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POSITIVE SOLUTIONS FOR A RIEMANN-LIOUVILLE
FRACTIONAL SYSTEM WITH p-LAPLACIAN OPERATORS

WANXIN ZHANG AND CHENGBO ZHAT"

(Communicated by A. Debbouche)

Abstract. This paper studies the existence and uniqueness of positive solutions for Riemann-
Liouville fractional differential equations with p-Laplacian operators and coupled nonlocal
boundary conditions involving the Riemann-Stieltjes integrals. By means of an interesting fixed
point theorem, some new sufficient conditions guaranteeing the existence and uniqueness of
positive solutions are presented, and the unique positive solution can be the limit of a sequence
constructed for any given initial point in a special set. To demonstrate the conclusion, a good
example is given.

1. Introduction

This article investigates a system of Riemann-Liouville fractional differential equa-
tions with p;-Laplacian and p,-Laplacian operators, which are governed by coupled
nonlocal boundary conditions

DY (9p, (DY u(t))) + f(1,v(1)) =0, 1 € (0,1),
DE. (¢p, (D} 52 V(1)) +g(t,u(r)) =0, 1€ (0,1),
W(0) =0, DI u(0) =0, Dg‘guu): ifongiv(r)dﬁ,(r), (1.1)

V) =0, D)= B [i DY u(e)dst(0),

i1=O,...,p—2;i2:0 -,q—2; D v(0) =0, where 11,12 € (0,1], 8, € (p—1,p],
& <(g—1,q, p.g> 3, p,q,n,mEN, oj,Bj €R forall j=0,1,...,n, and j =
0,1,....m 0Ly << <0 <Po<Oh—1,0=>1,0<P1<Pfr<  <PBn<
oy < 8 —1, O{Q 1, the functions 810, 1] xRy — Ry, p1,02 > 1, @p(8) =
|C|Pi—2¢, (pp, = @p;, Pi = 1, i = 1,2. The integrals in the nonlocal boundary con-
ditions are Riemann- StleltJes integrals with 9;, j=1,...,n and &;, j=1,...,m are
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functions of bounded variation, and D’é . denotes the Riemann-Liouville derivative of
order k, here k =y1,81,72,02; aj; j=0,1,....n; Bj; j=0,1,...m. As we know,
fractional differential equation has a history of more than 300 years, and fractional cal-
culus was favored by many scholars, see [1,3,5,6,9,11,12,18,20,24,29,31-36,38,40]
for instance.

In [30], Yang and Zhu discussed a nonlinear fractional system with p-Laplacian
operators:

DY (@, (DfLu())) + Af(t,u(),v() =0, 0<r <1,

D2 (@p, (D2 v(1))) + g (t,u(t), () =0, 0<r <1,
u(0) =u(1) =u'(0) =1/ (1) =0, Djiu(0)=0, Dftu(1)=>bDftu(ny),
v(0) =v(1) =v/(0) =v'(1) =0, D2 v(0) =0, D3 v(1) = byDhv(my),

(1.2)

where o; € (1,2], B € (3,4], Dgi and Dgi+ are the Riemann-Liouville derivatives, n; €

(0,1), b (0,0 ") i =12 and £, g€ C([0,1] x [0, 420) x [0, +-20), [0, +-20))
and A and u are two positive parameters. They got the existence and uniqueness of
positive solutions with respect to two parameters. It is well-known that the differential
equation with p-Laplacian operator is mainly derived from the non-Newtonian fluid
theory and the turbulence theory of porous medium gas, and then it has been widely
used in many fields, can also see [2,4,7,8,10,13-17,19,21,23,25-28,39,41].

In [37], Zhai and Wang studied a class of Hadamard fractional differential equa-
tions with integral conditions:

ApPu(t) + f(t,v(t)) =a, 1<p<2, t<(l,e),
HDiy(e) +g(r,u(r) = b, 1<q<2, 1€ (Le),

1) =070 Nu(e) = $ 1), (13)

v(1) =01 D9 v(e) = 3 o 1Piu(),
j=1

where 7D is Hadamard fractional derivative,”I is Hadamard fractional integral, f,g €
C([1,e) X (—oo,400), (—oo,400)), a,b are constants, y;,c; >0, i=1,...,m, j=
1,...,n; n,& > 0. The authors got the existence and uniqueness of solutions easily by
a fixed-point method.

In [22], the authors used the Guo-Krasnosel’skii fixed point theorem to discuss the
existence of a positive solution to the equations

DL (@, (DRLx(1))) + A £(1,x(1),¥(1)) =0, 1€ (0,1),
D (0p, (D y(1))) + ug(t,x(1),5(1)) =0, 1€ (0,1),
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with the coupled nonlocal boundary conditions

XD0)=0, j=0,....n—2; DB x(0)=0,
P ,

DY x(1) = _;1 Jo D y(1)dH(r),

YD) =0, j=0,....m—2; DRy(0)=0,

4 .
DY) = X fo DY x(1)dKi(0),

where oy, € (0,1], By € (n—1,n], o€ (m—1,m], n,m >3, n,m,p,geN, v;,5; €
Rforall i=0,1,...,p, 0<y << <Y <8 <Po—1,8>1,andi=0,1,...,q,
0<d<dh<--<§<n<Pi—1, 021, pi,po>1, A,u >0, the functions
1, €C([0,1] x Ry x Ry, Ry ), the integrals from (1.5) are Riemann-Stieltjes integrals
with H;, (i=1,...,p) and K;, (i=1,...,q) are functions of bounded variation, and
D’(‘) + denotes the Riemann-Liouville derivative of order k (for k = ay, Bi, 0, B,y for
i=0,1,...,p; 6 fori=0,1,...,q). However, the uniqueness has not been considered.
So we discuss the similar system (1.1) in a new way by modifying it appropriately.
Motivated by [22,30,37], we take an interesting approach to deal with the system (1.1),
and we intend to establish the existence and uniqueness of solutions for the system (1.1).
Moreover, it is easy to see that the boundary conditions in (1.1) are more complex than
ones in (1.2).

2. Preliminaries and previous results

We present here some definitions and related properties of Riemann-Liouville frac-
tional derivatives and integrals. Some auxiliary results which will be used to prove our
main results are also listed.

DEFINITION 2.1. ([18]) For a continuous function f: (0,4o0) — (—oo, +oe0), the
Riemann-Liouville fractional integral of order o > 0 of is given by

l 4 —1
50 = gy [, =97 1 was
provided the right-hand side is pointwise defined on (0, +4o0).

DEFINITION 2.2. ([18]) For a continuous function f : (0,4o0) — (—oo,+o0), the
Riemann-Liouville fractional derivative of order & > 0 of is given by

DES0) = e (%) [ pas

where n = [a] + 1,[o] denotes the integer part of the number ¢, provided that the
righthand side is pointwise defined on (0, +e).

For ﬁ,% € C[0,1], we study the system of fractional differential equations

DY (9, (DL u(t)) +h(t) =0, 1€ (0,1),

’ N (2.1)
DG (@p, (D v(1)) + k(1) =0, 1€ (0,1),
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under the coupled boundary conditions

W) (0) =0, DJu(0) =0, DXu(1)= 3 J3 DYIv(x)d;(7),

. = 22)

wmwﬁﬂxD&wmzm,D&WU:§LQD&mww@uy
=1

with i; =0,...,p—2; i, =0,...,g—2. Let

2T — o) Jo
o L)t spe
M)
RN ) R

LEMMA 2.1. ([10,22]) If A # 0, then the unique solution (u,v) € (C[0,1])? of
(2.1), (2.2) is given by

/ &1 (1, 0) Py (1L A(E))dC + / (1, 0)0p, (12 K(L))d,

) (2.3)
/ (1, 0)@p, (I R(0))dC + / 4(t, ) 0p, (2 K(0))dE,

t €[0,1], where

o—1
010:0) =010.0)+ 5 S, [0 ()
o—1
62(t,c)_AtF 52F B 2/ g2j T C df.) )
&5H—1
B3(t,0) = Atr 51F (%) 2/ g1j(7,0)dR;(1),

182 1A2

84(01.0) = g(t. z [ (x5, 0)

forall (1,8) €10,1] x [0,1] and
_ L [t ae et o= 00 o< <i<,
91(%@—@ talfl(l_c)&fomfl, 0<r<g«<l,

1 A S e (T YR BN R §
Bl )%l o< T <<,
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1 [ =2 Rt 0< <<,
0w(,0) = () {ZBZI(I _oehel 0<i< <,
1 2 (1= )Rl (r— )2 0< < T<,
(& — o) { ol (1 - )bl o< T< <,
forall j=1,....mand j=1,...,n
LEMMA 2.2. ([10,22]) Supposethat A>0, ; (j=1,...,n), & (j=1,...,m)

g2j(TaC) =

are nondecreasing functions. The functions &; (i =1,...,4) have the following prop-
erties:
(1) 8;:10,1] x[0,1] =Ry (i= 1 ,4) are continuous functions;
(2) &1(t,8) <31(Q) forall (¢,C [ 1] x [0,1], where
Ji1(8) =mi (¢ AI(Z/Ql,‘ECdﬁ )),VCG[O,I}
(0 = gy (1= % (1= (1= ), ¥ e 0.1
3) 61(,0) > 911 (C) forall (1,€) € [0,1] x [0, 1];
(4) 8,(1,8) < Q(C)forall( £) €10,1] x [0, 1], where

32(8) = 1 52_30 Z/ 92;(7,8)d$ (), V¢ €0,1];

( 1,8) =197 13:(8) forall (1,§) € [0,1] x [0,1];
(6) ®3(1,8) <J (C) forall (¢,£) €10,1] x [0, 1], where

50 = 5 2/91;TC€1§ ), VLo, 1);
(7) 3(1,8) = 1% 135() forall (1,€) € [0,1]x [0, 1];
(8) B4(1.£) <2u(8) forall (1,£) € [0,1)x 0, 1], where

W =000+ 5 (5 [ oatr.0amt0)). ¥ <poy

12(0) = Fgy (1= O 1= (1= D), W e 0.1y

(9) G4(t,8) = 1%7'34(€) forall (1,§) €[0,1] % [0,1].

Now, in order to reach the main conclusion, we give some concepts, notations and
conclusions in abstract spaces.

Let (E,| -||) be a real Banach space which is partially ordered by a cone P C E.
An operator A : E — E is increasing, if x <y implies Ax < Ay. For any x,y € E, the
notation x ~ y means that there exist A >0 and u > 0 such that Ax <y < ux. It shows
that ~ is an equivalence relation. Given h > 0 (i.e., h > 0 and h # 0), we denote P,
by the set P, = {x € E | x ~ h}, P, C P. For hj,h, € P with hy,hy # 6. Suppose
h = (h1,hs), then h € P:= P x P. If P is normal, then P = P x P is normal.
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LEMMA 2.3. ([34]) For hy,hy € P with hy,hy # 0, let h = (hy,hy), then P, =
Phl Xth.

LEMMA 2.4. ([35]) Let E be a real Banach space and P be normalin E, h > 0,
and A : P — P be an increasing operator, satisfying:

(i) there is hy € P, such that Ahgy € Py;

(ii) for any x € P and t € (0,1), there exists @(t) € (¢t,1) such that A(tx) >
Q(1)Ax.

Then:

(1) the operator equation Ax = x has a unique solution x* in Py;

(2) take any initial value xo € P, and construct successively a sequence x, =
Ax,_1, n=1,2,..., we have x,, — x* as n — oo.

3. Main results

For convenience, let E = C[0, 1], then E is a Banach space with the norm ||u|| =
max{|u(r)|: 7 € [0,1]}. We will consider (1.1) in E x E. For (u,v) € E X E, let

[, ) || = max{{ful], v},
then (E x E, ||(-,-)||) is a Banach space. Let P={(u,v) EEXE:u(t) >0, v(t) >0, t €
[0,1]}, P={x€E:x(t) >0, t€[0,1]}, then the cone PC E xE and P=P x P is
normal, and the space E X E has a partial order:
(u1,v1) < (u2,v2) = u1(t) <uap(t), vi(t) <), t€[0,1].
From Lemma 2.1, we can obtain
LEMMA 3.1. If f(t,x),8(t,x) are continuous, then (u,v) € E X E is a solution of
(1.1) if and only if (u,v) € E X E is a solution of the following equations:
{u(t) = Iy ®1(6,O)¢p, (L F(E V()AL + o &1, )y, (I 2(£,u(£)))dE, 1 € [0,1],
V(1) = Jo ©3(1,0)@p, (I F(EV(E))AEH fo Balt, £)gp, (178 (E,u(E))dE, 1 €(0,1).

Let 1,12 €(0,1], 81 € (p—1,p], &€ (g—L,q], p.g €N, p,g=3, (1) =11,
hy(t) =121, 1 €[0,1]. Assume that

(Hy) f,8 €C([0,1] X [0,+22),[0,+0)) and f(t,0) #0, g(z,0) #0, 1 € [0,1];

(Hy) f,g are increasing with respect to the second variable, ie., f(t,v1) <
ft,v2), g(t,ur) < g(t,uz) for t €[0,1], 0< vy <vz, 0<uy Sup;

(H3) there exist w(A) > AV PV for any A € (0,1), such that

Ft,Ax) = w(A)f(t,x), g(t,Ax) = y(A)g(t,x), Vi€ [0,1], x € [0,+o0).

We consider three operators A1,Ay : P — E and T : P — E x E defined by
1

Alu(t) 61( C)(ppl(lyl f(C (C))) C
+/ a1, §)pp, (I 8(,u(£)))dE, 1 €[0,1],
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Aav(e) = [ 506, 0000, (LGN

/ ®4(1. )00, (. 8(C (), 1€ [0,1],
T(u,v)(t) = (Aru(r),Azv(1)).
LEMMA 3.2. Assume that (H,) and (Hy) hold. Then T : P — P is increasing
(i.e.Ay: P — P, Ay : P — P are increasing).

Proof. By Lemma 2.2 (1) and (H;), we can easily get A : P — P, Ay : P — P,
and thus 7 : P — P.

Next, we need to prove that two operators Aj,A; are increasing. For u;,v; €E, i=
1,2 with u; < ua, vi < vy, then uy(r) <ua(t), vi(r) < vo(t), forall 7 € [0,1]. Noting
that I(})"'+ (i = 1,2) are increasing in Ry by the definition of the Riemann-Liouville

fractional integral. If 0 < {; < &, then @p, (&1) < @p, (&) and @p, (&1) < @, (&).
Thus, @p,, (i=1,2) are increasing in R,. By (H,), we get

1
A @)= [ @108 (G FEM DAL + [ ©200.8)0 0, 0(E 0 (£

< [ 100000 G FE 2L + [ 620,000 U 8(C (1)
_Aluz( )7

A (6)= [ 506,000, IR AEMENME+ [ 0400, U 8(G,10(E)eE
< [ 5060000 0 FE 2L + [ 640,00 U 8(G a1

= Ay (1).

In conclusion, Aj,A, are increasing. Therefore, T : P—Pis increasing. [

LEMMA 3.3. Assume that (Hy), (H3) hold. Then for any (u,v) € P and A €
(0,1),
T(A(u,v)) =¥(A)T (u,v),

where W(A) = min{@,, (¥ (1))}, i=1,2.
Proof. Forany (u,v) € P and A € (0,1), we get
T (1,v) = (A1 (), A2(A)).

We next consider Aj(Au) and A, (Av) respectively. For A € (0,1), according to (H3),
we have

W(A) = min{(y(4))" ", (y(2))* '} > min{ (A1 D)t QYRR < 4,



312 W. ZHANG AND C. ZHAIL
Further, for A € (0,1) and u,v € E, by (H3), we obtain
A1) ()
= [ @1 000 LA EAVENAE + [ ©20, ) (B (C, Au(E))
> [ @10, 8)0m BLw O FE AN
+ [ 620,000 U W) u(@))ag
— oo (v / ®1(0. )0, (1S (C0(0))dE
oy / ©2(0.0)90n (I 8(L.u(0)))dg
( / 11, )0 (I, S AEDE + [ 0200 L) B (L ()

Alu

Az (Av)(1)
1
= [ 03000 LS EAVENAL + [ ®0,E) 0 (B C, AUl

/ &5(t, ) @p, (I w(A) (S, v(0)))dL
+ / 4 (1, £) Py (12 w(A)8(8, Au(£)))dC
= op (v / ®s (1, £)0p, (. FEH(0))ag

0 (v / 84(0.8)00 (12 8(Z. ()
) (| 0500000 (BLAEMONAE+ [ 0400000 B s(E( )
= WO )
So we have

T(A(u,v))(t) = (P (A)A1u(t), ¥(A)Av(t)) =F(A)(Au(t),Axv(t)) =Y (A)T (u,v)(t).
Thatis T(A(u,v)) =¥ (A)T (u,v) for A € (0,1), (u,v) €P. O

LEMMA 3.4. Assume that (Hy) and (Hy) hold. Then there exists h € P, such
that Th € By,

Proof. Set h = (hy,hy), where hy (1) =137, hy(t) =%, forall 1 € [0,1]. By
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(H;), (Hy), Lemma 2.2 and the Definitions of Aj,A;, we obtain

M) = [ ®16,E)0m (LI haE))AE + [ ©20,8)0m R 8(E ()
> [ €00, 8 £
1
+ [ 1520 0m (R 8(S.EM 1 )aE
> [ 00 B AEOME + [ 320 0 2(£, 00
= ([ 91€0m G0 C0DE + [ 9200 0501 Jr (),
M) = [ 61,0000, 0 A h(ENME + [ ®200, £ (B 8(En (€))ag
1 a-IA
S/O ( (51)2‘51_1(1 C)SI—(XO 1 t 12/ glj ’L'Cdﬁ ))
<o (LA 1>>dc
o1—1
], (3rm iy 2, o5 €009,0) o8 6. 01

1
= g =0 g U s g

151 lAl

5815 [ s 0o 1

,61(51; B (z / 215,005, (7)) 0 1 (4. )

{ ) 1 (1= £)90~lg, (7 £(£,1))dC
oy (Z/ 01,z )df; (z >)<ppl<ﬂ1f<c )¢
(5

(5(2 / (Z/ 92j(7,8)d9 (T ))%g(lgig(g,l))d( hy(t).

Overall, we have

F(al) /Ol(l_é’)&*aofl(ppl(l}’l f(C )) C

+%/01 (jﬁn:l/olglj(f,é')dﬁj(TO(Ppl(lw f(&,1)dg
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Ty (2/ 215,005, (7)) 0 1 (4. )

/ 31000 01 ONIE+ [ 220810 (B (2,001
/ (1= 00711 = (1= ©) )y, (1 F(£.0))dE

(51)
AI igu (7,0)dR;( ))‘Pm(ﬂl f(£,0))dg

j=1
r
M(fs(z%/ (2/ 82(7,)d9;(x >><pp2(o+g(c 0))d¢.
Let us denote

’1‘/ 31(E)00 (51.1(6,0)) d€+/ 32(8)0p, (I 2(8,0))d¢
:/0 <r(5l) Ot (1-(1-0) Z/ 01;(1, O)ds;( ))
x @, (I}, (£,0))d &
+/ (AF(SZ Bo) 2/ 82(7.,6)d)( ))(ppz(ln £(£,0))d¢

= ﬁ/ol(l_cyi—txo— (1_(1_C)%)(Ppl (Iyl f(C 0)) C

+%/1 (iglj(T7C)dﬁj(T)> 0o, (I £(£,0))dC

3y (B e 009(0) o (.00

1 ! 1—op—1 1
12=W/0 (1= )P0~ g, (11 F(L,1)dC

ol 1(i/lglj(T,C)dﬁj(T))(Ppl(ﬂI f(&,1)dg

+Ar<5(zi/ (E/ 82;(%, 05, >)<sz<f(¥ig<c71>>dc.

By (H;), we have fo f(&,00d¢ >0, fo g(£,0)df > 0. By (Hy), wecan get f(£,1) >
f(£,0), g(£,1)>g(&,0). Thus, I, =1, >0, and thus I14(t) <A1hy(t) <k (2). This
shows Ajhy € P,,. Similarly, we can also get A>h; € P,,. Consequently, by Lemma
2.3,

Th= (A1h17A2h2) S Ph1 X th = ITh
The proof is completed. [J
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THEOREM 3.1. Assume that (H))—(H3) are satisfied. Then the following con-

clusions hold:
(1) the system (1.1) has a unique solution (u*,v*) in By, where

h(t) = (hy (1), ha(2)), hi(t) =157 my(e) =127, 1 €[0,1];

(2) for a given point (ug,vo) € Py, construct the following sequences:

1
/ & 1(t,8)@p, (1L £(Z,va(0)))dE + /O (1, £) @y (112 (L 0a(£)))dC,

1
G / & (1, )0 (B A EAT + [ ®4(t, )0 (B 5(C (1)L,

€10,1], n=0,1,2,---, we have u,(t) — u*(t), vy(t) — v*(t), as n — .

Proof. By Lemma 3.2, T : P — P is increasing. From Lemma 3.3, we get
T(A(u,v)) =W¥(A)T (u,v) for A € (0,1), (u,v) € P, where ¥(A) = min{(y(1))" 1,
(y(A))P>~'} and W(A) > A, for all A € (0,1). Further, by Lemma 3.4, we found
h = (h,hy) € P, and Th € P,. Hence, all the conditions of Lemma 2.4 are satisfied,
which implies: the system (1.1) has a unique solution (x*,v*) in P,, where

h(t) = (hi(1),ha (1)), hi(t) =171, hy(r) =271, 1€[0,1];

and for any given point (ug,vo) € Py, construct the following sequences

1
1) = [ 810,80 (BLIEwn(ENIE + [ ©20,E)00 B 8(E (21,

)= [ 65,0000 B S Em(EAE + [ 840,810 8(E ()L,

€10,1],n=0,1,2,---, we have u,(t) — u*(t), vy(t) = v*(t), as n — . O

4. An example

Considering the following system:
L 3
D3+<¢7<D2 u(t))) +1(v3 +1)=0, € (0,1), )
4.1
1
D3 (95 (D, u(0) +1(u} +30) =0, 1€ (0,1),

subject to the coupled nonlocal boundary conditions
/ 3 6 12 14
u(0) =u (0) =0, Dg,u(0)=0, Dy u(l)= [y Dy, v(t)dt+2 [y D3, v(t)dz,

’ 5 6 2 4
W(0) =7 (0) =0, DE.v(0) =0, D, v(1)= i D, u(t)dr+3 i Di u(r)dx
(4.2)
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where yy =1, =1,
(

:ﬁ2 59~61 t) (

p
t):t,ﬁQ(t): () 3¢, and
Ftv) =t(v3 +1), glt,u) =1(u’ +31).

Obviously, f,g € C([0,1] x [0,+),[0,4<0)) and f(z,0) =t> #0, g(t,0) = 3t> # 0.
Note that x3 is increasing with respect to the second variable for 7 € [0,1]. More-

over, set w(A) =A%, A € (0,1). Then, w(A) € (0,1),w(A) = A} > A} = AT T —
1
APp2=D

£, 20) =t[(AV)5 +1] = A3v3r+12 > A5 f(1,v) = A3 (vit +12),

gt Au) = t[(Av)S +31) = ASuSt+32 > A3g(t,u) = A3 (u3t +312),

for any 7 € [0,1], u,v € [0,+0). Hence, all conditions of Theorem 3.1 are satisfied.
Then, Theorem 3.1 shows that (4.1) and (4.2) has a unique positive solution (u*,v*) in

P,, where hy(t) = 12, ha(t) = 13, 1€ [0,1] and taking any given point (ug,vo) € Py,
let

unJrl /61 (O] 10+€(VH(C)3+C d€+/ 62 )(p%(l()%JrC(un(C)%—’_:sc))dgv

2

@)= [ 500,003 13, C0nO +EDAC+ [ 6401, 0003 U, Cun(@)F 4300,
n=1,2,---, then u,(r) — u*(¢),va(t) — v*(t), as n — oo, where

20 I'(3) L 10 r'(3) - 30 I'(3) 10 rQ3)
17 r(3y " 21r(3) 17 r(iy " 212

A=

(T3)\* [200(3) 10T(3)\/30T3)  10T3)
‘(r(%)) <l7r<—g>+2lr(%—s>)(17r<—5>+21r<%—5>>’

t2A

/911 TCdT+3/ 912(7,$)d7),

(/ 921TCdT+2/9227§ )

63(I,C)= (/ g1 TCdT+3/ 012(7,8)d )

l7A1

G
[\S]
—
-~
U™
~
||
I\JI
— A
[SS]1 S]]
~—

N\u
= 3
—~
Dl o

o
o|w
~—

B4(1,0) = 021, 0) + 2L /0 g1 (7, )dr+2 /0 an(7, £)d7),
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01(1,0) = — -0 —(-0)3, 0< <<,
gn(r,8) = L [ha-n—(z-0h, 0<i<T<l,
T T L -on, o<,
g12(,8) = — Th(1- )b —(1-)m, 0< <<,
TOT() (em(1-0)®, 0<T< g,
0l1,0) = —— BI-0F (-0 0L,
TR lBa-gmosi<isy,
821(7,8) = — TP — (1=, 0<<T<L,
, FG_I) T%(l—g)%, 0<7<l<I,
922(1.8) = — Th(1-{)b — (1= )T, 0<E<T<,
| N1 L th(1-)b, 0<r< <1
And we get
't Ay (! 1
3O =00+ 3 ( [ an(r.0ar+3 [ gndar ), e,

where b1 ({) = 2= (1= )0 (1 - (1-§)3), ¥¢ €[0,1],

5

32(0) = AFF((g ) ( [ et a2 | lgn(r,@dr), Ve 0,1],
5

3(0) = AII:((?—3 (/Olgn(nC)dr+3/olglz(r,§)dr>7 Ve e o,1],

)
R Ay 1 1
30 =020+ 2 ([ am(e.0ar 42 [ an(r.ar). e o)

6
5

), v el0,1]. O

5. Conclusion
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This paper is concerned with (1.1), a system of Riemann-Liouville fractional dif-
ferential equations with p -Laplacian operators, which is coupled by nonlocal boundary
conditions involving the Riemann-Stieltjes integrals. By means of an increasing opera-
tor fixed point theorem, we obtain the local existence and uniqueness of positive solu-
tions to (1.1). This approach very cleverly solves the uniqueness of positive solutions
for differential equations, providing a new way to solve some boundary value problems.
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In addition, we can approximate the unique solution by constructing a convergent iter-
ative sequence. In the end, we give a valid example to illustrate the main result, and the
example also shows that the conditions of Theorem 3.1 are easy to be verified.
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