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A NOTE ON THE BOUNDEDNESS OF VARIABLE
HARDY OPERATORS ON WEIGHTED HERZ—MORREY
SPACES WITH VARIABLE EXPONENTS

MEHVISH SULTAN, BABAR SULTAN* AND RENE ERLIN CASTILLO

(Communicated by A. El Hamidi)

Abstract. In this paper, we will introduce the idea of weighted Herz—Morrey spaces with variable
exponents. Then the fractional Hardy-type operators of variable order is shown to be bounded in
these spaces.

1. Introduction

We consider the Riesz potential operator

ICWf(x):/ Ldy, 0<¢(x)<n. (1.1)
e [x— 3|70
Note that the {(x) is the order of the Riesz potential operator which is variable.
Variable exponent function spaces have been widely studied and have many im-
portant applications. These variable exponent function spaces are important for study-
ing problems in partial differential equations and applied mathematics. In particular,
Herz spaces with variable exponent generalize classical Herz spaces see [3]. The Herz-
Morrey spaces MK;(/}W(R”) generalize the idea of Herz spaces with variable exponent

K;ﬁ) (R™). These function spaces were initially defined in [4]. Izuki and Noi introduced

the concept of weighted variable Herz spaces I'(;E';’)’ (w) in their papers, [6].

The concept of grand Morrey, introduced in [10], has attracted significant attention
from researchers. Boundedness of integral operators on grand variable Herz spaces can
be seen in [17,22,29,31]. Sultan et al. [13] introduced the idea of grand variable Herz-
Morrey spaces and proved the boundedness of Riesz potential operators on these spaces.
In [23], the definition of grand weighted Herz spaces K% )6 (w) spaces was introduced
and proved the boundedness of integral operators in these spaces. In [14] it was shown
that fractional integral operators are bounded in grand weighted variable Herz-Morrey
spaces. Additional developments concerning grand variable Herz spaces, grand variable
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Herz—Morrey spaces, and variable exponent function spaces can be found in [2, 11,12,
15-21,25-28,30,33], where different classes of operators and related inequalities were
studied.

Motivated by the aforementioned results, in this paper we will define the idea of
weighted Herz—Morrey spaces with variable exponents and demonstrate the bounded-
ness of the Hardy operators of variable order on weighted variable Herz-Morrey spaces

-0 () .u
MK/Mq(') (w).
2. Preliminaries

In this paper, |G| > 0 and x denote the Lebesgue measure and characteristic
function of a measurable subset of R", respectively. C is always a positive constant
and its value can be changed by its appearance. Let G be a measurable subset of R”,
andlet p: G — [1,00) be a measurable function. We suppose that

1 <p(G) <p(y) <p+(G) <o, (2.1)

where p_ :=essinf p(y), p+ :=esssup p(y).
yeG veG

(a) Lebesgue space with variable exponent U’(')(G) is the class of functions such
that

pO)
LP(G) = {f 1/ (@) dy < oo, where y is aconstant}.
G

Norm in L”1)(G) is defined as follows

p(y)
11006 :=inf{y>0: i (@) dygl}_

(b) The space Lf:)(c') (G) is the following class of functions:

Lp(')(G) = {f . f € LPY)(K) for all compact subsets K C G} )

loc

The Hardy-Littlewood maximal operator M for f € L! (G) is defined as

loc

1
MW i=sup [ 1)y (x€ G
>0 B(er)

where B(x,r) is the ball of radius r and center at x.

The set Z(G) consists of all measurable functions p(-) satisfying the conditions
that p_ > 1 and py < . The notion of #(G) denotes the collection of all p(-) €
2(G) such that M is bounded on L”()(G). Let’s review the well-known log-Hdlder
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continuity condition (also known as the Dini-Lipschitz condition) for p : G + (0,00):
for any x,y € G, where |x—y| < % , then we have a positive constant C such that

() — P < —C

<— 2.2)
—In|x—y

Further, we say that p(-) satisfies the decay condition if there exists po, := p(eo) =
‘l‘im p(x), and there is a positive constant C.. > 0 such that
x| —oo

Co

[P(x) = peol <
We will also need the log-Holder continuity condition at O for p(-): There exists a
constant Co > 0 such that, for all [x < 1,

G

Ip(x) pwwémhr
The smallest admissible constant C in (2.2) (respectively, C in (2.3)) is referred to
as the log-Holder continuity constant (respectively, the log-Dini—Lipschitz decay con-
stant) associated with the exponent p(-). By £22!°¢ = 21°¢(G), we denote the functions
p() € Z(G) satisfying (2.1) and (2.2). Let P.(G) (respectively, &) ..(G)) denote
the subset of &?(G) consisting of functions that satisfy condition (2.3) (respectively,
both conditions (2.3) and (2.4)).

Now, we introduce the definition of the Herz space with variable exponent.

Let ¥, = X&,» Rr =B:\Bi—1,and B, =B(0,2") = {r e R" : |r| < 2'} forall 1 € Z.

(2.4)

DEFINITION 1. Let g be a measurable function, let w be a weight, and let () €
2 (R"). The weighted variable exponent Lebesgue space L'() (w) consists of all mea-
surable functions g such that

L
gw @ e L'O(RM),
The norm on L") (w) is defined by

1
Il = ngrw |
L) )

DEFINITION 2. Let o(-),r(-) € Z(R"), 0 <A <o, and 0 < u < e. The homo-
geneous weighted Herz—Morrey spaces with variable exponents, denoted by M Kf (r())" (w),

consist of all locally integrable functions g € Llré'c) (R"\ {0},w) such that

MKf(r())u(w) = {g € Llré'c) (R"\ {0},w) : ”g”MKﬁ(r‘()_")u(W) < oo}, (2.5)

1
u u
rOw) |

where the (quasi-)norm is defined by

ko
gl atyu, .= sup 2~ kok sza(-)gxk
MK 00 ez k;_:w
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DEFINITION 3. Let 1 <5 <o and let s’ = —*; be the conjugate exponent of s.
Let w be a weight function. We say that w € A; if there exists a constant C > 0 such
that, for every cube Q C R",

() G 2) e

For s = 1, we say that w € @ if there exists a constant C > 0 such that
Mw(t) <Cw(r) forae.reR",

where M denotes the Hardy-Littlewood maximal operator.
Finally, we define
Aw:= ] A

1<s<o0

DEFINITION 4. A weight function w is said to belong to the variable exponent
Muckenhoupt class Ay, where p(-) € Z(R"), if

1

sup — ||wr0) xp
BCR" ‘B‘
B is aball

a < oo, (2.6)
')

1
70 X8

‘w
()

where p/(-) denotes the conjugate exponent of p(-) defined by

1 1

—+ =1 forae. xecR"
px)  p'(x)

DEFINITION 5. A weight function w is said to belong to the class A;(,), where
p() € Z(R"), if

sup B8 w1 [|w™ 28| ety < oo (2.7)
BCR?

B is a ball
where pp is the harmonic average of p(-) over B, namely,

1 1 1

=— | —dx
e |Bl /B p(x)

The collection of all such weights is denoted by A; oL

DEFINITION 6. Let s1(-),52(-) € Z(R") satisfy

Y

1 1
si() s2()

A weight function w is said to belong to the class A(s(-),s2(+)) if, for every ball
BCR",

vy
o <|B|'"m, (2.8)

w2l 50 |[w™" 8 A
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where ) (-) denotes the conjugate exponent of s;(-), defined by
1 1

S 5

LEMMA 1. [1] Let f € L'")(G) and g € L*")(G), and assume that the exponents
satisfy

=1 forae.xcR".

1 1 1

00 e

Then there exists a constant C > 0 such that
”ngL”(')(G) < C”fHLr(-)(G) HgHLS(-)(G)~

LEMMA 2. [24] Assume that r(-) satisfy the decay conditions are satisfied at the
origin and at infinity. Then we have

m
ko270, 0<r<1, (2.9)
L’(‘)(W)

[0 o

and

ko275, 131, (2.10)
L’(')(w)

HXB(O,th)\B(o,zt)

where ko > 1 and k. > 1 are constants independent of t.

DEFINITION 7. Let f is a locally integrable function on R”, 0 < {(z) < n. The
n-dimensional fractional Hardy operators of variable order {(z) can be defined as

1
A= g [ T

A f(2) ::/l ) dx, zeR"\0.

1>z |6 @)

3. Main results

THEOREM 1. Let 1 <u <o, 1/q1(x)—1/g2(x) = {(x)/n, 0 < {(x) <n, and
o,qr € Po(R"), such that

< T (0) <
g1 q/lw’ q1 (0) q/l (0)
Then A(¥)
14+ |x])™ N A o)1 <C o) ’
I+ ) A g ) < g,

where q(-) is the variable Sobolev exponent defined by

qt-) p()  n’
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and

M =g (1- 52 < hee 1)

Cw is being the decay constant for p(-).

Proof. Let f € MK\ (w), and f(x) = $7_. f(x)2;(x) = 7. fj(x), we

have

)20 < gy [,V 0lax )

II"

e ™ Z 10 a0 gy 125 IZIC Le(x)-

Jj=—o0

¢

It is known, see e.g. [32] that
10 () () = 150 () (30)-(20) (%)

1
= —————dy.
S )

> Clx|*™ ().
Consequently, we have

2614+ L) O (D)l
15

< c2~ 2 ”fjHLm(-)(W)||%J'HLq’1(-)(W)”(1 + |x|)_MX)IC(')(%/I)Hmz(-)(w)
jm—oo

4 1
<2 3 Lo N0 I+ )1 ()

Jj=—o0

4
—/0
<C2 nlz ||fjHLq1(-)(W)||%jHqu ||?C/W Hqu
R—

15
<C 2 2_€n||fjHLq1(-)(W)||%J'HLq’1(-)(W)”%/JHqu(-)(W)

Jj=—o0

(w)

1+ [x]) W f o).
I+ 20y

1
u

ko u
= sup2 ( 1251+ 1) () )

koEZ (=—c0
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(=—oco jm—eo

ko€Z {=—0

Jj=—00

= E+E>.

Now we will find the estimate for E .
By the lemma 2, we get

2" m”%/H )”X/JHUH(-)(W)

10

Applying above results to E to get

E; < sup 2 fo ( D 2tal) ( 2 2 (anj”qu

ko€Z f=—co Jj=—o0

1
<cSup2—k0’L<Z 2t (0) ( D 2 0

koEZ (=—c0 Jj=—o

o— n
Let b:= 70

ko€Z

¢
<Csup2” kM(Z (220‘
l=—c0 \ j=—oo

—1 4
oo (3 (£,

koEZ {=—oc0

J=—o0

—1 4
—koA
<Csup2h [ > (2 2708 £
(=—oo

ko€Z

Jj=—o0

SCsuPZkM[Z 2 20 “’Hf,IIL,“

ko€Z

(=—o00 j=—0c0

-1
< C sup 2~ %ot [ Yy 2
ko€Z

Jj=—co

ko ¢ ‘
+ sup 2740 ( Y 2l ( Y 27l

_n
<C27Ma240) < 240

O il

1
1 ¢ uN\ u
 aupr-? ( 3 2m(o)u< Y. 2200, )m||m<,>(w>> )

1

HXJ”qu )HJQqu(')(w)) )

(3.2)

NG
HXj”qu )HJQHL‘“(‘)(w)) )

) )

— a(0), applying the Holder’s inequality and Fubini’s theorem to get,

w1
Hf/”qu Zb, “) )

w1
zbuu—f)/z)
) T |

Zbu Jj— /)/2]

(g

Jj=—00

SI—=

. 1

bu(j—10)/2
S 2 >/]
i
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1

ko u
—koA o)
SCsup2 @ (12 )2 f Lt ())

ko€Z
<C (), -
= Hf”MK/?(q)l()(W)

Now for E,, using Minkowski’s inequality we have

1
k ¢ "\ ¥
E> < sup 271 (2 2“‘””( Y ||?C/J(1+|x|)Mx)jf(fi)”m(d(w)) )

ko€EZ /=0 j=—o0

1
k() i —1 U\ u
< sup 2ok (2 zk“w“( » ||xg<1+|x|>’L<x>%<f,->||m<l>(w>> )

ko€Z /=0 j=—o0

us L
+sup 2™ ko (2 pfoeu (2 l| (1 + |x|) (fj)mz(-)(m) )
koCZ i—0 j=0

=A|+ A

As we can easily find the estimate for A, in a similar manner to E;. We will replace
q(0) with ¢/, and by virtue of the fact b := 77 — 0> 0 to get our desired results.
leo

For A; we have

]n

27 2l o oy 1510y S €27 71270 < Coie 27O (3.3)

L0 ®m) S

As Ocoo—q,L<Owehave

leo
1
u

ko ~1 U\ u
A1 < sup2-to? (zsz< y ||m(1+IXI)‘“x)%”(f/)qum(W)) )

ko€Z j=—o0

ko€Z Jj=—o0

—1 n /Ji" " %
< C sup 2~ %ot [2 {0l ( D 21 24 0) fj||qu(l>(w)> ]

ko€Z

ko [apol,lffnu —1 ,ji " %
< C sup 2~ kot { 2 2 Y 2 240 ||fjHLq1(-)(w) }
=0

Jj=—00

S S N
2 20 ”fj”yn(-)(w)
. u l
jn —a(0)i u
gCSupziko)L (( 2 ZocO Hf/”qu 10 “ )J> ) :
jm—oo

< Csup 2 koA
ko€Z

ko€Z
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Now by applying Holder’s inequality and using the fact that % —a(0) > 0 we have

u 1
u

—1 jn_ AN
A1 <Csup 7—kol 2 2a(0 jMHfj”qu 2 2(q/(0) (0)/)u
ko€Z J=—o0 J=—o0

1
SCsukaM(( X 1250 ))
ko€Z Jj=—00

<CfI patra
= MKfql(l)(w)

Combining these estimates we get

—A(x) <
I+ ) Ay ) < g, O

THEOREM 2. Let 1 <u <eo, 1/q;(x)—1/qa2(x) = {(x)/n, 0 < {(x) <n, and
a,qr € P (R"), such that

" < <a(0) <
1o d... 01(0) 0,(0)’

Then
1—|—x %* f o) u <C ] o) u 5
”( | |) ( )HMKL({];(_)(W) || HMK?L,E]T(-)(W)

where q(-) is the variable Sobolev exponent defined by

11
q(") ) n’
and
A(x) = Cul (%) (1 - @) < gcm, (3.4)

C. is being the decay constant for p(-).

Proof Let f € MK and f(x) = 557 f(0)2;() = S5 f(x), we
have

()90 200)
*) Oy (x)dx
< om0 ) )

<C2HffHLm(W)II(Hle)‘“")\-\4 il 2

Jj=l+1

(w)
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It is known, see e.g. [32] that

10 () (x) = C“(%j)( )- () (x)

=, )
> Ol * ().

Consequently, we have
e (L4 b))

<SC X Mfill oo I (L4 D)0 [F97m5)

j=t+1 0
<C 2 2_j"\\fj||qu(.)(W)H(l—|—|x|) |x|§ X/”qu
j=t+1
<27 X il o HXJHLqZ )||%/:HLq2<l>(W>
j=t+1

(1 )2 ()],
MK?qu()( w)
1

k() ) u
= sup 27 ( X R0 (4 ) A (f M az00¢ )

ko€Z

J—

ko€Z f=—oo j=l+1

koEZ (=0 j=t+1

= E|\+E.

We will find estimate of E,

(t—jn

27 el oo o 123 0, < €27 ks < '

ko€Z (=0

E, < Csup2fo (2 e ( D lxe(1+ |x|)l(x>3’f*(fj)m<->(w)> )

J=l+1

1
ko hd . . “\
< Csup2Ho* (2 ( D 2a°°’||fjqu(->(w)2d(€_’)> ) ;

koEZ (=0 \j=l+1

)HX«”,Hqu(')(W

) 12ell 20,

1

1
< sup 2 kot ( 2 2t(0) ( 2 2” jn”fjHqu HXJ”L‘IZ ,)X(”qu(-)(w)> )

1
ko oo ‘ U\
+ sup 9~koh (2 Al ( 2 2J"fj”qu(,)(w)Xj||Lq’2(-)(W)X«”,”qu(,)(w)) )

(3.5)
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where d = quw + 0t > 0. Then by virtue of the well known Holder’s theorem yields

ko o
£y < Csup z-kM[z( Y 2% il 2d“<‘-f>/2>

ko€Z (=0 \ j=(+1

u

u o1
o ( i zdu'wj)/z) ' ]
j=t+1

ko oo - 1
< Csup 2"‘0*[2 > 2% filly 00 )2“““‘”/2]
ko€Z (=0 j=(+1

< Csup 2 kot
ko€Z

< Csup 2ok (

1
o j-1 - «
2% fillY 0y § 2d“<‘—f>/2>

j=0 (,:0

J Jj—1 o
2 (xmul ||fl Hqu ) 2 2d'£(£,/)/2>
=—c0 =0

1
u

u

s

ko€Z

\ |
=}

j=01

o j—1
< C sup 2—]{0}, 2 2du (e—j)/2
koEZ j=010=0

<C|fll O (-
MK () )

||fHMK;LZ,(éi#E")(W)

For E; by using Minkowski’s inequality

1
1 U\ u
Ey < sup 2o ( > 2m(o>u< ¥ lxe(t+x)~* «%ﬂ*(fz)Hqu ) )

koZ (=—co J=0+1

1
1 1 N u
E; < sup 27ko* ( > 2m(0)"< D Xe(1+|x|)_w)e%”*(fj)||qu<-)(w)> )

ko€Z f=—co Jj={+1

1 u %
+ sup 2~ Hot ( Y, 20 (2)& L+ [x) %*(f/)”m ) )

ko€EZ {=—o0 J
=B+ B;.

The estimate of B can be obtained in a similar way to E by replacing ¢s.. with ¢2(0)
and using the inequality ( 7+ o(0) >0, 7oz 0 > 0. For By we have

In —jn

2_/'"||)QHqu ||X/|| <C2™ J"Zqz 2‘% <20 0)2q2m (3.6)

0
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1
u

1 ad '
Y 2lelon (lex/(1+lxl) %*(f,)L@(-)(W)) )

ko€Z (=—oo j=0
I j “ o
_ o Zn i u
koA Lo(0 —Jjn~ g5(0) » 4
<Csup2 o (3 2O (5 =m0 0 1Fill jar 0 )
kQEZ (=—c0 j:O

1
d o _n_  —jn “\ u
ZZWW<2wmwéM¢me>
— oo =0
1 u %
2 2l(0x(0)+n)/q2(0) (22% ”fJHL‘il ) )
=—o j

< Csup 2 kok
ko€Z

1
U\ u
Wﬂmmengﬁ%0>

Jj=0

1
U\ u
> 2 20‘°°1HleLq1 2/"/qzw+am)> )

Jj=0l=—c0

1
U\ u
2J(1/q200+0t) e
Hf||MKA£,)1(,>(w)

< Csup 2 kok
ko€Z

/\/\/\

Combining the estimates for E; and E; yields
[(1+ le)’“")%*(f)\\m 0 ) CIIfHMK O ()

which completes the proof. [
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