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EXISTENCE OF NONTRIVIAL PERIODIC SOLUTIONS

FOR A CLASS OF p–HAMILTONIAN SYSTEMS

TAI-JIN ZHAO AND CHUN LI ∗

(Communicated by C.-L. Tang)

Abstract. In this paper, we investigate a class of p -Hamiltonian systems. By means of the
Mountain Pass Lemma, we obtain the existence of one nontrivial periodic solution under some
new conditions.

1. Introduction and main result

We consider the following p -Hamiltonian systems{
−(|u′|p−2u′

)′ +A(t)|u|p−2u = F(t,u), a.e. t ∈ [0,T ],
u(T )−u(0) = u′(T )−u′(0) = 0,

(1.1)

where p > 1, T > 0, N � 1, u(t) = (u1(t), u2(t), · · · ,uN(t)) , A(t) := (ai j(t))N×N ∈
C([0,T ];RN×N) is a symmetric matrix and T -periodic in t, ai j is continuous. Further-
more, there exists a positive constant  such that (A(t)|x|p−2x,x) �  |x|p for all x ∈
R

N and t ∈ [0,T ] . F(t,x) := (F/x1,F/x2, · · · ,F/xN) , F : [0,T ]×R
N → R

is T -periodic in t and satisfies the following assumption:

(A) F(t,x) is measurable in t for every x ∈ R
N , continuously differentiable in x

for a.e. t ∈ [0,T ] , and there exist a ∈C(R+,R+), b ∈ L1(0,T ;R+) such that

|F(t,x)| � a(|x|)b(t), |F(t,x)| � a(|x|)b(t)

for all x ∈ R
N and a.e. t ∈ [0,T ].

If A(t) = 0, the system (1.1) becomes{
−(|u′|p−2u′)′ = F(t,u), a.e. t ∈ [0,T ],
u(T )−u(0) = u′(T )−u′(0) = 0.

(1.2)
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Many monographs regard it as the vector p -Hamiltonian systems, there have been many
existence and multiplicity results of solutions for problem (1.2), see [8, 11, 13, 22, 25,
27, 31] and references therein. In [8], considering nonlinear periodic systems driven by
the vector p -Laplacian, Jebelean and Papageorgiou proved the existence and multiplic-
ity of solutions for system (1.2). In [25], by using minimax methods of critical point
theory, Xu and Tang got the existence of periodic solutions for system (1.2). Taking
account of an improved inequality in [23], Zhang and Tang [28] also obtained an es-
timation of periodic solution for system (1.2). Moreover, under a new condition, they
proved in [29] the existence of a nonconstant solution for system (1.2) by the linking
theorem. In [11], Li, Agarwal and Tang got some existence theorems of infinitely many
periodic solutions for system (1.2) by minimax methods in critical point theory. In [13],
Ma and Zhang obtained a sequence of distinct periodic solutions for system (1.2) and
got the following result.

THEOREM 1. (see [13, Theorem 2]) Suppose that F satisfies assumption (A) and
the following conditions:

(Z1) F(t,x) � 0 for all (t,x) ∈ [0,T ]×R
N .

(Z2) lim
|x|→0

F(t,x)
|x|p = 0 < liminf

|x|→
F(t,x)
|x|p uniformly for a.e. t ∈ [0,T ] .

(Z3) limsup
|x|→+

F(t,x)
|x|p � M0 < + uniformly for some M0 > 0 and a.e. t ∈ [0,T ] .

(Z4) There exists  ∈ L1(0,T ;R+) such that

(F(t,x),x)− pF(t,x) � (t) for all x ∈ R
N and a.e. t ∈ [0,T ].

(Z5) lim
|x|→

[(F(t,x),x)− pF(t,x)] = + for a.e. t ∈ [0,T ] .

Then system (1.2) has a sequence of distinct periodic solutions with period k jT
satisfying k j ∈ N and k j →  as j →  .

In [10], Li et al proved the existence of a nonconstant T -periodic solution for
system (1.2).

THEOREM 2. (see [10, Theorem 1.4]) Suppose that F(t,x) satisfies assumption
(A) and the following conditions:

(I1) F(t,x) � 0 for all (t,x) ∈ [0,T ]×R
N .

(I2) lim
|x|→0

F(t,x)
|x|p = 0 uniformly for a.e. t ∈ [0,T ] .

(I3) There exist constants 2 > p and L0 > 0 and a function W ∈ L1(0,T ;R) such
that, for all x ∈ R

N with |x| � L0 ,

2F(t,x)− (F(t,x),x) � W (t)|x|p for a.e. t ∈ [0,T ]

and

limsup
|x|→

2F(t,x)− (F(t,x),x)
|x|p � 0 uniformly for a.e. t ∈ [0,T ].



Differ. Equ. Appl. 16, No. 3 (2024), 269–278. 271

(I4) There exists ⊂ [0,T ] with meas  > 0 such that

liminf
|x|→

F(t,x)
|x|p > 0 uniformly for a.e. t ∈.

Then system (1.2) possesses a nonconstant T -periodic solution.

For p = 2 and A(t) = 0, system (1.1) degenerates to the following widely well-
known non-autonomous second order Hamiltonian systems{

ü(t)+F(t,u(t)) = 0, a.e. t ∈ [0,T ],
u(0)−u(T) = u̇(0)− u̇(T ) = 0.

(1.3)

Many existence results have been obtained for (1.3) via variational methods, such as
[4, 12, 14, 16, 18, 19, 20, 21, 24, 26, 30, 32] and references therein. In 1978, Rabinowitz
[15] proved the existence of nonconstant periodic solutions for system (1.3) under the
following condition: there exist  > 2 and L > 0 satisfying

0 < F(t,x) � (F(t,x),x) for all |x| � L and a.e. t ∈ [0,T ].

For more than forty years, the above hypothesis has been extensively used in the liter-
ature, see [3, 5, 6] and their references. In [7], using a new condition, Fei proved the
existence of nonconstant periodic solutions for system (1.3). Employing a new saddle
point theorem and using linking methods, Schechter studied in [17] the existence of
periodic solutions for system (1.3).

For p = 2 and A(t) �= 0, Ke and Liao proved in [9] that there is a nontrivial pe-
riodic solution for system (1.1) by introducing a new growth condition and using the
Mountain Pass Lemma under the (C) condition. In this paper, we investigate the exis-
tence of periodic solutions for p -Hamiltonian systems (1.1). By applying the Mountain
Pass Lemma in critical point theory, we obtain the following result for problem (1.1).

THEOREM 3. Assume that F satisfies assumption (A) and the following condi-
tions:

(H1) limsup
|x|→0

F(t,x)
|x|p = 0 uniformly in a.e. t ∈ [0,T ] .

(H2) There exist a constant r0 > 0 and a function  (x) such that

0 < (p+ (x))F(t,x) � (F(t,x),x)

for |x|� r0 and a.e. t ∈ [0,T ] , where  (x) : {x ∈R
N : |x|� r0}→R is continuous and

satisfies the following assumptions:

(i)  (x) > 0 for all |x| � r0.

(ii) lim
|x|→+

 (x)|x|p = + .
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(iii) There is x0 ∈ R
N with |x0| = 1 satisfying

lim
r→+

∫ r

r0

 (sx0)
s

ds = +.

Then system (1.1) has a nontrivial periodic solution.

REMARK 1. There are functions F(t,x) satisfying the assumptions of Theorem 3
and not satisfying the conditions of Theorem 1 and Theorem 2. For example, set

F(t,x) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

|x|p ln |x|, |x| � 3,

|x|p ln3, 2 � |x| � 3,

|x|p ln(1+ |x|), |x| � 2.

Choosing  (x) = 1/ ln |x| , r0 = 3 and x0 = (1,0, · · · ,0) ∈ R
N , it is easy to verify that

F(t,x) satisfies the conditions of Theorem 3. However, F(t,x) does not satisfy condi-
tion (Z3) of Theorem 1 and (I3) of Theorem 2. Moreover, our result extends Theorem
1.1 in [9].

2. Proof of main result

In this section, the Sobolev space W 1,p
T is defined as

W 1,p
T =

{
u : [0,T ] → R

N

∣∣∣∣u is absolutely continuous
u(0) = u(T ) and u′ ∈ Lp(0,T ;RN)

}
,

and endowed with the norm

‖u‖A =
(∫ T

0
|u′(t)|pdt +

∫ T

0
(A(t)|u(t)|p−2u(t),u(t))dt

)1/p

.

Observe that

(A(t)|x|p−2x,x) = |x|p−2
N


i, j=1

ai j(t)xix j

� |x|p−2
N


i, j=1

∣∣ai j(t)
∣∣∣∣xi

∣∣∣∣x j
∣∣

�
( N


i, j=1

‖ai j(t)‖
)
|x|p,

where ‖ ·‖ = sup
t∈[0,T ]

| · | and | · | is the usual norm on R
N . Hence there exists a constant

 �
N


i, j=1
‖ai j(t)‖ such that (A(t)|x|p−2x,x) �  |x|p for all x ∈ R

N . So we have
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 |x|p � (A(t)|x|p−2x,x) �  |x|p and deduce

min{1,}‖u‖p � ‖u‖p
A � max{1,}‖u‖p,

where

‖u‖ =
(∫ T

0
|u(t)|pdt +

∫ T

0
|u′(t)|pdt

)1/p

.

Then the norms ‖·‖ and ‖·‖A are equivalent. Besides, it can be seen from the assump-
tion (A) that the functional  , given by

(u) =
1
p

∫ T

0
|u′(t)|pdt +

1
p

∫ T

0
(A(t)|u(t)|p−2u(t),u(t))dt−

∫ T

0
F(t,u(t))dt,

is continuously differentiable on W 1,p
T . Furthermore, we have

〈′(u),v〉 =
∫ T

0
((|u′(t)|p−2u′(t),v′(t))+ (A(t)|u(t)|p−2u(t),v(t)))dt

−
∫ T

0
(F(t,u(t)),v(t))dt

for all u,v ∈W 1,p
T . Moreover, it is known that the weak solutions of system (1.1) are

exactly the critical points of  in W 1,p
T (see [14]).

We need the Mountain Pass Lemma under the (PS) condition, and refer to [1] for
more details.

THEOREM 4. (see [1, Mountain Pass Lemma]) Let (X ,‖·‖X) be a Banach space,
and let  ∈C1(X ,R) satisfy the (PS) condition. Suppose that (0) = 0 and

(A1) There exist positive constants  and  such that (u) �  > 0 for all u ∈ X
with ‖u‖X =  .

(A2) There exists e ∈ X with ‖e‖X >  such that (e) < 0 .

Then  possesses a critical value c �  given by

c := inf
∈

sup
s∈[0,1]

((s)),

where
 := { ∈C([0,1],X)|(0) = 0,(1) = e}.

In [2], a deformation lemma is proved under a weaker condition than the usual
(PS) condition. So, due to [2], we can replace the (PS) condition of the Mountain Pass
Lemma with the (C) condition, which will be explained later, and the lemma is still
true.

Proof. We divide the proof into three steps.
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Step 1. We show that there exist positive numbers  and  such that inf
‖u‖A=

(u)

�  > 0. Note that W 1,p
T ↪→CB , where CB is the space of the continuous functions on

[0,T ] , with the norm ‖u‖ = sup
t∈[0,T ]

|u(t)|, and | · | is the usual norm on R
N . Thus by

Sobolev’s inequality (see [14, proposition 1.1]), there is M > 0 such that

‖u‖ � M‖u‖A (2.1)

for all u ∈W 1,p
T . From (H1) , we have for any  ∈ (0,1/(2pMpT )) that there exists a

constant  > 0 such that
|F(t,x)| � |x|p

for |x| <  and a.e. t ∈ [0,T ] . Taking  ∈ (0,/(2M)) , by (2.1), we have

(u) =
1
p

∫ T

0
|u′(t)|pdt +

1
p

∫ T

0
(A(t)|u(t)|p−2u(t),u(t))dt−

∫ T

0
F(t,u(t))dt

=
1
p
‖u‖p

A−
∫ T

0
F(t,u(t))dt

� 1
p
‖u‖p

A− 
∫ T

0
|u(t)|pdt

�
(

1
p
− MpT

)
‖u‖p

A

�  p

2p

for u ∈W 1,p
T with ‖u‖A =  . Setting  :=  p/2p > 0, one has inf

‖u‖A=
(u) �  > 0.

Then the step 1 is finished.

Step 2. We show that under assumptions (A) and (H2) there exists u0 ∈W 1,p
T with

‖u0‖A >  such that (u0) < 0. When s � r0 , from assumptions (A) and (H2) , one
has ∫ s

r0

(F(t,x0),x0)
F(t,x0)

d �
∫ s

r0

p+ (x0)


d.

Then, we obtain that

ln
F(t,sx0)
F(t,r0x0)

� ln
sp

rp
0

+
∫ s

r0

 (x0)


d.

So, we get

F(t,sx0) � F(t,r0x0)
rp
0

· e
∫ s
r0

 (x0)
 d · sp

for s � r0 and a.e. t ∈ [0,T ] . In addition, by assumption (H2) , it follows that

lim
s→+

e
∫ s
r0

 (x0)
 d = +. (2.2)
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Then we have

(sx0) =
1
p
‖sx0‖p

A −
∫ T

0
F(t,sx0)dt

� 
p
sp

p
−

∫ T

0

F(t,r0x0)
rp
0

· e
∫ s
r0

 (x0)
 d · spdt

=
(


p

p
−

∫ T

0

F(t,r0x0)
rp
0

· e
∫ s
r0

 (x0)
 ddt

)
sp

=
(


p

p
− 1

rp
0
e

∫ s
r0

 (x0)
 d

∫ T

0
F(t,r0x

0)dt

)
sp

for s � r0 and a.e. t ∈ [0,T ] . From (2.2), one has

e
∫ s
r0

 (x0)
 d

>
2

p
rp
0

p
∫ T
0 F(t,r0x0)dt

for s large enough. So, it implies that

(sx0) < −
p
sp

p
< 0

for s large enough. Then the step 2 is finished.

Step 3. We show that under the assumptions (A) , (H1) and (H2) ,  satisfies the
(C) condition. That is, for every constant c and sequence {un} ⊂ W 1,p

T , {un} has a
convergent subsequence if

‖′(un)‖(1+‖un‖) → 0 and (un) → c as n → . (2.3)

In order to show that  satisfies the (C) condition, by a standard argument (see [3]), it
suffices to prove that every sequence {un} satisfying (2.3) is bounded. If inf

|x|�r0
 (x) >

0, the proof is trivial.
Assume now that inf

|x|�r0
 (x) = 0. We show that if {an} ⊂ {x ∈ R

N : |x| � r0} is a

sequence such that lim
n→

 (an) = 0, then

lim
n→

|an| = +. (2.4)

Otherwise, there exists a bounded subsequence of {an} , still denoted by {an} . Passing
to a subsequence if necessary, we can suppose that there exists a0 ∈ {x∈ R

N : |x|� r0}
satisfying

lim
n→

an = a0. (2.5)

From (i) of assumption (H2) , (2.5), and the continuity of  , it follows that

0 = lim
n→

 (an) =  ( lim
n→

an) =  (a0) > 0,
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a contradiction. So, we have
lim
n→

|an| = +.

Suppose that {un} is unbounded. Then, if necessary, after going to a subsequence,
we can assume that

n := ‖un‖A → + as n → . (2.6)

Let vn = un/‖un‖A . Then one has ‖vn‖A = 1 and un = ‖un‖Avn = nvn. Using (2.1),
we have

‖vn‖ � M.

Choose xn
∈ {x ∈ R

N : r0 � |x| � nM} , such that

 (xn
) = min

r0�|x|�nM
 (x). (2.7)

Then, we have n � |xn |/M . Furthermore, we get from (2.6), (2.7) and inf
|x|�r0

 (x) = 0

that
lim
n→

 (xn
) = 0.

Thus, one sees from (2.4) that

lim
n→+

|xn
| = +. (2.8)

Set

−
n = {t ∈ [0,T ] : |nvn(t) |< r0}, +

n = {t ∈ [0,T ] : |nvn(t) |� r0}.
Then, one obtains from (2.3) that

o(1) = |〈′(un),un〉|

=
∣∣∣∣‖un‖p

A−
∫ T

0
(F(t,un(t)),un(t))dt

∣∣∣∣
=

∣∣∣∣ p
n −

∫
−

n

(F(t,nvn(t)),nvn(t))dt−
∫
+

n

(F(t,nvn(t)),nvn(t))dt

∣∣∣∣,
with o(1) → 0 as n →  . So, we get

∫
+

n

(F(t,nvn),nvn)dt �  p
n +

∣∣∣∣
∫
−

n

(F(t,nvn),nvn)dt

∣∣∣∣+o(1). (2.9)

In addition, for a.e. t ∈+
n , we have, according to (H2) , that

0 < (p+ (xn))F(t,nvn) � (F(t,nvn),nvn).

Hence, we get∫
+

n

F(t,nvn(t))dt � 1
p+ (xn)

∫
+

n

(F(t,nvn(t)),nvn(t))dt. (2.10)
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Besides, from assumption (A) , there exists  > 0 such that∣∣∣∣
∫
−

n

(F(t,nvn(t)),nvn(t))dt

∣∣∣∣,
∣∣∣∣
∫
−

n

F(t,nvn(t))dt

∣∣∣∣ �  . (2.11)

We deduce from (2.9), (2.10) and (2.11) that

(un) = (nvn)

=
1
p
 p

n −
∫
+

n

F(t,nvn(t))dt−
∫
−

n

F(t,nvn(t))dt

� 1
p
 p

n − − 1
p+ (xn

)

∫
+

n

(F(t,nvn(t)),nvn(t))dt

� 1
p
 p

n − − 1
p+ (xn)

(
 p

n +
∣∣∣∣
∫
−

n

(F(t,nvn),nvn)dt

∣∣∣∣+o(1)
)

�
 (xn

)|n|p
p(p+ (xn))

− −  +o(1)
p+ (xn)

�
 (xn

)|xn
|p

Mpp(p+ (xn))
− (p+1) +o(1)

p
.

Owing to (2.8), we have |xn
|→+ as n→+ . So, from (ii) of assumption (H2) , we

obtain that (un) → + as n →  , which contradicts (2.3). Hence, {un} is bounded
in W 1,p

T .
Now, it is effortless to verify that (0) = 0. Uniting the above three steps and The-

orem 4, we get the existence of a nontrivial critical point of  which is the nontrivial
periodic solution to system (1.1). �
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[4] G. CHEN AND S. MA, Periodic solutions for Hamiltonian systems without Ambrosetti-Rabinowitz
condition and spectrum 0, J. Math. Anal. Appl., 379, 2 (2011), 842–851.

[5] I. EKELAND, Convexity method in Hamiltonian mechanics, Ergeb. Math. Grenzgeb. (3), 19 Results in
Mathematics and Related Areas (3), Springer-Verlag, Berlin, 1990.

[6] I. EKELAND AND H. HOFER, Periodic solutions with prescribed period for convex autonomous
Hamiltonian systems, Invent. Math., 81, 1 (1985), 155–188.

[7] G. FEI, On periodic solutions of superquadratic Hamiltonian systems, Electron. J. Differential Equa-
tions, 2002, 8 (2002), 1–12.

[8] P. JEBELEAN AND N. S. PAPAGEORGIOU,On noncoercive periodic systems with vector p-Laplacian,
Topol. Methods Nonlinear Anal., 38, 2 (2011), 249–263.

[9] X.-F. KE AND J.-F. LIAO, On the existence of periodic solutions to second order Hamiltonian sys-
tems, Electron. J. Qual. Theory Differ. Equ., 2022, 36 (2022), 1–12.

[10] C. LI, R. P. AGARWAL, Y. PU AND C.-L. TANG, Nonconstant periodic solutions for a class of
ordinary p-Laplacian systems, Bound. Value Probl., 2016, 213 (2016), 1–12.



278 T.-J. ZHAO AND C. LI

[11] C. LI, R. P. AGARWAL AND C.-L. TANG, Infinitely many periodic solutions for ordinary p-
Laplacian systems, Adv. Nonlinear Anal., 4, 4 (2015), 251–261.

[12] S. MA, Computations of critical groups and periodic solutions for asymptotically linear Hamiltonian
systems, J. Differential Equations, 248, 10 (2010), 2435–2457.

[13] S. MA AND Y. ZHANG, Existence of infinitely many periodic solutions for ordinary p-Laplacian
systems, J. Math. Anal. Appl., 351, 1 (2009), 469–479.

[14] J. MAWHIN AND M. WILLEM, Critical point theory and Hamiltonian systems, Applied Mathematical
Sciences, Springer-Verlag, New York, 1989.

[15] P. H. RABINOWITZ, Periodic solutions of Hamiltonian systems, Comm. Pure Appl. Math., 31, 2
(1978), 157–184.

[16] P. H. RABINOWITZ, On subharmonic solutions of Hamiltonian systems, Comm. Pure Appl. Math.,
33, 5 (1980), 609–633.

[17] M. SCHECHTER, Periodic solutions of second-order nonautonomous dynamical systems, Bound.
Value Probl., 2006, (2006), 1–9.

[18] C.-L. TANG, Periodic solutions of non-autonomous second order systems with  -quasisubadditive
potential, J. Math. Anal. Appl., 189, 3 (1995), 671–675.

[19] C.-L. TANG, Periodic solutions for nonautonomous second systems with sublinear nonlinearity, Proc.
Amer. Math. Soc., 126, 11 (1998), 3263–3270.

[20] C.-L. TANG AND X.-P. WU, Notes on periodic solutions of subquadratic second order systems, J.
Math. Anal. Appl., 285, 1 (2003), 8–16.

[21] X. TANG AND Q. MENG, Solutions of a second-order Hamiltonian system with periodic boundary
conditions, Nonlinear Anal. Real World Appl., 11, 5 (2010), 3722–3733.

[22] X. TANG AND X. ZHANG, Periodic solutions for second-order Hamiltonian systems with a p-
Laplacian, Ann. Univ. Mariae Curie-Skłodowska Sect. A, 64, 1 (2010), 93–113.

[23] Y. TIAN AND W. GE, Periodic solutions of non-autonomous second-order systems with a p-
Laplacian, Nonlinear Anal., 66, 1 (2007), 192–203.

[24] X.-P. WU AND C.-L. TANG, Periodic solutions of a class of non-autonomous second-order systems,
J. Math. Anal. Appl., 236, 2 (1999), 227–235.

[25] B. XU AND C.-L. TANG, Some existence results on periodic solutions of p -Laplacian systems, J.
Math. Anal Appl., 333, 2 (2007), 1228–1236.

[26] Q. ZHANG AND X. TANG, New existence of periodic solutions for second order non-autonomous
Hamiltonian systems, J. Math. Anal. Appl., 369, 1 (2010), 357–367.

[27] X. ZHANG AND X. TANG, Periodic solutions for an ordinary p-Laplacian system, Taiwanese J.
Math., 15, 3 (2011), 1369–1396.

[28] X. ZHANG AND X. TANG, Periodic solutions for second order Hamiltonian system with a p-
Laplacian, Bull. Belg. Math. Soc. Simon Stevin, 18, 2 (2011), 301–309.

[29] X. ZHANG AND X. TANG, Non-constant periodic solutions for second order Hamiltonian system with
a p-Laplacian, Math. Slovaca, 62, 2 (2012), 231–246.

[30] X. ZHANG AND X. TANG, Existence of subharmonic solutions for non-quadratic second-order
Hamiltonian systems, Bound. Value Probl., 2013, 1 (2013), 1–25.

[31] X. ZHANG AND P. ZHOU, An existence result on periodic solutions of an ordinary p-Laplace system,
Bull. Malays. Math. Sci. Soc., 34, 1 (2011), 127–135.

[32] X. ZHANG AND Y. ZHOU, Periodic solutions of non-autonomous second order Hamiltonian systems,
J. Math. Anal. Appl., 345, 2 (2008), 929–933.

(Received May 7, 2024) Tai-Jin Zhao
School of Mathematics and Statistics

Southwest University
Chongqing, 400715, P.R. China

e-mail: ztjztj102266@email.swu.edu.cn

Chun Li
School of Mathematics and Statistics

Southwest University
Chongqing, 400715, P.R. China
e-mail: Lch1999@swu.edu.cn

Differential Equations & Applications
www.ele-math.com
dea@ele-math.com


