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SOLUTIONS OF SEMILINEAR FRACTIONAL
DIRICHLET PROBLEMS IN EXTERIOR DOMAINS

SANA SALAH*, FATEN TOUMI AND MOHAMED HBAIEB

(Communicated by D. Kang)

Abstract. In this paper, we establish the existence and the global asymptotic behavior of positive
solutions in an exterior domain Q C R¥, d > 3,

(-A)Ex=f)x,  inQ
x>0, inQ,
lim 8(t)' Zx(r) =0

Jim 3(r) 2 x(r)

lim x(¢) =0,

where (—A)% is the infinitesimal generator of a killed symmetric o -stable process X on Q,
0 <o <2, p<1 and the function f is positive and satisfies the suitable conditions related to
the Karamata classes %) and .#.. Our approach relies on potential theory, Karamata regular
variation theory, and the Schauder fixed point theorem.

1. Introduction

Numerous studies have focused on investigating the existence of a solution for the
following specific type of fractional differential equation

(-A)Zx=9(., x), inQ (1.1)

where Q is a bounded or unbounded domain of R?. More details can be found in
[1,2,3,6,8,12, 14, 19, 20] and their references.

For a bounded C"!-domain Q € R¢, d > 2, Chemmam et al., in [8], studied the
equation (1.1). They well applied fixed point arguments and exploited properties of the
Green function Gg(t,s) associated to (—A) % in Q as well as functions of a Kato class
(see [8, Definition 2]) to establish the existence of a positive solution x of (1.1) that
satisfies

x(1) = /Q G (1,5)9(s,x(s)) ds. (1.2)
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In [9], Chemmam et al. investigated equation (1.1) for @(7,x) = f(¢)x”, where p < 1
and f is a function satisfying certain assumptions related to the class %, the so-called
Karamata class defined as in the Definition 3. The authors demonstrated that equa-
tion (1.1) possesses a positive continuous solution x in € that satisfies the condition
lirglQ 8(t)'~ % x(r) = 0. Here and always, () denotes the Euclidean distance between
—

t and the boundary 9Q.

Moreover, Chemmam et al., in [6], tackled the equation (1.1) in an exterior domain
Q C R4, d >3, with the following boundary conditions

lim 8(r)'~%x(t) =0and lim x(z) =0.
—dQ [t]—oo

The nonlinearity ¢(., x) satisfies some condition related to a new functional K&(Q),
(see definition 2). Thanks to the Kelvin transform (see [5]), the authors in [6], gave
precise estimates of a Green’s function G&(z,s) associated to (—=A)? , which enabled
them to introduce the class K%(Q). Then, using a fixed point theorem, they proved the
existence, uniqueness and asymptotic behavior of a positive classical solution x in €,
defined by

(1) = /Q G (t,5)9(s,v(s)) ds.

Significant progress has been made in unbounded domains regarding the case o = 2.
For instance, Maagli et al. have used in [15] the sub-super solution method and po-
tential theory tools in their work [15] to investigate the existence of a positive solution
on Q. which is the outside of unit ball, for the differential equation (—A)x = f(r)x?,
conditional on Dirichlet boundary conditions. Here, p < 1 and f satisfies certain as-
sumptions associated with Karamata classes % and % (see Definition 4). Recently,
in more general domains not necessarily radial, Maagli et al. in [16] studied the follow-
ing problem
(=A)x= f(r)xP, inQ,

x>0, in Q,

‘l‘im x(t) =0, (1.3
t|—o0

li t)=0,

t—lglgx( )

where p < 1 and Q is an unbounded regular domain in R? (d > 3), with compact
boundary. The function f needs to satisfy a specific condition that is relevant to classes
o and JZ.. They used the sub-super method to establish the existence, uniqueness,
and asymptotic behavior of a positive classical solution for the problem (1.3). More
recently, in [20], the authors’ attention was given to the following singular fractional
problem

(-8)3x=f()a?,  p<l1,inQ\{0},
x>0, in Q\ {0},

lim [t|*~“x(¢) =0,

[t|—0

lim ()~ %Zx(t) =0
nglg() 2x(t) =0,
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where Q is a C1'! -bounded domain in RY containing zero with d > 3. The weight
function f(¢) fulfills suitable conditions associated with the Karamata class .%. The
authors employed Karamata’s theory and Schauder’s fixed point theorem to establish
the existence of a continuous solution to the above problem.

Motivated by the works mentioned above, the main objective of this article is to
investigate the existence and global asymptotic behavior of a positive classical solution
for the following fractional Dirichlet problem in an exterior C'! -domain Q, for 0 <
<2,

(—A)Ex=f)x?,  p<l,inQ,

x>0, in Q,

. _a 1.4)
lim §(1)\~2x(t) =0, (
lm, 80 ¥10)

|llim x(r) =0.

t|—o0

This result extends the findings of [16] in the elliptic case (& = 2), revealing notable
differences from the elliptic situation. It should be noted that the techniques of proofs
provided by Chemmem et al. in [6] can be effectively applied to several proofs pre-
sented here. Furthermore, we remark that the special case of radial domains is treated
in this work, particularly the outside of the ball. Here and always, a C!»! -exterior do-
main Q in R? (d > 3) means that Q° = U;<;<,Q; where Q; is a bounded C"*! -domain
of R and the intersection between any two domains, Q; and Q;j,is empty when i # j.
Then, the fractional power (—A) % is the infinitesimal generator of the following killed
symmetric ¢ -stable process

Xs(w), s<Ty

67 s 2= Ty,

where T, := inf{s > 0; X; ¢ Q} and § is the cemetery point. We refer to [4, 6, 18]
and the references therein for more details. For t € Q, g1(¢) ~ g2(r) means that for
two nonnegative functions g; and g, defined on a set S there exists ¢ > 0 such that
L1gs(1) < g1(t) < cga(t). The notation, Z(Q) is the set of Borel measurable functions
in Q and 7 (Q) is the set of nonnegative ones. Furthermore, ¢ (Q) is the set of
continuous functions in Q and 6, (Q) ;= {x € ‘K(Q),tliglgx(t) = lim x(r) =0} with

Jr] o0
its uniform norm ||x||« := sup,cq |x(¢)|. Note that the letter ¢ denotes a generic positive
constant that can vary from one line to another.
—c — —c
Now, for 7o € Q and B(ry, r) C Q , r > 0, we have, from [11],

_ t—1y) §S—1I
Gh(1) =46, (1) sea

7

Throughout this work, we assume, without loss of generality, that 7o =0 and r = 1.
Let t* = # be the Kelvin transformation from Q onto Q* = {r* € B(0,1) : r €

Q} (as mentioned in [5]). Applying this transformation, we have the following relation

G (t,5) = [t|]*|s|*9GZ. (¢*,5%), forany 1, s € Q, (1.5)
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where Gg(t,s) is the Green’s function associated to (=A)% in Q and G3(t*,s") is the
one in the bounded domain Q* (see for instance [0, 8]). Furthermore, let g € %JF(Q).
We define the o -order Kelvin transform of g in Q* as g*, given by the following

g (1) = It (1).

Then, for all t € Q, we obtain

_ 60 ~
p(t) = T60) and 1+6(r) = 1], (1.6)
and
)
5() ~pl1) ~ 2, (17

where (1) be the Euclidean distance between * € Q* and the boundary 9Q*.
Now, let us define the potential kernel Vg on %7 (Q) by

Vet) = [ G1.9¢(s) ds.

From [6], we have Vg # oo <= [, %g(t) dt < . Hence, for any g € B%(Q)
and y € €°(Q), such that Vg # oo, we obtain

Lenf v a= [ vewwar
That is, in the distributional sense
(~A)2Vg=g in Q (1.8)

Below, we review the definition of super-harmonic functions associated with the killed
symmetric o -stable process (X), (see for instance [6]).

DEFINITION 1. Let g be a locally integrable function defined on €, taking values
in (—eo,+oc|, and satisfying the condition [,/ 1o lg(t)|[t|* 9dt < o for 0 < o < 2.
We say that g is oc-superharmonic with respect to X Q if it is lower semicontinuous in
Q and for every open set S such that S C €, the following condition holds

E'|g(X3)[] <o and g(t) > E'[|lg(X)|], for 1 €5.

EXAMPLE 1. The functions 7 — [ Gg(z,5)g(s)ds for any g € BT(Q), t —
p()5~" and 1 — GY&(t,s) are o -superharmonic with respect to X From [13], if
a function g is o -superharmonic with respect to X<, it implies that its o-order Kelvin

transform g* is also o -superharmonic with respect to X Q.
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Throughout this paper, we assume that the function f satisfies the following hy-
pothesis.
(A): f is a positive function in €

loc

(Q), 0 < y< 1 satisfying for r € Q,

£y = (p(0)) *Lp@)le| K1), (1.9)

where A < o, £ > a+(2—a)(1—p), L € # definedon (0,n], n > 1 and K € ..
Here, we remark that we have

’n oo
/ u® VL) du < oo, / u® 1=+ 2= U=P) K (1) du < oo, (1.10)
0 1

We define the function ® on Q by

min( &, 9=4 min(a—d, %=¢
o) =p)"™ (& g, o™ Fge, e,
where ¢ 3 , defined on (0,1}, n > 1, by
1, if A < $(1+p),

e
PLap(0) = (J1HLas) ™7 it = 41+ p),
(L(u))T7, it ¢(1+p)<i<a,
and @i ¢ , is defined on [1,0) as follows:

1, ifE>d—pld—o),

1

Ox.ep(u) = (ﬁ“K@dﬁﬁﬂ ifE=d—pld—a),

(K(u)) "7, ifa+(2—a)l-p)<E&<d—pld—o).

Let us, now, introduce our main result.

THEOREM 1. Let p < 1. Suppose that the function f satisfies the hypothesis
(A). Then the problem (1.4) has at least one positive continuous solution x on Q
satisfying for ¢ > 0,

1
-O(1) <x(r) <cO(1), t € Q. (1.12)
¢

We end this section with the outline of the paper. The next section will state
already-known results for functions in the Karamata classes % and 7, . Some results
for the Kato class K%(Q) are also obtained. Then, in Section 3, we will focus on
providing estimates on some potential functions. The last section will be devoted to the
proof of the Theorem | and we end with illustrative examples.
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2. Preliminaries and key tools

2.1. On the Kato class K%(Q)

In this paragraph, we give some results concerning functions belonging to the Kato
class K%(Q), for more details see [6].

DEFINITION 2. Let g € 7 (Q). Then q is in the Kato class K%(Q) if ¢ satisfies
the following conditions

lim sup (&) 2 G3(t,5)q(s) ds =0,
r—0eq JonB(,n) \ P(t)
and
i p(s))2 o
lim su PB)N" Gas )a(s) ds = 0.
Mﬂ“’zeg QN (|s|=M) (p(t) a(t,s)q(s)

Let us recall the following result stated in [6, Proposition 4.5].

PROPOSITION 1. Let g € K&(QQ). Then for any o -superharmonic function h and
t € Q, we have for to € Q

1
lim su —/ G&(t,s)h(s)q(s) ds =0,
’Hotegh(t) QNB(to,r) alf)h(s)a(s)

and

1
lim sup—/ G (¢,5)h(s)q(s) ds = 0.
M—esicq h(t) Jan(jsi=m) a(t,8)h(s)q(s)

Next, we give the following theorem proven in [6, Theorem 4.9].

THEOREM 2. Let g € K&(Q) be a nonnegative function. Then the following fam-
ily of functions defined in C by

-1
(&) G (1.5)g(s)ds : g € KE(Q), [s] <}

P={t—J()0) = | g

Q

is equicontinuous and uniformly bounded in QU {eo}. Furthermore, the set T is rela-
tively compact in 6,(Q).
2.2. Properties of the Karamata classes .7 and 7.

In this paragraph, we present several essential properties of Karamata functions
that will be employed in subsequent sections.
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2.2.1. On the Karamata class %

DEFINITION 3. The function L defined on (0,7n], n >0, belongs to the Karamata

class 7 if
n
L(u) := cexp (/ ¥(s) ds),
u S

where ¢ > 0 and y be the continuous function on [0, 1] with y(0) =0.

EXAMPLE 2. Let u € (0, ). Then

- () e

where Ing () =1Inolno...In(r) (k times), € R and n > 1.

LEMMA 1. [7,21] Let Ly, Ly € 2% and m € R. Then we have the following:
(i) LT, LiLy and Ly + L, belongs to g,
(ii) Let L € %y and € > 0, then lim s*L =0 and lim s €L = oo.

s—0t s—0

LEMMA 2. [16] If L € % definedon (0, n], n > 1, and my, my € (0, 1), ¢ > 1
such that %mg <my < cmy. Then, there exists w > 0 such that

¢ "L(mp) < L(my) < ¢"L(my).
LEMMA 3. [7,17,21] Let B € R and L, € ¥ defined on ( , M), n > 1. Then,

M N0) ast —0t;

W) If B> —1, then [ tBLi () dt converges and [} sPL;(s) ds ~ ﬁ+1

(i) If B < —1, then [J'tPLy(r) dt diverges and [ sPL;(s) ds~ —Blel() ast— 0T,

LEMMA 4. [7, 21] Let L € % defined on (0, n], n > 1. Then we have the
following assertions:

6] hm fnL(I) —Oandt»—>ftnL ds € Xy

(11)Iff0 “) ds converges, then hm L T f() =0andt— ft L) g5 ¢ K.

Next, we state a key lemma for the proof of our result.

LEMMA 5. [20] Let Q* CR?, d >3, be a bounded C"' -domain. If Ly, L, € %,
and Ay, Ay € R. Then, for t, s € QF, the following statements are equivalent.

(1)

timsup [ Gl ()l L (s)d ()P La(a () ds =0, D)
here G3.(t,s) is the Green function of the fractional Laplacian with respect to X<
() A <o or= awzthf dr<oo,z€{12}
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2.2.2. On the Karamata class 7.,

DEFINITION 4. The function k, defined on [1,c0), belongs to the Karamata class

Heo if
,_ /“y(S)
u):=cexp | —=ds
1 s

where ¢ > 0 and y is a continuous function on [1,e) such that lim y(s) = 0.

§—ro0

EXAMPLE 3. Let u € [1,0). Then, we have
n
L(u) = [ ] (Ing(wu))™ € e,
k=1

where w > 0 sufficiently large number, t; € R and n > 1

LEMMA 6. [16,21] Let Ly, Ly € #e, N > 1 and m € R. Then, we have

() LY, LiLy and Ly + Ly belongs to ..
(ii) Let L € % and € > 0, then lim s ¢L(s) = 0 and lim s*L(s) = o

§—00 §—ro0

LEMMA 7. [16,17,21] Let B € R and Ly € J. Then we have the following.

(W) If B < —1, then [{°sPLy(s) ds converges and [~ sPLy(s) ds ~ —tﬁ;ﬁm as t— oo,

(i) If B> —1, then [°sPLy(s) ds diverges and [{sPLy(s) dt ~ tﬁgﬁ([) ast— oo,

LEMMA 8. [10] Let L € #.. Then

(1)11m er() =0andtw— ’H L( ds € ..

(11)Iff1 . LY gs converges, then hm 0 L(() ” =0 andt'—>f == ) ds € A

(iii) There exists m = 0 such that for every e >0 and u > 1, we have
(I+e)"L(u) < Le+u) < (14+¢)"L(u).

As a relation between the Karamata classes % and %, we have the following
remark due to [16].

REMARK 1. The function u — f(u) belongs to J#, if and only if u — f(%) €
Ho, u € (0,1].
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3. Asymptotic behavior of potential functions

In this section, we give estimates on the potential function V (f©P), where f is a
function satisfying () and O is the function given in (1.11). First, let us recall the
following lemma due to Salah et al. [20].

LEMMA 9. Let Q* C R? be a bounded C"' -domain containing 0, d > 3.
Let y<d—2+a, u <o and Ly, L, € & with 1 > diam(Q*). Suppose

b(t) = 8() ML (8(1))lt| "La(Jt]), 1 € Q°\ {0}
Then, for t € Q*\ {0}, we have
Vb(t) & 8(1)™™ 5 AL (8(2)) e[ OE D Ly (Je)),
here Ly and L, are defined on (0,1n) by

1, ifu<g,
Liu) = J = s, ifu =5,
Ly(u), f5<u<a,
and
1, fy<a,

Ly(u):=Q [12% a5, ify=a,
Ly (u), fa<y<d-2+a.

PROPOSITION 2. Let g be a positive continuous function satisfies, for all t € €,

2(t) = (p(6) Py (p (1)) e PMa (], (3.1)
where By < o, By > 2, My € 2ty and M, € . Then, for all t € Q, we have
Vg(r) & p ()™ 3 #=PONE (p (1)) e[ Py (1)),

where
L, lfﬁl <o-—1,
W () = § 1 ds, if pr=a— 1,
M (u), fa—-1<pi<a,
and
1, lfﬁz > d,
My(u):= q [ 2 a5, if By =,

Mo (u), f2<pr<d.
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Proof. By (3.1), we have, for 1 € Q,

Ve()~ [ Ga(r.5)p(s) P (p )]sl M (1) s
From (1.7) and Lemma 2 we get, for t € Q,
Mi(p(t)) ~ M (8 (7))- (3.2)
Therefore, by (1.5), (1.7) and (3.2), we obtain

Vel = 1 [ 6B )30 P36l e (1)
Let .
p=p, y=d+a—Pp, Li{t)=M) and Ly(t) =M, (;) :

Since 3, > 2 then Yy < d+ o —2. By Remark 1, the function 7 — Mz(%) belongs to
0. So, from Lemma 9, we obtain

Vg(t) ~ 6(t*)min(%, afﬁl)Ml (5(1‘*))|t* ‘d7a+min(0,ﬁ27d)l:2(|t*|)’
where for all u € (0,1],
1, if B < 2, L, it B > d,
g . - 1
My(u):=q [T le() ds, if B =%, and Lo (u):=q M w ds, ifBr=d,

M (u), if $ <pi<a, My(L), if2<p, <d.
(3.3)
By (1.7), for t € Q, we have

8ty E PN (8(r%)) ~ p ()™ P (p(1). (3.4)

Since M, (1) = L5 (u) for u € (0, 1]. Then, by (3.3), we obtain for u € [1,)

1, if By > d,

N .1 1

My () = Lo(=) = q [T as, it By =,
My (u), if2< B <d.

Therefore, using Lemma (8), we obtain

1, if By > d, 1, if B >d,

Mo(u): =3 [4 20 qp it By=d, = My(u)=Q [0 g if B =,
n

M2(u)7 if2<[32<d7 Mz(u), if2<ﬁ2<d.
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Moreover, since |*| = ﬁ then

|t*|d—a+min(0,ﬁ2—d)M2 (%) _ |t|a—d—min(07l32—d)M2(|t|), (3.5

Using the fact that
d—o+min(0, B —d) =min(a —d,a — B),
and by (3.4) and (3.5), we obtain
Vg(t) & p ()5 PN, (p (1) e @M (1)), 1 € Q.
This finished the proof. [

The proposition presented below holds a crucial role in this article.

PROPOSITION 3. Assume that [ is a function that satisfies (), and let © be
the function given by equation (1.11). Then

V(fOr)(t) = O(r), t € Q.

Proof. From the hypothesis (#7”) and (1.11) we have, for r € Q,

=2

- in( § —&—pmin(d— ,5:7“
fO)O()? ~p(t) A+pmin(§, 1*”)(L§°£;L7p)(/3(t))|t| &-p ( a 1p>

(Kop . )(l])-
Assume that

). B pmin(a-a, E=2).

ﬁlz/l—pmin<a oA
I=p

2’ 1—-p

Mi() = (Lol )(t) and My(r) = (KoL, )(0).
Then
F0O) ~ p(t) Py (p (1)) |t P2m(]).
By Lemma [, Lemma 4 and the hypothesis (), we have M) € .%j. Moreover, using

Lemma 6 and Lemma 8, we obtain M, € #z.. Since A < o and & > o+ (2— o) (1 —p)
then, B; < o and B, > 2. So, by Lemma 3 and Lemma 7, we have

n o0
/ u* Py (u) du < oo and / u' P2 Mo (1) du < oo
0 1
Now, applying Proposition 2, we get, for 1 € Q
G(fOP) (1) = p(e)™™ T« PON, (p (2)) ¢ ™~ PITy (Je]).

By computation, we have

o o—A

. [ . . .
mm(z, (x—ﬁ1> _mm(E, ﬁ), min (o —d, a— ) =min ((x—d, —)
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Also, by elementary calculus, we obtain, for t € €,

Mi(p(t) =1, 2, p(p(t)) and My(t]) = 9k, ¢, ,(Jt])-

Then, we conclude that
G(fOr)(r) = O(1), 1 € Q.

The proof is completed. []

4. Proof of main result

In order to prove the existence result, we require the following lemma from [20].

LEMMA 10. Let g be a function satisfying (2.1). Then the following function

v(t*) defined by
)=l [ Gl () ds”
Q*

is in 6o(Q).

Now, we need to prove the following.

4.1

PROPOSITION 4. Let p < 0. Assume that hypothesis () is satisfied. Then, for

t € Q, we have
DU f(r) € KE(Q).

S
—~
-
=
I

©
—
-~
N
—
=
|
)

Proof. Let r >0 and r € Q. By (1.5), (1.7) and (1.9), we have

& % o ¢ s (17%)(17) $)ds
/QWB(t,r) <p(t)) G (t,5)p(s) PIf(s)d

c LIONEP® $)0(s) 1= DW=V 2L (5 (Vs ~E K(Is]\ds
/mB(,,,)( )Go@v )p ()T PAL(p (s)|s| = K (ls|)d

p(t)

B 5@*))‘2‘ ey
S t*d a/ Ga* t*,*5 *(1 2)(1 p)—A
C| | @ MB(r) (6(1*) Q ( N ) (S )
X L(8(s"))|s*|e @42k <— 1) ds*
S

<o) [ Ga (s )s(s DIt
Q*NB(r* 1)

X L(8(1%))]s*|F o2k (L> ds*

%]

<C|t*|d7(x/§‘2* Gg*(t*,S*)|S*‘aidf1(S*)dS*,

4.2)
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where f1(s*) 1= 8(s*) (1= D=2 T-AL(§(5%)) |55 24K ( m) belongs to the Kato class
K*(Q*), in a bounded domain Q* (see [8]). Indeed, s1nce p<0, A <o and & >
o+ (2—o)(1—p) then, 1y =1 —-(1-5)(1—p)— <aand(§o 20—-& < o

Moreover, by Remark 1, we have 7 — K(1) € %. Thus by Lemma 5 and Lemma 10,
we deduce that

limsup/ <&> i G&(t,5)p(s)1 =D 1=P) £(5)ds = 0. (4.3)
r=0cq Jans) \ (1)

Now, let us prove that

- &)% « (1-$)1-9) f(5)ds —
lim sup /Q ﬁ(s|>M)<P(l) GE(t,5)p(s) DI P f(s)ds = 0.  (4.4)

M—eo ey

Let M > 1. By (1.5) and [8, Proposition 1], we have

P(s) * $)p ()1~ DU=P) £(5)ds
Lo (B) atesiptsyt 200719

carpef (‘;Efis)gGs*<r*7s*>6<s*>—*1L<6<s*>>|s*|—511<(s—)ds

o(s*)\ 2 _ _ |
*|d—a O (% * *\— Ay * x| —&; L *
< c|t”] ,/Q*QB(t* 50*)) GG (t7,5)0(s™) "ML(S(s%))|s"| K( s*>ds

3(s)\* i
+c|t*]9 O‘/ ( ) G&.(t",s")6(s*) ™™
" @ (s < AN —s|=r) \ (1) fr(7,57)0(5)
<264 (1 ) as
*\ 0 —A * x| —& 1 *
<ce+c O(s*)*ML(S(s™))Is"| > K | 77 | ds
(s*I<3) s*|
Scede [ p@) ML)l K sl)ds
(Is|>m)

< c£+c/ |s|%~4=S K (|s])dss
(|s|>M)

<ce —i—c/m u® S =P g (),
1

where ;1 =4 — (1-%)(1—p) and & =d +a—&. By (1.10), we have the limit value
(4.4). Finally, the required result, (4.2), is obtained from (4.3) and (4.4). O

Next, let us recall that the potential kernel V satisfies the complete maximum
principle, we have the following.

LEMMA 11. [6] Suppose q € $7(Q) and v is an o -superharmonic function.
Let w € B(Q) satisfy V(g|w|) < oo and v=w+V(qw). Then w satisfies the following

o<wg
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Proof of Theorem 1. Let p < 1 and f be a function satisfying (.7’). By Proposi-
tion 3, there exists a constant m > 1 such that, for all 7 € Q and ¢(¢) = f(r)©"(t), we
have

%@(z) <Va(t) <mO(), 4.5)

where O is the function defined in (1.11).
The proof is divided into two cases, depending on the sign of p.

Case 1. If p<0. Let t € Q. Let ¢(t,x) = p(¢)1=2)1=P) £(1)xP(¢). By Propo-
sition 4, we deduce, from [6, Theorem 2.17], that the problem (1.4) has a positive
continuous solution x in Q such that

x(1) = /Q G (t,5)f(s)x" (s) ds. 4.6)

So it remains to prove that x satisfies (1.12).
From (4.5), we get

m" (V)P (1) <©() <m "(Vg)' (1),
Put ¢ =m? 1. Let f € 7(Q) be a function given by
h(t) == cf(0)[OF (1) —m" (V)" (1)].
Using an elementary calculus, we deduce the following.
Vg=V(f(cVq)?)+Vh. 4.7
By (4.6) and (4.7), we obtain
Vqg—x+V(f(x’ —(cVq)’)) =Vh. (4.8)
Let g be the function defined on D by
FO) G0N it (1) # (V) (1),
0, ifx(¢) = (cVq) ().
This implies that g € 7 (Q) and since p < 0, we have
[P =(cVg)’) = g(cVg—x). (4.9)
Clearly, (4.8) becomes
Vg—x+V(g(cVg—x))=Vh.
Combining (4.9), (4.6), (4.7) and (4.5), we get

V(gleVg—x|) SV (/") +V(f(cVq)")
<x+cVgqg
<X+ cmO < oo,
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So, by Lemma 11, we have
x < cVg.

By the same manner, we find that
1
—Vg<ax.
c

Hence (1.12) holds by (4.5).

Case2. If 0< p< 1.

Let {(1) = ﬁ@( ) for r € Q. Then, by (4.5), we have
p(t

V() <ml(0).
Let Z be the non-empty closed, convex set defined by
1
Z= “o(Q); — mi=r.
{w € 6 (Q) c <w< CC}

We define the operator Q on Z by

w—# &t §)F(s)p(s) T VPP (s) ds
0 <r>—p(t)%_1/QGQ<u JF()p(s) PP (s) dis.

It is clear from (4.10), that for all w € Z, we have on Q

1
Z6() < Qw(r) < 8(1).
Since for all w € Z and 1 € Q, we have
WP (1) < P18 |-

Then

vl <e [, (%)%_lcgo,s)h(s)ds,
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(4.10)

where A(s) be the function given by (4.2). Therefore, using Proposition 4 and Theorem

2, we deduce that
Ow € 6v(Q), forallw € Z.

So
QZCZ.

Now, consider the sequence of functions (wy) € €, (Q) defined by

1
wo = —C and Wit1 = Owy, Vk € N.
C

Since p > 0, then the operator Q is nondecreasing on Z. Using the fact that QZ C Z,

we obtain
EC:WO<W1 Swa.. Swg Swgyp <l



50 S. SALAH, F. TOUMI AND M. HBAIEB

Thus, from the monotone convergence theorem, we deduce that the sequence (wy)
converges to a function w, such that for each ¢ € Q,

wir) = ﬁ [ Ga £Ip () S IPwr(s) s,

and .
Z6) <w(t) < 800 (4.11)

Using the same method as used above, we deduce, by (4.11) and Theorem (2), that
w € %) (Q)

Let x(1) = p (1) 2 ~'w(r). Then x € €(Q) and we have, forall 7 € Q,

x(0) = [ G&lt,9)f (537 (5)ds.
Q
Finally, since w € 6,(€2). Then

lim 8()'~%x(t) = lim x(t) = 0.

1—dQ [t|—oo

By (1.8) and using the fact that x € ¥’ (Q), we deduce that x is a solution of problem
(1.4). The proof of Theorem 1 is finished. [

EXAMPLE 4. Let p < 1. Suppose that f is a nonnegative function in € (Q), 0 <
Y < 1, such that for r € Q,

—B1
£~ p(1) (m (%)) (14 1) (n((1 + 1)) P,

where A < o, £ >a+ (2—a)(l—p), By > 1 and B, > 1. Then by Theorem 1,
problem (1.4) has a positive solution x satisfying, for ¢ € ,

x(1) = @(p(1)9(lt)-
Where
p(1)%, if A < %(1+p),
o(p() =1 5
p(t)=r <1n <$>> L if¢(l+p)<i<a,
and
1|5, itE>d—p(d—a),
8(1t)) = B
(27, ifa+(2—a)(l-p)<&é<d—pld—a).
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EXAMPLE 5. Let Q= {r € R?, |¢|> 1} and f be a nonnegative measurable func-
tion such that, for all r € Q

)~ (1- ﬁ)lm(ffl) S n )

where A < a, & >a+(2—a)(1—p) and m > 1. SupposethatL(l —ﬁ) =In <‘:“|—ill>

and K(|¢|) = In(4|¢|)~". Then by Theorem 1, problem (1.4) has a positive solution v
satisfying, for t € Q and p > 1

1
X(1)~ 91 (1 - H) bxcep ().
With
| (1-%) . ifA < %(1+p),
R
(=) 7 (n(%) ™", it¢1+p)<r<a
and
a=§
|t| T, ifé >d—p(d—a),
¢K7§,p(‘t‘) =

1%~ (In(4l)) =, ifa+(2—a)(1—p)<&<d—pld—a).
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