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EXISTENCE OF THREE POSITIVE SOLUTIONS FOR BOUNDARY VALUE
PROBLEMS OF SINGULAR FRACTIONAL DIFFERENTIAL EQUATIONS

Yuil Liu

Abstract. In this article, we establish the existence of at least three unbounded positive solu-
tions to a boundary-value problem of the nonlinear singular fractional differential equation. Our
analysis rely on the well known fixed point theorem in a cone.

1. Introduction

Fractional differential equations have many applications in modeling of physical
and chemical processes and in engineering. In its turn, mathematical aspects of studies
on fractional differential equations were discussed by many authors, see the text books
[4,7, 9], the survey paper [2] and papers [1, 5, 8, 10, 13] and the references therein.

The use of cone theoretic techniques in the study of solutions to boundary value
problems has a rich and diverse history. Recently, E. R. Kaufmann and E. Mboumi
in [11] studied the following boundary value problem for the fractional differential
equations

{Dg+u(t)+a(t)f(u(t))20, 0<t<l, l<a<?2, 0

u(0)=0, u(1)=0,

by using the properties of the Green’s function of the corresponding BVP, the Leggett-
Williams fixed point theorem and the Krasnoselskii fixed point theorem, where f is
continuous on [0, 1] x [0,e0). Under the assumptions:

(A1) f:[0,1] x [0,4+e0) — [0,c0) is continuous;
(A2) aeL”0,1];
(A3) there exists a constant m > 0 such that a(¢) > m a.e. t € [0,1],
The authors in [11] proved that BVP(2) has at least one or three positive solutions.
We note that the Green’s function of the corresponding BVP

{D8‘+u(t)=07 0<t<1, l<a<2, -

u(0)=0, «(1)=0,
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is as follows:

It satisfies
BsG(s,s) < G(t,s) < G(s,s) forall re[B,1], s€][0,1]. 3)

One sees that (4) plays an important role in the proof of the theorems in [11].
In this paper, we discuss the existence of three positive solutions to the boundary
value problem of the nonlinear fractional differential equation of the form

D u(t) + f(t,ut)) =0, t€(0,), 1<a<2,
0,

lim, 02> %u(t) =

)
DS 'u(1) =0,

where DS‘+ (D% for short) is the Riemann-Liouville fractional derivative of order o,
and f:(0,1] x [0,00) — [0,°0) is continuous. We obtain the existence results for two and
three unbounded positive solutions about this boundary-value problem, respectively, by
using the fixed point theorems in a cones.

It is different from [11] that f may be singular at zero and the positive solutions of
BVP(4) may be unbounded ones since lim; .q¢>~%x(t) = 0 for solution x of BVP(4).

2. Preliminary results

For the convenience of the reader, we present here the necessary definitions from
fixed point theory and fractional calculus theory. These definitions and properties can
be found in the literatures [3, 4, 6, 7, 9].

DEFINITION 2.1. Let X be a real Banach space. The nonempty convex closed
subset P of X is called a conein X if ax € P forall x€ P and a > 0, x € X and
—x € X imply x=0.

DEFINITION 2.2. A map y : P — [0,4c0) is a nonnegative continuous concave
or convex functional map provided y is nonnegative, continuous and satisfies

y(x+(1=1)y) Z ty(x) + (1 =)y (y),
or

y(x+ (1=1)y) <ty(x) + (1 =0)y(y),
forall x,y € P and ¢ € [0,1].

DEFINITION 2.3. An operator 7 : X — X is completely continuous if it is con-
tinuous and maps bounded sets into pre-compact sets.
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Let v be a nonnegative functional on a cone P of a real Banach space X . Define
the sets by

P={yeP: |yll<r},
P(yia,b)={yecP: a<y(y), ||yl <b},
P(y.d):={xeP:y(x) <d}.

LEMMA 2.1. Let T : P, — P, be a completely continuous operator and let
be a nonnegative continuous concave functional on P such that y(y) < ||y|| for all
y € P.. Suppose that there exist 0 < a < b < d < ¢ such that

(ED) {y € P(y;b,d)|y(y) > b} # 0 and w(Ty) > b for y € P(y;b,d);
(E2) [|Ty|| <a for [yl <a;
(E3) y(Ty) >b foryec P(y;b,c) with ||Ty|| > d.

Then T has at least three fixed points y1, v, and y3 such that ||y1|| <a, b < y(y2)
and ||ys|| > a with y(y3) <b.

LEMMA 2.2. Suppose P is a cone in a real Banach space X, o,y : P — Iy be
two continuous increasing functionals, 0 : P — Iy be a continuous functional and there
exist positive numbers M,c > 0 such that

(i) T:P(y,c) — P is a completely continuous operator;
(i) 6(0) =0 and y(x) < 0(x) < a(x), |[x|| < My(x) forall x € P(y,c);

(iii) there exist constants 0 < a < b < ¢ such that 6(Ax) < A0(x) forall A € [0,1]
and x € dP(0,b);

@iv) y(Tx) > ¢ for all x € IP(y,c); 0(Tx) < b forall x € IP(0,b); P(a,a)# 0
and o(Tx) > a for all x € IP(a,a);

then T has two fixed points x1,xp in P(7y,c) such that

ofx)) >a, 0(x;) <b<0(x2), v(x2 <c.

LEMMA 2.3. Suppose P is a cone in a real Banach space X, o,y : P — Iy be
two continuous increasing functionals, 0 : P — Iy be a continuous functional and there
exist positive numbers M,c > 0 such that (i), (ii) and (iii) in Lemma 2.4 hold and

@iv) yY(Tx) < ¢ for all x € IP(y,c); 0(Tx) > b for all x € IP(0,b); P(a,a)# 0
and o(Tx) < a for all x € IP(a,a);

then T has two fixed points x1,xp in P(7y,c) such that

o(x)) >a, O(x;) <b<0B(x2), v(x2 <c.
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DEFINITION 2.4. The Riemann-Liouville fractional integral of order oz > 0 of a
function f : (0,00) — R is given by

1 g "
o RGO

provided that the right-hand side exists.

I(?Jrf(t) =

DEFINITION 2.5. The Riemann-Liouville fractional derivative of order o > 0 of
a continuous function f : (0,e0) — R is given by

o o Lodmttot f(s)
D0+f(t) - F(n— Oc) di+1 /0 (t _S)a—nﬂds’

where n— 1 < o < n, provided that the right-hand side is point-wise defined on (0,).
LEMMA 2.4. Let n—1<a <n, ucC’0,1)NL(0,1). Then

I8 DG u(t) = u(t) + Crt®* '+ Cot* 2 4. 4 Cu™ ",
where C;€R, i=1,2,...n.
LEMMA 2.5. The relations

151 ﬁ+¢’ = gfﬁ% DG, I = ¢

are valid in following case
Ref3 >0, Re(a+fB)>0, ¢ €L;(0,1).

LEMMA 2.6. Suppose that T'(oc # Bn®~L. Given h € C[0,1], the unique solution

of
D%u(t)+h(1)=0, 0<zr<I,
(

lim, 2>~ %u(t) = (5)
D u(1)=0,
is .
u(t) = / G(t,5)h(s)ds, ©)
0
where ( . 1
1—s)*" 10—
— T s <
Glr=4 T 7
(a) t <s.

Proof. We may apply Lemma 2.4 to reduce BVP(5) to an equivalent integral equa-
tion

u(t) =— /Ot %h(s)ds e pep®?
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for some c¢; € R,i=1,2. We get
h(s)ds+cit+c2

and .
D () = — / h(s)ds+c1T(cr).
0
From the boundary conditions in (5), since lim,_oT(s) = oo, we get
Ccy — ﬁcll"(a) = O,

- /O Uh(s)ds+ exT(er) = 0.

It follows that

1 1
1= W/O h(s)ds,

and
Cy) = 0.

Therefore, the unique solution of BVP(3) is

1 —g o—1 o—1
u(t) = — /O %h(s)ds—f—;(a) /O  h(s)ds = /0 Gt 5)h(s)ds.

Here G is defined by (7). Reciprocally, let u satisfy (6). Then

lin(}t%au(t) =0, u(1)=0,
11—

furthermore, we have D%u(t) = —h(t). The proof is complete. [

LEMMA 2.6. Let B € (0,1). G(t,s) satisfies the following properties:
@ G(t,5) =20 forall t,s €0,1];
(i) G(t,s) < G(s,s) forall t,s €[0,1];

(iii) min,cg,y G(t,5) = BG(s,s) forall s € [0,1].

Proof. One sees from (7) that G(¢,s) > 0 for all ¢,s € [0,1].
It is easy to see that G(z,s) < G(s,s) for t <s. When ¢ > s, since

%= (1 — )% = (0 — 1)r*2 [1 - (1 - ;)‘”] <0

Then G(z,5) < G(s,s) for t > s. Hence G(z,5) < G(s,s) forall ¢,s € [0,1].
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Let F(s) =1— (1 —s5)%' —Bs* 1. Itis easy to see that F(0) =0 and F(1) =
1—p>0. Since

we get that 1 — (1 —5)%"1 > Bs*~ 1.
For 1 >t > s, we have

(1) ! 1 s
G(t,s) =2 G(1,5) = — T(c) (o) z ﬁr(a)
For B <1t <s, we have
B ﬁa—l g1
G(t.5) > G(Bs) = T 2 B

min,c (5,1 G(t,5) = BG(s,s) forall s € [0,1]. The proof is completed.

For our construction, we let X = C(0,1] and [[u[| = sup,¢ o,y >~ %u(t)| which is
a Banach space. We seek solutions of (4) that lie in the cone

P= {uGX:u(I) >0,0<r<1, n[1inl]u(t) >ﬁ“|u|}.
re[n,

Define the operator 7' : P — X, by

1
Tu(r) = / G(t,5)f (s, u(s))ds.
0
One sees from Lemma 2.7 that

I7ull = max () < | ' Gls,5) (s, u(s))ds

and

1 1
min 2~ %(Tu) (1) = mm]ﬁ2 ﬁ/o G(t,s)f(s,u(s))ds > B /0 G(s,8)f(s,u(s))ds.

t€[n,1] t€ln,1

Hence

min tz_a(Tu)(t) > B%|ull.
ten.1]

It follows that Tu € P. Then T : P — P is well defined. [
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LEMMA 2.8. Suppose that f(t,x) is continuous on (0,1] x R and satisfies that
for each r > 0 there exists ¢ € L'(0,1] such that | f(t,t% 2x)| < ¢,(¢) forall t € (0,1]
and |x| < r. Then T is completely continuous.

Proof. We divide the proof into three steps.

Step 1. T is continuous.
Let {y,} be a sequence such that y, —y in X. Let

r=max{ sup 1> %y,(r), sup 12 %y(r) p.
1€(0,1] 1€(0,1]

Then for ¢ € (0,1], we have
1 1
I)0) = (D01 = | [ #G0) fn(oDds— [|#G(05) (50
1
< [ G091 £(s:3u(5)) = F(5.5(5) s

< o [ (5,522 (9) (5,572 () s
~ r(a) 0 9’ n b

1 1
< ZW/O Or(s)ds.

Since f(¢,s% 2x) is continuous in x, we have ||Ty, — Ty|| — 0 as n — oo.

Step 2. T maps bounded sets into bounded sets in X .

It suffices to show that for each [ > 0, there exists a positive number L > 0 such
that for each x e M = {y € X : ||y|| <[}, we have ||Ty|| < L. By the definition of T,
we get

2-a _ 12—oc
AT = [ PG f(s5()ds

N

ﬁ/olf(s,sazfay(s))ds

1 1
W/O ¢ (s)ds.

N

It follows that
1 1
T <—/ s)ds foreachye {ye X: <UL
[Ty 0 0¢z() ye{y Iyl <1}

So T maps bounded sets into bounded sets in X .

Step 3. T maps bounded sets into equicontinuous sets in X .
Firstly, we prove that T is equicontinuous on compact sub interval of (0,1]. Let
ti,tp € (0,1] with 1y <ty and y e M = {y € X :||y|| <!} defined in Step 2. We have
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1% (Ty) (1 )—fzz_a(Ty)(fz)\
1
‘ / G (11, 5) (5, y(s))ds — /0 1279G(12,5) £ (s, y(s))ds

< /O 279G (11,5) — 129G (12,5)|f (5, 5% 252 %y(s))ds

/n [ 170 —5)" =131 — )%
<

I'(a)
/\tl “G(11,5) —tzzfaG(tz,s)|f(s,s°‘72s27°‘y(s))ds

|t — 12
(o)

] f(s5,5% 7252 %y(s5))ds

+ l‘2 Ocl‘fC ! 2— atg ! f( o—2 2—a ())d
A 1 F(a) B r((x) 5,8 S yis S
</1 7%t — )% =157 %ty — )% 1) — 1] 61(5)ds
= Jo (o) T(a) |
2 [n |t1—t2\/1
—_— d d
+F(a) \ ¢ (s)ds + (@) Jo oi(s)ds
) T : s<t,
G(t7s) _ F(azxil I'o)
1
o) IS

As t; — 1, the right-hand side of the above inequality tends to zero. Therefore, T is
equicontinuous on compact sub interval of (0,1].
Secondly, we prove that 7' is equicontinuous at zero point. Since

/ L 29G(e ) f(sy(5))ds < / o(s

0
we get
time2(1)(0) = [ 601,91 (5.3(5))ds =0
uniformly. Then for each &€ > 0, there exists 6 > 0 such that
17 (Ty) () — 15 *(Ty) ()| < e.

holds for each 0 < 11,1, < §. Hence T is equicontinuous at zero point.
From above discussion, 7' is completely continuous. The proof is complete. [
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3. Main Results

In this section, we prove the main results. Let

and

THEOREM 3.1. Suppose that f : (0,1] x [0,00) — [0,0) is continuous and satis-
fies that for each r > 0 there exists ¢, € L'(0,1] such that | f(¢,t%2x)| < ¢,(¢) for all
t € (0,1] and |x| < r. Furthermore, there exist constants ey,e; and ¢ such that

O<er<er< ;—i <c, We> Mey,
and
(1) f(t,1%%u) < & fort € (0,1], u€0,c];
(D2) f(t,6% u) < % fort€(0,1] and u € [0,e1];
(D3) f(t,t% 2u) > @ forren,1] and u € [627 E—%] ;

then BVP(4) has at least three positive solutions x1, x; and x3 satisfying

sup 127 % (1) < e, min 1> %x(t) > ey (8)
1€(0,1] t€n,1]
and
sup 127 %;3(1) > ey, min >~ %x3(t) < es. 9)
1€(0,1] tem,1]

Proof. Define the functional y by

w(x) min 12~ %x(¢) forx € P.
re(n,1]

It is easy to see that y is a nonnegative convex continuous functional on the cone P.
y(y) < |ly|| forall y € P. For x € P, it follows from Lemma 2.8 that TP C P and
T : P — P is completely continuous.

Corresponding to Lemma 2.1, choose

()
d:ﬁ_a’ b=ey), a=ey.

Then 0 < a < b < d < c. We divide the remainder of the proof into four steps.
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Step 1. Prove that T(P;) C P:.
For x € P., one has ||x|| < c. Then

0<r*%()<c, te(0,1].
It follows from (D1) that
F(ex(0)) = f(1,097277%%(1)) < .1 € (0,1].

Then Tx € P implies that

ITx[| = sup 2~%(Tx)(r)
1€(0,1]

= sup 1tz_o‘G(t,s)f(spc(s))ds

N
%)
=1
g=l
~
7
Q
Q
™~
e
QU
“

N

Then Tx € P., Hence T (P.). This completes the proof of Step 1.

Step 2. Prove that

{yeP(y:b,d)ly(y) > b} = {y € P(y;e2,e2/ B¥) W (y) > e2} # 0

and y(Ty) >b=e; fory € P(y;e,e2/B%).
Itis easy to see that {x € P(y,ez,e2/B%), w(x) >e2} #0. For x € P(y,ex,e2/B%),
then w(x) > e, and ||x|| < e2/B*. Then

min 27%(t) > ey, sup x(t) < ey/B%.
1€[n.1] 1€(0,1]

Hence

er <127%(1) < 2 e n,1].

~ ﬁa b
Hence (D3) implies that

S(x(0) = F0° 70 (0) > 5 e [n 1.

Since Ty € P, we get y(Ty) = min,c [ 2=%(Ty)(t) > B* Sup; _.(0,1] 127%(Tx)(t). We
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get

1
w(Tx) > B* sup | £27%G(t,5)f(s,x(s))ds
1—(0,1]/0

1
> B% sup 127%G(t,s5) f(s,x(s))ds
1—(0,1]7/B

1
> B sup [ G(s,9)f(s,x(s))ds
1—(0,1]7/B

1 gl g
> B? 24
P /ﬁ To)w®
Z en.

This completes the proof of Step 2.

Step 3. Prove that ||Ty|| <a=e; for y € P with [|y|| <a.
For x € P, , we have
sup 127%(t) < ey = a.
t€(0,1]
It follows from (D2) and Tx € P that

€l

Ft.x(1)) = f(£,6%722%(1)) < T (0,1].
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The proof is similar to that of Step 1. Then ||Ty|| < e; for ||y|| < e;. This completes

that proof of Step 3.
Step 4. Prove that w(Ty) > b for y € P(y;b,c) with ||Ty|| > d.
For x € P(y;b,¢c) = P(y,ez,c) and ||Tx|| >d = E—%,, then
min /27 %x(1) 2 e2, sup 27 X(Tx)(1) > <=
1€n.1] 1€(0,1] B 1€(0,1]

Hence we have from Tx € P that

w(Tx) = min 2~ %(Tx)(r)
ten,1]

This completes the proof of Step 4.

N

and ||x|| = sup 7>~ %x(r)

From above steps, (E1), (E2) and (E3) of Lemma 2.1 are satisfied. Then, by

Lemma 2.1, T has three fixed points x;, x, and x3 € P. such that

il <@, wi(x2) > b, |lxal| > a, yi(x3) < b,
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i.e., x1, xp and x3 satisfy (8) and (9). Hence BVP(4) has at least three positive solutions
that may be unbounded positive solutions since lim; .q#>~%x(t) = 0. The proof is
complete. [J

THEOREM 3.2. Let W = % and M = ﬁ. Suppose that f:(0,1] x [0,00) —

[0,00) is continuous and satisfies that for each r > 0 there exists ¢, € L'(0,1] such that
|f(2,6%2x)| < &,(¢) for all t € (0,1] and |x| < r. Furthermore, there exist positive
numbers a < b < ¢ such that Wb > Ma, and

(E1) f(1,6%%u) > w forten,1], uclc,c/B%;
(E2) f(t,t%%u) < & fort €(0,1] and u € [0,b];
(E3) f(t,t%%u) > & fort € [n,1] and u € [B%a,a].
Then BVP(4) has at least two positive solutions x| and x, satisfying

sup 1% 2xi(1) > a, sup 1% 2x(t) <b, sup t* xy(r)>b, min 1* xy(t) < c.
1€(0,1] 1€(0,1] 1€(0,1] t€n,1]

(10)

Proof. Define the nonnegative, increasing and continuous functionals 7,0, 0 :
P — I by

y(x) = min 1*2x(t), x€P,
te[n,1]

6(x) = sup 1% %x(t), xc P,
1€(0,1]

o(x) = sup 1% x(t), x€P.
1€(0,1]

It is easy to see that 6(0) =0 and
y(x) < O0(x) <ofx), xeP

and for x € P we have y(x) > B%||x||, 8(vx) < vO(x) for all v € [0,1] and x € P.
From Lemma 2.8, we have TP C P and T is completely continuous. Hence (i)—(iii) in
Lemma 2.2 hold. To obtain two positive solutions of BVP(4), it suffices to show that
the condition (iv) in Lemma 2.2 holds.

First, we verify that

Y(Tx) > cforalllx € dP(y,c¢). (11)

Since x € dP(y,c), we get mincy 1122~ %x(1) = c. Then ||x|| < ﬁ%y(x) < 7% - Then
c <177 % (1) < l% forall # € [n,1]. Hence (E1) implies
c

Ft,x(0)) = ft,6%%>%x(1)) > W 1€ n,1].
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So we get from Tx € P that
y(Tx) = min 2~ %(Tx)(t) > B* sup 1> *(Tx)(z).
t€n.1] 1€(0,1]
We find

1
AT > B* [ 2G(1.9)f(5.4(9)ds

g [ Bl

>

g I(a)
lsafl

> B3 <
2P ) g w®

f(s,x(s))ds

> c.
Secondly, we prove that
0(Tx) < bforallx € dP(0,b).
Since 6(x) = b, we get sup,¢(q 1| t>~%x(t) = b. Then
1>~ %(t) < bforallz € (0,1].
Hence (E2) implies

Fle,x(0)) = f(e,09727%x(1)) <

So the definition of 7" imply

b
— 0,1].
Al’te (0,1]

0(Tx) = sup 1>~ %(Tx)(r)
r€(0,1]

/

sup
€(0,1
1

N

/ 270G (1, 5) f (s, x(s))ds
b

S T(a) M
=b.

Finally, we prove that

P(o,a) #£0, oTx) > aforall x € IP(ct,a).
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12)

13)

It is easy to see that P(ct,a) # 0. For x € dP(ct,a), we have sup,e(071]t2’°‘x(t) =a.

Then
B% <t* %x(1) <aforallr e n,1].

Then (E3) implies
ftx(0) = f(1,2°777 % (1)) >

a
— 1.
W,te[m}
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Similarly to the first step, we can prove that o(7x) > a. It follows from above discus-
sion that all conditions in Lemma 2.2 are satisfied. Then T has two fixed points xy,x;
in P. So BVP(4) has two positive solutions x; and x, satisfying (10). The proof is
complete. [l

THEOREM 3.3. Let W,M be defined in Theorem 3.2. Suppose that f : (0,1] x

[0,00) — [0,0) is continuous and satisfies that for each r > 0 there exists ¢, € L' (0,1]
such that |f(t,t%2x)| < ¢,(t) for all t € (0,1] and |x| < r. Furthermore, there exist
positive numbers a < 3%b < b < ¢ such that W¢ > Mb, and

(E4) f(1,0%%u) < &5 fort€(0,1], ue[0,¢/B%;

(ES) f(t.t%2u) > & fort € [n,1] and u € [B*D,b];

(E6) f(1,t%%u) < & for t € (0,1] and u € [0,a].

Then BVP(4) has at least two positive solutions x| and x, satisfying

sup 1% 2xi(1) > a, sup t* 2xy(t) <b, sup 1* xy(r)>b, min 1* 2xy(1) <c.
1€(0,1] 1€(0,1] 1€(0,1] tem,1]

(14)

Proof. Let the nonnegative, increasing and continuous functionals y,0,0,: P — [

be defined in the proof of Theorem 3.2. The remainder of the proof is similar to that of
the proof of Theorem 3.2 and is omitted. [
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