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SHOOTING METHOD USING DIFFERENCE EQUATIONS

RICHARD AVERY, DOUGLAS R. ANDERSON, JOHNNY HENDERSON
AND JEFFREY W. LYONS*

(Communicated by F. Atict)

Abstract. In this paper, we introduce an alternative fixed-point method to the classical shooting
technique. Our approach solves a sequence of discrete initial value problems, which can be used
to approximate the solution of a discrete boundary value problem, which in turn approximates
the solution of a continuous boundary value problem, complete with error bounds. The key to the
technique is the use of discrete initial value problems which are trivial to solve to approximate the
trajectory of a solution of a continuous boundary value problem then using difference equations
to approximate a solution. To demonstrate the method, we apply it to the right focal boundary
value problem.

1. Introduction

The shooting method is a numerical technique for approximating solutions to
boundary value problems by solving corresponding initial value problems. These initial
value problems are typically approximated using numerical integration schemes, with
iterative adjustments to the initial conditions. Foundational discussions of the method
can be found in [5, 6, 8], while more recent advancements are presented in [2, 9]. De-
spite ongoing efforts to refine the classical approach, most improvements have focused
on approximating the continuous initial value problem directly. In contrast, this paper
proposes a different strategy: instead of applying the shooting method to the differential
equation itself, we apply it to an associated difference equation. The trajectory of the
resulting solution of the discrete initial value problem is then used to approximate the
solution of the original continuous boundary value problem. This approach offers a key
advantage over traditional techniques, as discrete initial-value problems are generally
easier to solve.

For integers a and b with a < b, define the set

Dy ={x€Z :a<x<b}={a,a+1,---,b—1,b}.
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Let N be a natural number and define the Banach space

B:={y|y: D ni2 — R and y(0) = 0}

which is endowed with the norm,

Y|l = max |y(k)|.
ol = s )

The shooting method using difference equations begins with an application of the
shooting method to a discrete boundary value problem, and we will illustrate the tech-
nique on right focal boundary value problems. See [7, 10] for an introductory treatment
of the shooting method applied to discrete boundary value problems. The discrete right
focal boundary value problem is given by

Ay(t—1)+ f(y(1)) =0, t€Dyyi, (1.1)
y(O) :Ay(N+1) =0. (1.2)

The corresponding discrete initial value problem to (1.1), (1.2) has initial condi-
tions y(0) =0 and y(1) — y(0) = (Ay)(0) = y(1) =: y; € R. With this in mind, let m
be a non-negative real number and let y,, € B be the unique solution of the initial value
problem given by

A%yt =1)+f((1) =0, €Dy, (1.3)
m
0)=0 d = —— 1.4
¥(0) and y(1) =5, (1.4)
which is recursively defined by
m
ym(t+2) = 2ym(t+ 1) _ym(t) _f(ym(t+ 1))7 ym(o) =0, and ym(l) = N—+2
for integers 7 € Dyg yj. One can show that
tm d
ym(t) = Ni2 o (t—5)f(m(s)), €Dyt (1.5)

s=1

is the unique solution of the initial value problem (1.3), (1.4), where we employ the
convention that

2ﬂ®=0

for any function g when i and j are integers with i > j. In (3.5) and in Theorem 4

below, we will see why we have taken y,, (1) = m/(N +2). In short, this is necessary

for the approximation of a solution of the discrete boundary value problem to lead to

an approximation of a solution to the right focal continuous boundary value problem.
Note that if m™ is a nonnegative real number with

Y (N +2) = yur (N + 1),
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then y,,+ is a solution of the boundary value problem (1.1), (1.2).

The first step in applying the shooting method to approximate the solution of a dis-
crete boundary value problem involves solving a discrete initial value problem, which
can be efficiently computed through iteration. The objective is to determine a value of m
such that the solution to the initial value problem defined by equations (1.3) and (1.4)
also satisfies the boundary conditions of the discrete boundary value problem (1.1)
and (1.2). The solution takes the form

m !

N+2 &

N

ym(t) = (t —5)f(m(s)),

which naturally leads to a fixed-point formulation used to approximate the solution of
the corresponding continuous boundary value problem. In this approach, the shooting
method is first applied to a discrete boundary value problem via discrete initial value
problems. The trajectory of the resulting discrete solution and the discrete solution is
then used to approximate the continuous problem, with a bisection scheme employed
to establish error bounds.

2. Preliminaries

For a non-negative real number m, define the function
N+1
h =yu(N+2 N+1)
(m) =ym(N+2) = ym(N+ N—|—2 nym

In the following theorem, we verify that 4 is continuous assuming f is Lipschitz con-
tinuous.

THEOREM 1. Let m be a non-negative real number. If f is Lipschitz continuous,
then h is continuous at m.

Proof. Let m be a non-negative real number and 7 be the Lipschitz constant for
f.For € >0,let

0 = min ! £
B 22T+ 4N+ 227+ 4)NFL [T
Suppose that n is a non-negative real number with
0<|m—n|<3d,

thus
ym(0) = yn(0)| =10 —0/=0 < |m—n|.

We will show that
(1) = ya(t)] < (2744)' " fm—n|

for all positive integers ¢, with t < N+ 2, by finite induction.
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Clearly the statement is true when ¢ = 1, since
m

n
1) = yp(1)] = |—— —

Let k € Dyj y41) and suppose that

’ <|m—n|= (27 +4)°m —n|.

(1) = ya(t)] < (2T+4)' " fm —n|

for all integers 7, with 0 <7 < k. Hence
b’m(k+ 1) _Yn(k+ 1)
= Ym(k—=1) = f(ym(k)) = 2yn(k) + yn(k — 1) + f(yn( )’

< | (k) Yn(K)| + [ym(k = 1) = yulk = 1)| + | f Om (k) — f u (k)]
< 2[ym (k) = ya(K)| + |ym(k = 1) = yu(k = 1) | 4 T|ym(k) = ya (k)|

< (t4+2)2t+4)* Ym—n|+ 2t+4)2m—n|

< (t+2)2t+ 4 m—n|+ (t+2) 2t +4)* m —n|

= (2t +4)km—n|.
Thus, by mathematical induction, for every ¢ € Djg y 2],
Y (®) =yu(0)] < (2T +4) m —nl,

and since |m —n| < §, we have

. 1 ¢
ym = Yulle= < QT+ m —n| < 27 +4)NT1S <mm{§7§}7

hence

)
”ym _yn||€°° < 3

Therefore,
[h(m) = h(n)| = [ym(N +2) = ym(N + 1) = yu(N 42) + ya(N + 1)
< |ym(N +2) = ya(N +2) |+ [ym (N +1) = ya(N + 1)
e €
< E + E =&
Thus, & is continuous at m. [J

Since we have established that % is continuous for all non-negative real values of
m, it follows that / is continuous on the interval [0,0). In Theorem 2, we demonstrate
that if there exist positive real numbers ¢ and d with h(c)h(d) < 0, then a slightly
modified bisection method developed by Avery, Anderson, and Lyons [3] can be ap-
plied to approximate a solution to the boundary value problem given by equations (1.1)
and (1.2). Since not all discrete boundary value problems admit solutions, this condition
serves to verify the existence of a solution before attempting to compute one. More-
over, it provides a structured framework for selecting initial conditions in the associated

initial value problems.
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THEOREM 2. Suppose that f is a non-negative, Lipschitz continuous function
with constant T. If there exist positive real numbers ¢ and d with h(c)h(d) < 0, then
there exists a 0 in the interval with endpoints ¢ and d such that

h(6) =0,

and thus yg is a solution of (1.1), (1.2). Moreover, there is a sequence {Gj};-"zo in the
interval with endpoints ¢ and d such that

9j->9
with 4
—c
|6_6j‘ < pYEay
and

(d—c)(z+2)N*!
1yo —ye;lle= < N

Proof. For convenience we will assume ¢ < d, the proof when d < ¢ is nearly
identical. In Theorem 1, we verified that % is a continuous real-valued function. We
have assumed that

h(c)h(d) < 0.

Therefore, by the intermediate value theorem, there exists a 6 € [c, d] such that h(0) =
0, and thus yg is a solution of (1.1), (1.2).

Now, let
d
co=c, do=d and 60:60; 0

Recursively define the sequences {c,}5_o, {dn}g,and {6,},_, by

d
Crt = On, dyyr = dy and Gy = 2T
if h(6,)h(dy) <0, and
n dn
Cpyl =Cn, dyr1 =0, and O, = C‘Jrl—;iﬂ

if h(cy)h(6,) <0 and h(6,)h(d,) # 0. Observe that for each whole number n that
h(ca)h(d,) <O0.

Thus, by the intermediate value theorem, there is a 0 € [c,,d,| such that 2(0) = 0. By
induction,
dj_l—Cj_l - d()—C() - d—c
2 2 20
and since 6; is the midpoint of the interval [c;,d;] and 6 € [c},d;], we have that

dj—Cj:

d—c d—c

0j—cj=>;
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So, we either have that
0e [Cj76j] or O ¢ [6j,dj]7
and hence
d—c

‘G_Qj‘ < L

Also, in the proof of Theorem 1, we showed that
[ve —yo,lle= < 2T+ 4)N0 - 6.

Hence,

d—c (d—c)2t+4)N*TL (d—c)(t+2)N !
lyo —yo,lle= < 27+ 4)N*! ( 5+ ) = 2+l - 2/-N '

Thus,
}E?oyej =Yo- U

3. Second-order right focal boundary value problem

While solving the discrete second-order right focal boundary value problem (1.1),
(1.2) using a shooting method is interesting, the value of this approach increases when
it is used to approximate a solution of a continuous second-order right focal boundary
value problem. We will consider the continuous second-order right focal boundary
value problem given by

X' () +r(x(t)=0, te(0,1), 3.1)
x(0)=x'(1)=0 (3.2)
where
r(x) = (N+2)*f(x).

Note that, if we assume that 7 : R — [0,00) (or f) is continuously differentiable,
then we will have that r is Lipschitz continuous on any closed set. The standard fixed
point method to solving (3.1), (3.2) is to convert the boundary value problem to a fixed
point problem using the associated Green’s function. Every solution of (3.1), (3.2) is a
fixed point of

Hx(t) = /0 ' Glrs)r(x(s) ds, (3.3)
with
G(t,s) = min{z,s}

being the corresponding Green’s function of (3.1), (3.2). See Duffy [4] for a thorough
treatment of Green’s functions and Agarwal [1] for a discussion of right focal boundary
value problems. The operator

H:C[0,1] — C?[0,1]
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is completely continuous where the norm || - || is the usual supremum norm on the
Banach space E = C[0,1]. For a non-negative real number m, establish the initial
conditions

x(0) =0 and X'(0) = m. (3.4)

It was shown in [3] that solutions of the initial value problem (3.1), (3.4) are fixed points
of the operator A defined by

Ax(t) = mi — /0 (= $)r(x(s)) ds (3.5)

on the Banach space E. Also, if x* is a fixed point of A and

m= /01 r(x*(s))ds,

then x* is a solution of (3.1), (3.2). In [3], a bisection method was introduced that in-
volved partitioning the interval [0, 1] into subintervals, allowing the Banach contraction
principle to be applied on each one. By piecing together the resulting solutions of these
initial value problems, a global solution to the boundary value problem was obtained.
Although effective, the approach in [3] is complex and computationally intensive. In
contrast, the shooting method presented here offers a simpler bisection scheme due to
the ease in solving, not approximating, discrete boundary value problems. The error
bounds are easily calculated as the solutions of the initial value problems are fixed
points of the operators (1.5) and (3.5).

Let i € Dy 1) and t € [i/(N+2),(i+1)/(N+2)] and suppose y,, € B is the
unique solution of the initial value problem (1.3), (1.4). Define y*, € E = C[0,1] by

y;q(f) :}’m(i> + ((N+2)t - i) (Ym(i+ 1) _Ym(i))a

and then define w,, € E = C[0,1] by

1) = AV (1) = mt — /0 "= )P0y (s)) ds. (3.6)

In what follows in this section, we show how to find m so that Hw,, is as close
as one wants to get to a solution of the boundary value problem (3.1), (3.2). In the
following theorems, we provide the bounds which are needed to verify that Hw,, ap-
proximates a solution of the continuous boundary value problem (3.1), (3.2). We note
that Hw,, € E and satisfies the boundary conditions (3.2).

THEOREM 3. Let m be a non-negative real number, y,, € B be the unique so-
lution of the initial value problem (1.3), (1.4) with f(x) = r(x)/(N +2)* where r is
a Lipschitz continuous function with Lipschitz constant , C be a positive real num-
ber with max{||ym||«} < C, and M be a positive real number with r(x) < M for all
x € [0,C]. Then, for t € Do y11),

max  |Aym(t) — Awp, <

1€D)o 11

1 0.5M +2Cy
< =M
N+2>‘ (N +2)? !
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and
. (2.5M+2m+2Cy)(N+2)+M
Hyn’l_‘/vn/l||mg (N+2)2 :MZ-

Proof. Let f(x) = r(x)/(N +2)*. Thus, for w,, defined in (3.6) and an integer
t € Dy 2] we have that

t mt Nt
m|l —— )| = —— — —_—— ; ds.
v <N+2> N+2 /o (N+2 S>r(ym(s>> N
Thus, it follows for ¢ € Djg y 1 that we have

t+1

Mon(0) =" [T ()t o)

N+2 Nt2 °
mt NFz oot .
vt b () as
+1 t
2o/ t+1 vz r(yE
__m [T <—+ _s)r(y;;(s))ds— / w2 r0n) 4
N+2 Jg, \N+2 0 N+2
and hence
m 1 1 M (M+m)(N+2)+M
a0 < 75+ (3752) (72) -
[ v ()] viz2  \nvi2/\N 2 N+2 (N+2)?

Since y,, € B is the unique solution of the initial value problem (1.3), (1.4), for an
integer 7 € Djg v 2]

Moreover, for ¢ € [i/(N+2),(i+1)/(N+2)] with i € Dy, we have defined
V() = YD)+ (N +2)t = 1) (ym(i+1) = ym(7)),
and hence for any 7 € Djg v 7],
Ym(t) =y (1)

Thus, for # € Djg v 1], we have

ey omi+1) H rm(s)  mt r(ym(s)

M) =33 _E(ZH_S)(NHV_N+2+s=1(t_s)(N+2)2
_m o 7(n(s)
_N+2_S=ZI(N+2)2’
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and hence
m M M-+m

|\ N+2+N+2 N+2°

| Ay (2
For s € [0,1], define

Yme(s) =ym([(N+2)s]).

Since y,, is concave down, there is a z,, € D[O N+2) with yy, (i) increasing for i <1, and
decreasing for i > 1,,. Hence, for s € Djy y9],

s s—1
. — Ym,c = VYm —Vm h <t
b ]}y’“(r) Ine(®)| =y <N+2> y <N+2> when st

and

max }y* (T) —Ym C(T)| ym< s 1 ) ym< ) when s 2 t,,.
Te[.?*l s ] " ’ N+2 N+2

=|
+
[N
=
+

Thus, for ¢ € Djg y1), we now estimate |Ay, (1) — Aw,, (1/(N +2))| using the
concavity of y,,,

9080 375

m rOm(s))  m
:‘N+2 z(N+2) N+2

vz ot+1 N+2ry
=+l (7)) d)
+/, (N+2 T) r(yy, (T dr—i—/ N2 T

s
! s
-2 (573) [ rtomtopae
+/Nflz (NL+12_7> rOm( “’TJF/N+2 r;,’”ﬂ az|
:‘_i‘]ﬁ) /ngz (Yme(T))dT
+/Nflz (1%— )r(y;(f))d‘c—i—;zl(]%”) /NEZ (1)) d|
-| / (35— 7)o dx
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Applying the M bound on r and the Lipschitz condition, we obtain

’Aym(t) — Awy, (%4_2) ‘

t+1 s
Nz /t+1 N2
M X () [

, (N 2 T) ”2 Nt+2) /s

N+2 N¥2

<2(NA12)2 * i (N—1k2> /m m(7) _ym,c(T)‘ dt

N+2

e S ) [
- 2(N+2)2 N+2/ Js1

5=
N+1 1

V(y;q(f)) - r(ym,c(r)) dt

(1) = (7)] de

+S=§+l<m) o WY () = Yme )‘dr
\2(NA12)2 +s:1 (Nliz> /N—i‘: (y’"( )= ym(s = 1)> dt
G e
_Z(NA—/iI- 2) +:1 (le/m) (y’n(S)Nﬁmz(s_ 1)>
N1 s 1) — (s
+.v:z§n:‘+1 <Nl—ukz> ym( Nlizy ())
g () (a0 () ) )
M Cy Cy
<2(N+2)fL (N+2)2+ (N+2)?
0.5M +2Cy
S (N+2)?

For i € Djg 1], we have that

and

(Aym (s)— Awm(s)> ‘

<§)|Aym<s> — ()

2 0.5M+2Cy _ 0.5M +2Cy
(N+2)? N+2

~

s=0
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It remains to bound ||y}, — Wy ||e. Thus, for # € [i/(N+2),(i+1)/(N+2)],

() = Wi ()] <[5 () = 3 (D] + ¥ (1) = win (D) 4 [Win (i) — win (¢)]
<Y+ 1) = Y@+ (@) = wan (D] + [Win (i) = win (i + 1))

I ()] + =2 i)

_Mtm  0SM+2Cy  (M+m)(N+2)+M
SN2 N+2 (N+2)?
(25M+2m+42Cy)(N+2)+ M

a (N+2)? ’

and hence
2 5M+2m+2Cy)(N+2)+M

(N+2)? -

1Y = Wl <

THEOREM 4. Let m be a non-negative real number, and let f(x) = r(x)/(N +2)?
where r is a Lipschitz continuous function with Lipschitz constant \y. Suppose y,, € B
is the unique solution of the initial value problem (1.3), (1.4), and z,,, € E is the unique
solution of the initial value problem (3.1), (3.4). Assume there exists a positive real
number C such that max{||ym||s, ||Zm |-} < C, and a positive real number M such that
r(x) <M forall x € [0,C]. Then, we have the estimate

zm — Wl < Mel TV +((2.5M+2m+2C1[/)(N+2)+M)(N+1)61+W:M3

Proof. Let i € Djj y4,), we will prove by finite induction that for all 7 € [0,i] that

e (755) oo (72 <@

where
dy(i—1 i
6i:<61+ II/(N )>pt 1
for
M (2.5M+2m+2Cy)(N+2)+M N+2+vy
dol=—5, d= ,and p= ————
2(N+2)? (N +2)? N+1
Note that
w (;)_m_t_/zviz (;—s> r(ym(s)) ds
"\N+2) " N+2 Jo \Nt2 Ym
and

t mt N+2 t
Ly __ L ds.
Z’”<N+2> N+2 b <N+2 S) r(am(s)) ds
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For i =1 and ¢ € [0, 1], by Taylor’s Theorem, for some # € (0,7),

o (53) o) = (Rl el (Uof)

since
7m(0) = wn(0)
and 0 0
/ —
Z'“<N+2) Wm(N+2>'
Thus,

t t M
’Z’"<m> _W’”<N+2>‘ Saweap O
Recall from Theorem 3,
i = wn|.. <.

For i € Djy 1) and

o = (51 + Wﬁ)iq’

suppose that

(i)l <5

Thus, for 7 € [i,i+ 1], by Taylor’s Theorem, for some #; € (i,7), we have that

max

t€(0,i]

Zm
m

(v72)~(553)]
(i) (5
+(753) ( [ (o) = o) ds) =
n <V<Zm<~’—iz&3;;)<§:q<lviz>>> ((r—2 i>2>'

<6+ <7(N—il—2)2>w VEI[IOIaX’_ | |zm (W) =y ()| + N+2(7N712)2
<&+<ﬁ)w<q£g] |zm(q)—wm(q)|+q£g |wm(q)—y31(Q)|>

v(mae o ) lon(@) —wn(@)| +max, r i pon(@) =3i(a)])

N+2°'N+2
+ N+2)7 ’
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and hence
(- wam) e oo (5) —n(572)
(N+2)2/ tefo,i+1] N+2 N+2
o+ (3 wrae)
<(1+——=)6 ——+— | yd.
( )t Wt vV
Since
(N+2)? - (N+2)? _N+2
(N+2)2—y =~ (N+2)2—(N+2) N+1’
we have

t t
ma — ) - —
te[O,ifI] ’Zm<N—|—2> W’”<N+2>‘

g(N+2><N+2+w>6i+(N+2><(N+3 )W

N+1 N+2 N+1 N+2)2
N+2+u/>( dy(i—1)\ ;, (N+2\/ N+3
(0 2 ) e
( N+1 1ty )P Ty i)V
L dw(i—1)p'  yd
Sip+ ———
1P+ N + N
. dy(i—1)p"  wydp'
Sowp'+ (N ! + N = 0j+1-
Thus, by the principle of mathematical induction, we have verified that for all i €
Dy Nt1»
! ! dyiy
max |z —— ) —wnl——=)| < :<5+_> i
te[O,i+1])Z <N+2> w <N+2>‘ i+1 1 N p
Therefore,
dy(N+1
o= e < (8 + DENEDY s
N
and since

we have that

Me'*tV N ((2.5M +2m+2Cy)(N+2)+M)(N+1)e! v
2(N+2)? N(N+2)? '

Hzm - Wm||°° <

In the following theorem, we provide a bound on

(Zm)/(l)

—A <N 1)‘
Ntz Som(VF
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This will be used to provide conditions when

N+1
h(m) =ym(N+2) —ym(N+1) = z Fm(s

=m— /Ol r(zm(s)) ds

are of the same sign, which is necessary to verify the existence of a solution from
the bisection scheme for both the discrete boundary value problem (1.1), (1.2) and the
continuous boundary value problem (3.1), (3.2).

and

THEOREM 5. Let m be a non-negative real number, y,, € B be the unique solution
of the initial value problem (1.3), (1.4), z,, € E be the unique solution of the initial value
problem (3.1), (3.4) with f(x) = r(x)/(N +2)? where r is a Lipschitz continuous func-
tion with Lipschitz constant W, C be a positive real number with max{||ym||e, |[|zm||e } <
C, and M be a positive real number with r(x) <M for all x € [0,C]. Then,

(zm)'(1) v (M3 + M) M
—Ayn(N+1 ‘g M, = M,.
Ni2 AN N+2 a2y =M
Proof. From Theorem 3,
N+
A m(—> Aym(N +1 ‘gM
‘ v ya) ~AmN D<M

From Theorem 3 and Theorem 4,
)~y == [ <zm<>>ds—m+/ 55|
=| [ rents)) ~ (o)

<W||Zm _ym||°°
<Y (llzm = winlleo =+ [[Win = ¥y lle=)
<y (M3 +My).

Thus,

(1) () ¥+
N+2 N+2 N+2

We also have that

[ -5

‘N—i—Z (N+2>/1 r(yj”(s))ds_NLJrz

H ¥ rO(s))
+ o (1=s)rp(n ds+ [7 DSl g
N+2
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:‘(N:le>/l+ rms) ds+/+1 (1=9)r59) s

N2 N2
N+1
| / g ) rOn() ds
N+1 M
- / ML= M
Ntz )T 2N 2R
Therefore,
(zm)'(1) ’ ‘(Zm)/(l) (Wm)/(l)‘
2l 2 Ay (N+1)] < -
’ N+12 y’“( + ) Nt2  N+2
(W) (1) N+1 )
A Awy ( ——
+‘ Nt2 " (N+2>
N+1
‘Awm( +2>—Aym(N+1)’
W(M3+M2) M
< M,. O
N+2 2Ntz T

In the following theorem, we provide a bound on |zm — z,,’ which will be the final
inequality needed to approximate a solution of the continuous boundary value problem
(3.1), (3.2). The proof of this result follows the technique presented in Theorem 4 and
its proof.

THEOREM 6. Let m and n be non-negative real numbers, and let f(x) = r(x)/
(N +2)? where r is a Lipschitz continuous function with Lipschitz constant . Sup-
pose K € N satisfies y < 2k2, and let z,,,2, € E be the unique solutions to the initial
value problem (3.1), (3.4) corresponding to m and n, respectively. Then the following
inequality holds:

K
lzm = zall < ( ) o+ w) = n| = Ms|m — ]

K
2K2 —
m) :m—/olr(zm(s)) ds

Proof. Let k € N with v < 2k2, and let z,, € E be the unique solution of the
initial value problem (3.1), (3.4). Then, for ¢ € [0,1], we have that

2m(t) = mt — /(:(t — $)r(an(s)) ds.

Thus, for an integer ¢ € D[07K] , we have that

wl§) 2 [ (st

Moreover,

is continuous.
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and similarly, for z,, we have that

Zn(tE) = n_Kt_/O»i (IE —s)r(zn(s)) ds.
o=l = s o () =)

(D)= ()]

2'(k)"(k + )~ m — n]
2Kk —y) '
By the principle of finite induction, we will show that for all i € Dy 4,

For i€ Dy, let

and let 7; € [0,i] with

l|zm _ZnHi =

For i € Dy 4, define

& =

Hzm _Zn”i g .

For i = 1, by Taylor’s Theorem, and some # € (0, 7] ), we have that

st el() ()

m  n n(to) _ (o o2
(;‘;Nn—m+<%“lf“”><mzm

and since

we have that 0 0
Z%(—) _n and z;(—) = ﬁ.
K K K

K
Therefore,
m-—n YV\|Zm — Znl|1
ol < 1 Wlzm =2l
and thus | |
174 m—n
Jon =i (1~ 52) < 5
so that
2K|m—n|
||Zm_ZnH1 <————=¢.

2k —y
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Let i € Dy 1) and suppose that for all j € Dy ;,
lzm —zllj < &

Either 7,41 € [0,i] or 7,41 € (i,i+ 1], we proceed by cases.

Case 1: 141 € [0,1].
Thus,
||Zm _ZnHi+1 = ||Zm _ZnHi

and since
2x(Kk+y)

& =—-—5—& > &
i+1 (2K2 — l[f) 1 15

we have that
”Zm_ZnHi-H ”Zm_ZnH & < &iy1-

Case 2: T4y € (i,i+1].
Thus, by Taylor’s Theorem for some ¢ € (i,7;+1), doing an expansion around
t=1i,

”Zm _ZnHH-l :‘Zm(TH_l) (TlH)
(L) - ( ) (D) ([T (o)~ rtan(o) ds) ey~
+< (an (%)) ~ r(an <%))> <<m12— f>2>‘
zm Yz, + %11/|zm(r,-)—zn(ri)]ds
K 0
+ <W m(Tit1 _Zn(TtH))) (;)
| wei

~

V/& WHZm _ZnH1+1

i +— 72

_ W i Wllzm—znllin

=&+ ” + 72 ,
and hence ( ) i I

K+W)&  Yl|Zm —Znllit1
||Zm _ZnHi+1 < P ! + m2K2n
SO 5 ( )
K(K+ y)g

”Zm _ZnHi+1 < ZKTWZ =&11-

Consequently, by the principle of mathematical induction, we have thatforall i € Dyy 4,

2K (k4 y)"Hm —n|
K2 —y)

||Zm _ZnHi <
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Therefore,
25K5 (K + )< m =]

(2K2 —y)¥
Moreover, let m > 0 and € > 0. For any n > 0 with

HZm _Zn”oo — HZm _Zn”K <

(2x* —y)~e
((2K% =)<+ 28Kk (K + y)*t)

|m—n| <

we have that
) g = [ rlents)) ds—n+ [ rats)) a]

1
<im=nl+ | [ 2n(s)=2u(s) ds
<m—n| 4+ v zm — 2|
(2K —y)  + 2"k (K + y)* ") [m —nl

<
(2K2 —y)*

/

<E&.

Thus, g is continuous. [J

THEOREM 7. Assume the hypotheses of Theorems 3—6 hold and let f(x) = r(x)/
(N +2)% where r is a Lipschitz continuous function with Lipschitz constant y. Also
let ¢ and d be positive real numbers and suppose h(c)h(d) < 0 and for all positive
integers j let 0; be the midpoint of the interval with endpoints c; and d; generated by
the bisection method in Theorem 2. If v is a positive integer with

g(cy—1)h(cy-1) >0 and g(dy-1)h(dy-1) >0,
then there exists a A in the interval with endpoints ¢y and d,_ such that
g(A) = 0and thus z; is a solution of (3.1), (3.2).

Moreover,
v [ (d—c)Ms
|22 — Hwe, [ < (E) (W +Ms |,
where H is defined in (3.3) and wg, is defined in (3.6).

Proof. We will assume that ¢ < d, the proof when d < c is nearly identical. In
Theorem 1, we verified that /4 is a continuous real-valued function, and in Theorem 6,
we verified that g is a continuous real-valued function. Since we have assumed that f is
a non-negative, Lipschitz continuous function (inherited from r) and that i(c)h(d) <0
from the work in Theorem 2, there exists a sequence of intervals {[c;,d;|}7_, whose
midpoints {6;}7_, converge to 6 with 6 € [c;,d;] for all positive integers j,

d—c

60—0;] < EyE
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and h(0) = 0 thus yg is a solution of (1.1), (1.2).
From Theorem 2,
h(Cvfl) <0 and h(dvfl) >0,

and we have assumed that
g(cv—1)h(cv-1) >0 and g(dy-1)h(dy-1) > 0.
Therefore,
g(ey—1) <0 and g(dy-1) > 0.

Thus, since g is continuous, by the intermediate value theorem, there is a A €
[cy—1,dy—1] such that g(A) =0, and hence z;, is a solution of (3.1), (3.2). Moreover,
either
A € [CV7176\/] or l S [6\/7d\;71]7
and thus P
—c

A —06y] < VAL

Hence,

125 = Hwe, [l =[[Hz) — Hwp, ||

- s | /01 G(1,5) (r(z4(s)) — r(wo, (5))) d

t€l0,1

1
<sup y | G(t,5)|z5(s) — we, ()| ds
refo,1] /0

1
< sup vl —wo,l- [ Glr.5)ds

t€[0,1]
)y — W oo
<II/|| A . ol
<W(||ZA—ZevHoo+HZBV—WevHoo)
X

2
<(2) oo )

(55 m). o

4. Example — approximating a solution to a second-order right
focal boundary value problem

For 1 € (0,1), consider the boundary value problem

4
"

t —
Ot T e o

x(0)=0, x(1)=0.

:07
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Here, we note that
4

rix) = ——
() 1+ |x|e N

is Lipschitz continuous with constant y =4.
For 7 € Dy yy1), the associated discrete initial value problem is

A%y(t = 1)+ f(¥(1) =0,
0;
0)=0 1) =——
y0)=0, y(1)=5x—7
which can be recursively expressed as

Yo, (t+2) =2yq,(t+1) —yg,(t) = f(yo,(t + 1)), y6,(0) =0, yg(1)= %,
for integers ¢ € Dy v, where f(x) = r(x)/(N + 2)2.

Noting that 4(0) < 0 and &(4) > 0, we apply Theorem 2 with initial interval
co =0 and dy = 4. Using Mathematica, we evaluate /(6;) to identify the intervals
where it changes sign. Table 1 summarizes these intervals and the corresponding signs
of h(6;) for N = 107. Note this means each evaluation of /(m) requires ten million
iterations of the recurrence relation.

Let 1595257
M: :4 :2 = :4 = —\
5, K , C , ¢=0, d , m YIT
Then,
0.5M +2Cy s
M :7<3.4'10 )
T (N+2)2
2.5M+2m+2Cy)(N+2)+M
My = ZAME2MI2CVIINF2)FM o 60
(N+2)2
MeltV 25M+2m+2Cy)(N+2)+M)(N+1)e' TV
M, = Me +(( +2m+2Cy)(N+2) +M)(N+1)e <5210
2(N+2)? N(N +2)?
2K K
M :( ) k=135
5 ZKZ_W (K+l[/) <
and set MM "
6:M4="’( s+ M) | M <2.1-10710,

N+2 2(N+2)2
Hence, by Theorem 5,

g(m)
N—+2_h(m> <9, sothat h(m)—38 < == < h(m)+34.

Taking into account the intervals [c9,d 9],

g(d9) and g(c1o
N+2 N+2

~

0 <h(dg)—0 < < h(c9)+6 <0,
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! i di 0; h(6;)
0 0 4 2 negative
1 2 4 3 negative
2 g % % positive
3 1T2 14—4 % positive
4 2874 2376 % positive
> % % % positive
6 2_3 2—3 2—; negative
7 % % % positive
8 % % % negative
9 % % % positive
10 155T526 155T528 155% negative
1 % % ?(1)% negative
12 % % % negative
13 % % % positive
14 % % % negative
15 % % % negative
16 % % % negative
17 1 6959543066 16959;3068 169595413()67 negative
18 131072 131075 e positive
19 Kot St 22141 positive

Table 1: Values of c;, d;, 6;, and the sign of h(6;).

we conclude that g(dj9) > 0 and g(c19) < 0. Thus, v = 20. Therefore, we define

1595256 1595258

€207 504088 © 0T 524288

By Theorem 7, there exists
A € [c20,d20)
such that z; is a solution of (3.1), (3.2). Let

0o — o0+ dao _ 1595257
20 2 524288
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Then, Theorem 7 guarantees

v [ (d—c)Ms

5 o +Ms | <0.0011.

HZ)L _Hweon‘” <

That is, Hwyg,, lies in the set E, satisfies the boundary conditions (3.2), and approxi-
mates a solution z; of the boundary value problem (3.1), (3.2) to approximately one-
thousandth.

5. Conclusions and next steps

Solving discrete initial value problems can be done recursively. Consequently, the
shooting method for discrete boundary value problems relies on this recursive structure
to establish the existence of solutions and compute approximate solutions. The method
essentially reduces to finding an interval [c,d] such that i(c)h(d) < 0, since solutions
correspond to the zeros of the real-valued function A(x). The appeal of the shooting
method using difference equations lies in the relative ease of evaluating 7 — and, in
principle, graphing it — to identify intervals where it changes sign. In this context, the
initial guess for the trajectory is far more than a mere guess; it provides a systematic
starting point.

However, further work is needed to refine this approach. This includes integrat-
ing computational tools, extending applications to a broader class of boundary value
problems, identifying common themes and strategies, and simplifying error bounds for
practical implementation. Most importantly, it is valuable to compare this method with
other computational techniques for approximating solutions to boundary value prob-
lems. In particular, a computational comparison with the classical shooting method,
using Euler or Runge-Kutta schemes to solve the underlying initial value problems, can
provide insight into efficiency and accuracy.
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