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ON THE IMPULSIVE TEMPERED E=-HILFER FUZZY
FRACTIONAL DIFFERENTIAL EQUATIONS WITH DELAY
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Abstract. In the present paper, we investigate the existence and uniqueness of solutions and
derive the Ulam-Hyers type stability results for impulsive tempered Z-Hilfer fuzzy fractional
differential equations with delay. The Banach contraction principle and a Gronwall inequality
involving tempered Z-Riemann-Liouville fuzzy fractional integral are used. In addition, we
offer three examples to clarify the results.

1. Introduction

The differential equation of fractional order is an extension of the differential equa-
tion of integer order. By the end of the sixteenth century (1695), the concept of frac-
tional calculus (FC) was introduced. A generalisation of ordinary differentiation and
integration to arbitrary order (non-integer) is known as FC. The advantages of fractional
derivatives (FDs) are demonstrated in many other domains, such as the description of
gases, liquids, minerals, and the mechanical and electrical properties of real materials,
see [27, 47]. The FD is employed as a global operator in a variety of fields, including
mathematics, physics, dynamics, fluid mechanics, control theory, chemistry, and math-
ematical biology, to simulate different processes and physical systems [4, 7, 14, 24].
It turns out that when compared to differential equations of integer order, fractional
differential equations (FDEs) are more suited to explain real-world issues. Due to its
importance and large number of applications, this area has attracted the attention of
numerous mathematicians and researchers in the past few decades.

The generalised FD is a powerful tool for simulating complex real world problems
due to its increased precision. An extension of the Riemann-Liouville (R-L) and Caputo
fractional derivatives is the Hilfer fractional derivative (HFD) [14]. The v -Hilfer frac-
tional derivative (y-HFD) with respect to another function was provided by Sousa and
Oliveira [41].The freedom to choose the differentiation operator and the kernel function
v is the advantage of the y-HFD.
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The generalised version of fractional calculus is known as tempered FC. When
the FDs and integrals are multiplied by an exponential factor, the tempered FDs and
integrals are obtained in [31, 40]. In [11, 26, 33, 35], the authors studied the existence,
uniqueness, and stability for FDEs involving tempered FDs with respect to functions
and established many results on the analytical theory in both R-L and Caputo types.

Recently, fuzzy fractional and differential calculus has been extensively developed
across various domains. Bede et al. [8, 9] have demonstrated numerous applications of
this calculus. This theory, along with the advantages of FC, has garnered significant at-
tention from mathematicians, leading to research studies on existence, uniqueness, and
stability. For instance, Allahiranloo et al. [5] used generalised Hukuhara Caputo differ-
entiability to investigate the existence and uniqueness of solutions for fuzzy fractional
differential equations (FFDEs). Mazandarani and Najariyan [34] focused on fundamen-
tal theories for numerical investigations. Ahmadian et al. [3] explored fuzzy solutions
for fractional differential systems. Additionally, Hoa [15] investigated various results
related to FFDEs with delays. The authors in [16] presented several fundamental theo-
ries on different initial value problems for implicit FFDEs, which involve various fuzzy
FDs. For more recent developments on these concepts, [2, 17, 18, 19, 39] and the
references therein include essential findings in the theory of FFDEs and methods for
investigating their numerical solutions. Existence and uniqueness results for Hilfer-
type FFDEs was studied by many authors [10, 21, 38] using successive approximation
techniques. Vivek et al. [44] investigate the existence and stability of Z-Hilfer FFDEs
with boundary conditions.

One of the very important branches of the fuzzy theory is fuzzy impulsive FDEs.
As an advantage of the fuzzy impulsive FDE is, they are able to describe the solution
of the model at the certain moments with more sharpness and rapid changes in their
states. While the classical differential equations are not able to describe the mentioned
behaviour. Fuzzy impulsive FDEs are usually hard to analytically and the exact solution
is rather difficult to be obtained. But the idea of fuzzy impulsive FDEs has been studied
by scientists and engineers such as Najafi and Allahviranloo [37]. The existence and
stability outcomes for Z-Hilfer FFDEs with impulses is studied by Vivek et al [45].

A delay differential equation (DDE) is a type of differential equation where the
derivative of an unknown function at a given time depends on its values at previous
times. DDEs are widely used in numerous system models across physics, biology,
and engineering. Furthermore, they are applied in various practical systems, including
automatic control, traffic models, neuroscience, and lasers. References [13] and [25]
provide a comprehensive study of DDEs and their applications.

On the other hand, modelling a dynamical phenomenon with a delay using ordi-
nary DDEs are not always accurate. In general, the initial conditions or parameters
of the equations are incomplete or vague. Fuzzy DDEs are studied as a result of this
limitation. Numerous researchers have developed the theory and applications of fuzzy
delay differential equations in recent years. Lupulescu introduced a DDE with a fuzzy
case [32]. As aresult, Khastan et al. [23] and Hoa et al. [20] have presented findings on
the existence and uniqueness of solutions for generalized fuzzy DDEs. The existence
and finite-time stability of Hilfer FFDEs with delay were studied in [6, 42, 43].

Stability analysis is a fundamental aspect of mathematical analysis that plays a cru-
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cial role in various engineering and science fields. Consequently, numerous researchers
have investigated different types of stability problems for various fractional differential
equations and FFDEs using different methods [1, 30, 36, 46, 48].

Motivated by [22, 28, 29], we study the existence, uniqueness, and Ulam-type
stability of the following tempered Z-Hilfer-type fuzzy fractional impulsive differential
equations with delay of the form:

gf@g(’t)’/lv(t):G(t,v,), te(0,T], t#14, 1=12,--m,

Av(tl):(pl(v(tl_))? l:1727"'ama

L (1.1)
o Iz v(O0)=vo, ¥=p+q—pa,

Vi) =p(), tel-0,0],

where T >0, ' @gml() and [, fal(j)m (.) are tempered Z-Hilfer fractional deriva-
tive (E-HFD) of order 0 < p < 1, type 0 < ¢ < 1, index A € R, and tempered E- type
R-L fractional integral of order 1 —y, 0 =19 <1} <tp <+ <ty <tmy1 =T, v(t)) =

vt = (). vt ) = wli_}n(}+ v(t;+ ) and v(1; ) = wli_{l(}, v(t) + @) represent the right

and left limits of v at r =1, [ = 1,2,--- ,m,. The fuzzy functions G: (0,T] x E — E
and ¢ : E — E are appropriate functions specified latter, where E' is the space of fuzzy
number. Further, p € C5 := C([—0,0],E)-the space of all continuous fuzzy functions
from [—0,0] to E. For each v defined on [—o, 7] and for any ¢ € [0, 7] we denote by
v; the element of Co defined by v;(s) = w(t +5), —0 < s <0, where v (.) denotes the
history of the state from time —o up to time ¢.

In this work, the existence and uniqueness of tempered Hilfer FFDE are provided.
The Ulam-Hyers type stable for the proposed problem with the aid of the novel fea-
tures of generalized Gronwall inequality is simulated. The main contribution of the
investigation are complied as follows:

e To investigate the existence and uniqueness of the solution of impulsive tempered
Hilfer fuzzy fractional DDE via Banach contraction principle.

e To investigate the Ulam-Hyers type stable of impulsive tempered Hilfer fuzzy
fractional DDE by using the Gronwall inequality.

The following is the structure of the paper. Section 2 is related to some definitions,
lemmas, and theorems. In Section 3, the main results of the paper are discussed. In
Section 4, we give the existence and uniqueness of the solution for the problem (1.1).
In Section 5, Ulam-type stability results for the proposed problem are established. In
Section 6, we analyze the Ulam-Hyers-Mittag-Leffler stability of (1.1). In Section 7,
we give three illustrative examples employing the tempered Caputo and R-L FD and
comparing the outcomes obtained. Conclusion is drawn in Section 8.
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2. Preliminaries

In this section, we provide some definitions, theorems, and properties that will be
useful throughout this work.

Take # = (0,T] and #* =[0,T]. We assume that Z € C'(_#*,E) be an in-
creasing function with g (t) #0, forall r € #*. The space of the continuous fuzzy
function v on _#* with the norm is defined by

-~

* = D
IVl 7+ ) mmax o[v(1),0],

where the Hausdroff distance Dy is given by

DO[V17V2]: sup {|ZI(B)_22(ﬁ)|7|v1(ﬁ)_v2(ﬁ)|}v vi,n2 €E.

pelo0,1]

The weighted space C_y=(_#*,E) of continuous v on _# is defined by

=

Ciys( " E)={h: 7 —E|(E(t)~E(a) (1) eC(F"E)}, 0<y<L,

with the norm

-~

= = 1-
IVlley (7o) = Py Do[(E(r) —E(a))""v(2),0].

Denote by PCi_,=(_#*,E) the space of piecewise continuous fuzzy functions as fol-
lows:

PCI—%E(/*’E) = {V: j —E:ve CI—Y7E((IZ7IZ+1]aE)7 = 07 17' ce,m,
v(t;"),v(t;) existsand v(i; ) =v() for [=1,2,--,m}.
with respect to the uniform norm

Wllec, yz(e+5) = sup Dol(E(r) —E(0)'~"v(r),0].
) te g%

~.

Let L(_#*,E) be the set of all fuzzy functions v; _¢#* — E such that t — Dy[v(z),0]
belong to L'(_7*).

DEFINITION 1. [39] Let .#(R?) be the family of all nonempty, compact and
convex subsets of RY. The addition and scalar multiplication in . (R?) are defined as
usual, i.e., for o/, % € .4 (R?) and T € R,

g+ B={a+blac o ,be B}, 19 ={talac F}.
The Hausdorff distance dy in .# (R?) is defined as follows:

du (o, %) = maxq sup inf ||y —z||ga, sup inf |[y—z ,
1 ) {y@gze@”y 5% ze£y€d||y e}

where ||.||ga represents the usual Euclidean norm in R?. It is known that .# (R9) is a
complete, separable and locally compact metric space with respect to dp .
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DEFINITION 2. [39] Let E denote the set of fuzzy subsets of the real axis, if
v:R —[0,1], satisfying the following conditions:

(1) v is normal, that is, there exists yp € R such that v(yp) = 1;

(2) v is fuzzy convex, that is, for 7 € [0,1]
v(tyr + (1 = 7)y2) = min{v(y;,v(y2))}, forany y;,y €R;

(3) v is upper semicontinuous on R;

4) [V]°=cl{y € R:v(y) > 0} is compact, where cl denotes the closure in (R,|.|).

Then E is called the space of fuzzy numbers.
Let v € E. Then for each 8 € (0, 1], the set

VP ={yeR; v() =B},

is called the f3-level set of v.

DEFINITION 3. [17] Let vi,v, € E and 7 € R. Based on Zadeh’s extension
principle, v +v, and 7.v; are in E and defined as follows:

Vi) = i) + ),
[P =[P, forall B elo,1],

where [v1]P 4[] indicates that two intervals of R have been added and t[v;]? is
the product from a scalar to a real interval number. The diameter of the f-level set of
v € E is presented by d([v]f) =v(B) —v(B).

DEFINITION 4. [17] The distance Dy[vy,v2] between two fuzzy numbers is pre-
sented as follows:

Dovi,va] = sup {du([vi]P,m]P)}, vi,m€E,
pelo,1]

where dy ([v1]P, [v2]P) = max {|v1(B) — va(B)|,[71(B) — 73(B)|} is the Hausdorff dis-
tance between [v;]?, 2]

DEFINITION 5. [9] The generalized Hukuhara difference (gH-difference) of two
fuzzy numbers vy, v, € E is given by

(i) vi=vy+v3, or

VIOgHV2 =V3 = ..
I’ {(n) vy =vi+(—=1)vs.
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DEFINITION 6. [17] Let v: [a,b] — E be a fuzzy function. Then, for each f§ €
[0, 1], the function t — d([v()]P) is non-decreasing (non-increasing) on [a,b], we say
that v is d-increasing (d-decreasing) on [a,b]. If v is d-increasing or d-decreasing
on [a,b], then v is called d-monotone on [a,b].

DEFINITION 7. [9] Let v: (a,b) — E and ¢ € (a,b). We say that the fuzzy
function v is generalized Hukuhara differentiable (gH-differentiable) at ¢ if there exists
an element vy () € E such that the following statement is true:

, . v(to+h)Sgrv(t)
Ver (f0) = Jim, I

)

if vigH(to) € E, we say that v is generalized Hukuhara differentiable (gH-differentiable)
at 1.
Moreover, we say that v is [(i) — gH]-differentiable at 7y if

W (10)]P = H“m 2o +) St (o) ] " [Hm P +) S V(o) ] ‘*}
h—0 -0

=)/ (B.10). () (B.10)],
and that v is [(ii) — gH]-differentiable at 7y if
Vi (10)P = (%) (B.10), (v)'(B.10)]-

DEFINITION 8. [33] Let p € (0,1) and A € R. Then the tempered E-type R-L
fractional integral of v is defined by

A (=)= =)=
(. IZE) (1) = e HEOZO) gt (HEO-EO )

DEFINITION 9. [33] The tempered Z-type R-L fractional derivative of v is de-
fined by

Forve L(_#*,E), we define the tempered Z-type R-L fractional integral of order
p and index A of the fuzzy function v:

U e e
vpa(t) == g+f£(’t);v(t):m/o E(5)(E(@) —E(s)) 1,~A(E() “(‘))v(s)ds.
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Since [v(r)]f = [v(z,B),¥(t,B)], we can define the tempered E-type fuzzy R-L frac-
tional integral of fuzzy function v based on lower and upper functions

A A Ae
[g+j£(t)V(f)}ﬁ = [g+jé’(t)E(t,ﬁ),g+jé’(t)v([’ﬁ)}, 120,

where

AL B) = s [ 0)(E0) —E) e HE s B,

and
A 1 " e - —1_—A(E(t)—E(s))=
208 = s [ WE0) (@) e HEO = (s fas,
It follows that the operator v, =(¢) is linear and bounded from C(_¢*,E) to C(_#*,E).

DEFINITION 10. [26] The tempered fuzzy =-HFD of order p € (n— 1,n), type
g €[0,1] and index A € R of a function v is defined by

s =5t

1 d "1 1—(-p)A
= (I)EH) e 0

— HEO-ZON, P (AE0O-Z0),p))

)

where {f, @g&f) (-) represents the usual E-HFD. If the gH-derivative vj_, =(r) exists for
te g%, where

vipa(t) = I ()

- ﬁ /(: = (5)(E(r) — E(s)) e *EO-E6Dy (5)ds.

REMARK 1. We note that, if A =0 and E(z) = ¢ in Definitions 8-9, then
o+ pr ) and o+ Qg ) reduces to the classical fractional integral and derivative.

REMARK 2. In view of Definition 10, we observe that:

o If =0, then gf:@git)’l reduces to gﬁ:@g&).

o If g=1,then [7 @g&)’l reduces to §, @g(f)

If A =0, then [# @g&f)’l reduces to §; @g&f) :

_ _ TH gpP-q:4 RL pP
If =0, A =0, then ;! QE(t) reduces to 0+95(t).

If g=1, A =0 then gf@git)’l reduces to 0C+@g(z)'
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o If E(t) =1, then [ # L A

£, reduces to "agr ar

If =0, E(t) =1 then 7 224"

RL gyP-A
=(0) reduces to (77" .

[1]

If g=1, E(r) =1, then (2L * reduces to gf@,”’k.

E(r)

e If E(t)=t, A =0, then gf@g&t)”l reduces to {, 2.

If g=0, 2(t) =1, A =0, then gf@g&t)”l reduces to gf:@,’”l.

Ifg=1,E()=t, A =0, then gf@g&f)”l reduces to 0%%”’1.

LEMMA 1. [41] Let p>0,g>0, y=p+q—pgq, A eRandveC}'_%E(j*,E).
Then

T AT AT ATH p.q,\
0+ jay(t)m ‘@%/(t)v = ot jEy(t)0+ 9g(z) Vs

and

T VAT gVA T 5a(1-p)i
0+ -@s(z)wfs(z)v = 0+9é1(z) .

Here we note that C{_Y.E(/*,E) c i =(F*E)

LEMMA 2. [41] LetveCl(/*,E), 0<p<l1,0<g<1land ueR. Then

. A A A
(i) g+f5p('t)g+ fé)(lt) v(t) = g+f§(;r)pl v(t),

.. QA A
(i) gf@g(f)' g+f£(t)v(t) =v(t).

(iii) FHPLIM(2()~2(0)"1 =0, 0<n<L.

LEMMA 3. [26] Let p,nn > 0. Then

T vz _mani-l — LD ooy mon g1 - A(E()-5(0)
AL E0 20 = s 0 -2 e =0

LEMMA 4. [41] Let 0<p<1, 0<g<1, AcR veC_y=(f"E) and

g+ fal(;)y’xv S CL%E(/*,E). Then, we have

—7.A
I, 72 %v(0)

)

A A
<g+ j%(z)(f* ‘@é(t) V) (t) =v(t) Sen I(y)
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REMARK 3. If v(t) = (u(¢),u2(t),u3(¢)) is a triangular fuzzy number valued
function, then

(i) If vis [(i) — gH]-differentiable at r € _#* then

(AL ) (1) = ((H 228 0 (1), 5 228 w0 (1), T 228 us (). 2.1)

(if) If v is [(ii) — gH]-differentiable at r € _#* then

GI 2L 0 = G 2L s 1), 51 2 o051 P 1) 22)

DEFINITION 11. Let v: #* — E be [(i) — gH|]" ; -differentiable at r € 7*.
We say that v is [(i) — gH|!" ; -differentiable at r € #* if

(G228 ) 0] = [T 228 v(e, B), 57 224" B)], B €[o,1]

and that v is [(ii) — gH| " ; -differentiable at 7 if

(G ozt 0] = [ 2856, B), 5 228 v, B)], B €[o,1].

where 95&;1)”1 v(r,B) and [# ;@gif)’*v(t, B) defined in Definition 10.

DEFINITION 12. Let w: _#* — E be a fuzzy function. A point ¢ € (0,b) is said
to be a switching point for the [gH ] , ~differentiability of w, if in any neighborhood
¥ of t there exist points t| <t <1, such that

type (I) at t; (2.1) holds while (2.2) does not hold and at #, (2.2) holds and
(2.1) does not holds, or

type (II) at t; (2.2) holds while (2.1) does not hold and at #, (2.1) holds and
(2.2) does not holds.

THEOREM 1. [12] (Banach’s contraction principle) Let S be a Banach space and
I be a non-empty closed subset of S. If T : 1 — I is a contraction, then there exists a
unique fixed point of T .

THEOREM 2. [22] (Gronwall’s Inequality) Let V € PCi_y=(_#*,R) satisfy the
following inequality:

V) < WO+() [ 600 e HE- Vst 3 aV i), 10

where g is a continuous function, W € PC\_yz(_#*,R) is nonnegative, q; > 0 for
l=1,2,---,m. Then, we have

VO <W [ﬁ { |+ qE, (g(t)F(p)(E(li) - 5(0))p) H

i=1



288 R. VIVEK, D. VIVEK, K. KANAGARAJAN AND E. M. ELSAYED

3. Main results

LEMMA 5. Let 0 < p <1 and G: _¢* — E be continuous. A fuzzy function
v e Ci_yz(7" E) is a solution of the fuzzy fractional integral equation

T gpi
v(t) = Vo O ot fa(r) Gy (E(1) = E(0))7 e A EO-2(0)
(E(a) —E(0))/ e *E@-=0)
+ 8- I G( W), (3.1)

if and only if, v is the solution of the following Cauchy problem

LG ) = G, re g,

v(a) =vy, a>0,

1 Gy =1, 750Gt =

- 0 T gD
in which | . 7% £

(¢

Proof. Applying '# @g&)’l on both sides of the Eqn. (3.1). Then using Lemma

4, we arrive at
V(1) —c1 (1) —E(0))7 e EO-EO) T gPhG(s v,), 3.2)
where ¢, is an arbitrary constant. Thus (3.2) reduces to

v(1) = 1 (E(r) — E(0))7 e 1EO-E0) L T fg(gc(t, v). (3.3)

In (3.3), the boundary condition v(a) = vq leads to

A
Vo @g+ fap(t)Ga
(E(a) —2(0))1 e *E@-20) |

Cc1 =

We insert ¢; in (3.3), we get (3.1).

On the other hand, assume v satisfying (3.1), taking gf @git)”l on both sides of

(3.1), and using Lemma 4 and Lemma 2, we get

Thy (1) = Gt v,).

gf Z Ep(t)

Hence, the proof is complete. [J

LEMMA 6. A fuzzy function v : [—0,T] — E is a solution to problem (1.1) on
[—0,T] if and only if v is a continuous fuzzy function and it satisfies to one of the
following fuzzy fractional integral equations:
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(L) If v is (i) _gHL];Z./l differentiable, then

o<t <t
A
+g+f£(t)G(t,vt)7 t € (t,t141]-

2 o (v(t ) o~ H(EO-Z(0) (5(y)_
(F(y)+ 2 e—MEm)—a(o»(El(m—z(o))y1) VE0)

289

(3.4)

(L2) If v is TH](ii) — gH]‘?Z)L differentiable in the sense that the Hukuhara dif-

ference exist, then

L(y) oL e *EW=ON(E()-E(0)7!

Proof. Assume that v € PC_y=(_#*,E) satisfies (1.1).
When 7 € [0,1,], we consider

A
gf@gid V(t):G(Lvt), IG(O,IIL
1—y,A
o ja(:)r v(0) = vo.
Then, the problem (3.6) is equivalent to the following integral equation:

e +EO-E0)(2(r) —=2(0))r!

Vo) = )

()

0 A
F(Y) Vo O (_l)g+j£<,)G(t7Vt)7 re [07t1]

V0+g+j£7)LG(I,V[), te[oatl}'

S~ HEO-ZO) (2 (1) _5 (o))
;)_5(0))y—1> (E(1)—E(0))
1

(3.6)

(3.7)
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When 7 € (11,12], we consider

@i’(ﬂ (r)=G(t,v), tE€(t,n], o)
v(t) = v(ty) = o1 (v(ty)).-
By Lemma 5, we have
r voorl fcp’lGu o
0= Ew ”0(0)0); e "(o>>](E(I)—E(O)V‘le‘““(’)‘“(‘)”
L (E(a)—Z= —le—A(E(a)-E
+ 8- ILA Gl m)
MO0 AOE e Y y—1,-2(2()-E(0))
REDE <o>>v eEmzo) | (50 —E(0)" e
+0+j£(}) (t,V[).
This implies that
[0+ (;)))e@ﬂ Glln o o
v(t) = E(11) — 2(0))7 e 2 (tl) Z(0)) E(r) —E(0))
x e MEO-EON LT gPAG(t,v), 1€ (n,0]. (3.9)

Now, from (3.7), we have

(i) el AL Gt ) ey =

Using (3.10) in (3.9), we get

. (1) Y-
0= (i + o ) 0 -z

+g+f§(£G(t,vt), 1€ (1,0

Repeating the same process for 7 € [f;,#741], we obtain (3.5).
Conversely, Let v satisfies (3.5) then, for r € _#*, we have

v o (v(t;)) —A(E(H)-3(0)) /=
V(”:<r<(;>+e T <°l>><s<lz1>—a(o>>v1>e HEEOEE) -

+g+j£(t G(l,vt).

[1]

(0))"~!

Applying [ ot 1874 (q)’ on both sides of the above equation and using the result

gf@gif)’ (E(t)—E(0))"'=0,0<y <1 and Lemma 4, we get

gf@gg)%(t) =G(t,), t€ 7.
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Further, from (3.7), we have

1—y,4 l—y+p,A
g+j5(t)y V(Z)—V0+0+eﬂ ()Y P, G(Z,Vt)7
which gives

b T2 (0) = wo.

And we can easily prove that Av(y;) = ¢;(v(z,)), [ =1,2,---,m. O

4. Existence and uniqueness results
We impose the following hypotheses.

(H1) There exists a constant Lg > 0 such that the functional G: _# x PC([—0,0],E) —
E satisfies locally

DO[G(t,v,),G(t,w,)]<L0< sup Do[(E(s )—E(O))l_yus,(E(s)—E(O))l_yw_y]),

se[—o.]

for almost every t € _#* and for all v,w € PC'([—0,T],E), with vs({) = v(s+
$) and wy(8) =w(s+¢), L €[—0.0].

(H2) Thereis © > 0 such that
Dolgy(v(z, ), d1(w(t, )] < ODo[v(1),w(r)], forall wv,w e PC'([-0,T],E).
(H3) Let ueC(_#* ,R") be an increasing function, then there exist w, > 0 such that
@fé’&y(r) <wuu(r), forall re 7.

THEOREM 3. If (H1), (H3) are met, and

o Le  aE&Mm-20)=( _ =(o\1-a(1-p)
Y:=0m+ PESY) l)e (B(T)—E(0) <1, 4.1

then the problem (1.1) has a unique solution in PCy_y=([—0,T|,E).

Proof. From Lemma 6 we obtain that (1.1) is equivalent to the following system:
p(t)7 ZE[—G,O],

W) = q’l( v(t)) SAEO-20) 42
01 )+ o 2, T () SO ) 42
Vi), te g%

x<a<t>—~<o>>y-1e< S Leatell
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The existence of a solution for (4.2) can be turned into a fixed point problem in
PCy_y=([—0,T],E) for the operator T; defined by

p(’): re [_0-70]a

O<tl<t

X(E(t)—H(O))V 1@(—1)g+y_f’v’LG(z,vt)7 re g+

(4.3)
Note that for any continuous fuzzy function G, Tg is also continuous. Indeed,
Do[T6(v)(1), T6(v)(10)]
{( et 3 ) l)eﬂﬁwﬂmkaay—smnyl

O<tl<t

| ¢ (v())
+ 0 IL Gl w), ( o) Y l) Eéz,)—E(O))71>

O<tl<t =(0) (

x e HE0=E0) (= (1) —E(0)) !+ L, fé’(f;G(to, v,o)}

ast — 1.

Next, we show T defined in (4.3) is a contraction mapping on PCy_y=([—0,T|,E).
Consider T : PCi_y=([—0,T|,E) — PCi_y=([—0,T],E) defined in (4.3). For 1 €
[-0,0], we have

['(p)
L irEm)-z0) 5 = ()1 -a(1-p)
< =\==0NE(T) - = 95=P) D
(om+ oy (=(1)-2(0) ol 7
< YDy[v, V],

where

Since Y < 1, Tg is a contraction. By Theorem 1, the operator T has a unique fixed
point, which is a solution of problem (1.1). O
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5. Stability theory

In this section, we discuss the Ulam-Hyers-Rassias (U-H-R) stable and generalized
Ulam-Hyers-Rassias (G-U-H-R) stable of the system (1.1).

Let €, 6 >0 and u € PC(_#*,R") be a nondecreasing function. Consider the
following inequality:

Do[IH 224 5(0),G(1,7)] < ent), 1€ 7 .
DolAv(1), di(v(t; )] <8, 1=1,2,---,m. '

In the fuzzy concept, we have the following definitions.

DEFINITION 13. The problem (1.1) is U-H-R stable with respect to (u,8), i
there exists Cg ,u > 0 such that, for each & > 0 and every solution v € PCj_y =( j * )
of inequality (5.1), there is a solution v € PCy_,=(_7*,E) of Eqn. (1.1) with

Do[(E(r) —E(0)) 77 (r), (E(r) = E(0) 7v(1)] < Compue(u() +8), 1€ 7~
DEFINITION 14. The problem (1.1) is G-U-H-R stable with respect to (u,0) if

there exists Cg n,u > 0 such that, for each solution v € PCy_,=(_#*,E) of inequality
(5.1), there is a solution v € PC_y=(_#*,E) of Eqn. (1.1) with

ON'""(1)] < Comulp(t)+38), te 7.

[1]

Do[(E(r) — E(0)' v (1), (E(r) —

REMARK 4. A fuzzy function v € PCy_,=(_#*,E) is a solution of the inequality
(5 1) 1f and only if there is a function f € PCi_,=(_#*,E) and a sequence {f;},
,m, such that

~
-

(i) Do[f(t)ﬁ] <eu(t) and Do[£;,0] < €8, 1=1,2,--,m;
(ii) THGRY 5(1) = G(1,v,) + f(1), 1€ F*;
(iii) Av(n)=@(v(t)+ fi, 1=1,2,,m.

THEOREM 4. Assume that (H1), (H2), (H3) are satisfied. Then, the problem
(1.1) is U-H-R stable with respect to (W,0).

Proof. Let v € PCi_y=([—0,T],E) be a solution of the inequality (5.1). Then
by using Lemma 6 and Remark 4, we have

¢1( v(t)) o HED-Z(0)
0= My, T ) 50 57)
><(E(z)—5(0))Y—1+0+f§(,)G(z,vt)7 te #. (5.2)
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Let v € PCi_y=([—0,T],E) be the unique solution of the problem (1.
using (5.2) and in view of Remark 4, we have for ¢ € [—0,0] that Dy[v
For t € ¢, yields

Do[v(t),v(1)]

). Then, by
t

1
(1), v(1)] =

0<y<t
+ I—\Lp) /Ot E’ (S) (E(l) - E(s))P_l —K(E(;)_E(S))Do[f(s)j)\]ds
' FLP) /Ot 2 (5)(E(t) — E(s5))? e *EO-EGD DG (s, vs), G(s, 7)]ds

Lo ("2 (0\(B() — B(s))7~ e A EO-E06)

iy b EOE0 =@y

( sup Do[<a<s>—a<o>>1Yv\,<a<s>—a<o>>”v})ds
s€[—o.]

Lg

r o, _ _
[ F @0 -2@p-teHE0-=0)
0

x Do[v (1), v(t;)]-

Choose

o
=3
\
m
2
~
o1 3
—
H
N
|
[1]
—
=)
SN~—
SN~—
)
3
~
o
=3
\
m
2
—
0|8
|
H
N
|
[1]
—
[=)
SN~—
SN~—
)
—

Oum= max{ Y,
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and
u(t) = sup {Do[(E(s) —E(0))'"vs,(E(s) —E(0)) v},

s€[—o.]

we have u € PC(_#7*,R") and

e) < Qume (1) +8) 40 3 wley) + = 2 S

0<t<t

The function a*(t) = Qu m€(u(t) + &) is nonnegative, non-decreasing and bounded in
7, given the assumptions about Qy, ,,, 4 and J.
L = = . .
The function g(r) = %e““(T)_“(O))(E(T) —E(0))'7 is continuous and non-
p
negative at _# *, in addition to being bounded. Since ¢; = ¢ > 0, all the hypotheses of

Theorem 2 are satisfied and therefore

[1]

z Lo(E(t:) — E(0))Pe—*E0)-E0))
Rt O )

Lo(3l0) —Z(0)e #2020
XE( T )E<0>>)

—~

[I]
—~
=)
=
=
=
&_
m

where

CG;m,u. —Qum{H

Ls(E(t)—Z
><Ep< G(E(t (0

and E,(.) is a one parameter Mittag-Leffler (M-L) function.
In particular, as

Do[(E(r) —E(0))' 75 (1), (E(r) —E(0) "v(1)] <u(r)
we obtain that
Do[(E(r) —E(0))' v (1), (B(r) —E(0)(1)] < Comut(u(t) +8), 1€ 7%

which means that the problem (1.1) is U-H-R stable. Furthermore, assuming € = 1,
we can conclude that the problem (1.1) is G-U-H-R stable. [
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6. Particular cases: Ulam-Hyers (U-H) and
Ulam-Hyers-Mittag-Leffler (U-H-M-L) stabilities

The Ulam-Hyers (U-H) stability is a particular case of U-H-R stability, in the case
of the fuzzy concept, where p(t) =1 and 6 = 1. To prove that the problem (1.1) is
U-H stable, we have to show that the function u satisfies (H3).

Consider the following inequality:

Dol 2L4 51,61, 7)) <&, 1€ g

Do[AV(1), 0 (P( )] <&, I=1,2,.m.

(6.1)

subject to the initial conditions
1—y,A
o+ Tz v(0)=vo, ¥=p+q(l-p),
vt)=p(t), t€[~0,0].

DEFINITION 15. The problem (1.1) is U-H stable if there exists Cg, > 0, such
that for each € > 0 and for each solution v € PCi_,=(_7*,E) of (6.1) with

Do[(E(z) —

[1]

ON""5(2), (B(2) —E(0) (r)] < Come, tE _F*. (6.2)

THEOREM 5. Suppose that the hypotheses (H1), (H2) and (H3) are satisfied.
Then, the problem (1.1) is U-H stable.

Proof. Indeed,

[1]

(E(T) —E(0)° _i=m)-
I'(p+1)

and u satisfies (H3), since u is an increasing and integrable function in _#*. Let
d = 1, then by using Theorem 4, we have

Do[(E(r) —E(0))' v (r), (E(r) —E(0)) (1)) < Come, 1€ 77,

A
g+ pr't)‘Ll.(l) =

( ) x 1= wH‘LL(t)7

where,

Consequently, the problem (1.1) is U-H stable. [
For v € PCi_y=([—0,T],E) and €,0 > 0, consider the following inequality:
Do[l7 2247 5(1),G(1, %)) < €Ey((E(1) ~E(0)?), 1€ 7'

Do[AV (1), ¢(v(1; )] <€d, [=1,2,---,m.

(6.3)
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DEFINITION 16. The problem (1.1) is U-H-M-L stable with respect to (E,((E(7)
—Z(0))?,0), Ep(.) an one parameter M-L function, with 0 < p < 1, if there exists
Cg, > 0 such that, for each & > 0 and every solution v € PCy_yz([~0,T|,E) of
(6.3), there exists a solution v € PC_y =([—0,T],E) satisfying (1.1) with

Do[(E(r) = E(0)) ¥ (1), (E(r) — £(0))' "v(1)]
< Cu, e(E,((B0) ~2(0)") +8), 1€ [-0,T].
THEOREM 6. If hypotheses (H1), (H2) are satisfied. Then, the Egn. (6.3) is U-
H-M-L stable.

Proof. Since E,((2(t) —E(0))?) is an increasing and integrable function in _¢#*.
If the function E,((2 ( ) —E(0))?) satisfies (H3). With the aid of Theorem 4, the Eqn.
(6.3) is U-H-M-L stable. Indeed By (H3), we have

b AL E((E() —E(0)))
= 57 ) EOE0 =)yt HE =g (=() - 2(0)))ds
1 & 1 b, ) .
" T(p) .Zi)l“ ip+ 1)/0 = (s)(E(t) — E(s))"
« e—/l(E(t)—E(s))(.:(s) _5(0))7ds

Therefore, Eqn. (6.3) is U-H-M-L stable. [

7. Examples

EXAMPLE 1. Consider the impusive tempered =Z-Hilfer tye FFDE with delay

55955)%(:) = Wv(t—%), 0<A<l, tre (0,1]\{%},

(7.1)
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and ¢, : E — E by

o((3))- i

Then G satisfies (H1) indeed for v,w € E and for ¢ € (0,1], we have

Do[G(t,v)

—
(11
—
~
N
|
~—~
=
=
=
w

1
This implies that G satisfies the hypotheses (H1) with Lg = 10" Further, for any
wwekE,

1
This shows that ¢; satisfy the hypothesis (H2) with & = 7 m= 1. Thus, by using

Theorem 3, the problem (7.1) has a unique solution, if the condition

Y= 9m+ _Lé ~HEM-EO)(5(1) —=(0)!(1-P)

Tpr1)°
1 (E(1)=E(0))2tPeAEM)-E(0)
1 (EW)-E(0)> e -
7 10I'(p+1)
is satisfied and it is equivalent to the bellows that
(2(1) —E(0))*HPe HED-EO) < 67—0r(p+ 1). (7.2)

5
Take p = 7 g=0, A =0 and E(r) =log(¢). In this case, from (7.2), Y =0.142< 1.

So, verification of H3 depends on the selected E function and the fractional order
p.
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7.1. Particular case: Tempered R-L

Taking ¢ = 0 and E(7) = 7, we obtain a particular case of problem (1.1) reduces
to the tempered R-L impulsive FFDE with delay of the form:

g%-@tpﬁkv(t) :G(I,V[), 0< A < la re /\{tlat2a"'7tm}a
AV(Z]) = v(tl+) _v(tl_) = ¢l(v(tl_))7 l= 1727' T, m,

o (7.3)
g+‘ﬁt P V(O) =0,
vt)=p(t), 1€ [-0,0],

and it is equivalent to the integral equation

p(t)a re [_0’0}7
V(Z): (V_O+ 2 ¢Z(V(tl_))>tp—le—)tt (7.4)

F(Y) 0<y<t tlp_lei)ul
+g+f/”AG(t,vt)7 te 7.

THEOREM 7. Suppose that the function G satisfied with

DO[G(t,vt)7G(t,wt)]<Lg< sup Do[sl_yvs7s1_yws])

s€[—o.p]

forall vywe PC_,=([—0,T],E). If

LeTe T
Om+ —— < 1
I'(p+1)

and § is given by
Do[¢y(v(t;)), e1(w(t;))] < ODo[v(@r),w(e)], 1=1,2,---,m.
Then, the problem (7.3) has a unique solution in PCy_, =([—0,T],E) and is U-H and
U-H-M-L stable.
Proof. The proof can be performed parallel to the Theorems 3, 5 and 6 with g =0
and E(r) =¢. O

EXAMPLE 2. In according to Example 1, we will take E(1) =1, p = %, qg=0,
A =1, we have y = § and the problem (1.1) reduces to the tempered R-L impulsive
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FFDE with delay

*)’ (7.5)
v(0) = vy,

v(it)=1, re[-1,0].

It is observed that the hypotheses of (H1) and (H2) are satisfied. In this case, from
(7.2),

(E(1) — E(0))* P *EWD-E0) = (] —0)21-(1-0) = 0,678

60_ 1
—I'(z+1)~7.59.
<= (2+ )

Hence, the problem (7.5) has a unique solution and is U-H and U-H-M-L stable.

7.2. Particular case: Tempered Caputo

Taking ¢ = 1 and E(r) =, we obtain a particular case of problem (1.1) reduces
to the tempered Caputo impulsive FFDE with delay of the form:

0C+9,p’kv(t) =G(t,v), 0<A<l, te Z\{ti,to," ,tm},
Av(n) =v(, ) =v(i ) =o(v(t])), 1=1,2,--.m, (7.6)
1) =p(t), t1€[-0,0],

and it is equivalent to the integral equation

p(t) te[-o,0]

" (V(0+>+ > q»(v(tf)))+ﬁ/Otu_s>P—1e—“f—f>G<s,vs>ds7 e s

0<t<t

(7.7)

THEOREM 8. Suppose that the function G satisfies the condition
Do[G(t,v,),G(t,w;)] < LG< sup Do[vs7ws}>
se[—o.]
foreach vyw € PC\_p=([—0,T],E). If

LoTPe T

Om -+
" TR
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and § is given by

Do[q)l(v(tl_)%q)l(w(tl_))} < 19D()[v(tl)v"‘}(tl)L I=12,--m.

Then, the problem (7.6) has a unique solution in PCy_, =(|[—0,T],E) and is U-H and
U-H-M-L stable.

Proof. Let ¢ =1 and E(r) =t within Theorems 3, 5 and 6; then, the proof is
completed. [

EXAMPLE 3. In according to Example 1, we will take E(r) =1, p = %, qg=1,
A =1, and the problem (1.1) reduces to the tempered Caputo impulsive FFDE with
delay

- v(z ) (7.8)
v

It is observed that the hypotheses (H1) are satisfied. In this case, from (7.2),

(E(1) — E(0))* P *EWD-E0) = (] — )25 (170 = 0,678

60_ 1
—I'(z+1)~7.6534.
<= (3+ )

Hence, the problem (7.8) has a unique solution and is U-H and U-H-M-L stable.

8. Conclusion

With the aid of Lemma 5 obtained in [28], we have given the main results for the
solution of our proposed problem (1.1). The existence and uniqueness of solutions are
obtained via Banach contraction principle, while the U-H type stability result is derived
by using generalized Gronwall inequality. Since tempered Z-HFD operators incorpo-
rates various well-known fractional derivative operators including tempered Caputo and
R-L derivatives. The acquired results have been justified by three examples.

Acknowledgement. The authors thank the reviewer for his/her useful remarks on
our work.
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