
@ -Caputo fractional system (1.2) is T -controllable on 7, provided that

M Ao+ MMy, < 1.

Proof. Let y(y) be any given prescribed trajectory on _#;. For, 0 < x <1, we
define a suitable control function v(y) as follows

) SD%y(Y)—%§Y>—A(V,y(V))7 v O, 131
1.

0, ve ol 1>

Put the value of v(y) in Eq. (1.2) and choose k(y) = z(y) —y(y). We consider IVP
defined as follows:

SDEK(y) = 2k (y) + AV (1) — A Y¥))],  vE(OL74), 121
k()= 21(v,2(v; ) — 2i(v:y(1; ), ve (o), (=1, (6.1)
k(0)+[2(z) — 2(y)] =0.

Then the mild solution of the IVP (6.1), is given by

FE,0)[20) - 2(2)]

+ i (@(r)— @)X 7L (v,e)

x[Ae,z(e)) — Ale,y(e))]@' (e)de yelo,n], 1=0,

K(y) = - B (6.2)
FEv.0) 2 (01,2(17) — Zi(o1,y(1;))]

+Je(o(y) = @(e)* ' T ] (v,e)

x[Ale,z(e)) = Ale,y(e))]¢' (e)de, YeE(o Yl 121
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For y € [0,71], we obtain

Kl < #11.20) - 2]
| [0 - o) T rerintecte - sletenlo' e

< M Hollz—y| + %J/& /OY(<P(Y) —p(e)*x(e) |’ (e)de

For each y € (07,7141, [ = 1,2,...,y, we obtain

Ikl < || Zi(01.2(7;) — Zi(01,y(1) ||

[ 0= ()7 T (r.e)Ale.s0) - Ale.s(e))o e)de
M
Mx

+

<M=+ s A [ (07)— 0l) )] (e)de

Hence, for y € ¢, we obtain

[\ —tl Ko — M Mz sup |[K(y)|

ve /1
M 7 4 x—1 !
S A | (@(y) = (e))* " sup |[k(e)||¢’(e)de
F(%) 0 L’Gfl
Then, we get
MM,
sup [ (y)|| < —
reN L) — M H o — MM )
Y
% [0~ 9! sup [Ix(e)]9'(e)de
0 ee /1
By Gronwall’s inequality, we obtain
sup [[k(y)[| =0.
Ye N
Hence,
K(y) =0,

i.e. z(y) = y(y) almost everywhere. Thus, the ¢-Caputo fractional system (1.2) is
T -controllable on 7 .
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7. Example

Consider the following ¢ -Caputo fractional system:

ve 'z(y,0)
SDSz(y, o) = (y,a)+m7 y € (0,0.30]U (0.60,1], o € [0,7],
Ay, ):é(sm)/) 0.30", ), 7€ (0.30,0.60], @€ [0,7],
2(1,0) =0=2z(y,m),
2(0,0) + 1=2(r,@) = (@),

(7.1)
where y =2/3 and 0=0p =1y <y1 < 01 <Y, =b, with y; =0.30, 01 =0.60, y» = 1.
Let ¢(y) =y and & =.& = L*([0,7]). Define an operator 7 : Z(H#) C ¥ — %
by 6 = & with

D(H#)=1{5€ Z:5,8" are absolutely continuous and 8" € 2, §(0) =0=5(n)}.

A has a discrete spectrum, the normahzed eigenvectors e,(a) = +/2/msin(na) cor-
responding to eigenvalue are —n?, n € N and 7 generates an analytic semigroup
{7 (y)}y=0 in Z, which umformly bounded and defined as

05—26 n? oephen, e 2,

with |7 (y)|| <e 7 ¥V y > 0. Thus, we choose .# =1 that implies that

sup |7 (y)| =
Y€[0,00)

Let z(y)(a) = z(y, o) and the functions A, &; and 2 are defined as

ve z(y,a)
3(1L+ |2y, @)])’

Pu(,2(v7)) () = %(sin 1)2(0.30", @),

2(2)(c) = 7g2(1, ).

Ay, 2)(@) =

We obtain ) = .4, = 1/3, Ky = 1/15, J@al ://Zgal =1/5, and
l. MHy=1/15<1.

2 Mg+ Hop + M, + Hn((b) — ¢(0))% = 0.8359 < 1.

M
I(1+yx)
3. max | M Ao+ il r(9(1) ~ 0(O)E, Moy MMy, + s Mr(0(12)

— q)(cl))%} =max [0.2321,1/5,0.4005] = 0.4005 < 1.
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All hypotheses of Theorem (2) are satisfied. Hence, the system (7.1) has a unique stable
mild solution on _#;.
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