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Abstract. A study of the existence and uniqueness of the weak solution to a class of nonlinear
elliptic equations governed by the logarithmic perturbation is offered. We exploit interesting
properties of the new modular function involving LPlog”L-growth and the optimal embedding
theorem for Orlicz-Sobolev spaces. We are concerned with these properties in analyzing the
existence and uniqueness of the solution by the theory of pseudo-monotone operators proposed
in [2,3] combined with variational methods. Our approach deals not only with problems of the
p-Laplacian type but also yields a slight extension of the results for more general differential
operators with a similar structure.

1. Introduction

In this paper, we study the following nonlinear boundary value problem of the
type: for a given domain Q C R" with n > 2, a given datum f: Q xR — R, to find
u:Q — R satisfying

—div(e),o(Vu)) = f(x,u) inQ, and u=0o0ndQ, (D)

where f:Q xR — R is a Carathéodory function; the mapping %7, o : Q — R", for
1 <p<n, a>0 is defined by

pal0) :=a¢(§|cv’log“<e+c>), CeR. )

An important question that immediately arises is whether such problems are well-
posed. To the best of our knowledge, the literature contains various techniques for
obtaining general existence results for solutions to nonlinear problems. To mention
a few, the studies with the Schauder and Banach Fixed Point Theorem, the Contrac-
tion Mapping Principle, or subjectivity theorem for monotone operators, see for in-
stance [10, 12, 14,20]. It is worth mentioning that the nice subjectivity property related
to monotone operators has become an important tool concerning the existence of solu-
tions from a variety of perspectives.
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Here, we shall deal with the existence and uniqueness of weak solutions when the
left-hand side is modeled around the p-Laplacian as a reference operator under some
appropriate assumptions on a given datum f. To be more specific, in our study, the left-
hand side of (1) has logarithmic order, nature. When o = 0, the interest in studying
such a problem is the p-Laplacian. The p-Laplace and p-Laplace type equations are
the subjects of several physical modeling and mechanical branches, such as resonance
problems, electricity, electro-rheological fluid dynamics, glaciology, elasticity theory,
and many others (see for example [5, 8, 15, 19] and references therein). As far as we are
concerned in the literature, there are much less known existence and uniqueness results
concerning this problem for the general case that involves logarithmic order (1).

To give the reader a key tool underlying the existence theory with pseudo-monotone
operators, let us first summarize and exploit the proof idea for the p-Laplacian case.
The weak solution u € W, () to —div(|Vu|?~>Vu) = f provided

/Q (|VulP~2Vu- Vv — fv)dx =0, 3)

holds for every v € WO1 P (Q). The existence theorem is the usage of surjectivity results
for pseudo-monotone operators, which reads as

THEOREM 1.1. (see [3]) If ¢ : X — X* is a bounded, coercive and pseudo-
monotone, then 7 (u) =0 has a solution u € X.

Here, for notational purposes, we regard X as a real reflexive Banach space, and
X* is its dual space in the entirety of the paper. Theorem 1.1 yields the existence of a
solution to the classical homogeneous p-Laplace equation, where .7 connecting with
this problem, is defined by

(A (u),v) = /Q (|Vu[P~2Vu- Vv — f(x,u)v)dx, ve Wol’p(Q). 4)

This theorem sets forth an important surjectivity result that the famous Lax-Mil-
gram’s theorem and the Main Theorem on Monotone Operators will be constructed as
consequences. Moreover, it can be applied directly to the model problems involving
p-Laplace type operator under appropriate boundary conditions. Inspired by several
subsequent developments regarding the solutions to several classes of equations, whose
nonlinearity even does not satisfy the standard ellipticity conditions, we are devoted
to a more general operator governed by logarithmic order, i.e. %7,y as in (2), also
considered as the borderline case of p-Laplacian.

In the spirit of the Main Theorem on Pseudomonotone Operators stated in Theo-
rem 1.1, we first consider the corresponding operator /7, o satisfying

(Hp,0(u),v) = /Q [szpﬂ(Vu)Vv—f(x,u)v]dx, veX, (5)

where X denotes Orlicz-Sobolev space, which plays as a generalization of Sobolev
space built upon the Orlicz spaces. Its definition will be clarified in Section 2.
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With the wealth of the previous literature, the proof of existence exploits an argu-
ment similar to that in [3, 13], however, our approach is somewhat different, as we em-
ploy a new modular function, the equivalence between the new norm and the prescribed
norm in Orlicz-Sobolev spaces. Furthermore, with an interesting technical comparison,
it allows treating the existence and uniqueness results for (1), where the case is more
general and has been less investigated. These features make our main results in this
paper somewhat interesting and challenging.

Before presenting the main results, we premise some notations and assumptions
used throughout this paper. As a preliminary step, we briefly discuss the notation
adopted in our results. For 1 < p <n and « > 0, let us consider G q : [0,+o0) —
[0,+<°) a Young function defined by

1
Gpu(0) = I—)G”log"‘(e—i— o), 6=0, (6)

and G;‘w the Young’s conjugate of G, . It is worth noticing that the operator <7,
in (2) can be rewritten as

Fpa(§) = 0;Gpal(lC]), {ER"

Here, we shall carry out the details of the Young function, its conjugate, and the
properties between them in Section 2, for the convenience of the reader. Moreover,
in this respect, we also connect the A;-Young functions with Orlicz spaces denoted
by L%« (Q), and Orlicz-Sobolev spaces W!¢ra(Q), that is made up of a function
h € WHH(Q) such that Vi € L9« (Q). For the sake of readability, from now on
we will denote by X := W%, (Q) and Xq := WOI’G”"”‘ (Q), its closure of C5(Q) in
W1Cre(Q), and when needed, further notations will be introduced step by step in the
arguments. We devote Section 2 for the reader to have a place to look things up in the
details.

Let us now state the main results of this paper via two following theorems, where
the existence and uniqueness of weak solutions are presented.

THEOREM 1.2. (Existence) Let p € (1,n), a >0 and g € L* := LO«(Q).
Then, one can find a constant Uy > 0 such that if

1f(x,0)| < g(x) 4 polt]P " og* (e + Jt]), forallxe€Q, 1t €R, (7)
and so, there exists at least a weak solution u € Xg to (1).

Here, for the sake of brevity, we use L. as the Orlicz space L¢»(Q) connected

with Young function G ¢ and L := LCa (Q) corresponds to the its Young’s conjugate.
These notations will be specified in Section 2.

THEOREM 1.3. (Uniqueness) Let p € (1,n) and o0 > 0 and assume that f(-,u) =
g € L*. Then, the Dirichlet problem (1) admits a unique weak solution u € Xg.
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The plan of our paper is as follows. In the next section, we first briefly recapitulate
some standard definitions and preliminary results. In Section 3, we shall introduce
the main tool of this paper: the modular and some interesting properties, proving the
relation to the corresponding norm in Orlicz-Sobolev spaces in a standard way. The next
section is devoted to establishing some important properties of the p-Laplacian with
logarithmic order based on the subjectivity theorem for pseudo-monotone operators.
Finally, in Section 5 we end up by proving main results stated above.

2. Preparatory and preliminary materials

In this section, we collect some basic definitions and necessary auxiliary results
which will be employed later.

2.1. Pseudo-monotone operators

First, by (X,||-[|x). we denote a general reflexive Banach space and X* its dual
space. The notation (-,-) denotes the duality pairing between X* and X. For ease of
notation in the argument, we shall make use of — and — the norm convergence and
weak convergence, respectively. To be more precise, for a sequence (¢ )ren C X, One
has

@ — ¢ <= lim g —@[x =0,
and

O — Q= klim (T, ) = (T, ) forany T € X*.

DEFINITION 2.1. (see [3]) Let us consider a continuous operator 77 : X — X*.

For any sequence (@ )reny C X and ¢ € X, we simply write ¢ 0, @ if

@ — ¢ in X, and limsup (7 (), o — @) < 0. (8)
k— oo

Moreover, we say that:
(i) S is bounded if 77(S) is bounded in X* for any bounded subset S C X;

(i) 27 is coercive if lim (#(9).9)
lolx—e ||@]lx

(iii) .## is monotone if (' (@) — 2 (y),p —y) > 0, foreach @,y € X;
(iv) 7 is pseudo-monotone if

o g — (A(9),p—w) < li,gninf<«%”(<pk),<pk—W>, forall w € X;

(v) S satisfies the so-called (S )-property if

(PkQ(P:>(Pk_>(PmX-
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2.2. Young functions

Throughout the paper, we consider a function G : [0,e0) — [0, ) satisfying G(0) =
0 and lim G(0) = <. We then say that G is a Young function, usually denoted by
O —s00

G € %, if G is non-decreasing, convex and

lim 67'G(6) =0, and lim 67 'G(0) = co.
o—0t 0—0e

The Young’s conjugate of Young function G is defined as follows
G'(o)=sup{or—G(r): r=0}, o=>0.

As the reader may easily check thatif G € % then G* € % and (G*)* = G. In addition,
for G € %, we say that G € A; if there exists a constant Ag > 1 such that

G(20) < ASG(o), forall o= 0.
Otherwise, we will further often write G € V5, if there is a constant V2G > 1 such that
G(V§o) >2V9G(o), forall 6 >0.
At the same time, the interesting point reads
Ge M = G eVy, with A§ =2V§ . 9)

Moreover, if G € A,, then one can find some constants v, > v; > 1 and C > 1 inde-
pendent of @ and o, such that

C 'min{a",a"?}G(0) < G(ac) < Cmax{a"",a"?}G(o),
for all o,a > 0. Our last preparatory step regarding Young’s function is contained in
the following lemma. It is known as a generalized version of Young’s inequality. The

proof of this lemma relies on the definitions of A$-condition and V§ -condition and
G*. We revisit the complete proof in [7, 11].

LEMMA 2.2. (Young inequality, see [11]) Let G € A,NV,. Forevery o >0, the
following inequality holds

G*(67'G(0)) < G(0) < G*(207'G(0)). (10)
Moreover; for every € € (0,1), there exists C¢ > 0 such that

ro~'G(0) < eG(r)+CeG(0), forall r>0, c>0. (11)
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2.3. Orlicz and Orlicz-Sobolev spaces

In what follows, we denote by .# () the set of all measurable functions ¢ : Q —
R and a Young function G € %. We here introduce the Orlicz class 0¢(Q), defined
by 09(Q):={p € M (Q): mg(p) <}, where mg(¢@) is the modular function with
respect to G, given by

o () = ]é G(1p(x))dx = ﬁ /Q G(|p(x))dx. (12)

Here, |Q| denotes the finite n-dimensional Lebesgue measure of Q. The linear hull
of 0Y(Q) will be called the Orlicz space LY(Q), that is equipped with the following
Luxemburg norm

19|16 =inf{c >0: mg(o o) <1}.
Let us recall the Holder’s inequality in Orlicz spaces.

LEMMA 2.3. (Holder’s inequality, see [16]) If G € AyNV,, then (LS (Q),||- o)

is a reflexive Banach space. Moreover; for every ¢ € LS(Q) and y € LC (Q), there
exists a constant C > 0 such that

lowliL ) < 2l9lls@ vl q- (13)

In two next lemmas, some useful relations between the norm in L¢(Q) and the
corresponding modular in (12) will be established.

LEMMA 2.4. Let G € Ay NV, with condition Azc > 2. Then, one can find a
constant C > 1 such that

_ ) ¢}
C (el 5 g — 1) <ma(e) <C(I9l6q + 1), (14)
for every @ € L9(Q), where 01,0, defined by
61 = log, (AS), and 6, = 1+ [log, (V§)] . (15)

Proof. Since G € Ay NV, it enables us to check that
G(at) < A§a’ G(o), and G(bo) <2VSb®G(o),

forall a > 1, b€ (0,1] and o > 0, where 0;,0, are defined as in (15). We refer
the interested reader to [18, Lemma 2.3] for related properties. As a consequence,
inequality (14) can be obtained by applying [17, Lemma 4.11].

LEMMA 2.5. Let G € Ay and (@ )ren be a sequence in L°(Q). Then, the fol-
lowing statement holds

lim [[oellz6(q) =0 lim mg(¢) =0. (16)
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Proof. Thanks to statement /i) in Lemma 2.2, since G € A, it is possible to find
some constants 1 < v; < v, and C > 1 such that

C 'min{a",a"}G(0) < G(ac) < Cmax{a"",a"?}G(o),

for all a,0 € RT. Plugging these inequalities into the integrals, we infer that if 0 <
1@ll6(q) < 1, there holds

€101l ma(0) < . G0l gy [0 )dx = 1 < Cllpl 35, malo).
which is equivalent to
CH9llE g <male) <Clolh g, - (17)

In a similar way, for the remaining case when |[¢||;¢(q) > 1, it yields

C 9l g <male) <Cllols g, - (18)

The validity of (16) is obtained by combining (17) and (18). And the proof is com-
plete. O

DEFINITION 2.6. (Orlicz-Sobolev spaces) Given G € %, the Orlicz-Sobolev space,
written by W!¢(Q), is a generalization of Sobolev space connected with Orlicz space
LY9(Q), defined as

whe(Q):={peL(Q): |Vo|eL°(Q)},
is also a Banach space equipped with the norm
lollwi@) =0l + 1IVOlll 60
For the sake of simplicity, we will denote
IVollLe@) = IVolls)-

The closure of Cy(Q) in W¢(Q) will be denoted by W, %(€Q).

3. New modular functions and properties

This section sets forth some interesting properties of modular functions modeled
around the Young’s function regarding the nonlinearity 7, o as described above. Fur-
thermore, we also state and prove the equivalence, reveal the relationship between this
modular function and norm function in the context.

Firstly, back to the definition of function G, ¢ in (6), it is clear that G, o € %" and
Gp.o € AyNV; as a consequence of the following lemma.
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LEMMA 3.1. For every 61,0, > 0, there holds
Gpal01+02) <2P7%[Gpa(01) + Gpa(02)].
Moreover, there holds
Gpa(0) ~ 060G, ,(0) ~0°G) ,(0), oeR". (19)

In the sequel, let us consider the operator %), o : Xo — X as follows
(Lpatt,v) i= / ) o(Vu) - Vvdx, for u,v e X, (20)
Q

ans we now focus on some significant properties of .Z), ;, that are useful to our main
proofs later.

The presence of G, o brings us the corresponding Orlicz space LCre(Q) with the
following norm

ol =inf{c >0: mg,, (67 '0) <1}, @€cL. (21)

However, it could be difficult to handle the norm in LL by itself nature when dealing
with the problem (21). The novelty of our study here lies in the construction of a new
modular function having some equivalent properties to the norm. This idea was found
in our previous work [21] when treating a related problem. In this paper, we shall
consider the following modular function:

1/p
ol = ( Floworiog e+ <p||;1<p<x>|>dx) 7 22)

and it is provided whenever |@||, > 0, where

Il = ( f |<p<x>1’dx)’l’.

At this stage, there are three interesting points with this new modular function. On
the one hand, it allows us to derive a comparison between the proposed new modular
and the former one given in (12), stated in the next lemma, whose proof is based on the
following basic facts:

o
o
log*(e+s0) <2%[log” 6 +log*(e+s)|, log¥o < (—) o, (23)
eq
forany ¢ >0, 0 > 1 and ¢ > 0.

LEMMA 3.2. For every ¢ €L, the following relation holds

A 'mg, . (@)= llolIb < [olf < pPPAlllolb™" +mg, . (9)], (24)

where A is defined by
a
A= 2amax{<g> ;1}. (25)
e
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Proof. We now distinguish two cases. For the first case, we assume that |||, > 1
and it is clear to obtain

o] = ]i |9 (x)|log” (e + (|l '@ (x)])dx < 2% pm, o (9)- (26)

Moreover, applying (23) for o = |||, > 1, it yields
1
m6y0(0) = 7 . [0 log? (e-+ (1)
2% o )4 4 (04 —1
< [loz (lellp) Q|<P(JC)\ dx+ Q\<P(X)| log” (e +l@ll, | (x)])dx

<Z[(2) 1o+ o]

<Alllell5™ + o), 27)

where A is given as in (25). Combining two estimates in (26) and (27) we may conclude
that

Amg, (0) ~ lolly™ < o)) < pAme, (9). if llol,>1. @)

Hence, the inequality (24) holds true for the first case. For the remaining case when
0 < ||@|l, <1 by applying a similar argument as in the previous one. Firstly, there
holds

Gy (9) = %]é 10(x)|Plog® (e + [p()])dx < ~[9]?. < Alg]?.

On the other hand, we take (23) into account for & = [|@||,! > 1 to arrive at

o)l <2° [mg“ (lol;") £, lotds+p Gp7a<<p<x>|>dx]

1o\«
< o= p—1
<2 |2 (%) ol + o)

<p’Alllolh" +me,.(9)]. (29)
Invoking two above estimates, one gets that
A 'ma, ,(0) < (@l <p*Alllolb " +ma,,(9)], if 0<|ol,<1.  (30)
Finally, the assertion of (24) is concluded from (28) and (30). U

The second feature of the new modular function we would like to emphasize here
is the equivalence, which is stated in the following lemma. This nice property was in
fact pointed out in [21], we shortly write || - || ~ [-]L-

LEMMA 3.3. (see [21]) With A defined as in (25), one has

ol <[olL <All@lL, forevery ¢ L. (1)
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On the other hand, an additional interesting point is that the norm ||@||x = |||+
IVo||L is equivalent to ||[V@||L, for all ¢ € X,. More precisely, this result may be
directly obtained by the fact that the embedding X, < L is compact. This feature can
be obtained by applying the compact embedding result discussed in [4, Theorem 1 and
Theorem 3]. We send the reader to [9] and [21] for detailed proofs in some specific
cases. Therefore, in Xy, we may consider the following norm

lollx, = IVellL, @€ Xo, (32)

which is also equivalent to the modular [V@],. In particular, combining (31) together
with (32), there holds

lollx, < [VolL <All@lx,, forevery ¢ € Xo. (33)

4. Some properties of L”log” L operators

In this section, once having the preparatory lemmas at hand, we exploit some
necessary properties of the left-hand side L”log”L operators to establish the existence
and uniqueness results along the lines of the theory studied in the Main Theorem on
Pseudo-monotone operators in [3]. It is also worth mentioning that during chains of
our technical comparison estimates throughout this section, constants will be denoted
by the same letter C. Their value is unimportant and may change from line to line,
sometimes, within the same line.

LEMMA 4.1. The LPlog”L-Laplace operator £), o defined as in (20) is bounded
and coercive.

Proof. First, it is clear to see that the integral .%),  is well-defined, which means
that the integral on the right-hand side of (20) is finite. Indeed, from the definition of
)y o in (2), for u € Xo, one has

] A CRa\ )
oy o (V)| < |Vu|P~ og® \Y% —|Vulff —=———=
(V)| < [V} g+ Vi) + =V =5

|Vu|
(e + |Vu|)log(e+ |Vul)

>|Vu|p_1log°‘(e+Vu)

)W-llog%eww
G

where G, ¢ defined in (6). Combining this estimate together with the fact that G}, , €
A, NV, and then applying (10), we arrive at

\Y
/G;a(\gfpﬂ(Vu)Ddng/ G;a(M)dng/ Gp.o(|Vul)dx. (34)
o o |Vl o
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Since |Vu| € LOr(Q), inequality (34) ensures that <7}, o(Vu) € L%« (Q). For this
reason, it allows us to apply Holder’s inequality (13) to obtain

(Lt )] < /Q | o (V)| |V
< Cllepa(V )HLG}‘,a )HVVHLGp.a(Q)

= Cllpa(Vi)ll 65,0 g V10

for all u,v € Xy. Gathering all these estimates, one may conclude that .,  is well-
defined. In addition, the above inequality also yields

[(Zp.au, )|
IVl

Next, for the boundedness of .,2”,770,, it is sufficient to ask for the following term

< C||Ap,o(Vu) HLGF«X for every u € Xo.

%, .=
|Zpalz; = sup o

M= 90(V0) 50 g

to be bounded. By Lemma 3.1, one can choose Ag”‘“ =2r+o+l 5 2 Thanks to (9), it

gets Vzc P% = 2PT% Then, applying inequality (14) in Lemma 2.4, we infer that

pta

pro+1
M = (| (Vi) 60 <C<1+/£2G;‘,7a(£7p7a(Vu)|)dx> . (35)

and

/Q Gp.a(|Vul)dx (1+V [ ) (36)

Combining (34), (35) and (36), it enables us to estimate M as follows
+ +
M < C(L+ | Vull 6pagy) " = C(1+ flull,) "

Notice that p+a > 0, it is enough to conclude that .Z), ;, is bounded with the following
estimate

|-ZLp,aullx; < c(1+ HuHXO)Ha, for every u € Xo.
At this stage, for the proof of coercive property, let us write

o |[VulPH log” ! (e + |Vu))
Lyttt =p | Gpo(|Vul)d +/— d
(Lp,au,u) P/Q po(|Vul)dx op e+ |Vul *

> p]iGp,a(WuDdx
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In virtue of the Lemma 2.4 again, it yields to

(Lpartu) > C([Jull, — 1), where 6 :=1+ (log2V26”"“)71. (37)

Since 6 > 1, inequality (37) guarantees that
<$I77O¢u7u>

lim -~/
lully—e |2l x5,

—_— oo
)

and the conclusion reads .Z), , is coercive. [

LEMMA 4.2. The LPlog”L-Laplace operator £, o defined as in (20) is continu-
ous.

Proof. Let (uy)ren C Xo such that u;y — u in Xg. It is necessary to prove that
Lyt — Lpqu in X{. First, let us consider for every k € N and v € X, then, there
holds

(L it — Ly ity = ‘ / (Fp(Vitg) — (V) - Vel

/ | p.o(Vit) — (Vi) | |V]dx. (38)
Furthermore, we recall that

| Zpa(81) = Zpa(&)| ~ Gy (1G] +1GDIG — &l $1,G R

Thus, one obtains from (38) that
(L attk — Lp,au,v)| < C/ G” o ([Vug| + | Vu))| Vi — Vu||Vv|dx.

Here, it notices that the positive constant C depends on p and ¢ . Thanks to Holder’s
inequality (13), we arrive at

(Lt = L) < CITrl| 6, ) V1320 (39)

L9
where T} is defined by
= Gg7a(|Vuk| + |Vu|)|[Vuy — Vu.
Using (39), we readily infer that
(L attk — Lp,au,v)| < C”Tk”LG;a )Hv||x07 for all v € Xy,

which is equivalent to

Hzﬂuk_fma“HX* CHTkHL Gho(Q)
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To complete the proof, it is sufficient to show that limy .. || TkHLG}S.a @ 0. Thanks to
Lemma 2.5, we only need to show that

lim - G, o(Ti)dx =0

At this stage, thanks to Lemma 2.2, one can find v > 1 such that
G, q(01) <C0YG), (1), forall 1>0 and o € (0,1].
Applying this inequality and using (19), the following estimate

|V — Vu|

T < CG, o (V| + |V”|)m7

holds, it moreover gets

Vu, -V v
[Vug u] i 40)

G (Tydx<Cc+ G (G, ,(|V \Y —_
}.Graltas < . GGVl ) | G

Here, recall that G), ,(0) ~ Gp«(0)/0 by Lemma 3.1. Therefore, applying inequal-
ity (10) in Lemma 2.2 and Holder’s inequality (13) again, estimate (40) deduces to

|V (u

* k—u)l
G, (T)dx<C+1+ G \% Vu|) =————=—d
1. Gl T <€ . Gyl [Vl + V) e e

< Cl( Vo] + Vi)™ G e [Vt + [Vt 5 g IV (2

i IV = 0]

< Cllug — ul|x,- (4D

Turn our attention to the last estimate in (41), it allows us to conclude the desired

result with the fact that ||(|Vug| + [Vu|) 7 G, o (|Vur| + |Vu|)||L(;; (@) is bounded. In

a completely similar way, we can estimate M as in the previous lemma. The proof is
now complete. [

LEMMA 4.3. The LPlog”L-Laplace operator £), o defined as in (20) is mono-
tone, pseudo-monotone and satisfies (S). -condition.

Proof. First, we may rewrite the operator ., ¢ in (20) as follows

- T [ A
< = VulP~>Vulog*(e+|V —|VulP'Vu—=——— ) .Vydx.
(Lyate) = [ (92 utog 4190+ £ 99—t F ) 91

The proof is divided into several steps. In the first step, we will show that .Z), o is
monotone. Indeed, for all u;,u; € X, by [1, Section 3.2] it is readily verified that

<$p,aul _«iﬂp,al’@aul - u2> = / (Jpr a(VMl) 427177a(vu2)) . (Vu1 —Vuz)dx

2
>C/| b 10ge (V1) VpJoga(VuQ)} dx,
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where the auxiliary vector field V), o« : R" — R" is defined by

—1 a=1(, %
Voen(€) = (€17 tog(e-+ (g + SR8 (R

whenever { € R". Thus, we are able to claim that £ o is monotone.

7 .
In the second step, let us assume that uy Hpa), u in the sense of (8). In order to

show .Z), o satisfies the (S), condition, we have to point out that limy .. ||ux — u||x, -
Since u; — u in X and %, 4 € X*, one has

klim (Lp,au,ux—u) =0,

which implies to
limsup (&), qutk — ZLpatt, i — u) < 0.

k—so0

On the other hand, since %), ;, monotone, one has

0< lilgninf<$p7auk — L qttup — u) < limsup (L), qux — Ly qut, ux — u) < 0.

koo

Once having this estimate, it allows us to conclude

lilgn inf(.Z) qur — Lp qu,ux — u) = limsup (L) qur — Lp gt ux — u) =0,

k—

which ensures that
]}im (Lp,attk — ZLpqu,ux —u) = 0.
This is equivalent to
klim (p,o(Vug) — p o (Vu)) - (Vug — Vu)dx = 0. (42)
—eo JQ

Making use of [1, Section 3.2] and Lemma 3.1, there holds
]i (mfpﬂ(Vuk) — %pﬂa(Vu)) - (Vug — Vu)dx
> c]iG;;a(\vuk\ + | Vu|)| Vg — Vul?dx,
in which from (42), it leads to
I}g]fng7a(\ka|+|Vu|)|ka—vM\2dx=o. (43)

Next, we show the following inequality which can be verified following Young’s in-
equality

][Gpﬂa(\Vuk—Vu\)dxg £<][ Gp7a(|Vu|)dx+][ Gp,a(Vuk)dx>
Q Q Q

(44)
+C, ]i G o (|Vug| + |Vu|) Vi — Vul*dx,
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for every € > 0, where C¢ = C¢(p,,€) > 0. Indeed, it is worth mentioning that the
next inequality

I:= Gpo(|[Vug — Vu|) < C|Vug — Vul> G, (|Vu — V)
holds by Lemma 3.1. Moreover, there holds
Ggﬂ(\Vuk —Vu|) < CG;7a(\Vuk| + |Vul)

whenever p > 2. Therefore, (44) is obviously valid in this case by applying Lemma 3.1.
Otherwise, for 1 < p < 2, we first decompose I as follows

p(2—p)

I = (|Vu|+ |Vu|) ((|Vug| + [Vl )p72 Vg — Vul*) 5 log®(e + |V — Vul).
We then apply Young’s inequality (11) in Lemma 2.2 for & > 0, it gives us
I < EGpo(|Vu|+|Vul)

+Cz [V — Vau? (|Vig |+ [Vau ) log® (e + [Viug| + [Vu ).

Using fundamental inequalities in Lemma 3.1, it yields to
1< C& [Gpo(Vul) + Gpa([Vug| )] +Ce [Vug — Vul* Gl o (|Vug] + V] ).

By changing C& = ; in this inequality, it leads to (44). Thanks to Lemma 3.1, one
obtains the following inequality

Gpo(|Vur|) C[Gpa(IVul) + Gpo(|Vur — Vul )] .

Thus, we can deduce from (44) to

][ Gp.o (Vi — Vu| )dx < e][ Gp.o(|Vul)dx
Q Q

(45)
+c8]i\vbt,<—vu\2ag7a(\v”k\+|w\)dx,

for all € > 0. Let us take 8y = 1/(2p?A), where A is defined by (25). For all § €
(0,8), it is possible to fix € > 0 in (45) satisfying

pp+1)

1
£<][ Gp,o(|Vu|)dx+ 1) <=8 1. (46)
Q p
Thanks to (43), one can find ko € N such that
]iWuk —Vul*Gl o ([Vug| +|Vu| )dx < eC; ", forall k > ko.
Combining (45) and (46), for every k > ko, there holds

r(p+1)

1
][Gp.,oc(|vuk—Vu\)dx< 1_75 = “n
Q
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From now on, we always consider k bigger than ky. From (47), one has

plp+1)

0 S][ |Vuk—Vu|pdx<p][ Gp.o( |V — Vu|)dx < & »7T,
Q Q

which ensures that
pt1
0< HVuk—Vu||p<5P*1. (48)
On the other hand, thanks to Lemma 3.2, one has

_ 1
Vg — Vul? < p*A [HVuk— Vullh s ;][ Gp.o(|Vug —Vu|)dx| .
Q

Substituting (47) and (48) into this inequality, it gives us

pp+1)

Vi — Vul? < PPA [51’“ 46 T } <2pEASPT <SP

Applying inequality (31) in Lemma 3.3, we then obtain that
(g — ullx, = || Vug — Vul|L < [Vug — Vulp, < 6.
Therefore, it allows us to conclude that

or ux — u in Xo. Hence, .Z,, o satisfies the () condition.
. . 2y,

Finally, we show that .Z), o is pseudo-monotone. Assume that u; pa), u. Ac-
cording to the above proof, one has u; — u in Xy. Moreover, combining with the fact
that .%), o, is continuous, one gets that .Z), o (ux) — Zp,o(u) in X§. Thus, .2}, o is
pseudo-monotone. [

5. Existence and uniqueness of weak solution to the main problem

After dealing with some technical lemmas that play crucial ingredients in this pa-
per, we are now in the position to accomplish our main results regarding the problem (1)
that stated in Theorems 1.2 and 1.3. Let us first revisit the following lemma to handle
the difficulties that may happen during the arguments.

LEMMA 5.1. Let G € AyN'V,. Then, there exists 0 € (0,1) such that

o=

J.6tobar<co| f 160vont7ax] . (49)

forevery ¢ € WOI"G(Q).
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The proof of this lemma can be found in [6, Theorem 7]. At this stage, we are
allowed to apply the assertion of this lemma and Holder inequality to conclude that:
there exists Cy > 0 such that

7{2 Gpall0])dx < Go 7{2 GpalIVo)d, (50)

forevery ¢ € Xp.

5.1. The existence
Proof of Theorem 1.2. Let us consider the new operator J7, o : Xg — X{j defined
by
(6,0 (1),v) = (ZLp,a(u) /fxuvdx u,v € Xp. (51)

We will split the proof into three steps. In the first step, we show that .7}, o is well-
defined and bounded. Indeed, it is clear to see that

. (G u
][szc( pel )>dx<][Gp7a(|“)dx<°°,
Q |ue| Q

which means that p a(| D

€ L*. Combing with the fact that g € IL*, one obtains

Gp.oc(|”‘) *
g(x)+ pHo P €

Moreover, assumption (7) gives us

Gpallul)

(e u)| < 8(x) + tolul”™ 10g°‘(6+lu\)=g(X)+pu \I ;

which implies to

} Grallsaas< | G;,a<g(x)+l?ﬂocp%(|u|))dx <.

It follows that f(x,u) € L*. Now we are able to apply Holder’s inequality (13) in
Lemma 2.3, it holds

(Ao l) )] < /Q | (Vi) -v] dx+ /Q o)

<C ||| pa(Vu)|
<C[[l#pa(Vu)l

e Vg, + 1 vl
e A Il
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for all u,v € Xy. Then, we arrive at

[(Hp,a (1), )

() <l wpalvu)

x; = SUP o V'

v£0 HVHXO

which allows us to conclude that 7}, o is well-defined and bounded.

In the second step, we prove that ., 4 is pseudo-monotone. Let (uy) be a se-

quence in X such that uy LZEIN u in the sense of (8). Since .7} o is continuous,

which can be implied by the continuity of .%}, ;, in Lemma 4.2. Therefore, it is suffi-
cient to prove u; converges to u strongly in Xy. Let us introduce a bounded sequence
T}, defined by

Ti = llgllns + to || [P~ Tog® (e + Jug]) || .- -

Combining assumption (7) and Holder’s inequality (13) in Lemma 2.3, one obtains

/ S Ocyug) (ug — u)dx
Q

< / g () [ug — u|dx
Q

1 i / P~ log® (e + et — uldx
Q
< Tellug — v (52)

The fact that Xy <— L compactly and u; — u in X give us uy — u in L. Hence,
sending k to o in (52), it follows that

k—soo

lim / S Ocyug) (u — u)dx = 0.
Q

. . . . (Hpo) .
Again, combining with assumption u; —~-— u, it leads to

limsup(.Z) o (ux), ux — u) = limsup (&, o (ug),ux —u) < 0.

k—soo koo

Thanks to () property of .Z), o in Lemma 4.3, we may conclude ux — u in Xg. As
our discussion above, it is enough to conclude that 7}, ;, is pseudo-monotone.

Let us move to the last step which is the proof of coercive property for the operator
), - For all u € X, one has

@%,a(um :,,][

Q

Vu|Gp,o(|Vu])
(e+ |Vu|)log(e+ |Vul)

G|Vl + oc]i

—][f(x,u)u(x)dx
Q

> p]iGp,a(WuDdx— ]if(x,u)u(x)dx. (53)
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Taking the assumption (7) and Poincaré’s inequality into account, there holds

]é £l wu(x)dx < ]fz 2(e)u(x)dx + pio ]é GpaJul)dx

< Cllgle lulle + pioCo 7{2 Gy (Va)dx

< Cllgllillullx, + pitoCo 7{2 GV ). (54)

It is noticed that the constant Cy is given in (50). Collecting two estimates in (54)
and (53), one gets that

1

T o)1) > p(1 - 1oCo) ]i Gpa([Vul)dx—Cllgli-lullzy.  (55)

On the other hand, one can see that (29) leads to [@]] < p*A[l+mg,, ()] for all
¢ € Xp. Combining with (33), one has

1
F GralVuhar > —fullf, 1.

By fixing o such that 0 < g < Cio and substituting above inequality into (55), it yields

1

1
o pal)u) > — (1= uoCo) [luel| %, — Cllgllu-llullcy — p(1 = poCo).  (56)

PA

(Hp.o(u) 1)

lJullcy

Since p > 1, inequality (56) implies that goes to infinity as ||u[|x, — .

Thus, 4%, ¢ is coercive.

Finally, thanks to Theorem 1.1, equation ./, o (#) = 0 has a solution u € X¢. In
other words, equation (1) has a weak solution in u € Xy. The proof of existence result
is complete. [l

5.2. The uniqueness

Proof of Theorem 1.3. Thanks to Theorem 1.2, equation (1) has a weak solution
in Xo. Assume that u;,u; € Xy are two weak solutions to this equation. It is sufficient
to show that u; = up in Xy. Testing the variational formulas by v = u; — uy, one gets
that

]i (Apo(Vur) — (Vi) - (Vuy — Vuz)dx = 0.

Similar to the proof of (44), there holds

][Gp7a(Vu1—Vu2)dx<8<][ (Vi dx—|—][G (|Vua| dx)
Q Q Q

+C£]i(%pa(Vu1) ;zfpﬂ(Vuz)) (Vuy — Vup)dx,
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forevery € > 0. It yields

7[ Gp,o(|Vur — Vup| )dx =0,
Q

which allows us to conclude that #; = uy in Xy. Indeed, it can be obtained by the
following inequality which is deduced from Lemma 3.2 and Lemma 3.3:

p
=
Juy — uz||xe, < P*A (][ |Vuy —Vu2|pdx> —|—][ Gp7a<|Vu1 —Vu2|>dx
Q Q

p
—1

P
—|-][ Gp7a(|Vu1 —Vu2|)dx .
Q

< pPA (][ Gp7a(|Vu1 —Vu2|)dx)
Q

The proof is now complete. [
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