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A NOTE ON THE BESSEL DIFFERENTIAL EQUATION

JOHANNS DE ANDRADE BEZERRA

(Communicated by M. R. Formica)

Abstract. In this paper, we will show the general solution of the Bessel differential equation

given by x>y +xy' + (x> =v?)y =0, where v,x € R and x > 0, but only when v = % with

m € N. Moreover, contrary to what we found in the literature, our general solution does not
depend on a series of functions, our algorithm provides the exact general solution.

1. Introduction

The Bessel differential equation is one of the ordinary differential equations that
appear most often in physics and engineering problems, even within mathematics itself,
where it appears when applying the separation of variables technique to solve partial
differential equations in polar, cylindrical, and spherical coordinates. Moreover, for
example, the Bessel differential equation, or more specifically the Bessel functions,
which in turn are solutions of a given Bessel differential equation, appear in the buckling
of a column, the corona effect, the solutions of the Laplace and Helmholts equations,
the vibration of a circular membrane, heat conduction, diffusion and propagation of
electromagnetic waves, among many other natural events, see [1-5].

The Bessel differential equation has the following form:

Xy 4 xy + (2 =)y =0, (1.1)

where v,x € R and x > 0.

In this paper, we will present an algorithm that provides the general solution of
the Bessel differential equation whenever v = 2’”7’1 with m € N. However, contrary
to what we found in the literature, our general solution does not depend on a series of
functions, although it only refers to the parameter v = 2"’2—_1 with m € N, and keeping
in mind that, in general, v is a non-negative integer in applications to physics and
engineering, for example. Despite theses restrictions, our algorithm provides the exact
general solution of the Bessel differential equation, and when m is small, it involves
few calculations; however, as m increases, the need for calculations also increases,
since it is necessary to calculate m derivatives of functions.
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2. Our main result

Let y,z, f1, />, f3, f4, 5 : Rt — R be differentiable functions in variable x and of
class C™.

THEOREM 1. If x*y" +xy + (x* — (Zm D? )y =0, then

y=|(c1sin(2v1) 4+ crc08 (2vD) ™| o |xT7
with c¢i,cy € R and m € N.

Proof. Let y = fiz. Then, y' = flz+ fiz and y" = f'z+2f{Z + fiz’. Now,
consider

Y+ oy +fy=0 2.1
Thus, f{'z+2f]Z + fid’ + fof{z+ fo./1Z + f3fiz = 0, which implies

f1 ) ( f2f1 )
(f M i A e

Moreover, take into account the following system:

) p=1
i) HrBlhip—ps

Hence, we have that
I+ fad + fsz= (2.2)

Regarding system above, we have that, by i), f; = e/ farlea . Replacing f in ii),
after some calculation, we conclude that

7 5+Q_5

=0 2.3
DAt Gthfs= 2.3)

Now, consider f> = % and f3=1— ;—i with v € R, hence the equation (2.1) takes
the form of the Bessel differential equation. Replacing f> and f3 in equation (2.3), this
one takes the following form

oA, L v
4+2+42 +1 f5=0 (2.4)

Choosing fy = 27’", with m € N, and f5 =1 in equation (2.4), we may conclude

2
that v> = @. Moreover, replacing fi and f5 in equation (2.2), it follows that

2m
7'+ 7z’ +2=0 (2.5)
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Taking into account that we still do not know the general solution of equation (2.5),
we will make a variable change of the domain of the function z from x to 7, and hence,
from equation (2.5), we arrive at an equation whose general solution we know.

Let g: RT — R be a differentiable function of class C? and bijective. Thus, if x =

' dg . . . 2 2 o'
g(t), then ‘fl—[ = %3—;, which implies % = ﬁ% and ﬁ = —(g,(lt))z(% - %%)
This implies that equation (2.5) may be rewritten as follows:
1 d’z ( 2m g (1) ) dz
— + — — +z(t) =0 (26)
oy a " \swe0  woy) a

Making in equation (2.6) g(¢) = 2+/1, it follows that

2m+1
%z/—i—z =0 (2.7)

17"+
Now, in equation (2.7), choosing m = 0, we have that rz” + %z’ +z =0, where
z(t) = c1sin(2v/t) + ¢ cos (24/1) is its general solution, with cj,c; € R, since the
Wronskian of the functions sin (2/7) and cos(2+/7) is non zero for any r € R\ {0}.
Moreover, note that

1 ! 3
(tz” + Ez’ —l—z) =17+ EZ” +7

m 3 u / / (4) S om "
1z —|—§z +z | =1z —|—§z +2z

/
(lZ(4)+§ZW+Z”> _ tZ(5)+%Z(4)+ZW

(m)
(tz” + %z’ + z) e %z('ﬂ“) +2m).

Let w: RT — R be a differentiable function so that w = z(™) s Where( m is)ﬁxed and
2m—+1

arbitrary. Hence, regarding last equation, we may conclude that if tw” + =5—w'+w =
0, then w(r) = (c1sin (2v/7) 4+ cacos (21/7))™) is its general solution, keeping in mind
that the functions sin (21/7) and cos (2+/7) are of class C*.
This implies that z(x) = (¢ sin (2/7) 4 ¢z cos (21/7)) ) |t_£ is the general solu-
=7

. . * 2m—1 2m—1
tion of the equation (2.7). Moreover, f] = el TEdx = T Therefore, we conclude

2
that if x2y" 4+ xy' + (x> — (2”2—71) )y =0, then

Y(x) = [(ersin(2v7) +eacos (VD)™ s

X
=7

with ¢cj,co e Rand me N. [
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REMARK 1. Let J,(x) be the Bessel function regarding equation (1.1). Thus,

2m—1

T () = (crsin(2v/7) + cacos (2v2) ™| 2|27
- T

2
are the Bessel functions regarding equation x?y” 4 xy’ + (x*> — (2"14—71) )y = 0 for any
cr,co € R and m e N.

EXAMPLE 1. Our example comes from the theory of propagation of eletromag-

netic waves.
Let w=2nf, f: frequency,
¢=Af, A: radiation,
K="= 27”, n constant (in a vacuum, n = 1),
— .. .
r’: position vector of a wave particle,

— .

E : electric field vector,
UxE

Y= _V(E)z- .

In spherical coordinates, we have that y(r,0,¢) = R(r)S(0)T(¢).

Thus,
1 d ( ,dR(r) 2.2 1 d (. ds(6) m’

L A (pBN g 1@ (G - —0
R(r) dr (r dr >+ "+ Serm@ae M8 )~z
where m? = ﬁ% Hence, equating the constant g(g+ 1) to part ﬁ 4 (2 dlfl(rr) )+
2T~ (alg+1) = K2Ry (r) =0,

K212, we have that %(r <
. -1 . .
Taking Kr =x and R,(r) =x7Z Y, (x), we arrive, after some calculation, at a Bessel

differential equation given by

2
22 (x) +2¥ () + (xz ~ <q+ %) ) Y,(x) =0 2.8)

Choosing, for example, ¢ = 1 in (2.8), we have that if x*¥]"(x) +x¥](x) + (x* —
(%)2)Y1 (x) =0, then

Yi(x) = [(cl sin (2v/1) 4 ¢z cos (2\/2))//;32} X2

Therefore, after some calculation, we may conclude that

S (sin\/_(;c) N c(jg)> re (si;)(c_;c) - co;;x))

for any c1,cr € R.
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