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EXISTENCE OF SOLUTION AND ASYMPTOTIC BEHAVIOR FOR

THE NAVIER–STOKES EQUATIONS WITH GENERAL DAMPING

ANDERSON L. A. DE ARAUJO ∗ AND MARCELO MONTENEGRO

(Communicated by Š. Nečasová)

Abstract. We establish the existence of solution for the Navier-Stokes equations with a general
damping term, we give examples. We also derive estimates on the asymptotic behavior of the
solution, for instance, energy estimate decay in time and extinction in time. We construct a
sequence of solutions of auxiliary equations in finite dimension that converges to a genuine
solution of the original equations.

1. Introduction

Our aim is to study the non-stationary model⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

∂u(x,t)
∂ t

−Δu(x,t)+
n

∑
i=1

ui(x,t)
∂u(x, t)

∂xi

+∇p(x,t)+h(u(x,t)) = f (t) in Ω× (0,T)
div(u(x,t)) = 0 in Ω× (0,T)

u(x,t) = 0 in ∂Ω× (0,T)
u(x,0) = u0(x) on Ω,

(1)

where u = (u1,u2, . . . ,uN) is a vector such that ui = ui(x,t), where x = (x1,x2, . . . ,xN)∈
R

N with N � 2 and t � 0. The function u describes the velocity field of the fluid,
p = p(x, t) is the pressure at point (x,t) , h is a damping term which will be specified
later, f is the density of the external forces, and for simplicity we consider the viscosity
of the fluid ν = 1, it usually appears at νΔu , consult [3] and [4] for a research with
variable ν . Since the divergence of the flow velocity is zero, we call it incompressible
flow.

The study of equations describing fluids goes back to Euler, Navier and Stokes.
The mathematical analysis of the Navier-Stokes equations whenever h = 0 was first
made in [15], and subsequently in [13], [17], [22], [23]. In general, the existence of
regular solution for the Navier-Stokes equations is a hard task, except for very spe-
cific cases treated in [13], [16], [23], see also [8] and [9] for an historical background.
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More recently, in [6] they prove that weak solutions of the 3D Navier-Stokes equations
are not unique in the class of weak solutions with finite kinetic energy. And in [21]
the author suggests a program for generating a blow-up solution for the Navier-Stokes
equations.

The function h(s) represents external forces, sometimes called damping, absorp-
tion or forcing term. Certain damping terms h(u) are relevant in porous media mod-
els, because they produce attrition resistances. In this line, the Brinkman-Forchheimer
equations with h(u) = au + b|u|r−1u , a,b > 0, r � 3, are studied in [19]. In [11]
they consider h(u) with more general polynomial growth conditions. The exponen-
tial damping h(u) = aeb|u|2−1u , a,b > 0 interferes in the equations analyzed in [5].
In [12] the authors study the large time behavior of a deterministic and stochastic 3D
convective Brinkman-Forchheimer equations in periodic domains with h(s) = |s|σ−1s
and σ � 3. In [1] it was studied the modified Navier-Stokes problem by introducing
in the equations the absorption term h(u) = |u|σ−1u . They prove existence of weak
solutions for dimension N � 2 and uniqueness for N = 2. The weak solutions extinct
in a finite time if 1 < σ < 2 and exponentially decay in time if σ = 2. We establish
such results with a general h . In [2] the authors study the Kelvin-Voight equations with
p -Laplacian and damping term h(s) = |s|σ−1s with 0 < σ < ∞ , they prove existence of
solution, uniqueness and finite time blow-up. In [10] they show existence and unique-
ness of solutions for the Navier-Stokes equations with Navier slip boundary conditions
in a 3D bounded domain and damping term h(s) = |s|σ−1s with σ � 1.

In the present paper we study (1) with h verifying a different behavior compared
to the previous listed papers.

We will study (1) with the function

h = (h1,h2, . . . ,hN) : R
N → R

N continuous (2)

satisfying

hi(x)xi � 0 for each xi ∈ R and i = 1,2, . . . ,N, where x = (x1,x2, . . . ,xN) ∈ R
N . (3)

And we assume that there exist constants Ch > 0 and σ > 0 such that

1 < σ � 2 (4)

and

|hi(x)| � Ch|x|σ−2|xi| for each x = (x1,x2, . . . ,xN) ∈ R
N and i = 1,2, . . . ,N. (5)

EXAMPLES.
1. A straightforward example is h(x) = (|x|σ−2x1, |x|σ−2x2, . . . , |x|σ−2xN) , notice

that hi(x)xi = |x|σ−2x2
i � 0 for each i = 1,2, . . . ,N , but each component hi might

change sign.
2. Another example is h(x) = (|x|σ1−2x1, |x|σ2−2x2, . . . , |x|σN−2xN) with 1 < σi �

2 for i = 1,2, . . . ,N .
3. It is also easy to see that h may have components oscillating between two pow-

ers, for instance cς |x|ςi−2xi � hi(x) � cϑ |x|ϑi−2xi with 1 < ςi,ϑi � 2 for i = 1,2, . . . ,N
for some constants cς ,cϑ > 0.
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These examples enable us to work with (1) in a more general or different context
than in the previously quoted papers.

We state the main result.

THEOREM 1.1. Let N � 2 , f ∈ L2(0,T ;V ′(Ω)) and u0 ∈ H(Ω) and assume
(2)–(5). Then there is a weak solution u of (1), such that u ∈ L∞(0,T ;H(Ω)) ∩
L2(0,T ;V (Ω)) .

We summarize the methods we will employ in the continuation of the paper.

• In Section 2 we define the function spaces, norms, inner products and the concept
of solution. We emphasize that Theorem 1.1 is enounced for every dimension
N � 2.

• In Section 3 we describe a way to find a sequence Rk with components hi,k ,
i = 1, . . . ,N verifying (2)–(5). To assert that Rk converges to h , we develop
detailed estimates for hi,k with well controlled constants, which are independent
of dimension and other appearing indexes, in conformity with Lemmas 3.1, 3.2
and 3.3.

• In Section 4 we use the Galerkin method to find solutions of auxiliary equations
in finite dimension, which are close to (1), see (19), (20), (21). We also con-
struct a sequence of functions Rk converging to the damping term h . The finite
dimensional problems have solutions forming a sequence that converges to a true
solution of the original equations (1), leading to the proof of Theorem 1.1. The
Lipschitz components of Rk are fundamental to solve (1), see Lemma 3.1 and
Remark 4.1 for specific details.

• In Section 5 we present an energy estimate decay in time and an asymptotic
formula, leading to the extinction in time. These are the contents of Theorems
5.1 and 5.2.

2. Space function setting

We briefly recall some function spaces used in the research of Navier-Stokes equa-
tions. Let Ω ⊂ R

N be a nonempty bounded open set with smooth boundary. We define

Cdiv(Ω) = {w ∈ (C∞
0 (Ω))N : div(w) = 0},

H(Ω) = Cdiv(Ω)
(L2(Ω))N

and

V (Ω) = Cdiv(Ω)
(H1

0 (Ω))N
,

where C∞
0 (Ω) is the set of infinitely differentiable functions with compact support in

Ω . And (C∞
0 (Ω))N , (L2(Ω))N and (H1

0 (Ω))N stand for the N -Cartesian product of the
inherent spaces, respectively. Properties of Cdiv(Ω) , H(Ω) and V (Ω) are in [23]. We
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denote by V ′(Ω) the topological dual of V (Ω) and, 〈., .〉 is the duality pairing between
V ′(Ω) and V (Ω) . Everywhere in the paper we use the dot � to mean the Euclidean
inner product in R

N .
The inner product and norm of the spaces V (Ω) and H(Ω) are, respectively

((u,v)) =
N

∑
i, j=1

∫
Ω

∂ui

∂x j
(x)

∂vi

∂x j
(x)dx, ‖u‖2

V(Ω) =
N

∑
i, j=1

∫
Ω

(
∂ui

∂x j
(x)
)2

dx

and

(u,v) =
N

∑
i=1

∫
Ω

ui(x)vi(x)dx, ‖u‖2
H(Ω) =

N

∑
i=1

∫
Ω
|ui(x)|2dx.

For each v ∈V (Ω) and 1 < q < ∞ , we denote the norms ‖∇u‖L2(Ω) and ‖u‖Lq(Ω) by

‖∇u‖2
L2(Ω) =

N

∑
i=1

∫
Ω
|∇ui|2dx

and

‖u‖q
Lq(Ω) =

N

∑
i=1

∫
Ω
|ui|qdx.

Let T > 0 be a real number. We denote by L2(0,T ;H(Ω)) , L2(0,T ;V (Ω)) , L2(0,T ;
V ′(Ω)) , L∞(0,T ;H(Ω)) the Banach spaces of measurable functions v : [0,T ]→H(Ω) ,
respectively, with the following norms

‖v‖L2(0,T ;H(Ω)) =
(∫ T

0
|v(t)|2H(Ω)dt

)1/2

,

‖v‖L2(0,T ;V (Ω)) =
(∫ T

0
‖v(t)‖2

V (Ω)dt

)1/2

,

‖v‖L2(0,T ;V ′(Ω)) =
(∫ T

0
‖v(t)‖2

V ′(Ω)dt

)1/2

,

‖v‖L∞(0,T ;H(Ω)) = sup ess
t∈[0,T ]

‖v(t)‖H(Ω).

We denote by C0([0,T ];V ′(Ω)) the Banach space of continuous functions v : [0,T ] →
V ′(Ω) with norm

‖v‖C0([0,T ];V ′(Ω)) = max
t∈[0,T ]

‖v(t)‖V ′(Ω).

By Fubini’s theorem, we identify the space Lq (0,T ;Lq(Ω)) with Lq(Ω× (0,T )) for
1 < q < ∞ with norm

‖v‖Lq(0,T ;Lq(Ω)) =
(∫ T

0
‖v(t)‖q

Lq(Ω)dt

)1/q

=
(∫ T

0

∫
Ω
|v(x,t)|qdxdt

)1/q

.
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We also denote by C∞
0 (Ω× (0,T )) the set of infinitely differentiable functions with

compact support in Ω× (0,T) and C∞
0 (0,T ) is the set of infinitely differentiable func-

tions with compact support in (0,T ) . We also denote D ′(0,T ) = (C∞
0 (0,T ))′ , that is,

the distribution space in the interval (0,T ) . Analogously, D ′(Ω× (0,T )) = (C∞
0 (Ω×

(0,T )))′ .
Throughout this note it will be useful to define the trilinear form by

b(u,v,w) =
N

∑
i, j=1

∫
Ω

u j(x)
∂vi

∂x j
(x)wi(x)dx for u,v,w ∈V (Ω). (6)

Let f ∈ L2(0,T ;V ′(Ω)) and u0 ∈ H(Ω) . According to [23, p. 280–281], u ∈ L2(0,T ;
V (Ω)) is a weak solution of (1) if

(u′(t),v)+ ((u(t),v))+b(u(t),u(t),v)+ (h(u(t)),v) = ( f (t),v),
∀v ∈V (Ω) and for a.e. 0 < t < T (7)

and
u(x,0) = u0 for a.e. x ∈ Ω. (8)

The mapping −Δ : V (Ω) →V ′(Ω) is such that

||−Δu||V ′(Ω) = sup
‖v‖V(Ω)=1

|〈−Δu,v〉| � ‖u‖V(Ω) (9)

and the following lemma is in [18].

LEMMA 2.1. The mapping −Δ : V (Ω) →V ′(Ω) is continuous.

LEMMA 2.2. For all u ∈ V (Ω) the bilinear form B defined by v �→ 〈Bu,v〉 =
b(u,u,v) is continuous on V (Ω) , in other words, Bu ∈V ′(Ω) and

‖Bu‖V ′(Ω) � C‖u‖2
V(Ω). (10)

Proof. Let u ∈ V (Ω) , then the mapping B defined by v �→ 〈Bu,v〉 = b(u,u,v) is
linear and continuous in V (Ω) . Hence

|〈Bu,v〉| = |b(u,u,v)| � C‖u‖2
V(Ω)‖v‖V(Ω).

Then
sup

‖v‖V(Ω)=1
|〈Bu,v〉| � C||u||2V (Ω).

Therefore,
||Bu||V ′(Ω) � C‖u‖2

V(Ω), ∀u ∈V (Ω). �

The next embedding is taken form [16, Théorème 5.1].
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LEMMA 2.3. Assume that V (Ω),H(Ω) and V ′(Ω) are Banach spaces and V (Ω)
↪→ H(Ω) ↪→ V ′(Ω) are continuous embeddings and the embedding V (Ω) ↪→ H(Ω) is
compact. Then, it is also compact

L2(0,T ;V (Ω))∩{ϕ : ϕ ′ ∈ L2(0,T ;V ′(Ω))
}

↪→ L2(0,T ;H(Ω)).

We remark that the dimension in the current paper is N � 2. Notice that u∈V (Ω)
implies ui ∈ H1

0 (Ω) for i = 1, . . . ,N . By the Sobolev embedding, we conclude that
ui ∈ Lq(Ω) for 1/q = 1/2−1/N and i = 1, . . . ,N . The trilinear form (6) is then well
defined if, and only if, N � 4, because 1/q+1/2+1/N = 1, whence∣∣∣∣∫Ω

u j(x)
∂vi

∂x j
(x)wi(x)dx

∣∣∣∣� ∥∥u j
∥∥

Lq(Ω)

∥∥∥∥ ∂vi

∂x j

∥∥∥∥
L2(Ω)

‖wi‖LN(Ω) .

And observe that V (Ω)∩ (LN(Ω))N =V (Ω) if 2 � N � 4. If N � 5, then b(u,v,w) is
clearly well defined in V (Ω)×V(Ω)× (V(Ω)∩ (LN(Ω))N .

3. Sequence converging to the damping term

Recall that h = (h1,h2, . . . ,hN) : R
N → R

N is continuous and verifies (2)–(5) with
1 < σ � 2. In the course proof of Theorem 1.1 we build a sequence hi,k that converges
to each hi for i = 1,2, . . . ,N , and then Rk = (h1,k,h2,k, . . . ,hN,k) → h uniformly on
bounded sets of R

N as k → ∞ . Define hi,k : R
N → R by

hi,k(x)=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−k[Hi(x1, . . . ,x j−1,−k− 1
k ,x j+1, . . . ,xN)−Hi(x1, . . . ,x j−1,−k,x j+1, . . . ,xN)],

if xi � −k,

−k[Hi(x1, . . . ,x j−1,xi − 1
k ,x j+1, . . . ,xN)−Hi(x1, . . . ,x j−1,xi,x j+1, . . . ,xN)],

if − k � xi � − 1
k ,

k2s[Hi(x1, . . . ,x j−1,− 2
k ,x j+1, . . . ,xN)−Hi(x1, . . . ,x j−1,− 1

k ,x j+1, . . . ,xN)],

if − 1
k � xi � 0,

k2s[Hi(x1, . . . ,x j−1,
2
k ,x j+1, . . . ,xN)−Hi(x1, . . . ,x j−1,

1
k ,x j+1, . . . ,xN)],

if 0 � xi � 1
k ,

k[Hi(x1, . . . ,x j−1,xi + 1
k ,x j+1, . . . ,xN)−Hi(x1, . . . ,x j−1,xi,x j+1, . . . ,xN)],

if 1
k � xi � k,

k[Hi(x1, . . . ,x j−1,k+ 1
k ,x j+1, . . . ,xN)−Hi(x1, . . . ,x j−1,k,x j+1, . . . ,xN)],

if xi � k,
(11)

where k ∈ N and H : R
N → R

N has components H = (H1,H2, . . . ,HN) such that

Hi(x1, . . . ,x j−1,s,x j+1, . . . ,xN) =
∫ s

0
hi(x1, . . . ,x j−1,ζ ,x j+1, . . . ,xN)dζ ,

hence ∂Hi
∂xi

(x) = hi(x) and Hi(x1, . . . ,x j−1,0,x j+1, . . . ,xN) = 0. Also, define

x(i) = (x1,x2, . . . ,xi−1,xi+1, . . . ,xN),
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which is x = (x1, . . . ,xi, . . . ,xN) with xi coordinate omitted. Taking into account (2)
and (3), by virtue of Strauss [20, Lemma 2.2] and using the explicit expression of the
sequence (11), we obtain the following result.

LEMMA 3.1. Let h and σ be as in (2)–(5). The sequence hi,k : R
N → R of con-

tinuous functions (11), verifies

(A) hi,k(x)xi � 0 for every x ∈ R
N ;

(B) for every k ∈ N there is a continuous function x(i) �→ ci,k(x(i)) such that

|hi,k(x1, . . . ,xi−1,xi,xi+1, . . . ,xN)−hi,k(x1, . . . ,xi−1,yi,xi+1, . . . ,xN)| � ci,k(x(i))|xi − yi|
for every xi,yi ∈ R , x(i) ∈ R

N−1 and i = 1,2, . . . ,N ;

(C) hi,k converges uniformly to hi as k → ∞ in bounded sets of R
N for i = 1,2, . . . ,N .

The constants ci,k(.) are well behaved as it is conveyed next.

LEMMA 3.2. Let h and σ fulfilling (2)–(5). The Lipschitz constants ci,k(.) from
Lemma 3.1, verify

ci,k(x(i)) � Ck sup
xi

{
|hi(x1, . . . ,xi, . . . ,xN)| : xi ∈

[
−k− 1

k
,k+

1
k

]}
,∀x(i) ∈ R

N−1,

(12)
where the constant C does not depend neither on x nor on k . Moreover, the sequence

Rk = (h1,k,h2,k, . . . ,hN,k) (13)

satisfies the estimate

|Rk(x)| � C̃(k)(|x|+ |x|σ−1), ∀x ∈ R
N , (14)

for some constant C̃(k) > 0 that depends only on k ∈ N .

Proof. For a fixed i = 1,2, . . . ,N , notice that by Lemma 3.2 and (5) we have

ci,k(x(i)) � Ck sup
t

{|hi(x)| : xi ∈
[−k− 1

k ,k+ 1
k

]}
, ∀x(i) ∈ R

N−1

� Ck sup
t

{
Ch|x|σ−2|xi| : xi ∈

[−k− 1
k ,k+ 1

k

]}
, ∀x(i) ∈ R

N−1.

Since |x| =
√

x2
i + |x(i)|2 , we obtain for each k ∈ N that

ci,k(x(i)) � ChCk

(
k+

1
k

)((
k+

1
k

)2

+ |x(i)|2
) σ−2

2

, ∀x(i) ∈ R
N−1, (15)

where Ch appeared in (5). Since Rk = (h1,k,h2,k, . . . ,hN,k) we obtain for the Euclidean
inner product with dot � notation

Rk(x) · x � 0, ∀x = (x1,x2, . . . ,xN) ∈ R
N .
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Hence

|Rk(x)−Rk(y)| =
N

∑
i=1

|hi,k(x1,x2, . . . ,xN)−hi,k(y1,y2, . . . ,yN)|

�
N

∑
i=1

(|hi,k(x1,x2, . . . ,xN)−hi,k(y1,x2, . . . ,xN)|

+|hi,k(y1,x2,x3, . . . ,xN)−hi,k(y1,y2,x3, . . . ,xN)|
+|hi,k(y1,y2,x3, . . . ,xN)−hi,k(y1,y2,y3,x3, . . . ,xN)|
+ . . .

+ |hi,k(y1, . . . ,yN−1,xN)−hi,k(y1,y2, . . . ,yN)|) , ∀x,y ∈ R
N .

By Lemma 3.1 (B) we obtain

|Rk(x)−Rk(y)| �
N

∑
i=1

(
Ci,k(x2, . . . ,xN)|x1− y1|

+Ci,k(y1,x3, . . . ,xN |x2 − y2|
+Ci,k(y1,y2,x4, . . . ,xN)|x3 − y3|
+ . . .

+ Ci,k(y1, . . . ,yN−1)|xN − yN |
)

=
N

∑
i=1

(
N

∑
j=1

Ci,k(y1, . . . ,y j−1,x j+1, . . . ,xN)|x j − y j|
)

�
(

N

∑
i=1

max
j∈{1,2,...,N}

Ci,k(y1, . . . ,y j−1,x j+1, . . . ,xN)

)
|x− y|.

From (15) and taking y = 0, we get

|Rk(x)| � ChCk

(
k+

1
k

)⎛⎝N max
j∈{1,2,...,N}

((
k+

1
k

)2

+|(0, . . . ,0,x j+1, . . . ,xN)|2
) σ−2

2
⎞⎠ |x|

� NChCk

(
k+

1
k

)((
k+

1
k

)2

+ |x|2
) σ−2

2

|x|.

Thus there is a constant C̃(k) > 0 such that

|Rk(x)|2 � C̃(k)(|x|2 + |x|2σ−2), ∀x ∈ R
N .

Since σ satifies (4), there exists another constant C̃(k) > 0 such that (14) holds. �

We need refined estimates on the sequences hi,k for i = 1,2, . . . ,N with constants
that do depend of k .
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LEMMA 3.3. Let h and σ verifying (2)–(5). And let hi,k be the sequence as in
Lemma 3.1. Then

(I) for every k ∈ N , one has |hi,k(x)| � 2σ−1Ch|x|σ−1 for |xi| � 1
k , with x =

(x1,x2, . . . ,xN) ∈ R
N and i = 1,2, . . . ,N ;

(II) for every k ∈ N , |hi,k(x)| � Ch|(x1, . . . ,xi−1,2,xi+1, . . .xN)|σ−1 for |xi| �
1
k , with x = (x1,x2, . . . ,xN) ∈ R

N and i = 1,2, . . . ,N .

Proof. The constant Ch is the one of (5) and recall that x(i) = (x1,x2, . . . ,xi−1,
xi+1, . . . ,xN) . We discriminate 4 steps below.

Step 1. Suppose that −k � xi � − 1
k .

By the mean value theorem, there exists ηi ∈ (xi − 1
k ,xi) such that

hi,k(x) = −k[Hi(x1, . . . ,xi−1,xi − 1
k ,xi+1, . . . ,xN)−Hi(x1, . . . ,xi−1,xi,xi+1, . . . ,xN)]

= −k ∂
∂xi

Hi(x1, . . . ,xi−1,ηi,xi+1, . . . ,xN)(xi − 1
k − xi)

= hi(x1, . . . ,xi−1,ηi,xi+1, . . . ,xN)

and
hi,k(x) = hi(x1, . . . ,xi−1,ηi,xi+1, . . .xN).

Since xi − 1
k < ηi < xi < 0, we have

|hi,k(x)| = |hi(x1, . . . ,xi−1,ηi,xi+1, . . .xN)|
� Ch|ηi||(x1, . . . ,xi−1,ηi,xi+1, . . .xN)|σ−2

� Ch|(x1, . . . ,xi−1,ηi,xi+1, . . .xN)|σ−1

� Ch|(x1, . . . ,xi−1,xi − 1
k ,xi+1, . . .xN)|σ−1

� Ch|(x1, . . . ,xi−1, |xi|+ 1
k ),xi+1, . . .xN)|σ−1

� Ch|(x1, . . . ,xi−1,2|xi|,xi+1, . . .xN)|σ−1

� 2σ−1Ch|x|σ−1.

Step 2. Assume 1
k � xi � k .

By the mean value theorem, there exists ηi ∈ (xi,xi + 1
k ) such that

hi,k(x) = k[Hi(x1, . . . ,xi−1,xi + 1
k ,xi+1, . . . ,xN)−Hi(x1, . . . ,xi−1,xi,xi+1, . . . ,xN)]

= k ∂
∂xi

Hi(x1, . . . ,xi−1,ηi,xi+1, . . . ,xN)(xi + 1
k − xi)

= hi(x1, . . . ,xi−1,ηi,xi+1, . . . ,xN)

and
hi,k(x) = hi(x1, . . . ,xi−1,ηi,xi+1, . . .xN).
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Since 0 < xi < ηi < xi + 1
k , we have

|hi,k(x)| � Ch|ηi||(x1, . . . ,xi−1,ηi,xi+1, . . .xN)|σ−2

� Ch|(x1, . . . ,xi−1,ηi,xi+1, . . .xN)|σ−1

� Ch|(x1, . . . ,xi−1,xi + 1
k ,xi+1, . . .xN)|σ−1

� Ch|(x1, . . . ,xi−1, |xi|+ 1
k ,xi+1, . . .xN)|σ−1

� Ch|(x1, . . . ,xi−1,2xi,xi+1, . . .xN)|σ−1

� 2σ−1Ch|x|σ−1.

Step 3. Suppose that |xi| � k , then

hi,k(x)=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
−k[Hi(x1, . . . ,xi−1,−k− 1

k ,xi+1, . . . ,xN)−Hi(x1, . . . ,xi−1,−k,xi+1, . . . ,xN)],

if xi � −k

k[Hi(x1, . . . ,xi−1,k+ 1
k ,xi+1, . . . ,xN)−Hi(x1, . . . ,xi−1,k,xi+1, . . . ,xN)],

if xi � k.

If xi � −k , by the mean value theorem, there exists ηi ∈ (−k− 1
k ,−k) such that

hi,k(x) = −k[Hi(x1, . . . ,xi−1,−k− 1
k ,xi+1, . . . ,xN)−Hi(x1, . . . ,xi−1,−k,xi+1, . . . ,xN)]

= −k ∂
∂xi

Hi(x1, . . . ,xi−1,ηi,xi+1, . . . ,xN)(−k− 1
k − (−k))

= hi(x1, . . . ,xi−1,ηi,xi+1, . . . ,xN)

and
hi,k(x) = hi(x1, . . . ,xi−1,ηi,xi+1, . . .xN).

Since −k− 1
k < ηi < −k < 0 and k < |ηi| < k+ 1

k , we conclude that

|hi,k(x)| = |hi(x1, . . . ,xi−1,ηi,xi+1, . . .xN)|
� Ch|ηi||(x1, . . . ,xi−1,ηi,xi+1, . . .xN)|σ−2

� Ch|(x1, . . . ,xi−1,ηi,xi+1, . . .xN)|σ−1

� Ch|(x1, . . . ,xi−1,k+ 1
k ,xi+1, . . .xN)|σ−1

� Ch|(x1, . . . ,xi−1, |xi|+ 1
k ,xi+1, . . .xN)|σ−1

� Ch|(x1, . . . ,xi−1,2|xi|,xi+1, . . .xN)|σ−1

� 2σ−1Ch|x|σ−1.

(16)

If xi � k , by the mean value theorem, there exists ηi ∈ (k,k+ 1
k ) such that

hi,k(x) = k[Hi(x1, . . . ,xi−1,k+ 1
k ,xi+1, . . . ,xN)−Hi(x1, . . . ,xi−1,k,xi+1, . . . ,xN)]

= k ∂
∂xi

Hi(x1, . . . ,xi−1,ηi,xi+1, . . . ,xN)(k+ 1
k − k)

= hi(x1, . . . ,xi−1,ηi,xi+1, . . . ,xN).



Differ. Equ. Appl. 17, No. 3 (2025), 113–131. 123

By computations similar to conclude (16) one has

|hi,k(x)| = |hi(x1, . . . ,xi−1,ηi,xi+1, . . .xN)| � 2σ−1Ch|x|σ−1.

Step 4. Assume − 1
k � xi � 1

k , then

hi,k(x) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
k2xi[Hi(x1, . . . ,xi−1,

−2
k ,xi+1, . . . ,xN)−Hi(x1, . . . ,xi−1,

−1
k ,xi+1, . . . ,xN)],

if − 1
k � xi � 0

k2xi[Hi(x1, . . . ,xi−1,
2
k ,xi+1, . . . ,xN)−Hi(x1, . . . ,xi−1,

1
k ,xi+1, . . . ,xN)],

if 0 � xi � 1
k .

If − 1
k � xi � 0, by the mean value theorem, there exists ηi ∈ (− 2

k ,− 1
k ) such that

hi,k(x) = k2xi[Hi(x1, . . . ,xi−1,
−2
k ,xi+1, . . . ,xN)−Hi(x1, . . . ,xi−1,

−1
k ,xi+1, . . . ,xN)]

= k2xi
∂

∂xi
Hi(x1, . . . ,xi−1,ηi,xi+1, . . . ,xN)(− 2

k − (− 1
k ))

= −kxihi(x1, . . . ,xi−1,ηi,xi+1, . . . ,xN).

Therefore

|hi,k(x)| = |− kxihi(x1, . . . ,xi−1,ηi,xi+1, . . .xN)|
= k|xi||hi(x1, . . . ,xi−1,ηi,xi+1, . . .xN)|
� Chk|xi||ηi||(x1, . . . ,xi−1,ηi,xi+1, . . .xN)|σ−2

� Ch|(x1, . . . ,xi−1,ηi,xi+1, . . .xN)|σ−1

� Ch|(x1, . . . ,xi−1,
2
k
,xi+1, . . .xN)|σ−1

� Ch|(x1, . . . ,xi−1,2,xi+1, . . .xN)|σ−1. (17)

If 0 � xi � 1
k , by the mean value theorem, there exists ηi ∈ ( 1

k , 2
k ) such that

hi,k(x) = k2xi[Hi(x1, . . . ,xi−1,
2
k ,xi+1, . . . ,xN)−Hi(x1, . . . ,xi−1,

1
k ,xi+1, . . . ,xN)]

= k2xi
∂

∂xi
Hi(x1, . . . ,xi−1,ηi,xi+1, . . . ,xN)( 2

k − 1
k )

= kxihi(x1, . . . ,xi−1,ηi,xi+1, . . . ,xN).

By similar computations to conclude (17) one obtains

|hi,k(x)| � Ch|(x1, . . . ,xi−1,2,xi+1, . . .xN)|σ−1.

The proof of (I) and (II) is done. �
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4. Proof of Theorem 1.1

In this section we will employ the Galerkin method to solve (1).

Proof. We prove now Theorem 1.1. According to Lemmas 3.1, 3.2 and 3.3, there
exists a sequence of functions (Rk)k∈N , with Rk = (h1,k,h2,k, . . . ,hN,k) , where each hi,k

was defined in (11) and Lemma 3.1 for i = 1,2, . . . ,N , see also Lemma 3.2 and (13).
Hence,

Rk : R
N → R

N is locally Lipschitz continuous and Rk(x) � x � 0,∀x ∈ R
N

and by Lemma 3.1 (C) we conclude

Rk → h uniformly on bounded sets of R
N as k → ∞.

Let {vk : k ∈ N} be an orthonormal basis of H(Ω) and let Wm(Ω) be the space
generated by {v1,v2, . . . ,vm} according to [16, p.75]. Since u0 ∈ H(Ω) , there are
functions u0m ∈Wm(Ω) which are projections of u0 over H(Ω) . Therefore

u0m → u0 in H(Ω) (18)

and
‖u0m‖H(Ω) � ‖u0‖H(Ω) for every m.

Firstly, we solve the finite dimensional problems (19), (20), (21) that are close to (1).
For each m ∈ N we are lead to find ukm ∈Wm(Ω) such that

ukm(t) =
m

∑
i=1

gkim(t)vi, (19)

(u′km(t),vi)+ ((ukm(t),vi))+b(ukm(t),ukm(t),vi)+ (Rk(ukm),vi) = ( f (t),vi), (20)

ukm(0) = u0m in Wm(Ω), (21)

where gkim : [0,T ] → R is a function, recall notations in Section 2. By a Theorem
of Carathéodory [7], equation (20) has a maximal solution on an interval [0,tkm) with
0 < tkm � T . The proof of Theorem 1.1 will be continued below.

REMARK 4.1. Notice that the equation (20) can be rewritten as

g′kim(t) = Gi(t,gk1m(t),gk2m(t), . . . ,gkmm(t)), i = 1,2, . . . ,m,

where

Gi(t,gk1m(t),gk2m(t), . . . ,gkmm(t))
= −((vi,vi))gkim(t)−b(ukm(t),ukm(t),vi)− (Rk(ukm),vi)+ ( f (t),vi).

Since by Lemma 2.2

|b(ukm(t),ukm(t),vi)| � C‖ukm(t)‖2
V (Ω)‖vi‖V(Ω),
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and by (14) of Lemma 3.2, and by Lemma 3.3, we obtain (see more precisely (31)),

|Rk(ukm(t))|2 � Ĉ(|ukm(t)|2 +1). (22)

Thus Gi is a Carathéodory function, because Rk is a Lischitz function. Moreover there
exists a integrable function Mkmi(t) such that

|Gi(t,x)| � Mkmi(t), (23)

for each (t,x) in a compact subset of (0,T )×R
m . Hence the theorem of Carathéodory

[7] can be applied. On the other hand, without the Lipschitz sequence we constructed
in Lemma 3.1, we are not able to verify the continuity of Gi(t,x) in the variable x ,
because the function h is only assumed to be continuous.

Continuation of the Proof of Theorem 1.1. Multiplying (20) by gkim(t) we get for
1 � i � m the expression

(u′km(t),v j)gkim(t)+ ((ukm(t),v j))gkim(t)
+b((ukm(t),ukm(t),v j)gkim(t)+ (Rk(ukm),vi)gkim(t) (24)

= ( f (t),v j)gkim(t),

Summing (24) in the index i for i = 1,2, . . . ,N , we have

(u′km(t),ukm(t))+ ((ukm(t),ukm(t)))
+b((ukm(t),ukm(t),ukm(t))+ (Rk(ukm),ukm) (25)

= ( f (t),ukm(t)).

Since Rk(ukm) �ukm � 0, we obtain

2
d
dt
‖ukm(t)‖2

H(Ω) +‖ukm(t)‖2
V (Ω) � ‖ f (t)‖V ′(Ω)‖ukm(t)‖V (Ω). (26)

By Young inequality

‖ f (t)‖V ′(Ω)‖ukm(t)‖V(Ω) � 1
2
‖ f (t)‖2

V ′(Ω) +
1
2
‖ukm(t)‖2

V (Ω).

It follows from (26), that

2
d
dt
‖ukm(t)‖2

H(Ω) +‖ukm(t))‖2
V (Ω) � 1

2
‖ f (t)‖2

V ′(Ω) +
1
2
‖ukm(t)‖2

V(Ω).

Hence

2
d
dt
‖ukm(t)‖2

H(Ω) +
1
2
‖ukm(t))‖2

V (Ω) � 1
2
|| f (t)||2V ′(Ω).

Integrating for t ∈ (0,T ) we get

‖ukm(t)‖2
H(Ω) +

1
4

∫ t

0
‖ukm(s))‖2

V (Ω)ds � 1
4

∫ t

0
‖ f (s)‖2

V ′(Ω)ds+‖u0m‖2
H(Ω). (27)
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By the convergence u0m → u0 in H(Ω) , we conclude that (u0m) is a bounded sequence
in L2(Ω) by a constant C0 > 0 that is independent of t,k and m , consequently, ukm(t)
is defined up to T . Thus ukm is uniformly bounded in L∞(0,T ;H(Ω)) . Taking t = T
in (27) we get

‖ukm(T )‖2
H(Ω) +

1
4

∫ T

0
‖ukm(s))‖2

V (Ω)ds � 1
4

∫ T

0
‖ f (s)‖V ′(Ω)ds+C0. (28)

Therefore,
ukm is bounded in L2(0,T ;V (Ω))∩L∞(0,T ;H(Ω)). (29)

We write (20) in the form

u′km(t)−Δukm(t)+Bukm(t)+Rk(ukm(t)) = f (t).

Let Pm be the orthogonal projection operator of H(Ω) over Wm(Ω) . The adjoint
operator P∗ : V ′(Ω) →V ′(Ω) is uniformly bounded and linear. Therefore, by Lemmas
2.1 and 2.2,

u′km(t)+P∗
m(−Δukm(t))+P∗

mBukm(t)+P∗
m(Rk(ukm(t))) = P∗

m f (t),

implying that
u′km is bounded in L2(0,T ;V ′(Ω)). (30)

Notice that P∗
m(−Δukm(t)) and P∗

m f are uniformly bounded in L2(0,T ;V ′(Ω)) and by
Lemma 2.2 and (29) we have that P∗

mBukm(t) is uniformly bounded in L2(0,T ;V ′(Ω)) .
By (14) of Lemma 3.2, and specially by Lemma 3.3, we obtain

|Rk(ukm(t))|2 � Ĉ(|ukm(t)|2 +1), (31)

where Ĉ is a constant independent of k and m . Hence by (29), Rk(ukm) is uniformly
bounded in L∞(0,T ;H(Ω)) .

The estimates before are true for all terms (k,m) ∈ N×N , and in particular, for
(m,m) ∈ N×N . Thus by (30) we have for t,s ∈ [0,T ] that

‖umm(t)−umm(s)‖V ′(Ω) �
(∫ t

s
‖u′mm(ξ )‖2

V ′(Ω)dξ
)1/2

|t− s|1/2 � C|t− s|1/4, (32)

where C > 0 is independent of m . By (29), (32) and Arzeà-Ascoli theorem, there
exists a subsequence of (umm) , which we simply denote by (um) , and a function u :
Ω× (0,T) → R such that

um → u in C0([0,T ];V ′(Ω)). (33)

Since um ∈ L∞(0,T ;H(Ω))∩L2(0,T ;V (Ω)) see [16, p.58, Théoremè], by Lemma
2.3 and (30) we obtain a subsequence of um such that

um → u in L2(0,T ;H(Ω)) as m → ∞. (34)
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Using the estimate (28) and (29) we have as m → ∞

um ⇀ u weak-∗ in L∞(0,T ;H(Ω)), (35)

um ⇀ u weakly in L2(0,T ;V (Ω)), (36)

u′m ⇀ u′ weakly in L2(0,T ;V ′(Ω)). (37)

From (34), there exists a subsequence of (um) such that

um → u a.e. in Ω× (0,T).

Hence, by the continuity of h , we conclude that

h(um) → h(u) a.e. in Ω× (0,T)

and
Rm(um) → h(um) a.e. in Ω× (0,T),

because |um(x, t)| is bounded in R . Therefore

Rm(um) → h(u) a.e. in Ω× (0,T). (38)

Integrating (25) in Ω× (0,T) , we conclude∫ T

0
(Rm(um(t)),um(t))dt

=
∫ T

0
( f (t),um(t))dt +

∫ T

0
|um(t)|2dt−|um(T )|2 + |um(0)|2

−
∫ T

0
((ukm(t),ukm(t)))dt

� 1
2

∫ T

0
| f (t)|2dt +

1
2

∫ T

0
|um(t)|2dt +

∫ T

0
|um(t)|2dt + |um(0)|2. (39)

Using (33), we have by (39) that∫ T

0
(Rm(um(t)),um(t))dt � C, (40)

where C > 0 is a constant independent of m . Thus, from (38) and (40), it follows by a
theorem of Strauss [20] that

Rm(um) → h(u) in (L1(Ω× (0,T)))N . (41)

In particular, by (4), (5), (14), (29) and Lemma 3.3 we have

Rm(um),h(u) ∈ L2(0,T ;H(Ω)).

Multiplying both sides of (20) by ϕ ∈C∞
0 (0,T ) and integrating from 0 to T we get∫ T

0
(u′m(t),w)ϕdt +

∫ T

0
((um(t),w))ϕdt +

∫ T

0
b(um(t),um(t),w)ϕdt

+
∫ T

0
(Rm(um(t)),w)ϕdt =

∫ T

0
( f (t),w)ϕdt, ∀w ∈Wm(Ω), ∀ϕ ∈C∞

0 (0,T ).
(42)
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Since Wm(Ω) is dense in V (Ω) , it follows that (42) is true for all w ∈V (Ω) . In partic-
ular, considering w ∈C∞

0 (Ω) and integrating by parts we get∫ T

0
(u′m(t),w)ϕdt +

∫ T

0
((um(t),w))ϕdt +

∫ T

0
b(um(t),um(t),w)ϕdt

+
∫ T

0
(Rm(um(t)),w)ϕdt =

∫ T

0
( f (t),w)ϕdt, ∀w ∈C∞

0 (Ω), ∀ϕ ∈C∞
0 (0,T ).

(43)

Using the convergences (34)–(37) and (41) in (43), we deduce∫ T

0
(u′(t),w)ϕdt +

∫ T

0
((u(t),w))ϕdt +

∫ T

0
b(u(t),u(t),w)ϕdt

+
∫ T

0
(h(u(t)),w)ϕdt =

∫ T

0
( f (t),w)ϕdt, ∀w ∈C∞

0 (Ω), ∀ϕ ∈C∞
0 (0,T ).

The convergence∫ T

0
b(um(t),um(t),w)ϕdt →

∫ T

0
b(u(t),u(t),w)ϕdt, ∀w ∈C∞

0 (Ω), ∀ϕ ∈C∞
0 (0,T )

follows from (34) and (37). Therefore

u′ −Δu+Bu+h(u)= f in D ′(Ω× (0,T)).

Since −Δu ∈ L2(0,T ;V ′(Ω)) , Bu ∈ L1(0,T ;V ′(Ω)) , h(u) ∈ L2(0,T ;H(Ω)) and f ∈
L2(0,T ;V ′(Ω)) we have that u′ ∈ L1(0,T ;V ′(Ω)) . Therefore,

u′ −Δu+Bu+h(u)= f in L1(0,T ;V ′(Ω)) (44)

and

(u′(t),v)+((u(t),v))+b(u(t),u(t),v)+(h(u(t)),v) = ( f (t),v) in D ′(0,T ),∀v∈V (Ω).
(45)

The initial condition u(0) = u0 in Ω is true. Indeed, it follows by (18) that

um(0) = u0m → u0 in H(Ω). (46)

By (33) we have
um(0) → u(0) in V ′(Ω). (47)

Since H(Ω) ⊂ V ′(Ω) , by (46) and (47) and the uniqueness of the limit we obtain that
u(0) = u0 . Hence u is a solution by definition (7)–(8).

We mention a few words about pressure recovery. If u solves (44), since −Δu ∈
L2(0,T ;V ′(Ω)) , Bu ∈ L1(0,T ;V ′(Ω)) , h(u) ∈ L2(0,T ;H(Ω)) , f ∈ L2(0,T ;V ′(Ω))
and u′ ∈ L1(0,T ;V ′(Ω)) . Then, setting

S = u′ − vΔu+Bu+h(u)− f ,

we conclude that S belongs to D ′(Ω× (0,T )) and by (45) we have

〈S(t),ϕ〉 = 0 in D ′(0,T ), ∀ϕ ∈V (Ω)
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It follows from [23, Proposition I.1.1] that for some p ∈ D ′(Ω× (0,T )) , S is of the
form

S = −∇p.

Hence,
u′ − vΔu+Bu+h(u)+∇p= f .

The proof of Theorem 1.1 is complete. �

5. Energy estimate and time extinction

Recall, that we are working with h = (h1,h2, . . . ,hN) : R
N → R

N continuous and
1 < σ � 2 satisfying (2)–(5). We are going to obtain estimates related to a solution u
obtained in Theorem 1.1. Additionally, assume that there exist constants ch > 0 and
γ1 > 0 such that

1 < γ1 � σ � 2 (48)

and

ch|x|γ1−2|xi|2 � hi(x)xi for each x = (x1,x2, . . . ,xN) ∈ R
N and i = 1,2, . . . ,N. (49)

The next two results are similar to the ones in [1], hence we just outline the main
ideas of the proofs to put evidence on the constants we work with in the present paper.

We will establish an energy estimate for a weak solution of (1).

THEOREM 5.1. Let E(t) = ‖u(t)‖2
H(Ω)/2 be the kinetic energy associated to (1).

Assume (2)–(5), (48), (49), f ∈ L2 (0,T ;V ′(Ω)) and u0 ∈ H(Ω) . Let u be a solution
of (1), then

d
dt

E(t)+
1
2
‖∇u(t)‖2

L2(Ω) + ch‖u(t)‖γ1
Lγ1(Ω) � 1

2
‖ f (t)‖2

V ′(Ω) (50)

and

2E(t)+
∫ t

0
‖∇u(s)‖2

L2(Ω)ds+2ch

∫ t

0
‖u(s)‖γ1

Lγ1 (Ω)ds

�
∫ t

0
‖ f (s)‖2

V ′(Ω)ds+‖u0‖2
H(Ω) for a.e. t ∈ [0,T ]. (51)

Proof. We sketch the main ideas. After getting (50), we take liminf in expression
(43) and let m → ∞ to obtain

(u′(t),v)+((u(t),v))+b(u(t),u(t),v)+(h(u(t)),v)= ( f (t),v) a.e. t ∈ (0,T ),∀v∈V (Ω).

Taking v = u(t) , we conclude that

(u′(t),u(t))+‖∇u(t)‖L2(Ω) + (h(u(t)),u(t)) = ( f (t),u(t)). (52)
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By (49) we conclude that

1
2

d
dt

E(t)+‖∇u(t)‖2
L2(Ω) + ch‖u(t)‖γ1

Lγ1 (Ω) � ( f (t),u(t)) for a.e. t ∈ [0,T ]. (53)

Using the Cauchy-Schwarz inequality, we obtain

( f (t),u(t)) � 1
2
‖∇u(t)‖2

L2(Ω) +
1
2
‖ f (t)‖2

V ′(Ω). (54)

Inserting (54) into (53), we get (50). The proof of (51) follows by integrating (50)
between 0 and t � T . �

Next we state the time extinction for a weak solution of (1).

THEOREM 5.2. Assume (2)–(5), (48), (49), u0 ∈ H(Ω) and let u be a solution of
(1). If f = 0 a.e. in Ω× (0,T ) , where T > 0 or T = ∞ , then there exists t∗ > 0 such
that u = 0 a.e. in Ω and for a.e. t � t∗ .

Proof. Let E(t)= ‖u(t)‖2
H(Ω)/2 be the kinetic energy. Then E might be estimated

in the following way

E(t) �
(

E(0)
μ−1

μ −C′t
) μ

μ−1

, (55)

where C′ = [(μ −1)/μ ]min(1,ch)
(
2/C2

G

) 1
μ , μ = 1+2(2− γ1)/[(2− γ1)N +2γ1] and

CG = C(N,γ1) is the constant resulting from Gagliardo-Nirenberg-Sobolev inequality.
Since u0 ∈ H(Ω) , clearly E(0) < ∞ , and by virtue of the fact that μ > 1 one gets

0 <
μ

μ −1
=

4+(2− γ1)N
2(2− γ1)

.

Hence the right-hand side of (55) vanishes for

t∗ =
E(0)

μ−1
μ

C′ = ‖u0‖
4(2−γ1)

4+(2−γ1)N
H(Ω)

4+(2− γ1)N
4(2− γ1)

C
2[(2−γ1)N+2γ1]

4+(2−γ1)N
G

min(1,ch)
,

implying that u = 0 for t � t∗ . �
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[4] G. M. ARAÚJO, M. M. MIRANDA AND L. A. MEDEIROS, On the Navier-Stokes equation with
variable viscosity in a noncylindrical domain, Appl. Analysis 86 (2007) 287–313.



Differ. Equ. Appl. 17, No. 3 (2025), 113–131. 131

[5] M. BLEL AND J. BENAMEUR, Asymptotic study of Leray solution of 3D-Navier-Stokes equations
with exponential damping, Demonstr. Math. 56 (2023) Paper No. 20220208, 12 pp.

[6] T. BUCKMASTER AND V. VICOL, Nonuniqueness of weak solutions to the Navier-Stokes equation,
Annals Math. 189 (2019) 101–144.

[7] E. A. CODDINGTON AND N. LEVINSON, Theory of Ordinary Differential Equations, New York,
McGraw-Hill Book Company, 1955.

[8] R. FARWIG, From Jean Leray to the millennium problem: the Navier-Stokes equations, J. Evol. Equ.
21 (2021) 3243–3263.

[9] C. L. FEFFERMAN, Existence and smoothness of the Navier-Stokes equation, The millennium prize
problems, Clay Math. Inst., Cambridge, MA, 2006, pp. 57–67.

[10] R. HALOI AND S. PAL, Existence and uniqueness of solutions to the damped Navier-Stokes equations
with Navier boundary conditions for three dimensional incompressible fluid, J. Appl. Math. Computing
66 (2021) 307–325.

[11] V. K. KALANTAROV AND S. ZELIK, Smooth attractors for the Brinkman-Forchheimer equations with
fast growing nonlinearities, Commun. Pure Appl. Analysis 11 (2012) 2037–2054.

[12] K. KINRA AND M. T. MOHAN, Large time behavior of deterministic and stochastic 3D convective
Brinkman-Forchheimer equations in periodic domains, J. Dyn. Diff. Equ. 35 (2023) 2355–2396.

[13] O. A. LADYZHENSKAYA, The Mathematical Theory of Viscous Incompressible Flow, Gordon and
Breach Science Publishers Inc, 1969.

[14] O. A. LADYZHENSKAYA, V. A. SOLONNIKOV AND N. N. URALTSEVA, Linear and Quasilinear
Equations of Parabolic Type, Translations of Mathematical Monographs, 23, AMS, Providence, RI,
1967.

[15] J. LERAY, Essai sur les mouvements plans d’un liquide visqueux que limitent des parois, J. Math.
Pures Appl. 13 (1934) 331–418.
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