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EXISTENCE AND UNIQUENESS OF SOLUTIONS FOR
NONLINEAR FRACTIONAL CAPUTO-LANGEVIN EQUATION
WITH ANTI-PERIODIC BOUNDARY VALUE PROBLEM

ELHAM YOUSEFI AND MOZHGAN AKBARI*

(Communicated by I. Vel¢i¢)

Abstract. In this paper, we consider a nonlinear fractional Caputo-Langevin equation with anti-
periodic boundary value problem. Existence results and uniqueness are obtained by using Schau-
der fixed point theorem and Banach contraction mapping principle. As applications, two exam-
ples are offered to illustrate our main results.

1. Introduction

Fractional-order differential equations have attracted the attention of many re-
searchers because of their applications in many scientific and engineering disciplines.
Quantum calculus was first studied by Jackson [10, 11] which roughly speaking, is or-
dinary calculus without limits.

Motivated by these applications of g-calculus, many researchers have developed
the theory of quantum calculus based on two parameter p and g. In 1991, Chakrabarti
and Jagannathan first investigated the (p,q)-calculus (post quantum calculus) in quan-
tum algebras [4] in order to generalize or unify several forms of g-oscillator algebras
well-known in the physics literature. One can find some useful information about the
(p,q)-calculus in [3,12,16,17,25].

On the other hand, the Langevin equation (first formulated by Langevin in 1908)
is found to be an effective tool to describe the evolution of physical phenomena in
fluctuating environments [5]. For some new developments on the fractional Langevin
equation, see, for example, [2, 6, 14,24].

In [21], Sitho, et al. studied the existence of solutions for quantum difference
Langevin equation with multi-quantum numbers ¢g-derivatives nonlocal conditions of
the form

Dy(Dy+A)x(t) = flt.x(1), 1€ [0.T],

x(0) = aDpx(0), Sy BiDrx (&) = v,
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where quantum numbers 0 < p,q,r; < 1, A, 0o, B;,y €R, i=1,2,...,m are given con-
stants, f € C([0,T] xR,R) and 0 < §; < ... < &, < T. Existence and uniqueness
results are proved by using fixed point theorems.

In [1], Ahmad, et al. introduce a g-variant of the Langevin equation with two
different fractional orders supplemented with separated boundary conditions. Precisely,
they consider the following problem

DYDY+ A)ult) = pflt.u(t)) +ki;g(t,u(r)), t1e€J=[0,1], 0<g<l,
aru(0) — by (1" PIDyu(0)) |0 = S1u(m),
axu(1) +baDqu(1) = Su(ny),

where 0 <, < 1, DY and CDg denote the fractional g-derivative of the Caputo

type, I,f denotes Riemann-Liouville integral with 0 < £ < 1, f,g are given continuous
functions, A and p,k are real constants and a;, b;,0; € R, 0<n; <1, i=1,2. Their
results are based on some classical fixed point theorems.

In 2021, Qin, et al. [18] studied positive solutions for fractional (p,q)-difference
boundary value problems given by the following

{CD;;q u(t)+ f(p%tu(p®)) =0, te0,1], 1<a<2,
u(0) =u(1) =0,

where f € C([0,1] x R,R) is a non-negative continuous function, 0 < g < p <1, D,
is a Riemann-Liouville-type fractional (p,q)-difference operator.

Moreover, Neang, et al. [15] considered the nonlocal boundary value problem of
nonlinear fractional (p,q)-difference equations with taking care of solutions of exis-
tence and uniqueness results obtained by

Dy qu(t) = f(t,u(pt)), t€[0,T/p%], 1< <2,
Bru(0) +v1Dp qu(0) = Siu(m),
Bou(T /p) +v2Dp qu(T [ p) = Eu(n2)

where f € C([0,T/p*] xR,R), B, vi, &, (i = 1,2) are constants, ‘D, denoted by
Caputo fractional (p,q) type, while D, , denoted by first-order (p,q) denvatlve

Inspired by the above literature, in this paper, we investigate the existence and
uniqueness of solutions for the following fractional (p,q)-differential equation with
anti-periodic boundary conditions. Let J = [0,7/p®"#] C R, where T > 0. Here, J
denotes a compact real interval serving as the domain of the independent variable 7.
Although the (p,q)-difference and (p, q) -integral operators involve a discrete geomet-
ric structure through their corresponding scaled points, the domain J itself is the usual
continuous real interval. We assume that 0 < o, <1, I <o+ <2,0<g<p<1.
Then, the problem under consideration is

D& (DB 4+ A)x(t) = f(t,x(p™)), 1€ =[0,T/p**P],
x(0) +x(T/p**tP) =0, (1.1)
DY 4x(0) + DY (x(T / p*+P) =
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Here, °D};, and "D,[iq denote the Caputo-type fractional (p,q)-difference operators,
and f:J xR — R is a continuous function.

The rest of this paper is organized as follows: In Section 2, we recall some useful
definitions and properties. In Section 3, we give some sufficient conditions for the ex-
istence of solutions for boundary value problem (1.1). Two examples are also provided
to illustrate our main results in Section 4.

2. Preliminaries

In this part, some fundamental results and definitions of the (p,q)-calculus, which
can be found in [8, 19,20] are given.

Throughout this paper, let [a,b] be an interval with —eo < a < b < 4o, and 0 <
g < p < 1 be constants. We define

k_ ok
K]pq = pp_Z . keN,
k] pq! = klpglk=1]pg---[Upg = Hi‘{:o %7 keN,
i 17 k: O

The g-analogue of the power function (a — b)t(,") with n € Ny := {0,1,2,...} is given
by

n—1
@a-b) =1,  (a=b)y :=[Jla—bg"), abeR.
k=0

The (p,q)-analogue of the power function (a — b)l(,nzj with n € Ng :={0,1,2,...} is
defined by
n—1

(a—b)ggz 1, (a—b)p'f,)]:: H(apk—bqk), a,beR.
k=0

DEFINITION 2.1. [19] Let g: [a,b] — R. The (p,q)-derivative of function g is
defined by
g(pt) —g(qt)
(p—q)
and D), 4¢(0) = lim;_o D, 4g(t), provided that g is differentiable at 0.

Dpqg(t) = . 1#0, 2.1

DEFINITION 2.2. [19] Let g: [a,b] — R, and t be a real number. The general-
ized quantum integral with (p,q)-parameters is defined as

t oo n n
— q q
86 dnas == 3 () @2)

which converges for each fixed 7 € [a,b]. Thus, although the evaluation points ¢ /p"*!
form a discrete set, the variable ¢ itself ranges over the whole interval [a,b].
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DEFINITION 2.3. The generalisation of the g-gamma function, which is called
the (p,q)-gamma function, is given by
~1
(l) _ (p_q)g# )
pa (p— q)tfl

) = (/)
1_ q/pt 1H1_ q/p k+t+1’ (23)

for r € R\ {0,—1,-2,...}, and an equivalent definition of (2.3) is given in [20] as
qu [ 1/2/ xf lE qx pq-x

where

B = 2 g, 99"

1—1
Note that Ty (1 + 1) = 1] gTp.a(t) and Ty (1) < pU'2) (1= (g/p)} ).
For s,¢ > 0, the definition of the (p,q)-beta function is

1
Bp4(s,t) :/0 u‘Y71(1 —qu)g7;1)dp7qu, (2.4)

and (2.4) can also be written as

S I t
By g(s.t) = pl' D@+ 2>/2Lp€(>.

[pg(s+1)

THEOREM 2.4. [19] Assume that f,g:[0,b] — R are (p,q)-differentiable func-
tions on [0,b/p). Then
(i) f+g:10,b] — R is (p,q)-differentiable on [0,b/p] and

Dpg(f(t) +8(1)) = Dpgf (1) + Dp 48(1)-
(ii) For any constant ¢, cf : [0,b] — R is (p,q) -differentiable on [0,b/p] and
Dpgcf(t) =cDpqf(1).
(iii) fg:10,b] — R is (p,q)-differentiable on [0,b/p] and

D[nq(fg)(t) = f(pt)Dp,qg(t) +g(qt)Dp,qf(t)a
D[nq(fg)(t) = g(Pt)Dp,qf(t) +f(qt)Dp7qg(t)~

(iv) If g(t) # 0 then f/g is (p,q)-differentiable on [0,b/p] with

g(qt)Dp of (t)+ f(qt)D)p 48(t)
g(pt)g(qr) '

qu(f/g)(t) =
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THEOREM 2.5. [23] Let g:[0,b] — R be a continuous function. Then
() Dy [ 85)dnas = 80),
(i) [ Dagls)dpas = 8(0) - 5(0),
(iii) /ut Dpgg(s)dpqs =g(t)—gla), forae(0,t).

DEFINITION 2.6. [22] Let f:[0,b] — R be a continuous function and o >
0. The fractional (p,q)-integral of fractional Riemann-Liouville type is given by

(19,,/)(t) = f(r) and

05100 =~ [ 1ol s

p(Z)Fpﬂ(O‘
(=g < 4 @ e, 4
T f 1),
p(2>rp7q(0‘)n§>l’"“( prt )pa (pa+n )

where ¢ € [0, p*D].

DEFINITION 2.7. [22] The fractional (p,q)-derivative of Riemann-Liouville
type of order & > 0 of a continuous function f is defined by (Dg’q f)@) = f(r) and
(D5af) (0) = (Dyalys™ 1) ).

where [of] is the smallest integer greater than or equal to o.

DEFINITION 2.8. [22] The fractional (p,q)-derivative of Caputo type of order
o > 0 of a continuous function f is defined by (CD?W f)(t)=f(¢) and

(‘Dyf)0) = (15 DY) 1),
where [of] is the smallest integer greater than or equal to o.

LEMMA 2.9. [22] Let f:[a,b] — R be a continuous function and o, 3 > 0.
Then, the following formulas hold:

(i) (I 15, ) (0) = (5P £) (@),
(ii) (D05 f) (@) = f(1).

LEMMA 2.10. [22] Let f:[a,b] — R be a continuous function, o > 0, then, the
following formula holds

[] -1 £k
(g Dpg) ) =F) = 3

g (Dpaf)(0).
k=0 p(g)rp,q(k+l)( Pﬂf)( )
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THEOREM 2.11. [7] (Contraction Mapping Principle) If (X,P) is a complete
distance space and T is a compressed map from (X,P) to itself, then T has a unique
fixed point in X .

THEOREM 2.12. [26] (Arzela-Ascoli Theorem) Let X be a compact metric
space. A closed subspace of C(X;R) or C(X;C) is compact if and only if it is bounded
and equicontinuous.

LEMMA 2.13. [9] (Nonlinear alternative for single value maps) Let E be a
Banach space, C a closed, convex subset of E and U an open subset of C with u € U'.
Suppose that © : U — C is a continuous, compact function; that is, ©(U) is a relatively
compact subset of C. Then, either

(i) © has a fixed point in U, or

(ii) there is a u € AU (the boundary of U in C)and u € (0,1) with u = uOu.

In order to define the solution of the boundary value problem (1.1), we need the
following lemma.

LEMMA 2.14. Let 0 < a,f <1, I <a+P <2, x,he C(J,R). Foranyt € J,
X is a solution of the problem

DL (DB, +A)x(t) = g(t), 1€J=1[0,T/p*P],
x(0) +x(T/ p‘”ﬁ ) =0, (2.5)
CDILiqx(O) +CDI7 qx(T/PaJrB) 0,

if and only if x satisfies the following integral equation

i (6D
()= / 0 g [ O
q(a+p) ’

1 rﬁ TP (T potB — gs)y Y |
s o “—g(s/p? ) dpys
Zp(ﬁ) pq(ﬁ‘Fl)/O P(Z)Fp,q(a) "

(s/paJrBil)dp?qs

/T/p”Hﬁ T/pOH'B qs)(OCJrB 1)
2 (), 4+ B)
/T/pa+/3 T/poHrB _ qs);ﬁq 1)
B
"2 PO, 4(B)
B /T/p‘Hﬁ (T/p‘”ﬁ qs)(a 1)

1
+ — o
4 plaBB ()T, (B +1) 70 P, (0)

x(s/pP71) dpqS

g(s/l’ail)dp,qsa

(2.6)
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Proof. We apply (p,q)-integral operator of order ¢ on the first equation in (2.5),
and use Lemma 2.10, to obtain

DY (1) = IF 1) — Ax(t) + co. 2.7)
We obtain by taking the fractional (p,q)-integrating to both side of (2.7) as

B

x(t) =I5 P g(t) = AL x(t) + —5 co+ci, (2.8)

P, (B +1)

where ¢( and ¢; are constants and 7 € [0,7/ poth ]. Applying the boundary conditions
of (2.5) to (2.7) and (2.8), we solve the resulting system for ¢y and c; to find

T/ a+ﬁ OH-ﬁ (OC 1)
. / PP AT /p - q8)p.q (s/poc 1) S,
2 P, ()
T/p*B (T poc+ﬁ gs (a+B-1)
a=-3 ( /((Hﬁ) Jpa (VPOHB?I) dpgs
pt 2/ Tpg(a+B)
)L T/pa+ﬁ T a+f _ (B-1)
_’_5/ (T/p ; qs)pg <s/pﬁ 1) g
P(Z)Fpﬂ(ﬁ)
1 T8 T/ (T ) petB — gs)lD)
+3 7 / : /p(a) s (s/p" ) dygs
ple+BBp()T, (B 41) /0 pTp (@)

Substituting these values of ¢y and c; into (2.8) yields (2.6); conversely, suppose x is a
solution of (2.6). Differentiating (2.6) recovers the differential equation in (2.5), which
completes the proof. [

3. Main results

In this section, we discuss the existence of solution for boundary value problems
(1.1) by the Schauder fixed point theorem and the Banach contraction principle.
Let X = C(J,R). Obviously, the space X is a Banach space if it is endowed with
the norm as follows
= t)|.
x| = max[x(7)]

Define an operator © : X — X by

(PP 's) dpgs

! (t—qs)pq a+p—1 (B Y

Ox(1) = 5% —)L 7x

0) /Opmrpq o g Br o)
)

: / T T [p*tP — gs)iyy !
(B+1)7°

— 5 f(s,x(p*'s)) dpgs
P(Z)Fp,q B+1 P( )Fp.,q(o‘) g Pfi
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1 T/ p*+h T/p%tB — s ((.XJFB*U B
) ( /Izﬂs 9)pg fls,x(p™tP 's)) dp,gs
0 P2, 4(a+B)

A / TP (T p P — g5y
2 Jo B

P(Z)Fp,q(ﬁ)
TP (T p P —gs)lyy

! v / e (50 dpgs
p(a+ﬁ)ﬁp(2)1“p’q(ﬁ+l) 0 P Ty q(a)

x(pﬁfls)dpﬂs

To prove the main result, we need the following assumptions
(H,) f:JxR— R be a continuous function.
(H) There exists a (p,q)-integrable function L; : J/ — R and M > 0, such that

[f(t,0)] <Li(r), Veed, xe[-M,M].

LEMMA 3.1. Assume that Hi,Hy hold. Then © : X — X is completely continu-
ous.

Proof. The proof is similar to that of Lemma 3.2 in Zhou and Qiao [27]. U

THEOREM 3.2. Assume that Hy, Hy hold. Furthermore, suppose there exists a
number K > 0 such that

l1—a
K>1 3.1
K> 1 (3.1
where a and b are defined as
3|4 T8
a=— ,
2 pB+BpT, (B +1)
3 3 TP
b= S5 LT /pP) + I LA (T/p*P).

4 5B+ ()T, (B +1)

Then, the fractional differential equation (1.1) has at least one solution.

Proof. According to Lemma 3.1, operator © is completely continuous. Now, the
operator © : X — X satisfies all the conditions of Lemma 2.13, therefore, by its conclu-
sion, either condition (i) or condition (ii) holds. Now, we show that the conclusion (ii)
is not possible. Let U = {x € C(J,R) : ||x|| < K} with aK +b < K. It can be shown
that

B
(@) < 221 ’ x|
pB+Bp(G)r, (B+1)

3 3 T8
+ 2Bt (T po By 4 =

. 1% Ly (T /p**P)
2 Pq 4 p(ﬁ+&)ﬁp(g)rpq(ﬁ + 1) P4

<aK+b<K.
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Suppose there exists x € JU and u € (0,1) such that x = u©x. For such a choice of x
and u, we have
= [lxll = ul|©x]| < [|Ox]| < aK +b < K.

This leads to a contradiction. Accordingly, by Lemma 2.13, we have that ® has a
fixed point x € U, which is a solution of the problem (1.1). Therefore, the proof is
completed. [

THEOREM 3.3. Suppose for L € C(J,R), f satisfies the condition

[f6x) = fey)| <L) x—yl,  Viel, xyeR,
and
31| T8
2 s, (B 1)

3
0 = SIEPLT/p )+

B
+ % ﬁT I%,L(T /p*“P) <1
pletBBp()r, (B+1)

Then the fractional differential equation (1.1) has a unique solution.

Proof. Define Q = max,cs|f(,0)| and select r > (QQ)(1 —¢)~!, where

Toc+ﬁ N 3 TOC+I3

Q= ’
p(a+ﬁ)2p( ;ﬁ)r‘p,q(a'f'ﬁ + l) 4 p(oﬁ-ﬁ)zp(g)p(Z)Fp,q(ﬁ + l)rp7q(06+ 1)

| W

Define a closed ball as B, = {x € X : ||x|| < r}, then for x € B,, we have

T/p%B () petB _ S(a+ﬁ71) B
|©x(1)] </ ( /I;ﬁ 2 £ (s, x(p* P 's))| dp.gs
P( )T Lpglo+PB)
T/p“+ﬁ T a+p _ S (B-1)
—|—|M/ /p(ﬁ) 1 )pq x (Pﬁils)|dp7qs
P 4(B)
1 7P / TP (T p P —gs)yy
2 paBB ()T, ,(B+1) 10 PITp(0)
| f(s,x(p*'s))|dpgs
/,T/pa+[3 T/p(erﬁ qs)(O“FB 1)
2 “ )Fp7q(oc+B)
LA / T T/ peth — gs) P
]
p2)r, . (B)

‘f(S7X(Pa+B715))‘dp7qs

|x(pﬁils)|dp7q5
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L r i
4 plaBB )T, ,(B+1) 10 P, ()
| f(s,x(p*'s))|dpgs
/T/pa+[3 T/pa+ﬁ qs)(ochB 1)
S2 0, g(atB)
x (| (s, x(p ‘”ﬁ 1) = f(5,0)[+]f(5,0)]) dp.gs
T/ O‘+5 o+p (B-1)
‘M/ ’ T/p(ﬁ) qS)
pr? qu(B)
7" (TP —as)y
"3 ; J ®
petBBp(r, (B +1) pIT, (@)
% (| (s.x(p" ")) = £(5,0)[ + | £ (5,0)]) dp gs
/T/paﬂ} T/pOH_B qs)(a+ﬁ 1)
<2 I, g(a+B)
a+ﬁ o (B-1)
L
p( )Fp q(B)
3 Tl TP (T p* P —gs) iy
3 ; J ®
petBBp()r,  (B+1) /0 pIT, (@)
( (S/Pafl)r"‘Q) p:qS
0

T/ (7 B —gs) Y

(PP "s) ) gs

(L(s/ PP+ Q) dpgs

dpgs

3 s L(s/p™ P ") dpgs

(%2 )qu(OH_ﬁ)
[ L D
p(ﬁ)rpq(ﬁ)
42 "
4 plaspplIT,  (B+1)
(

T/ o+ o+p e o—1)
g <T/p() q(>,,)q Ls/p*1) d]

dpgs

3 Tﬁ /T/pa+ﬁ (T/pour[j _ qs)(OC 1)
2 ; =
4 plesp)bp(r, (B+1) 70 P, ()
L3 TP et — gs)g P d
2 o (a+[3) qS

p\ 2 Fp7q(05 +B)

+0

dpgs
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Al 1
2 patpBpIr, (B + 1)

3
<r lil,‘ijﬁL(T/paw )+

3 Th
ta B Iyq (T/pmrﬁ)]
platBiBpz L,q(B+1)

3 T(X+ﬁ
+Q E 5 (otB
pletBP (), (a+B+1)

3 T(X+ﬁ

4 p@ 82 p(8) p(IT, (B + 1)Tpg(a+1)
=rp+0Q<r

Which implies that |@x(¢)| < r, thatis, ©(B,) C B,. In what follows, for x,y € X,
and r € J, we can get that

|©x(t) — ©y(7)]
! (Z_qs);a(jﬁ Y a+p-1 a+p-1

< §,X s))— f(s, s\ dy.qs
JA gy O S g

B (B 1)
2l [ M| (P15) = (0P 15) dp s
C)r,4(8)
l—tﬁ / TP (T /p* P —gs)fy Y
2 pIr, (B +1) 70 P, 4(a)
< | f(s,x(p™'5)) = fs5,(p* ")) dp g5
/T/paﬂ} T/pOH_B qs)(a+ﬁ 1)
T2 )T, (0 + B)
x| f(s,x(p “*B 1)) = f(s.y(p*TP71s)) dp gs

A T/pa+ﬁ T pOH-B qs (ﬁ ) B B
LA L {/ J0a (B 15) = y(pP 1) dpgs

+

P(ﬁ)rpq(ﬁ)
1 r / T (/o —as)iy
4 plaBB ()T, (B +1) 70 P, ()
< |f(s,x(p* 1)) = £(s,y(p* ') dp.gs
3 T/ po+B (t—qs)((”ﬁ 1) -
<||x—y[— P L(s/p™ P~ dp g
2/0 pl zﬁ)rp,q(a"‘ﬁ) "

L3 / TP~ gs)ity

p®r,.(8)

dpgs
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3 Tﬁ /T/pa+l3 (T/pa+ﬁ qs)(a 1) (S/pa 1) s
= 12
4 p(a+ﬁ)ﬁp(§)r‘p7q(ﬁ +1)70 P(Z)Fpﬂ(a)
3|4 TP
zlgz}_ﬁL(T/poﬁ-ﬁ) + L

2 plopipIr, 4 (B+1)

T8
+% ; I“qL(T/pf”ﬁ)] lx— |
pletBIBp)r, (B+1)
< @llx—yll.

This implies that © is a contraction. Thus, by the Banach contraction mapping
principle, we obtain that ® has a unique fixed point in J, that is, (1.1) has a unique
solution. The proof is completed. [

4. Examples

In this section, we present two examples, which indicate how our theorems can be
applied to concrete problems.

EXAMPLE 4.1. Consider problem (1.1) with
a=7/10, B=4/5 p=09, ¢g=005 T=1, A=1/6, J=]0,1.17].
Case 1.

1

1| 20
20

1+x2(p%) |

2

ft,x(p%1)) =

Clearly,

F(0x(p°0)] < e = La0),
_ 314 7/

2 pB+aBpIT, (B + 1)

~ (0.2606,

T8
B
4 B+ )T, (B 1)

3
b= 51{3;% (T/p**P)+

1%Ly (T /[ p**P)
~(0.037,

with condition (3.1), it follows that K > 0.05. Thus, all the assumptions of Theorem 3.2
hold true. Therefore, the problem (1.1) has at least one solution on [0,1.17].

Case 2. : (x(p®1))
. arctan(x(p“t
t Ap)) = —Sin?
£l = e
Clearly,
|arctanx| < /2 and 5 <1,

1+x
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we obtain

a=— 20.267,

Th
B
4 pB+afp(C)r, (B+1)

1%,Ly (T /p**P)

with condition (3.1), it follows that K > 0.09. Thus, all the assumptions of Theorem 3.2
hold true. Therefore, the problem (1.1) has at least one solution on [0,1.17].

EXAMPLE 4.2. Consider the fractional differential equation (1.1) with the follow-
ing parameters:

=07 B=08, p=09, ¢g=005 T=1, A=1/6,

and J =[0,7/p®*P] ~[0,1.17]. Let the nonlinearity f be defined by

1 1 1
o _ o : o
ft,x(p%)) = 55 cost + —loox(p 1)+ 100 sin(x(p%1)).

Note that f is nonlinear and is unbounded in the variable x. Furthermore, f satisfies
the Lipschitz condition with L(r) = 1/50 for all ¢ € J, since

1 | )
|f(#,x) = f(t,9)] < ~==|x —y| + ~—[sinx —siny]|

100 100
< qog o+ o=l = g5l
S 100" M 00 T T 5o

By applying the definitions of the (p,q)-fractional integral and the parameters above,
we compute

31A| T’
2 parpBpr, (B +1)

3
0 = SIPLT/p )+

3 TP +B
+7 Lyl (T/p*™7)

B
4 plet)Bp(2)r, ,(B+1)
~0.024+0.296+0.022 = 0.342 < 1.

Since ¢ < 1, all the conditions of Theorem 3.3 are satisfied. Consequently, the problem
(1.1) possesses a unique solution on J, even though the function f is unbounded in x.
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