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EXISTENCE OF SOLUTION AND ASYMPTOTIC BEHAVIOR FOR
THE NAVIER-STOKES EQUATIONS WITH GENERAL DAMPING

ANDERSON L. A. DE ARAUJO* AND MARCELO MONTENEGRO

(Communicated by S. Necasovd)

Abstract. We establish the existence of solution for the Navier-Stokes equations with a general
damping term, we give examples. We also derive estimates on the asymptotic behavior of the
solution, for instance, energy estimate decay in time and extinction in time. We construct a
sequence of solutions of auxiliary equations in finite dimension that converges to a genuine
solution of the original equations.

1. Introduction

Our aim is to study the non-stationary model

du(x,t z du(x,t
% — Au(x,1) +i=21ui(x7t)8(7xl’)
+Vp(x,t) + h(u(x,t)) = f(t) in Qx(0,7) 1)
div(u(x,1)) =0 in Qx (0,T)
u(x,t) =0 in dQx (0,T)
u(x,0) = up(x) on Q,
where u= (uy,us,...,uy) is a vector such that u; = u;(x,t), where x = (x1,x2,...,xXy) €

RN with N >2 and ¢ > 0. The function u describes the velocity field of the fluid,
p = p(x,1) is the pressure at point (x,7), & is a damping term which will be specified
later, f is the density of the external forces, and for simplicity we consider the viscosity
of the fluid v = 1, it usually appears at vAu, consult [3] and [4] for a research with
variable v. Since the divergence of the flow velocity is zero, we call it incompressible
flow.

The study of equations describing fluids goes back to Euler, Navier and Stokes.
The mathematical analysis of the Navier-Stokes equations whenever 7 = 0 was first
made in [15], and subsequently in [13], [17], [22], [23]. In general, the existence of
regular solution for the Navier-Stokes equations is a hard task, except for very spe-
cific cases treated in [13], [16], [23], see also [8] and [9] for an historical background.
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More recently, in [6] they prove that weak solutions of the 3D Navier-Stokes equations
are not unique in the class of weak solutions with finite kinetic energy. And in [21]
the author suggests a program for generating a blow-up solution for the Navier-Stokes
equations.

The function h(s) represents external forces, sometimes called damping, absorp-
tion or forcing term. Certain damping terms h(u) are relevant in porous media mod-
els, because they produce attrition resistances. In this line, the Brinkman-Forchheimer
equations with A(u) = au+ blu|""'u, a,b >0, r > 3, are studied in [19]. In [11]
they consider h(u) with more general polynomial growth conditions. The exponen-
tial damping (1) = ae?’~1u, a,b > 0 interferes in the equations analyzed in [5].
In [12] the authors study the large time behavior of a deterministic and stochastic 3D
convective Brinkman-Forchheimer equations in periodic domains with A(s) = |s| s
and o > 3. In [1] it was studied the modified Navier-Stokes problem by introducing
in the equations the absorption term 4(u) = |u|° 'u. They prove existence of weak
solutions for dimension N > 2 and uniqueness for N = 2. The weak solutions extinct
in a finite time if 1 < ¢ < 2 and exponentially decay in time if 6 =2. We establish
such results with a general /. In [2] the authors study the Kelvin-Voight equations with
p-Laplacian and damping term A(s) = |s|°~!s with 0 < ¢ < oo, they prove existence of
solution, uniqueness and finite time blow-up. In [10] they show existence and unique-
ness of solutions for the Navier-Stokes equations with Navier slip boundary conditions
in a 3D bounded domain and damping term A(s) = [s|° s with ¢ > 1.

In the present paper we study (1) with £ verifying a different behavior compared
to the previous listed papers.

We will study (1) with the function

h=(hi,hy,...,hn) :RY — RN continuous 2)
satisfying
hi(x)x; > 0 for each x; € Rand i = 1,2,...,N, where x = (x|, x2,...,xx) € RY. (3)
And we assume that there exist constants C, > 0 and ¢ > 0 such that
1<o<2 4)
and
|hi(x)| < Culx|®2|x;| for each x = (x1,x2,...,xy) ERY andi = 1,2,...,N.  (5)

EXAMPLES.

1. A straightforward example is 2(x) = (|x|2x1, [x|°2x2,. .., |x|° ~2xy), notice
that h;(x)x; = \x\"’zx? > 0 for each i = 1,2,...,N, but each component k; might
change sign.

2. Another example is A(x) = (Jx|%~2xy, [x| %2 2x,, ..., |x|O¥ “2xy) with 1 < 0; <
2 fori=1,2,...,N.

3. Itis also easy to see that 2z may have components oscillating between two pow-
ers, for instance cg\x\gf’zx,- < hi(x) <eplx|%2x; with 1 < g, % <2 fori=1,2,...,N
for some constants c¢,cy > 0.

|672 |o—2
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These examples enable us to work with (1) in a more general or different context
than in the previously quoted papers.
We state the main result.

THEOREM 1.1. Let N > 2, f € L*(0,T;V'(Q)) and uy € H(Q) and assume
(2)—~(5). Then there is a weak solution u of (1), such that u € L*(0,T;H(Q)) N
L*(0,T;V(Q)).

We summarize the methods we will employ in the continuation of the paper.

e In Section 2 we define the function spaces, norms, inner products and the concept
of solution. We emphasize that Theorem 1.1 is enounced for every dimension
N2>2.

e In Section 3 we describe a way to find a sequence R; with components A;y,
i=1,...,N verifying (2)—(5). To assert that R; converges to h, we develop
detailed estimates for h;; with well controlled constants, which are independent
of dimension and other appearing indexes, in conformity with Lemmas 3.1, 3.2
and 3.3.

e In Section 4 we use the Galerkin method to find solutions of auxiliary equations
in finite dimension, which are close to (1), see (19), (20), (21). We also con-
struct a sequence of functions R; converging to the damping term A. The finite
dimensional problems have solutions forming a sequence that converges to a true
solution of the original equations (1), leading to the proof of Theorem 1.1. The
Lipschitz components of R; are fundamental to solve (1), see Lemma 3.1 and
Remark 4.1 for specific details.

e In Section 5 we present an energy estimate decay in time and an asymptotic
formula, leading to the extinction in time. These are the contents of Theorems
5.1and 5.2.

2. Space function setting

We briefly recall some function spaces used in the research of Navier-Stokes equa-
tions. Let Q C R" be a nonempty bounded open set with smooth boundary. We define

Gain(Q) = {w € (C5(Q)" : div(w) = 0},

L2(Q)N
H(Q) = Zam) ")

and .
Z 7o Ho (@)
V(Q) =%uin(Q) ",
where C7’(Q) is the set of infinitely differentiable functions with compact support in
Q. And (C3(Q))V, (L2(Q))" and (H}(Q))" stand for the N -Cartesian product of the
inherent spaces, respectively. Properties of €;,(Q), H(Q) and V(Q) are in [23]. We
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denote by V'(Q) the topological dual of V() and, (.,.) is the duality pairing between
V/(Q) and V(Q). Everywhere in the paper we use the dot . to mean the Euclidean
inner product in RV .

The inner product and norm of the spaces V(Q) and H(Q) are, respectively

N u; Vi Ui
((u,v))z.z_, Qg—xj(x)ng(x)d% ||”||‘2/( Z / (gx, x)

i,j=1 i,j=1

and
N N
= i\X)vi(x)ax M2 = M'X2X.
) =3 [ utmeods e =3, [ utla

For each v € V(Q) and 1 < g < e, we denote the norms || Vul|;2(q) and [|u|z4q) by

VU2 2/ Vi P
i=1
and
N
o) = 3, [ uttax
Let T > 0 be a real number. We denote by L>(0,7;H(Q)), L*(0,T;V(Q)), L*(0,T;
()

V/(Q)), L=(0,T;H(LQ)) the Banach spaces of measurable functions v: [0,T] — H
respectively, with the following norms

T 1/2
Mioraan = ([ MOfadr)

1/2
Moz =( [ MOR@a)
12
Moz = ( [ MOR@dr)

[Vl z=(0,7;1(2)) = sup ess [[v(1) | n(q)
t€[0.7]

bl

We denote by C°([0,T];V'(Q)) the Banach space of continuous functions v : [0,T] —
V/(Q) with norm

R - 1t !
IVl co o, v () max, V@) llv (@

By Fubini’s theorem, we identify the space L7 (0,7;L7(Q)) with L1(Q x (0,T)) for
1 < g < oo with norm

T 1/q T 1/q
usoraan = ([ MOlgar) = ([ [ Ivtupasar) .
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We also denote by C;’(Q x (0,7)) the set of infinitely differentiable functions with
compact support in Q x (0,7) and C7(0,T) is the set of infinitely differentiable func-
tions with compact support in (0,7'). We also denote 2'(0,T) = (C5(0,T))’, that is,
the distribution space in the interval (0,7). Analogously, 2'(Q x (0,T)) = (Cy (Q x
0,7)))".

Throughout this note it will be useful to define the trilinear form by
N 8\),'
b(u,v,w) = 2 / uj(x)5— (x)w;(x)dx for u,v,w € V(Q). (6)
ij=17€ Jx;

Let f € L?(0,T;V'(Q)) and ug € H(Q). According to [23, p. 280-281], u € L*(0,T;
V(Q)) is a weak solution of (1) if

('(1),v) + ((w(t),v) + b(u(e),u(t),v) + (h(u()),v) = (£(2),v),
Vv eV(Q)andforae 0<t<T (7)

and
u(x,0) = ug for a.e. x € Q. (8)

The mapping —A: V(Q) — V/(Q) is such that

= Aullyi@y = sup [{(—Au,v)| < |lully(q) )
[Vlly@)=1

and the following lemma is in [18].
LEMMA 2.1. The mapping —A : V(Q) — V'(Q) is continuous.

LEMMA 2.2. For all u € V(Q) the bilinear form B defined by v — (Bu,v) =
b(u,u,v) is continuous on V(Q), in other words, Bu € V'(Q) and

1Bl () < Cllul3 - (10)

Proof. Let u € V(Q), then the mapping B defined by v — (Bu,v) = b(u,u,v) is
linear and continuous in V(Q). Hence

|(Bu,v)| = [b(u,u,v)| < Cllullf g IVllvi)-

Then
sup  [(Bu,v)| < Cllullfq)-
[Vlly@)=1

Therefore,
1Bully) < Cllull} gy, VueV(Q). O

The next embedding is taken form [16, Théoreme 5.1].
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LEMMA 2.3. Assume that V(Q),H(Q) and V'(Q) are Banach spaces and V (£2)
— H(Q) — V'(Q) are continuous embeddings and the embedding V (Q) — H(Q) is
compact. Then, it is also compact

L*(0,T:V(Q)N{g: ¢ € L*(0,T;V'(Q))} — L*(0,T;H(Q)).

We remark that the dimension in the current paper is N > 2. Notice that u € V(Q)
implies u; € H}(Q) for i = 1,...,N. By the Sobolev embedding, we conclude that
u; € L1(Q) for 1/¢g=1/2—1/N and i = 1,...,N. The trilinear form (6) is then well
defined if, and only if, N < 4, because 1/q+1/2+1/N=1, whence

) G s v

<| o,

‘”J’Hm(g)

will v ) -
pa @

And observe that V(Q)N (LN (Q))N =V (Q) if 2 <N <4.If N > 5, then b(u,v,w) is
clearly well defined in V(Q) x V(Q) x (V(Q) N (LN (Q))N.

3. Sequence converging to the damping term

Recall that & = (hy,h, ..., hy) : RN — RY is continuous and verifies (2)~(5) with
1 < 0 <2. In the course proof of Theorem 1.1 we build a sequence #; ; that converges
to each h; for i =1,2,...,N, and then Ry = (hy,hag,...,hy k) — h uniformly on
bounded sets of RV as k — co. Define h;; : RY — R by

_k[Hi(X17...,Xj,17—k—%7xj‘+17... ,XN)_Hi(X17... 7xj717_k7xj+17' e ,XN)},

if x; < —k,
—k[Hi(xl,...,xj_l,x,-— %,Xj_,_l,...,x;v) —H,-(xl,...,xj_l,x,-,xjH,...,xN)],
if  —k<xi<-—f,
sz[Hi(xh'”7xj717_%7xj+17'”7xN) _Hi(xlv"'7xj717_%7xj+17”‘7x1\/)]7
i) if —1<x<0,
ik\X) =
kzs[H,-(xl,...,xj_l,%,xj+1,...,xN) —H,-(xl,...,xj_l,%,xj_‘_l,...,x;v)},
if 0<x <4,
k[Hi(xlw"yxjflvxi—’_ %7xj+17"'7xN) —Hi(XI,...,Xjfl,XhXjJrl,...,XN)},

if %gxiglﬂ

1
k[Hi(xl,...,Xj_l,k-i- E,xj_i_l,...,xN)—H,-(xl,...,xj_l,k,xj+1,...,xN)},
if x; >k,

(11)
where k € N and H : RY — RY has components H = (H,,H,,...,Hy) such that

S
Hi(x17'” 3 Xj—158,Xj+15 - ,XN) = ‘/0 hi(xl7~~~ 7xjfl7C7xj+la' e ,)CN)dC,

hence %—I;l_"(x) = hi(x) and H;(x1,...,xj-1,0,x;11,...,x5) = 0. Also, define

x(i) = ('xler; ceey X1 X1y - e 7~XN)’
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which is x = (x,...,Xj,...,xy) with x; coordinate omitted. Taking into account (2)
and (3), by virtue of Strauss [20, Lemma 2.2] and using the explicit expression of the
sequence (11), we obtain the following result.

LEMMA 3.1. Let h and ¢ be as in (2)—(5). The sequence h; : RN - R of con-
tinuous functions (11), verifies

(A) hix(x)x; >0 for every x e RN ;

(B) for every k € N there is a continuous function x(j — c;x(x(;)) such that
i k(X153 X015 Xy X 1y XN) — (X1 e X1 Vi X 15 -5 X)) | < e (i) [ — i

forevery xi,yi € R, x(;) € RV-1andi=1,2,....N;
(C) hiy converges uniformly to h; as k — oo in bounded sets of RN fori=1,2,...,N.

The constants ¢;x(.) are well behaved as it is conveyed next.

LEMMA 3.2. Let h and o fulfilling (2)~(5). The Lipschitz constants c;(.) from
Lemma 3.1, verify

1 1
C,‘7k(X(,-)) < Cksup{h,-(xl,...,x,-,...,xN)| 1X; € [—k— —k+ —:| } ,VX(i) S RNil,

k k
(12)
where the constant C does not depend neither on x nor on k. Moreover, the sequence
Ry = (hy g hogs- - hv i) (13)
satisfies the estimate
[Re(x)] < C(R)(Jx| + x| 1), Vx € RY, (14)

for some constant C (k) > 0 that depends only on k € N.

Proof. For a fixed i=1,2,...,N, notice that by Lemma 3.2 and (5) we have
C,'Jc()C(i)) < Cksup{|h,-(x)| 1x; € [—k— %,k—F %] }, Vx) € RN-1
t
< Cksup {Ch|x|"*2\x,-| 1X € [—k— %,k—F %] }, VX(i) cRVN-L,
t

Since |x| = | /x7 + [x(;)|?, we obtain for each k € N that

o-2
1 1 2 2
C,‘7k(X(i)) < C,Ck <k+ %) <<k+ %) + |x(l-)|2> , Vx(l-) € RN—l, (15)

where Cj, appeared in (5). Since Ry = (hy ,ho,...,hyx) we obtain for the Euclidean
inner product with dot . notation

Ri(x)-x >0, Vx = (x1,x2,...,xy) € RV,
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Hence
N
|Rk(x)—Rk(Y)| = Z|hi,k(xl7x27'”7xN) _hi,k()’l»y2»~~-7YN)|
i=1
N
<Y (Jhig(xr,x2, . oxn) = hig(vi,x2, - x|

hi,k(yl7x27x37'” ,XN) —hi,k(y17Y27X37~~~ ,XN)|
ik (V152,35 xn) — Bik(V1,92,¥3,X3, ..., xN) |
+...

+ ‘hi,k(yla"'vnyth) _hi,k(yl7y27'”7yN)|) 5 any € RN'
By Lemma 3.1 (B) we obtain
N

[Re(x) = Re(v)] < (Cil(x2, . ,xn)Jx1r — yi
i=1

+Cix(V1,%3, .., XN [x2 — y2
+Cix(V1,¥2,X4, -, xN)|x3 — y3]
+...

+ Cik(y1,-- - yn—1) v — yn)

N N
:2 2Ci,k(yh"'ayj—lrxj-‘rlr"axN)|xj_yj‘
i=1 \Jj=1

N
< max C; ey Vi1, Xd e ey X, x—y|.
(,-zz{je{hl..w} l,k(yl yVji—1,Xj+1 s N)>| y|

From (15) and taking y = 0, we get

o2

1 1 2 2
|Rk(x)| < Cth <k+ %> N max <<k+ %> +(O,...,O,Xj+1,...,XN)|2> |x|

je{12,..N}

1 1\’ =
< NG, Ck <k+ §> <<k+ §) + x2> |x|.

Thus there is a constant C(k) > 0 such that
R (x)[* < C(k)(|x* + [x]*°72), vx € RV,

Since o satifies (4), there exists another constant C (k) > 0 such that (14) holds. O

We need refined estimates on the sequences h;; for i =1,2,...,N with constants
that do depend of k.
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LEMMA 3.3. Let h and o verifying (2)—(5). And let h;; be the sequence as in
Lemma 3.1. Then

(I) for every k € N, one has |hix(x)| < 2°71Cy|x|°7! for |xi| >, with x =
(x1,%2,...,x5) ERN andi=1,2,...,N;

(1) for every k € N, |hi(x)| < Cul(x1,..,%i-1,2,%i41,...xx8)| 77 for |xi| <
%, with x = (x1,%2,...,xy) €ERYN andi=1,2,...,N.

Proof. The constant Cj, is the one of (5) and recall that x(; = (X1,%2, -, Xi 1,
Xi+1,---,XxN). We discriminate 4 steps below.

Step 1. Suppose that —k < x; < —%.

By the mean value theorem, there exists 1; € (x; — %,xi) such that

hi’k(x) = —k[Hi(xl yoe ey Xji—1,X — %,x,-ﬂ, ce ,)CN) — H,-(xl PRI A [ o o T [P ,XN)]
= _kaixiHi(xly e Xi— 1, Nis Xi 1 - - - axN)(xi - % —X[)
= hi(xla' .. 7xi717ni7xi+l7 cee ,XN)
and
hig(x) = hi(X1, . Xim 1, Mis Xig 15 - - - XN)-

Since x; — % <M <x; <0, we have

|hi i (x)] = |hi(x1, .o Xim 1, Mis Xige 1, - XN)|
< Culnil| (1, - X1, My X1, XN )| O 72
< Gl (x1, X1, Mis X1, - xn) |0
< Ch|(x1,...,xi_1,x,-—%,xi+1,...xN)|671
< Gl (1, -y Ximt, X+ £ ) Xig 1) [0
< Cul(xi, o oxion, 2wl xig - o) [0
< 20’71Ch|x|0'71.

Step 2. Assume % <x; <k.
By the mean value theorem, there exists 1; € (x;,x; + %) such that

ik (x) = K[Hi (X1, X1, X F X 1) — Hi(X0 o X1, X0, X1 -]
- kaixiHi(xly sy Xim 1, Mis Xig 15 - - - ,)CN)(X;‘-'- % —X[)

= (X1, X1, M Xig 15 - - XN)

and
hig(x) = hi(X1,. . X1, iy Xit 1,5 - XN)-
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Since 0 < x; < 1; <xi+%,wehave

[ix (%) o7

Crlnil|(X1s -+ oy Xim 1, Niy Xi 1 - XN)
Crl (X1 X1, MiyXin 1, XN)| O !
Cul(x1,. . xim1,xi+ %,xi+1,...xN)|671
Cul(xy -y xim1, x| + %,xi+1,...xN)|671

Ch|(x1,... ,x,-,l,2xi,x,-+1,...xN)|G_1

INCIN NN IN N

Step 3. Suppose that |x;| > k, then

—k[H,-(xl, e Xi—1, —k— %,xH_l, ce ,xN) - H,‘(xl, v Xi—1, —k,xH_l, cee ,xN)],

e if x; < —k

ik (x) =

l k[Hi(xla"'vxiflak'i_%7xi+17"‘7xN)_Hi(x17'”7xi717k7xi+17"'7xN)]7
ifx,- Zk

If x; < —k, by the mean value theorem, there exists 1, € (—k — %, —k) such that

hi’k(x) = —k[H,-(xl, cees Xi— 1,y —k— %,x,-ﬂ, ce ,)CN) — H,-(xl yor s Xi—1, —k,x,-H geee ,XN)]

= _kaixiHi(xla"' sy Xi— 15 Nir Xig 15+ - ,XN)(_k_ % - (_k))

and
hig(x) = hi(X1, . Xim 1, Nis Xig 15 - - - XN).

Since —k—} < 1; < —k <0 and k < |1;] <k+ , we conclude that

|hik(X)] = [hi(x1,. . X1, Wiy Xig 15 - XN)|
CpInil| (X1, X1, i Xig 15+ XN)

Ch|(~xla"' 7xi—lani7xi+la'~~xN)|o—71

N

|072

Ch|(x1,...,x,-,1,k+%,x,-+1,...xN)|"_l (16)
W (Ot Ximt, x|+ X, aw) 0!
I(

Q

h\ X1y - 7~xi—la2|xi|7~xi+la"'xN)|O-7l

20’71Ch|x|0'71.

NN NN N
Q

If x; > k, by the mean value theorem, there exists 1; € (k,k+ %) such that

hig(x) = K[Hi(x1, . X k4 3oXis - xn) — Hi(x1, - Xis 1 kXt X))
= kaixiHi(xla"' sy Xie 1y Nir Xig 15+« - ,XN)(k"‘ % _k)

= hi(X1, .o X1, My Xig 1, - XN)-
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By computations similar to conclude (16) one has

i g ()] = [Ri(xts oo Xi 1, My X1, x) | <20 TGy

Step 4. Assume —% <x < %,then

kzxi[H,-(xl,...,x,-,l,%,xiﬂ,...,xN) —Hi(xl,... s Xi—1, %,xiﬂ,...,xN)},

if —1<x<0
hix(x) = .

?

2 1
KX [Hi (X1, o X1 FoXi 1oy XN) — Hi(X1, o Xm0y X 1 X))
if0<x <+
If —% < x; < 0, by the mean value theorem, there exists 7; € (—%, —%) such that

hig(x) = K2xi[Hi(x1, - X1, 22Xt ) — Hi(Xn, oo X1, 2 Xk 1, 3]
= kzxia%Hi(xl,w,xi—l,ni,xi+1,~~~,xN)(—z - (—%))

= —kx,-h,-(xl,... S Xie 1, Mis Xie1ye - ,xN).

Therefore

|hik(X)] = | = kxihi(x1, .. X1, My Xig 15 XN) |
= k|xi|\h,-(x1, ey Xie 1, Nis Xit 1,y - - .XN)|

Crk|xi|[Mil] (1 - X1, My Xig 15 XN)
|0'71

< |G—2
SCul(x1, - X1, Mis Xig 1,5 - XN)

2 _
< Ch|(xla'"7xi717%7xi+17~~~xN)|0— !

<Ch|(x1,...,x,-,l,2,x,-+1,...xN)|6_1. (17)
IfO<x < %, by the mean value theorem, there exists 1n; € (%, %) such that

hi’k(x) = kzxi[Hi(xl,...,xi,l,%,xiﬂ,...,xN) —H'()Cl,... s Xi—1, %,x,-Jrl,...,xN)}
= kzxiaixiHi(xhu~7xi71,ni,xi+17~wa)( )

= kXihi(XI,. sy Xi— 1 Mis Xig 1y - - ,XN).

bl [\
=

By similar computations to conclude (17) one obtains
|G—1.

ik (X)] < Cu|(x15 -5 Xim1,2, X415 - - - XN)

The proof of (I) and (II) is done. [J]
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4. Proof of Theorem 1.1

In this section we will employ the Galerkin method to solve (1).

Proof. We prove now Theorem 1.1. According to Lemmas 3.1, 3.2 and 3.3, there
exists a sequence of functions (Ry)ken, With Ry = (hy g, hok, ...,y i), where each ;g
was defined in (11) and Lemma 3.1 for i = 1,2,...,N, see also Lemma 3.2 and (13).
Hence,

Ry : RY — RY is locally Lipschitz continuous and R (x) .x > 0,Vx € RY
and by Lemma 3.1 (C) we conclude
Ry — h uniformly on bounded sets of RV as k — oo

Let {v; : k € N} be an orthonormal basis of H(Q2) and let W,,(Q) be the space
generated by {vi,v2,...,v,} according to [16, p.75]. Since uy € H(Q), there are
functions u,, € W, () which are projections of uy over H(Q). Therefore

Ugm — UQ in H(Q) (18)

and
[tom |z < [[uollm(q) for every m.

Firstly, we solve the finite dimensional problems (19), (20), (21) that are close to (1).
For each m € N we are lead to find uy,, € W,,(Q) such that

i (1) =Y. Grim (1)1, (19)
i=1

(Wt (1), Vi) 4 (U (£), Vi) + b (1t (1) g (2),vi) + (Ric(aom ), vi) = (f(2),vi),  (20)
Ukm (0) = Uy 1N Wm(Q)7 21

where g : [0,7] — R is a function, recall notations in Section 2. By a Theorem
of Carathéodory [7], equation (20) has a maximal solution on an interval [0,7,,) with
0 <ty < T. The proof of Theorem 1.1 will be continued below.

REMARK 4.1. Notice that the equation (20) can be rewritten as
g;cim(t) = Gi(t7gk1m(t)7gk2m(t)a s 7gkmm(t))7 i= 1727 ..., m,
where

Gi(t,grim(t), gkam(t), - -, 8kmm (1))
= —((vi,vi))8kim (t) — b(urm(t)s tgon (t),vi) — (Ric(ttgom ), vi) + (£ (), vi).-

Since by Lemma 2.2

16 tton (1), 4t (), v0) | < Clligon (1) [ 1 llv )
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and by (14) of Lemma 3.2, and by Lemma 3.3, we obtain (see more precisely (31)),
IR (1t (1)) > < CJati (1) +1). (22)

Thus G; is a Carathéodory function, because Ry is a Lischitz function. Moreover there
exists a integrable function My,,;(¢) such that

|Gi(t,x)] < Miowi (1), (23)

for each (7,x) in a compact subset of (0,7) x R™. Hence the theorem of Carathéodory
[7] can be applied. On the other hand, without the Lipschitz sequence we constructed
in Lemma 3.1, we are not able to verify the continuity of G;(z,x) in the variable x,
because the function / is only assumed to be continuous.

Continuation of the Proof of Theorem 1.1. Multiplying (20) by gin () we get for
1 < i < m the expression

(Wt ()5 V) i (1) + (g (£), V) i (1)
+b((Urm (1), tgm (1), V) 8kim (1) + (Ric(Uam ) Vi) kim (t) (24)
= (f( )v j)gkim( )7

Summing (24) in the index i for i =1,2,...,N, we have

(Ut () s (1)) + (o (£, 1k (1))
+b((ukm( ) Ukm (Z)aukm(t)) + (Rk(ukm)7uk1n) (25)
= (), wiam 1))

Since Ry (ugm) « i, = 0, we obtain

d

ZEHukm(f)Hir(g) + i ()52 < 1O v i (D) v (<) - (26)
By Young inequality
1 2 1 P

£ ()l @yl tm () [lv (@) < EHf(f)va(g) + EHukm(t)”V(Q)

It follows from (26), that
2L )y + Nt By < 2 17Oy + 5 im0
7 1ten () [0 m())llv) S 5 vi@ T 5 (@)l q)

Hence J 1 |
25“""’"@”%{(9) + EHukm(f))H%/(m < EHJC(I)H%/’(Q)

Integrating for r € (0,T) we get

||ukm( HH /”ukm ”V dS< /Hf ”V’ dS+Hu0m||H . (27)
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By the convergence ug,, — ug in H(Q), we conclude that (u,,) is a bounded sequence
in L?(Q) by a constant Cy > 0 that is independent of 7,k and m, consequently, u,(t)
is defined up to T. Thus uy, is uniformly bounded in L*(0,T;H(Q)). Taking t =T
in (27) we get

1T 1T
H”km(T)”Iz'{(Q)"'_Z/O etk (5)) 172yl < Z/o 1£($)[lv@ds+Co.  (28)
Therefore,
U is bounded in L?(0,T;V (Q)) NL=(0,T; H(Q)). (29)

We write (20) in the form

u;an(t) _Aukm(t) +Bukm(t) +Rk(ukm(t)) = f(t)

Let P, be the orthogonal projection operator of H(Q) over W,,(Q). The adjoint
operator P*: V/'(Q) — V/(Q) is uniformly bounded and linear. Therefore, by Lemmas
2.1 and 2.2,

Wi (1) + Py (= At (t)) + P Butgn (1) + Py (Ri (uion (1)) = P f (1),

implying that
ul, is bounded in L(0,T;V'(Q)). (30)

Notice that P (—Au,,(t)) and P f are uniformly bounded in L?(0,7;V'(Q)) and by
Lemma 2.2 and (29) we have that P Buy,,(¢) is uniformly bounded in L?(0,T;V'(Q)).
By (14) of Lemma 3.2, and specially by Lemma 3.3, we obtain

[Re (1t (1)) > < Cl|t (1) + 1), (D)
where C is a constant independent of k and m. Hence by (29), Ry (uyy,) is uniformly
bounded in L*(0,T;H(Q)).

The estimates before are true for all terms (k,m) € N x N, and in particular, for
(m,m) € N x N. Thus by (30) we have for 7,5 € [0,T] that

)t < ([ i) sl <l 32

where C > 0 is independent of m. By (29), (32) and Arzea-Ascoli theorem, there
exists a subsequence of (U ), which we simply denote by (u,,), and a function u :
x (0,T) — R such that

U — uin C°([0,T);V'(Q)). (33)

Since u,, € L= (0,T; H(Q))NL*(0,T;V(Q)) see [16, p.58, Théoreme], by Lemma
2.3 and (30) we obtain a subsequence of u,, such that

U — uin L2(0,T;H(Q)) as m — oo, (34)
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Using the estimate (28) and (29) we have as m — oo

uym — uweak-x in L= (0,T; H(Q)),
Uy — uweakly in L*(0,T;V(Q)),

ul, — u' weakly in L*(0,T;V'(Q)).

From (34), there exists a subsequence of (u,,) such that
Um — ua.e. in Qx (0,7).
Hence, by the continuity of /&, we conclude that
h(um) — h(u) a.e. in Q x (0,7T)

and

Ry(um) — h(uy) ae. in Q x (0,7),

because |uy,(x,7)| is bounded in R. Therefore
Ry(um) — h(u) ae. in Qx (0,7T).

Integrating (25) in Q x (0,7, we conclude

T
| R0 00t

T T
= [ 0 )t + [ (0Pt~ () + 1 0)

T
[ )

3 [ P [ 0P+ [ o)+ ()P

Using (33), we have by (39) that

T
| Rl < .

127

(35)
(36)
(37)

(38)

(39)

(40)

where C > 0 is a constant independent of m. Thus, from (38) and (40), it follows by a

theorem of Strauss [20] that

Ry(tty,) — h(u) in (LY(Q x (0,T)))V.

In particular, by (4), (5), (14), (29) and Lemma 3.3 we have
Ry (tt), h(u) € L*(0, T H(Q)).

(41)

Multiplying both sides of (20) by ¢ € C;’(0,T) and integrating from 0 to 7 we get

T

+/(MNWMLMWﬁ:/(ﬂmwmmﬂw£“%(%V¢EGﬂQU-
0 0

/OT( (1), W (pdt+/ (um (2 ) qodt+/ bttt (1), w)dt

(42)
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Since W, (Q) is dense in V(Q), it follows that (42) is true for all w € V(Q). In partic-
ular, considering w € C;’(£2) and integrating by parts we get

/T( ' (1), w (pdt+/ (1 (pdt+/bum 1), (1), W) @t
1=

T (43)
+ [ Bnlin(0). )0 /0 (F(0).w)gds. ¥ € G5 (©). Vo € G5 (0.7).
Using the convergences (34)—(37) and (41) in (43), we deduce
T
/ whgdi + [ ((u(0).w)) g + /O b(u(t), u(t), w)pdt
+ / () w0 = / (F(1),w)gds, Y € G5 (9), V9 & G (0.7).
0 0
The convergence
T
/ b1t (1) tm(1) (pdt—>/ b(u w)edr, Yw € C3(Q), Vo € C3(0,T)
0

follows from (34) and (37). Therefore
U —Au+Bu+h(u)= fin 2'(Qx (0,T)).

Since —Au € L*(0,T;V'(Q)), Bu € L'(0,T;V'(Q)), h(u) € L*(0,T;H(Q)) and f €
L%(0,T;V'(Q)) we have that «’ € L'(0,T;V’(Q)). Therefore,

W — Au+Bu+h(u)= fin L'(0,T;V'(Q)) (44)
and
(' (£),v) + ((u(t),v) +b(u(t),ut),v) + (h(u(r)),v) = (f(t),v) in 2'(0,T),¥v € V(Q).
The initial condition #(0) = ug in Q is true. Indeed, it follows by (18) that “
Um(0) = g — o in H(Q). (46)
By (33) we have
Um(0) — u(0) in V/(Q). (47)

Since H(Q) C V'(Q), by (46) and (47) and the uniqueness of the limit we obtain that
u(0) = ug. Hence u is a solution by definition (7)—(8).

We mention a few words about pressure recovery. If u solves (44), since —Au €
L*(0,T;V'(Q)), Bu € LY(0,T;V'(Q)), h(u) € L*(0,T;H(Q)), f € L*(0,T;V'(Q))
and ' € L'(0,T;V'(Q)). Then, setting

S=u'—vAu+ Bu+h(u)— f,
we conclude that S belongs to 2'(Q x (0,7)) and by (45) we have

(S(t),9) =0in 2'(0,T), Yo € V(Q)
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It follows from [23, Proposition 1.1.1] that for some p € 2'(Q x (0,T)), S is of the
form
S=-Vp.

Hence,
u' —vAu+Bu+h(u)+Vp=f.

The proof of Theorem 1.1 is complete. [l

5. Energy estimate and time extinction

Recall, that we are working with & = (hy,ha,...,hy) : RY — RV continuous and

1 < o < 2 satisfying (2)—(5). We are going to obtain estimates related to a solution u

obtained in Theorem 1.1. Additionally, assume that there exist constants ¢, > 0 and
%1 > 0 such that

l<yn<o<2 (48)

and
cn|x|" 2 |xi|* < hi(x)x; for each x = (x1,x2,...,xy) €ERY and i =1,2,...,N.  (49)

The next two results are similar to the ones in [1], hence we just outline the main
ideas of the proofs to put evidence on the constants we work with in the present paper.
We will establish an energy estimate for a weak solution of (1).

THEOREM 5.1. Let E(t) = |lu(z) H?{(Q)/Z be the kinetic energy associated to (1).

Assume (2)—(5), (48), (49), f € L*(0,T;V'(Q)) and ug € H(Q). Let u be a solution
of (1), then

d 1 1 s
ZE@)+ 51Vl + eulla@) 5 ) < 3150 ey (50
and
2B+ [ 1Vu6) Baggys+ 261 [ 1ol g
</O ||f(5)Hv/(Q)d5+||u0||H(Q) forae. 1€[0,T]. 6D

Proof. We sketch the main ideas. After getting (50), we take liminf in expression
(43) and let m — o to obtain

(' (1), v)+ ((u(t),v))+b(ut),u(t),v)+ (h(u(t)),v) = (f(t),v)ae.t € (0,T), Vv € V(Q).

Taking v = u(t), we conclude that

(' (1),u(t)) + V() 20 + (r(u()),u(e)) = (f(1),u(r)). (52)
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By (49) we conclude that

3 T EO+ 190 )+ enlle) gy < (F0),u0)) forac.1 €0.T]. (53)

Using the Cauchy-Schwarz inequality, we obtain

1 1
(£@)u(0) < 5IVuOl2) + 5 17O (54)

Inserting (54) into (53), we get (50). The proof of (51) follows by integrating (50)
between O and t <7T. [

Next we state the time extinction for a weak solution of (1).

THEOREM 5.2. Assume (2)—(5), (48), (49), up € H(Q) and let u be a solution of
(D). If f=0 ae. in Qx (0,T), where T >0 or T = oo, then there exists t* > 0 such
that u=0 a.e. in Q and for a.e. t >1*.

Proof. Let E(t) = ||u(z) H%—I(Q) /2 be the kinetic energy. Then E might be estimated

in the following way
o

u-t u=T
E(t) < (E(O) g —C’t) ; (55)

1
where C' = [(u —1)/u]min(1,¢;) (2/CE) ¥, u=1+2(2—n)/[(2—1)N+27] and
Cc = C(N,71) is the constant resulting from Gagliardo-Nirenberg-Sobolev inequality.
Since uy € H(Q), clearly E(0) < oo, and by virtue of the fact that u > 1 one gets

B 4+Q2-nN
p—1 22—n)

Hence the right-hand side of (55) vanishes for

0<

ot o) 2y oy
E©0) # _ 1l HM Ls 4+ 2-pNC; T
c 4(2—vy)  min(1,cp)

="

implying that u =0 forr > ¢*. O
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