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A NOTE ON THE BOUNDEDNESS OF VARIABLE

HARDY OPERATORS ON WEIGHTED HERZ––MORREY

SPACES WITH VARIABLE EXPONENTS
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(Communicated by A. El Hamidi)

Abstract. In this paper, we will introduce the idea of weighted Herz–Morrey spaces with variable
exponents. Then the fractional Hardy-type operators of variable order is shown to be bounded in
these spaces.

1. Introduction

We consider the Riesz potential operator

I (x) f (x) =
∫

Rn

f (y)
|x− y|n− (x)

dy, 0 <  (x) < n. (1.1)

Note that the  (x) is the order of the Riesz potential operator which is variable.
Variable exponent function spaces have been widely studied and have many im-

portant applications. These variable exponent function spaces are important for study-
ing problems in partial differential equations and applied mathematics. In particular,
Herz spaces with variable exponent generalize classical Herz spaces see [3]. The Herz-
Morrey spaces MK̇ ,

q(·),p(R
n) generalize the idea of Herz spaces with variable exponent

K̇ ,p
q(·) (R

n) . These function spaces were initially defined in [4]. Izuki and Noi introduced

the concept of weighted variable Herz spaces K̇ ,p
q(·) (w) in their papers, [6].

The concept of grand Morrey, introduced in [10], has attracted significant attention
from researchers. Boundedness of integral operators on grand variable Herz spaces can
be seen in [17,22,29,31]. Sultan et al. [13] introduced the idea of grand variable Herz-
Morrey spaces and proved the boundedness of Riesz potential operators on these spaces.

In [23], the definition of grand weighted Herz spaces K̇ ,p),
q(·) (w) spaces was introduced

and proved the boundedness of integral operators in these spaces. In [14] it was shown
that fractional integral operators are bounded in grand weighted variable Herz-Morrey
spaces. Additional developments concerning grand variable Herz spaces, grand variable
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Herz–Morrey spaces, and variable exponent function spaces can be found in [2, 11, 12,
15–21,25–28,30,33], where different classes of operators and related inequalities were
studied.

Motivated by the aforementioned results, in this paper we will define the idea of
weighted Herz–Morrey spaces with variable exponents and demonstrate the bounded-
ness of the Hardy operators of variable order on weighted variable Herz-Morrey spaces

MK̇(·),u
 ,q(·) (w) .

2. Preliminaries

In this paper, |G| > 0 and G denote the Lebesgue measure and characteristic
function of a measurable subset of R

n , respectively. C is always a positive constant
and its value can be changed by its appearance. Let G be a measurable subset of R

n ,
and let p : G → [1,) be a measurable function. We suppose that

1 � p−(G) � p(y) � p+(G) < , (2.1)

where p− := ess inf
y∈G

p(y), p+ := esssup
y∈G

p(y).

(a) Lebesgue space with variable exponent Lp(·)(G) is the class of functions such
that

Lp(·)(G) =

{
f :
∫

G

( | f (y)|


)p(y)

dy < , where  is a constant

}
.

Norm in Lp(·)(G) is defined as follows

‖ f‖Lp(·)(G) := inf

{
 > 0 :

∫
G

( | f (y)|


)p(y)

dy � 1

}
.

(b) The space Lp(·)
loc (G) is the following class of functions:

Lp(·)
loc (G) :=

{
f : f ∈ Lp(·)(K) for all compact subsets K ⊂ G

}
.

The Hardy-Littlewood maximal operator M for f ∈ L1
loc(G) is defined as

M f (x) := sup
r>0

1
rn

∫
B(x,r)

| f (y)|dy (x ∈ G),

where B(x,r) is the ball of radius r and center at x .
The set P(G) consists of all measurable functions p(·) satisfying the conditions

that p− > 1 and p+ < . The notion of B(G) denotes the collection of all p(·) ∈
P(G) such that M is bounded on Lp(·)(G) . Let’s review the well-known log-Hölder
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continuity condition (also known as the Dini-Lipschitz condition) for p : G �→ (0,) :
for any x,y ∈ G , where |x− y|� 1

2 , then we have a positive constant C such that

|p(x)− p(y)|� C
− ln |x− y| . (2.2)

Further, we say that p(·) satisfies the decay condition if there exists p := p() =
lim
|x|→

p(x) , and there is a positive constant C > 0 such that

|p(x)− p| � C

ln(e+ |x|) . (2.3)

We will also need the log-Hölder continuity condition at 0 for p(·) : There exists a
constant C0 > 0 such that, for all |x| � 1

2 ,

|p(x)− p(0)|� C0

ln |x| . (2.4)

The smallest admissible constant C in (2.2) (respectively, C in (2.3)) is referred to
as the log-Hölder continuity constant (respectively, the log-Dini–Lipschitz decay con-
stant) associated with the exponent p(·) . By P log = P log(G) , we denote the functions
p(·) ∈ P(G) satisfying (2.1) and (2.2). Let P(G) (respectively, P0,(G)) denote
the subset of P(G) consisting of functions that satisfy condition (2.3) (respectively,
both conditions (2.3) and (2.4)).

Now, we introduce the definition of the Herz space with variable exponent.
Let t = Rt , Rt = Bt \Bt−1 , and Bt = B(0,2t) = {r ∈ R

n : |r|< 2t} for all t ∈ Z.

DEFINITION 1. Let g be a measurable function, let w be a weight, and let r(·) ∈
P(Rn) . The weighted variable exponent Lebesgue space Lr(·)(w) consists of all mea-
surable functions g such that

gw
1

r(·) ∈ Lr(·)(Rn).

The norm on Lr(·)(w) is defined by

‖g‖Lr(·)(w) :=
∥∥∥∥gw

1
r(·)
∥∥∥∥

Lr(·)
.

DEFINITION 2. Let (·),r(·) ∈ P(Rn) , 0 �  < , and 0 < u < . The homo-

geneous weighted Herz–Morrey spaces with variable exponents, denoted by MK̇(·),u
 ,r(·) (w),

consist of all locally integrable functions g ∈ Lr(·)
loc (Rn \ {0},w) such that

MK̇(·),u
 ,r(·) (w) :=

{
g ∈ Lr(·)

loc (Rn \ {0},w) : ‖g‖
MK̇(·),u

 ,r(·) (w)
< 

}
, (2.5)

where the (quasi-)norm is defined by

‖g‖
MK̇(·),u

 ,r(·) (w)
:= sup

k0∈Z

2−k0

(
k0


k=−

∥∥∥2k(·)gk

∥∥∥u

Lr(·)(w)

) 1
u

.
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DEFINITION 3. Let 1 < s <  and let s′ = s
s−1 be the conjugate exponent of s .

Let w be a weight function. We say that w ∈ As if there exists a constant C > 0 such
that, for every cube Q ⊂ R

n ,(
1
|Q|

∫
Q

w(t)dt

)(
1
|Q|

∫
Q

w(t)1−s′ dt

)s−1

� C < .

For s = 1, we say that w ∈ 1 if there exists a constant C > 0 such that

Mw(t) � Cw(t) for a.e. t ∈ R
n,

where M denotes the Hardy–Littlewood maximal operator.
Finally, we define

A :=
⋃

1�s<
As.

DEFINITION 4. A weight function w is said to belong to the variable exponent
Muckenhoupt class Ap(·) , where p(·) ∈ P(Rn) , if

sup
B⊂Rn

B is a ball

1
|B|
∥∥∥∥w 1

p(·) B

∥∥∥∥
Lp(·)

∥∥∥∥w− 1
p(·) B

∥∥∥∥
Lp′(·)

< , (2.6)

where p′(·) denotes the conjugate exponent of p(·) defined by

1
p(x)

+
1

p′(x)
= 1 for a.e. x ∈ R

n.

DEFINITION 5. A weight function w is said to belong to the class A′
p(·) , where

p(·) ∈ P(Rn) , if

sup
B⊂Rn

B is a ball

|B|−pB ‖wB‖L1

∥∥w−1B
∥∥

L p′(·)/p(·) < , (2.7)

where pB is the harmonic average of p(·) over B , namely,

1
pB

=
1
|B|
∫

B

1
p(x)

dx.

The collection of all such weights is denoted by A′
s(·) .

DEFINITION 6. Let s1(·),s2(·) ∈ P(Rn) satisfy

1
s1(·) −

1
s2(·) =


n
.

A weight function w is said to belong to the class A(s1(·),s2(·)) if, for every ball
B ⊂ R

n ,
‖wB‖Ls2(·)

∥∥w−1B
∥∥

Ls′1(·) � |B|1− 
n , (2.8)



Differ. Equ. Appl. 18, No. 2 (2026), 45–58. 49

where s′1(·) denotes the conjugate exponent of s1(·) , defined by

1
s1(x)

+
1

s′1(x)
= 1 for a.e. x ∈ R

n.

LEMMA 1. [1] Let f ∈ Lr(·)(G) and g∈ Ls(·)(G) , and assume that the exponents
satisfy

1
r′(·) =

1
r(·) +

1
s(·) .

Then there exists a constant C > 0 such that

‖ f g‖Lr′(·)(G) � C‖ f‖Lr(·)(G) ‖g‖Ls(·)(G).

LEMMA 2. [24] Assume that r(·) satisfy the decay conditions are satisfied at the
origin and at infinity. Then we have∥∥∥B(0,2t+1)\B(0,2t)

∥∥∥
Lr(·)(w)

� k0 2
tn

p(0) , 0 < t � 1, (2.9)

and ∥∥∥B(0,2t+1)\B(0,2t)

∥∥∥
Lr(·)(w)

� k 2
tn
p , t � 1, (2.10)

where k0 � 1 and k � 1 are constants independent of t .

DEFINITION 7. Let f is a locally integrable function on R
n , 0 �  (z) < n . The

n -dimensional fractional Hardy operators of variable order  (z) can be defined as

H f (z) :=
1

|z|n− (z)

∫
|x|<|z|

f (x)dx,

H ∗ f (z) :=
∫
|x|�|z|

f (x)
|x|n− (z)

dx, z ∈ R
n \ 0.

3. Main results

THEOREM 1. Let 1 < u <  , 1/q1(x)− 1/q2(x) =  (x)/n, 0 <  (x) < n, and
,q2 ∈ P0,(Rn) , such that

−n
q1

<  <
n

q′1
,

−n
q1(0)

< (0) <
n

q′1(0)
.

Then
‖(1+ |x|)− (x)H ( f )‖

MK̇
(·),u
 ,q2 (·)(w)

� C‖ f‖
MK̇

(·),u
 ,q1(·)(w)

,

where q(·) is the variable Sobolev exponent defined by

1
q(·) =

1
p(·) −

 (x)
n

,
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and

 (x) = C (x)
(

1−  (x)
n

)
� n

4
C, (3.1)

C is being the decay constant for p(·) .

Proof. Let f ∈ MK̇(·),u
 ,q2(·)(w) , and f (x) = 

j=− f (x) j(x) = 
j=− f j(x) , we

have

|H ( f )(x).�(x)| � 1

|x|n− (x)

∫
R�

| f (x)|dx.�(x)

� C2−�n
�


j=−

‖ f j‖Lq1(·)(w)‖ j‖
Lq′1(·)(w)

.|z| (x)�(x).

It is known, see e.g. [32] that

I (·)(�)(x) � I (·)(�)(x).(�)(x)

=
∫

R�

1

|x− y| (x)−n
dy.�(x)

� C|x| (x)�(x).

Consequently, we have

‖k(1+ |x|)− (x)H ( f )‖Lq2(·)(w)

� C2−�n
�


j=−

‖ f j‖Lq1(·)(w)‖ j‖
Lq′1(·)(w)

‖(1+ |x|)− (x)I (·)(�)‖Lq2(·)(w)

� C2−�n
�


j=−

‖ f j‖Lq1(·)(w)‖ j‖
Lq′1(·)(w)

‖(1+ |x|)− (x)I (·)(�w
1

q2(·) )‖Lq2(·)

� C2−�n
�


j=−

‖ f j‖Lq1(·)(w)‖ j‖
Lq′1(·)(w)

‖�w
1

q2(·) ‖Lq1(·)

� C
�


j=−

2−�n‖ f j‖Lq1(·)(w)‖ j‖
Lq′1(·)(w)

‖�‖Lq1(·)(w).

‖(1+ |x|)− (x)H ( f )‖
MK̇

(·),u
 ,q2 (·)(w)

= sup
k0∈Z

2−k0

(
k0


�=−

‖2�(·)�(1+ |x|)− (x)H ( f )‖u
Lq2(·)(w)

) 1
u
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� sup
k0∈Z

2−k0

(
−1


�=−

2�(0)u

(
�


j=−

2−�n‖ f j‖Lq1(·)(w)‖ j‖
Lq′1(·)(w)

‖�‖Lq1(·)(w)

)u) 1
u

+ sup
k0∈Z

2−k0

(
k0


�=−0

2�u

(
�


j=−

2−�n‖ f j‖Lq1(·)(w)‖ j‖
Lq′1(·)(w)

‖�‖Lq1(·)(w)

)u) 1
u

=: E1 +E2.

Now we will find the estimate for E1 .

By the lemma 2, we get

2−�n‖ j‖
Lq′1(·)(w)

‖�‖Lq1(·)(w) � C2−�n2
�n

q1(0) 2
jn

q′1(0) � C2
( j−�)n
q′1(0) . (3.2)

Applying above results to E1 to get

E1 � sup
k0∈Z

2−k0

( −1


�=−

2�(·)u
(

�


j=−

2−�n‖ f j‖Lq1(·)(w)‖ j‖
Lq′1(·)(w)

‖�‖Lq1(·)(w)

)u) 1
u

� C sup
k0∈Z

2−k0

(
−1


�=−

2�(0)u

(
�


j=−

2
( j−�)n
q′1(0) ‖ f j‖Lq1(·)(w)

)u) 1
u

.

Let b := n
q′1(0) −(0) , applying the Hölder’s inequality and Fubini’s theorem to get,

E1 � C sup
k0∈Z

2−k0

( −1


�=−

(
�


j=−

2(0) j‖ f j‖Lq1(·)(w)2
b( j−�)

)u) 1
u

� C sup
k0∈Z

2−k0

( −1


�=−

(
�


j=−

2(0) j‖ f j‖Lq1(·)(w)2
b( j−�)

)u) 1
u

� C sup
k0∈Z

2−k0

[ −1


�=−

(
�


j=−

2(0)u j‖ f j‖u
Lq1(·)(w)

2bu( j−�)/2

)

×
(

�


j=−

2bu′( j−�)/2

) u
u′
] 1

u

� C sup
k0∈Z

2−k0

[
−1


�=−

�


j=−

2(0)u j‖ f j‖u
Lq1(·)(w)

2bu( j−�)/2

] 1
u

� C sup
k0∈Z

2−k0
[ −1


j=−

2(0)u j‖ f j‖u
Lq1(·)(w)

−1


�= j

2bu( j−�)/2
] 1

u
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� C sup
k0∈Z

2−k0

(
k0


j=−

∥∥∥2(·) j f j

∥∥∥u

Lq1(·)(w)

) 1
u

� C‖ f‖
MK̇(·),u

 ,q1(·)(w)
.

Now for E2 , using Minkowski’s inequality we have

E2 � sup
k0∈Z

2−k0

(
k0


�=0

2�u

(
�


j=−

‖�(1+ |x|)− (x)H ( f j)‖Lq2(·)(w)

)u) 1
u

� sup
k0∈Z

2−k0

(
k0


�=0

2�u

( −1


j=−

‖�(1+ |x|)− (x)H ( f j)‖Lq2(·)(w)

)u) 1
u

+ sup
k0∈Z

2−k0

(
k0


�=0

2�u

(
�


j=0

‖�(1+ |x|)− (x)H ( f j)‖Lq2(·)(w)

)u) 1
u

:= A1 +A2.

As we can easily find the estimate for A2 in a similar manner to E1 . We will replace
q′1(0) with q′1 and by virtue of the fact b := n

q1′
− > 0 to get our desired results.

For A1 we have

2−�n‖�‖Lq1(·)(w)‖ j‖
Lq′1(·)(Rn)

� C2−�n2
�n

q1 2
jn

q′1(0) � C2
−�n
q1 2

jn
q′1(0) . (3.3)

As − n
q′1

< 0 we have

A1 � sup
k0∈Z

2−k0

(
k0


�=0

2�u

( −1


j=−

‖�(1+ |x|)− (x)H ( f j)‖Lq2(·)(w)

)u) 1
u

� C sup
k0∈Z

2−k0
[ k0


�=0

2�u

( −1


j=−

2−�n2
�n

q1 2
jn

q′1(0) ‖ f j‖Lq1(·)(w)

)u ] 1
u

� C sup
k0∈Z

2−k0
[ k0


�=0

2
�u−�nu

q′1

( −1


j=−

2
jn

q′1(0) ‖ f j‖Lq1(·)(w)

)u ] 1
u

� C sup
k0∈Z

2−k0

((
−1


j=−

2
jn

q′1(0) ‖ f j‖Lq1(·)(w)

)u) 1
u

� C sup
k0∈Z

2−k0

(( −1


j=−

2(0) j‖ f j‖Lq1(·)(w)2
jn

q′1(0)
−(0) j

)u) 1
u

.
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Now by applying Hölder’s inequality and using the fact that n
q′(0) −(0) > 0 we have

A1 � C sup
k0∈Z

2−k0

[( −1


j=−

2(0) ju‖ f j‖u
Lq1(·)(w)

)( −1


j=−

2
( jn

q′(0)−(0) j)u′
) u

u′
] 1

u

� C sup
k0∈Z

2−k0

((
k0


j=−

‖2(·) j f j‖u
Lq1(·)(w)

)) 1
u

� C‖ f‖
MK̇(·),u

 ,q1(·)(w)
.

Combining these estimates we get

‖(1+ |x|)− (x)H ( f )‖
MK̇

(·),u
 ,q2 (·)(w)

� C‖ f‖
MK̇

(·),u
 ,q1(·)(w)

. �

THEOREM 2. Let 1 < u <  , 1/q1(x)− 1/q2(x) =  (x)/n, 0 <  (x) < n, and
a,q2 ∈ P0,(Rn) , such that

−n
q1

<  <
n

q′1
,

−n
q1(0)

< (0) <
n

q′1(0)
.

Then
‖(1+ |x|)− (x)H ∗( f )‖

MK̇
(·),u
 ,q2 (·)(w)

� C‖ f‖
MK̇

(·),u
 ,q1(·)(w)

,

where q(·) is the variable Sobolev exponent defined by

1
q(·) =

1
p(·) −

 (x)
n

,

and

 (x) = C (x)
(

1−  (x)
n

)
� n

4
C, (3.4)

C is being the decay constant for p(·) .

Proof. Let f ∈ MK̇(·),u
 ,q2(·)(w) , and f (x) = 

j=− f (x) j(x) = 
j=− f j(x) , we

have

|(1+ |x|)− (x)H ∗( f )(x).�(x)|
�
∫

Rn\R�

1

|x|n− (x)
| f (x)|(1+ |x|)− (x)�(x)dx

� C



j=�+1

‖ f j‖Lq1(·)(w)‖(1+ |x|)− (x)| · | (x)−n j‖
Lq′1(·)(w)

�(x).
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It is known, see e.g. [32] that

I (·)( j)(x) � I (·)( j)(x).( j)(x)

=
∫

Rj

1

|x− y| (x)−n
dy. j(x)

� C|x| (x) j(x).

Consequently, we have

‖�(1+ |x|)− (x)H ∗( f )‖Lq2(·)(w)

� C



j=�+1

‖ f j‖Lq1(·)(w)‖(1+ |x|)− (x)| · | (x)−n j‖
Lq′1(·)(w)

‖�‖Lq2(·)(w)

� C



j=�+1

2− jn‖ f j‖Lq1(·)(w)‖(1+ |x|)− (x)|x| (x) j‖
Lq′1(·)(w)

‖�‖Lq2(·)(w)

� C2− jn



j=�+1

‖ f j‖Lq1(·)(w)‖ j‖
Lq′2(·)(w)

‖�‖Lq2(·)(w).

‖(1+ |x|)− (x)H ∗( f )‖
MK̇

(·),u
 ,q2 (·)(w)

= sup
k0∈Z

2−k0

(
k0


�=−

‖2�(·)�(1+ |x|)− (x)H ∗( f )‖u
Lq2(·)(w)

) 1
u

� sup
k0∈Z

2−k0

( −1


�=−

2�(0)u

(



j=�+1

2− jn‖ f j‖Lq1(·)(w)‖ j‖
Lq′2(·)(w)

‖�‖Lq2(·)(w)

)u) 1
u

+ sup
k0∈Z

2−k0

(
k0


�=0

2�u

(



j=�+1

2− jn‖ f j‖Lq1(·)(w)‖ j‖
Lq′2(·)(w)

‖�‖Lq2(·)(w)

)u) 1
u

=: E1 +E2.

We will find estimate of E2 ,

2− jn‖�‖Lq2(·)(w)‖ j‖
Lq′2(·)(w

� C2− jn2
�n

q2 2
jn

q′2 � C2
(�− j)n
q2 . (3.5)

E2 � C sup
k0∈Z

2−k0

(



�=0

2�u

(



j=�+1

‖�(1+ |x|)− (x)H ∗( f j)‖Lq2(·)(w)

)u) 1
u

� C sup
k0∈Z

2−k0

(
k0


�=0

(



j=�+1

2 j‖ f j‖Lq1(·)(w)2
d(�− j)

)u) 1
u

,
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where d = n
q2

+ > 0. Then by virtue of the well known Hölder’s theorem yields

E2 � C sup
k0∈Z

2−k0

[
k0


�=0

(



j=�+1

2u j‖ f j‖u
Lq1(·)(w)

2du(�− j)/2

)

×
(




j=�+1

2du′(�− j)/2

) u
u′
] 1

u

� C sup
k0∈Z

2−k0
[ k0


�=0




j=�+1

2u j‖ f j‖u
Lq1(·)(w)

2du(�− j)/2
] 1

u

� C sup
k0∈Z

2−k0

(



j=0

2u j‖ f j‖u
Lq1(·)(w)

j−1


�=0

2du(�− j)/2

) 1
u

� C sup
k0∈Z

2−k0

(



j=0

j


l=−

2ul‖ fl‖u
Lq1(·)(w)

j−1


�=0

2du(�− j)/2

) 1
u

� C sup
k0∈Z

2−k0

(



j=0

j−1


�=0

2du(�− j)/2

) 1
u

‖ f‖
MK̇

(·),u
 ,q1(·)(w)

� C‖ f‖
MK̇(·),u

 ,q1(·)(w)
.

For E1 by using Minkowski’s inequality

E1 � sup
k0∈Z

2−k0

( −1


�=−

2�(0)u

(



j=�+1

‖�(1+ |x|)− (x)H ∗( f j)‖Lq2(·)(w)

)u) 1
u

E1 � sup
k0∈Z

2−k0

(
−1


�=−

2�(0)u

(
−1


j=�+1

‖�(1+ |x|)− (x)H ∗( f j)‖Lq2(·)(w)

)u) 1
u

+ sup
k0∈Z

2−k0

(
−1


�=−

2�(0)u

(



j=0

‖�(1+ |x|)− (x)H ∗( f j)‖Lq2(·)(w)

)u) 1
u

:= B1 +B2.

The estimate of B1 can be obtained in a similar way to E2 by replacing q2 with q2(0)
and using the inequality n

q2(0) +(0) > 0, n
q2

+ > 0. For B2 we have

2− jn‖�‖Lq1(·)(w)‖ j‖
Lq′2(·)(w

� C2− jn2
�n

q2(0) 2
jn

q′2 � C2
�n

q2(0) 2
− jn
q2 , (3.6)
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B2 � C sup
k0∈Z

2−k0

(
−1


�=−

2�(0)u

(



j=0

‖�(1+ |x|)− (x)H ∗( f j)‖Lq2(·)(w)

)u) 1
u

� C sup
k0∈Z

2−k0

(
−1


�=−

2�(0)u

(



j=0

2− jn2
�n

q2(0) 2
jn

q′2 ‖ f j‖Lq1(·)(w)

)u) 1
u

� C sup
k0∈Z

2−k0

(
−1


�=−

2�(0)u

(



j=0

2
�n

q2(0) 2
− jn
q2 ‖ f j‖Lq1(·)(w)

)u) 1
u

� C sup
k0∈Z

2−k0

(
−1


�=−

2�((0)+n)/q2(0)u

(



j=0

2
− jn
q2 ‖ f j‖Lq1(·)(w)

)u) 1
u

� C sup
k0∈Z

2−k0

((



j=0

2 j‖ f j‖Lq1(·)(w)2
j(n/q2+)

)u) 1
u

� C sup
k0∈Z

2−k0

((



j=0

j


l=−

2l‖ fl‖Lq1(·)(w)2
j(n/q2+)

)u) 1
u

� C sup
k0∈Z

2−k0

((



j=0

2 j(n/q2+)

)u) 1
u

‖ f‖
MK̇

(·),u
 ,q1(·)(w)

� C‖ f‖
MK̇(·),u

 ,q1(·)(w)
.

Combining the estimates for E1 and E2 yields

‖(1+ |x|)− (x)H ∗( f )‖
MK̇(·),u

 ,q2 (·)(w)
� C‖ f‖

MK̇(·),u
 ,q1(·)(w)

,

which completes the proof. �
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e-mail: recastillo@unal.edu.co

Differential Equations & Applications
www.ele-math.com
dea@ele-math.com


	Introduction
	Preliminaries
	Main results


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [1200 1200]
  /PageSize [425.197 637.795]
>> setpagedevice


