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WELL-POSEDNESS AND REGULARITY OF THE CAUCHY PROBLEM
FOR NONLINEAR FRACTIONAL IN TIME AND SPACE EQUATIONS

V. N. KOLOKOLTSOV ! AND M. A. VERETENNIKOVA 2

Abstract. The purpose is to study the Cauchy problem for non-linear in time and space pseudo-
differential equations. These include the fractional in time versions of Hamilton-Jacobi-Bellman
(HJB) equations governing the limits of controlled scaled Continuous Time Random Walks
(CTRWs). As a preliminary step which is of independent interest we analyse the corresponding
linear equation proving its well-posedness and smoothing properties.

Introduction

The purpose of this paper is to study well-posedness of the Cauchy problem for
the fractional in time and space pseudo-differential equation

D f(1,y) = —a(~A)*f(t,y) + H(t,3, V(1) 0.1)

where ye R, ¢ >0, B €(0,1), o € (1,2], H(¢,y, p) is a Lipschitz function in all of its
variables, and f(0,y) = fo(y) is known and bounded, and « is a constant, a > 0. Here
V denotes the gradient with respect to the spatial variable. For a function dependent
on several spatial variables, say x,y, we may occasionally indicate the variable with
respect to which the gradient is taken, by a subscript, as in V,. The extension of our
results for (0.1) to the case where H = H(t,y, f(¢,v),Vf(t,y)) is straightforward and

we omit it here. We denote by Dat the Caputo derivative:

N S 7/ ) PR
DS = Frgy ) T s 02)

whilst —(—A)%/? is the fractional Laplacian

—(=8)"f(t,y) = pv. Cua » %d}c, (0.3)

where “p.v.” stands for “principal value” and Cy ¢ is a normalizing constant.
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As a preliminary analysis we establish the regularity properties of the linear equa-
tions of the form

D £(1.y) = —a(=8)*£(1,y) +h(1,y), (0.4)

with a given function /%, an initial condition f(0,y) = fo(y), B € (0,1), a € (1,2],
a constant ¢ > 0 and —(—A)*/? as defined in (0.3). This allows one to reduce the
analysis of (0.1) to a fixed point problem. Section 3 is devoted to the linear problem
(0.4) and in section 4 we formulate and prove our main results for equation (0.1).

As will be shown in [6] the results of this paper are needed for fully justifying
the heuristic derivation of the fractional HIB equation for the limit of controlled scaled
Continuous Time Random Walks (CTRWs) in [5]. Among other researchers who stud-
ied solutions to fractional differential equations (FDEs) are [9], [3], [10], [11], [13],
[11,[12],[16], [21], [31]. More results and reviews can be found in references therein.
FDEs appear for example in modelling processes with memory or with a random time
change, see [28], [27], [30], [29], [4], [5].

Several authors solve FDEs using Laplace transforms in time, see [11], [21] and
[13] for example.

The book [1] covers analysis for Caputo time-fractional differential equations with
the parameter f3 > 0, for example

Dly(x) = —py(x) +q(x), 0.5)

with y(0) =y, Dy(0) =y}, B € (1,2), u > 0.

In [10] the theory for FDEs in L” spaces is developed. Well-posedness of (0.4) in
L? may be deduced from there.

In [9] the authors consider classical solutions for fractional Cauchy problems in
bounded domains D C R with Dirichlet boundary conditions.

In [17] one may find the analysis for the non-local Cauchy problem in a Ba-
nach space, where instead of —(—A)O‘/ 2 there is a general infinitesimal generator of
a strongly continuous semigroup of bounded linear operators. The authors present con-
ditions that should be satisfied to ensure existence of mild forms of the FDE.

The paper [ 18] establishes asymptotic estimates of solutions to the following frac-
tional equation and its similar versions:

2
Di%u(x,t) = a %, (0.6)
fort>0,xeR, o €(0,1), u(x,0) = (x), limy_ . u(x,t) =0, however the case
of the fractional Laplacian is not included and there is no A(x,7) term on the right hand
side (RHS).
For solvability of linear FDEs in Banach spaces one may see [22], where

Dyix(t) = Ax(t), form—1 <o <meN, (0.7)

and %x(z) li=0 =&, for k=0,...,m—1. The authors give sufficient conditions under
which the set of initial data &, for k = 0,...,m — 1 provides a solution to (0.7) of
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the form ZZ‘;OI t*Eq 1+1(At*)&. In particular, these conditions depend on Roumieu,
Gevrey and Beurling spaces related to the operator A.
In [16] there is a construction and investigation of a fundamental solution for the

Cauchy problem with a regularised fractional derivative Dff, .. and o € (0,1) defined
by
DE utx) = —— [i/t(t Ol )dT—%u(0.x)| . (0.8)
Aireg T r1—a) |dt)o ’ ’
Note that
D u(tn) = — 2 / "= D)t x)dr 0.9)
L Ir'(1—a)adto ’

is the definition of the Riemann-Liouville fractional derivative. Since Dj%f(,x) =
Dg, f(t,x) — r{;—:xa) £(0,x), the regularised derivative in (0.8) is in fact identical to our

definition of the Caputo derivative in (0.2). The problem studied there is

DG yegtt(t,x) — Bu(t, x) = f(t,x), (0.10)
t € (0,T],x € R", where
B= 3 a0 =%+ 3 b0 el 0.11)
—M:lau * 9x;0x; o A dx; o .

with bounded real-valued coefficients.

Our analysis goes beyond to include B = —a(—A)%*/?, with a > 0. Theorems 3,
6 and 7 concerning the case or =2 are obtainable from the results in [16] by slightly
different arguments.

Denote a bounded domain by D. Taking o € (0,2), B € (0,1) the paper [25]
develops strong solutions to the equation

D u(t,x) = AL u(t,x), (0.12)
forxeD,t>0, u(0,x) = f(x) forx € D and u(t,x) =0 forxe D°, t > 0.

Our approach to the non-linear FDE seems to be different and includes the frac-
tional Laplacian —(—A)%/? instead of the standard one A,. We extend this to the
scenario with the RHS term including H(z,y,Vf(z,y)). We concentrate on the case
with only one fractional time derivative Dsg .

1. The mild form for the linear fractional dynamics

Our analysis of equation (0.4) is based on the Fourier transform in space, where
for a function g(y) its Fourier transform will be defined in the following way

&(p) = /Rd e Pg(y)dy. (LD
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Applying the Fourier transform in y to (0.4) yields

Dl f(t.p) = —alp|®f (1, p) + h(t,p). (1.2)

This is a standard linear equation with the Caputo fractional derivative. For con-
tinuous / its solution is given by

F(t.p) = fo(p)Ep 1 (~alp|*tP)
1 ~
+ [ =9 By pl(=ate=5)P|pl)i(s, p)ds, (13)
where Eg | and Eg g are Mittag-Leffler functions, see formulas (7.3) —(7.4) in [1].

Let us recall that the Mittag-Leffler functions are defined for Re(f3) >0, and v,z €
C:

o k
Z
E = I 1.4

We will use the following connection between Eg g and Eg ;:

1 d
B=1Es 5(—alp|®xP) = — = Eg 1(—a|p|*xP). 1.
X' Eg g(—alp|x”) alpl® dx 5.1 (—alp|®x”) (1.5)

To prove (1.5) one may use the representation of Eg ;(—a| p|%xP) in (1.4) and differ-
entiate with respect to x term by term. Now we present two convenient notations for
further analysis. Let us denote

1 .
Sp(t,y) = W/Rdewaﬁ,l(—ﬂP\afﬁ)dp (1.6)
and
tﬁ_l ipy o.p
G (1:3) = G5y fou " Ep s (alpI“P)dp. a7

Using (1.5) we can re-write (1.7) as

1 . 1 d
= _ ipy el _ o.p
Gg(t,y) G /Rde e Bl alp|”t")dp. (1.8)

Applying the inverse Fourier transform to (1.3) we obtain:
1e9) = [ Spatt.y =) folx)dx
t
+/ / Gp(t — s,y —x)h(s,x)dxds. (1.9)
0 Jrd

It is natural to call this integral equation the mild form of the fractional linear
equation (0.4). In particular we see that the function Sg 1(¢,y — yo) is the solution of
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equation (0.4) with fy(y) = 8(y—yo) and h(t,y) = 0. On the other hand the function
Gp(t —t0,y — yo) is the solution of (0.4) with fo(y) =0 and h(z,y) = 6(¢ — 0,y — o).
Thus the functions S5 ; and Gg may be called Green functions of the corresponding

Cauchy problems. Notice the crucial difference with the usual evolution corresponding
to B =1 where Gg and Sg ; coincide.

In order to clarify the properties of f in (1.9) we are now going to carefully analyse
the asymptotic properties of the integral kernels Sg ; (#,y) and Gg(t,y).

2. Regularity properties for Sz ; and Gg

For d > 1 let us define the symmetric stable density g in R? as

1 .
g(na,0,y=0)= W/Rdexr){—lpy—aﬁlp\“}dn 2.1

where o is the stability parameter, ¢ is the scaling parameter and 7y is the skewness
parameter which is Y= 0 for symmetric stable densities. In d =1 and a # 1 we define
the fully skewed density with y = 1 and without scaling:

: 1 e [ T
w(xa,l) = 2—Re/ exp{ ipx—|p| exp{ 121((05)}}dp7 2.2)
where K(o) = oo — 1 +sign(1 — o). The function w(x; o, 1) is infinitely differentiable

and vanishes identically for x < 0, see [8], theorem C.3 and §2.2, equation (2.2.1a).

The starting point of the analysis of Sg ;,Gpg is the following representation of
the Mittag-Leffler function due to [8], see chapter 2.10, Theorem 2.10.2, equations
(2.10.8 —2.10.9). For B € (0,1)

Eg(—ah) = % /O " exp(—adn)x VBB B 1)dx. 2.3)
Substitute A = |p|%P:
Ep.(~alp|°P) = % | ew(=alplePa PP x4
So then

d
P71 Ep p(—alp|“1P) = ‘ |adl Eg 1(—alp|®P)

:tﬁ_l/ x VB exp(—alp|*Px)w(x"VB B, Ddx,  (2.5)
0
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implying
1 i ~1
G (1:3) = gz @ Enp(alpl“e®)Pap
B-1
= Gy [ elalplP i Pl /P, B 1apas
R
= tﬁ_l/ x_l/ﬁw(x_l/ﬁ,ﬁ, l)g(—y7a,tl3x)dx, (2.6)
0

where g is asin (2.1) and w is as in (2.2).

Throughout this paper we shall denote by C various constants that may be different
from formula to formula and line to line.

THEOREM 1. For Gg defined in (1.7), in the case B € (0,1) and o € (1,2)
[, Gy (e.play < b, @.7)
R4

where C > 0 is a constant.

Proof. Let us split the integral representing Gg ; (t,y) in the sum of two, so that

Gp(1,y) =Ia+1Ip, (28)
where
1
tﬁ / / ePye=alpl®Px,=1/By=1/B B 1)dpdx
y*e=P JRI
:;5—1/|latiﬁx—l/ﬁw(x—l/ﬁ,ﬁ,1)g(—y7a,t/3x)dx (2.9)
y
and

tﬁ 1 |J’|at o, B
_ iy p—alp|®tPx, —1/B. —1/B
Ig = / /Rd e w(x ,B,1)dpdx
Iy|*t
tﬁfl/ xil/ﬁw(xfl/ﬂ,ﬂ,l)g(—y,a,tﬁx)dx. (2.10)
0

To estimate |I4| and |Iz|, let us examine cases |y| > B/® and |y| < P/* and start
with |y| > tB/®. Note that the asymptotic expansions for g(y,c,) and g(—y,a, o),
namely, (5.2) and (5.6) appearing in the Appendix, are the same, by inspection. Since
x> |y|% B in I, we may use the asymptotic for |y|/x!/%B/® — 0, see (5.2). We also
use that for x — oo, x /P — 0, so for x — o we have w(x_l/ﬁ,ﬂ, 1) ~C, where C >0
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is a constant. Thus we have

[Ia| <

/lolo ; xVB=d/ oy, (1B B 1) AgrP 1B o gy
y[*t

(i s
1=1/p—d/o

< Cif 1Bl

Ao|
< C/b-1-dB/o |Ag y[0By1-1/B-d/a
= 1/p—dja 1)
L CP 1+ 1By joma/Bd, 2.11)

Now, let us study I in the case |y| > 1B/ Here we use the asymptotic expansion
for [y|/x'/%tB/® — oo as it appears in (5.6) in the Appendix and take the first term only.
Here we use the change of variables z = x\/B

ly|*—P
15| < Altﬁfl/ xil/ﬂw(xfl/ﬁ,ﬁ,1)|y|7d7°‘tﬁxdx
0

1

gc:zzﬁfl\yrd*"‘/H P 7 Pw(z,B,1)dz. (2.12)
v~ %Pt

We split this integral into two parts: z € [1,e0) and z € (|y|"*/Pz,1). In the case
2€ [1,00)

tzﬁ*l\y\*"*“/l 7 Pw(z,B,1)dz
<Py [T B ds e Iy e @)
0
In the case z € (|y|~*/Pr,1) we may use that z is small and so
zfzﬁw(z,ﬁ, 1)< szzﬁ”%,
forany ¢ > 1. So
1
2Py / 7 Pw(z,B,1)dz
vl=o/Bt
1
< CIZIB—IM—d—a/ o 2B+a-3 4,

y|=o/B
=GPy e (1= (ly[ Py a2, (2.14)

Now let us study the case |y| < B/ For I, we use that x is large, so x VB s
-2
small, and that for ¢ >4 we have x~4/%~1/By(x1/B) < x5 Here ly|* <P
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and we obtain

14| < CiP—1-ab/e

/ A x_d/a_%zdx
e

_ _4q=2
gtﬁ—l—ﬁd/a <yat_ﬁ) d/o B +1C

< (B-1-dB/a,~dB /o (g-2)+B-+ap/a+(4-2)-BC

< P-1-dB/ec,
As for I in yhe case |y| < (B,
|I3] <c/ ¥ 1/Byy

< C|y|—d—at2/3—1/0

< C|y|2a_dt_ﬁ_1.

(P B )Py

[v|%

Integrating (2.11) in polar coordinates gives

|r[>eB/e

-B
X TVB (VBB gy

|r|a—a/[3—d+d—1d|r|

< (tﬁ/a)a_a/ﬁc — Zﬁ_lc,

Integration of (2.14) in polar coordinates gives

< 21 —d—oa+d—1
/\y\>tﬁ/a ldy < Ct /\r\>t/3/0¢ i dr

+Ct2ﬁ71/“>tﬁ/a |r|dflfdfa|r|2at72ﬁdr
r

=P (Pl

Integration of (2.15) gives

—a _|_Ct2ﬁ7172ﬁ(tﬁ/a)a

Iuld <Ctﬁ—1—d/3/°‘/
/\y\<rﬁ/a aldy < i</

< tdﬁ/o‘—dﬁ/a+l3—lc—||3|o| <

Integration of (2.16) yields

| dl|r]

=Pl

B-11AlC

d

—B—1),—d+2a+d—1
/H<tﬁ/0‘ |Igldy < C ‘ \<tﬁ/at B=11] ot+d=1 7,
VIS rs

< thﬁfl(tﬁ/a)hx

Combining (2.17)-(2.20) yields (2.7).

O

cP-1.

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)
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THEOREM 2. For Gg definedin (1.7) in the case B € (0,1) and for o € (1,2)
/ IVGg(t,y)|dy <tP~1-P/ec. (2.21)
R4

Proof. In the case |y| > tP/%, we have |y|™! <+ B/® and so differentiation with
respect to y yields

VIx| <GPy (2.22)
and
\VIg| < CtP/%|1g|. (2.23)

In the case |y| < P/® we need to take into account the second term of the asymptotic
expansion, since the first term is independent of |y|. Consequently,

V4| < C ﬁx_d/at_dﬁ/a|y|(xtﬁ)_z/ax_l/ﬁtﬁ_ldx
Iyl

<cC T d/a=2/a—1/B—~dB/a—2B a1,
ly|o+=B

< thdﬁ/a72ﬁ/a+ﬁfl|y| _ C(‘y‘atfﬁ)7d/a72/a71/ﬁ+ltﬁ/a
— Ct—d/i/oc—zﬁ/a+[3—1|y| _ Ctﬁ/a|y|—d—2—a/[3+a. (224)

Integration of the first term in (2.24) yields
C/ g o= 2B ot B d =1 g,
|r|<tB/e
g thdﬁ/afﬁ/aJrﬁflerﬁ/a < Ctﬁflfﬁ/a. (225)

Integration of the second term in (2.24) gives

/ tﬁ/a‘y‘_d+d_3_a/ﬁ+ady
Iy|<iP/e

< tﬁ/a(tﬁ/a)—2—a/l3+a < PB-1-B/a (2.26)
Combining (2.25) and (2.26)

/\y\<rﬁ/a \Viy|dy < CiP=1-B/, (2.27)
As for Iy for |y| <B/®
P
Vis| < CRP et [T g BB B 1y

a;—p
el M L TG R
0

<Py ety Py <o Pty Aot (2.28)
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Integration gives

/\y\@ﬁ/a Vsl C/\y\gtﬁ/a 1Byt < o BBle(2.09)
So
/\y\gtﬁ/a |ViIpldy < CiP 1Pl (2.30)
Since
/]Rd VGp(t.y)ldy < /Rd ‘VIA|d>’+/RdIVIBIdy 2.31)

combining results (2.22), (2.23), (2.27) and (2.30) we obtain
/ IVGp(t,y)|dy < CP~1-Ple. (2.32)
R4
which proves (2.21). O

Now let us consider the case o« = 2.

THEOREM 3. Let Gg (t,y) be as in (1.7) and (2.6). For o =2 and any B €
(0,1):

!
° // |Gﬁ(t,y)|dyds<Ctﬁ,
0 JRA

1
. // VG (1,y)\dyds < CiP/2.
0 JRI

Proof. Note that

d 2
/]Rd exp{—acp® —iyp}dp = (%) exp{—‘é—o_}, (2.33)

where in our case ¢ = xtP . Substitute this into (2.6) to obtain

B—1-Bd/2,d/2 peo
t T _ _ _ _ atPx
Gﬁ(ny):W/O VB2 VB B ey Aailx gy (2.34)

where y? =y +y3 +...+y5. We are interested in [ [za |Gg(t,y)|dyds. Integrating
y-dependent terms in Gg with respect to y gives

/]R exp {— v /4axiP } dy = (4mxPYd/2 = cx¥/2Ba/2, (2.35)

d
The term x4/2¢P4/2 cancels out with <#> and we obtain

ViBx

1(t) := /d |G (1,y)|dy = C/Nx_l/ﬁw(x_l/ﬁJL )P~ ldx. (2.36)
R 0
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Now we split the integral I(¢) into 2 parts: I,(z) for x > 1 and () for 0<x < 1. In
L,(t), x> 1 andso x /B < 1 and w(x~'/B B.1) ~ C, so we have

L) :/letﬁ_lx_l/ﬁw(x_l/ﬁ,ﬁ,l)dx
gtﬁ_lflwx_l/ﬁCdxgCll_l/ﬁtﬁ_l =cP1, (2.37)
Integrating with respect to s gives
/Ot (1 —5)|ds < C/(:C(t _s)Plds = b, (2.38)
For (1), x< 1,50 x /B > 1 and w(x~ /B B,1) ~ (x=1/B)~1-B = x!+1/B and
I(1) = /Olcx*l/ﬁw(x*/ﬁ,ﬁ, 1P~ dx
< B! /()1x_1/l3+1/l3+1dx <C. (2.39)
with a constant C; > 0. Now we integrate with respect to s
/Ot Iy( — )|ds = /OtC(t—s)ﬁ_lds — b, (2.40)

Together with (2.37) and (2.38) this yields the first statement of the theorem.
Differentiating Gz with respect to y gives us

II(I)Z/ [VGg(1,)|dy
RrRd
:/""’/dt*17ﬁd/2x7171/ﬁ*d/2‘y‘e7|)’|2/4mﬁW(xfl/ﬁ,B,l)dydx. (2.41)
0 JR

Since

d+1 Pld+l)

/Rd ] exp{—\y\2/4axtﬁ tdy = CxtP (Vv )ctﬁ)d*1 =Cx 2t 2z , (2.42)

we have
L(r) = / B / p~1-Bd/2, - 1-1/B=d[2) ) b [P ~1/B B 1) gyax
0 JRd
—c / § B2 21 B (1B B 1), (2.43)
0

Now we split the integral 7;(z) into parts corresponding to x € (0,1) and x € [1,0):

1
ht) = / § B2 2By (1B B 1) (2.44)
0
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and
L) = /1 B2 121 By (VB B 1 )dx. (2.45)
Let us examine L(z). Since x € (0,1), we have w(x~ /B B,1) ~ (x"1/B)~1-B
S0
bt) = /01t—1+ﬁ/2x—1/2—1/ﬁw(x—1/ﬁ,ﬁ, 1)dx
= /1 B2y 2 BB g — 0p=14B/2 /3 (2.46)
0
Integrating
/O "Ih(—s)lds<C /0 (=) 4B g = ciBl2. (2.47)
Now, for I(1) we use that x~ '/ <1 and so w(x~'/B B, 1)~ C.
L(1)| < /1°°,—1+ﬁ/2x71/271/ﬁw(x71/ﬂ’[3’l)dx
<cr B /wxfl/zfl/ﬁdx — 4B, (2.48)
1
Integrating with respect to s
/0[ \I3(t — 5)|ds < /Ot(z—s)ﬁ/2*1ds:Ctﬁ/2. (2.49)

Note that §/2 = — /o for o =2. So for o = 2 the form of the estimate is the
same as for o € (1,2). O

The following corollary is a consequence of the previous theorem.

COROLLARY 1. For Gg as definedin (1.7) in the case =2 and B € (0,1)

t
/0 /Rd (IVGy(t,y)] +|Gpt,)) dyds < CeP12. (2.50)

Proof. Since /2 < B, we take the minimum power, 3/2, to write the common
estimate of the terms [pa [VGg(2,y)|dy and [za|Gg(t,y)|dy, obtaining

L, (¥Gs(.3)|+1Gp(0.) dy < b2, @51)

substitute ¢ by  —s and we use that
!
/ (1 — )82 1ds = ciP 2, (2.52)
0

which yields the result (2.50). 0
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Here we present several theorems regarding Sg ; (t,y) which are particularly useful
for the well-posedness analysis of (0.4) and (0.1).

THEOREM 4. For a € (1,2), B € (0,1) the first term from the RHS of (1.9)
satisfies

‘/Rdsm(z,y—x)fo(x)dx <. 2.53)

Proof. Using (1.6) and (2.4) we represent Sg ; (¢,y) as

= m /]Rd /ow e p“PEE1-1/B e -1/B B 1)agdp (2.54)

and use the assumption |fy(y)| < C. We split the integral I into two parts: I4 for
E € [|y|% B, and Iy for & € (0,]y|%P). There are 2 cases for each of the integrals:
ly| <P/ and |y| > tB/® . Let us study |I3| in the case |y| < rB/%.

Iyl P
R A N
0
=P
S R
0

ly|%—B
<c [T elpea
0
=C(ly|% Py %P =i Pyt (2.55)

Now, integrating gives

/ \Igldy < c/ Byl gy — o BBl — o0 (2.56)
bi<iP/e bi<cPle

Let us study |/p| in the case |y| > tP/®. Here we split the integral Ip into 2 parts:
when & € (0,1] and when & € (1, |y|% ).

P
l<C [ g PwE B |, 257)
0
so since for & < 1, w(E~V/B B,1) ~ (E-V/B)"1-B  we have

1
& PP B Py < eyl P, (2.58)
0
Integration yields

/H " Ply|~d=ord=1gy = P (P/oy=* = /. (2.59)
y|>P /¢
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When & € (1, |y|%P)
plee? . J
[ e P P g Py
1

DY 1B galB By -
= [T ey g

ot I (CTR O I )

gt BBy d-o-a/B—qo/Bta _ By ~d-a, (2.60)
Integration gives
/‘y e (1a|y| @/ Bao/B=1gy, _ 1ra( Bloy-a/B-ga/B _ 0 2.61)
and
/\y\>tﬁ/a ly|"4-ord=1B gy — (B (Bloy= = i (2.62)

Combining (2.59), (2.61) and (2.62) gives
/Rd \Igldy < C1°. (2.63)

Let us study |I4] case |y| > tB/%. Here E~'/B is small, so w(E~V/B,B,1) ~C,
where C is a constant.

e[ & PwE P p P g lag
M

:C/‘X’ é*lfl/ﬁtfﬁd/agfd/adg
ly|#: =P
< Ct—ﬁd/a(|y|afﬁ)*1/ﬁ*d/0‘ < C|y|*°‘/ﬁ7dt, (2.64)
Integrating gives
Lildy < C/ —d—o/B+d—1,
/M>;ﬁ/a Haldy y|>e/e " ’

=Ct(tPly=/B = O, (2.65)

Let us study |I4], case |y| < P/®. Here we need to split the integral I into 2
parts. The first one is

/1 T gdfag- 1B -Balay, -1 B 1)4E (2.66)
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Here & is large, so & /B is small, so w(E VB B, 1) ~ (E-1/B)9, forall g > 1, which
enables us to write

/ T gdfoypdjag-1-1/Bg—a/Bgg
1
_;~Bdja / T gdlo-1-1/B-a/Bgg
1

<crBala ( lim K—4/@=1/B=a/B _ 1) —crBUe 267)
K—oo
Integrating gives
[t Py = Pl By 0, (2.68)
ly|<rP/e

The second part of I is
1
IR LN VSRR (2.69)
Iyl *e~
Since & <1, EVB > 1,50 w(EVB B 1) ~ (E-V/B)=1-B 50 we re-write (2.69) as
/1 gdloy=Bdfog—1-1/B+1+1/Bye
Iylea=P
1
< /| oy &g = P i) )
y[ %t

Integrating (2.70) in polar coordinates

C/ d-1 (~Bd/a _ | 10,~B,~Bd/e) 4
o ( ] )dy

g crPdlogbdfo_ ciprdpjo—p-pd/o _ 0, (2.71)
Combining (2.71) and (2.68) gives that for |y| < rP/®
/ Li|dy < Ci°. 2.72)
Rd

Using the assumption |fy(y)| < C and putting together estimates (2.63) and (2.72)
yields the theorem statement (2.53). [

THEOREM 5. For a. € (1,2), B € (0,1)

/Rd VS (t,9) folx—y)dy < Cr /e, 2.73)
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Proof. We differentiate Sg;(#,y) defined in (1.6) with respect to y:

1 “ ipy —alp|®Bx —1— —
VSﬁ,l(ny)I:‘Wv/Rd/o oPre=alpl P, =1=1/By, ~1/B B 1)axdp

= m/d/ |ip|eipye—a|l7\0!tﬁxx—l—l/ﬁw(x—l/ﬁ,ﬁ, l)dxdp
R4 JO
1 bl . o
= W/d/ |p‘ell7ye*u‘17| tﬁxxflfl/ﬁw(xfl/ﬁ’ﬂ’l)dxdp' (2.74)
R4 JO

Here we use the asymptotic expansions from Theorems 7.2.1 and 7.2.2 and Theorem
7.3.2, which are in the appendix as equations (5.2) and (5.6), and we use the inequality
(7.40) in [2], which also appears in the appendix for reader’s convenience, as (5.11)
and (5.12). For I, in the case |y| > tB/% we use that for & > 1, £~/F <1 and
w(E~VB B 1) < (£-1/B)4, for any ¢ > 1. Then

[VI4| < C/IT , é71/a7171/l3*d/aw(§71/ﬁ7ﬁ7 1)t7ﬁ/a7dﬁ/ad§
y| %t~
< CrBla—dB/o |y o =Py=1/o—d/a=1/p~q/p

< Cplta|y|~1mae/B-a/B-d (2.75)

Integrating gives

/||>zﬁ/a VI|dy < C e L I L L
y y

=ctta-Ble—a-1 — cp=B/e, (2.76)

Now, let us look at I in the case |y| > tB/e Proposition 1 in the Appendix and the
change of variables &~!/B = 7 yield

yje—P
T R e N L :

< Cly[4! /| o VB D < Oy 2.77)
y[~%/Pt

Integration gives
Bl Ay S yet dy <GP .
Vigldy < C dtd=1-14y < =B/ (2.78)
y|>tP/e y|>rP/e
Now, let us look at Iy in the case |y| < B/,

Vi, <C IT S &P o dlong(g 2P, B 1y PlePalear (2.79)
y[*t
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We split this integral into cases & € (|y|%B,1) and & € [1,00). For & € (|y|% P, 1),
E-1/B > 1 and we may use that w(E /B B, 1) ~ (E-1/B)=1-B S0

1
VL, <C e B ETIVBy(EVB B 1) Plo—Bd/ag—1/a—d/oge
y

<C ” tfﬁ/afﬁd/agfl/afd/adsé
Iy|#e=B

— ¢y Blo-Bd/a _ cy-B)y|-1-dia, (2.80)

Integration yields

[y Bl < [, by
VIS

[yl <eB/e
+C/ 1By 1ma-1—d+dg,
Iyl <ee/P
<crBleyp o Bbloy-1re Bl (2.81)
As for £ € [1,e0), then E~1/B < 1 and so w(E~1/B B, 1) ~ C and
/ T g2V BogdfoyBlo—pdloge
1
< tfﬁ/afﬁd/ac/mé7271/ﬁ7d/adsé
1

< -Blo—pa/ac (1 ~ lim i)
K—oo K
=t B/e—Bd/a (2.82)

Integration yields

/ 1=Blo=Ba/a)yd=1 gy < cp-Blo-Bd/ad/a _ cp-B/a, (2.83)
yl<eP/e
Finally, I in the case |y| < th/e
v
Vil <C [ & Pw(E B B g Py | P g
0
bree? —1 “1-d
<c[ g b B ag
0

;=B
<C/'y' B (1B 1By - 1-dgg
0
< Cly|7 1% B, (2.84)

Integration yields

[y Vilay<c [ e ioimddbay
<iP/e b<eP/e

=crPP/eyet = crBle, (2.85)
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Hence (2.76), (2.78), (2.81), (2.83) and (2.85) together with the assumption |fy(y)| < C
yield 2.73). O

THEOREM 6.  For Sg | definedin (1.6), inthe case o0 =2 and assuming |fo(y)| <
C

/Rdsm(z,y—x)fo(x)dxg . (2.86)

Proof. Using (2.35)

/dSﬁ.l(tvy)dy = / /d(xtﬁ)—d/Ze—yz/(4axtﬁ)x—l—l/ﬁw(x—l/ﬁ7B7 l)dydx
R i 0 JR

:C/ x B yw(x VB B 1)dx. (2.87)
0
We split this integral into two parts: x € [0,1] and ( ,o0). In the first case
x<1and x /B > 1 so we may use w(x—'/# B,1) ~ (x~ ) ~B . In the case x > 1
we may use that w(x~ /B B,1) ~ C. So we obtain
1 1
/ x By VB B 1)dx = / dx=1, (2.88)
0 0

and

/wxilil/ﬁw(xil/ﬁ7ﬁ71)dx: /mxilil/ﬁCdx
1 1
o fim k—-1/B -8 _
_C<I}1ir:ol( 1 >—C. (2.89)

Together with the assumption |fy(y)| < C, the result (2.86) follows. O

THEOREM 7. For Sg | defined as in (1.6), in the case ov =2, B € (0,1) and
assuming |fo(y)| <C

L, VSpaten folr—ydy < b, (2.90)
R :
Proof. We use the representation of Sg ;(#,y) in (2.54) and write

/dVSﬁ_l(t,y)dyZ/ x 32 VBB 2y (x VB B 1) dx. (2.91)
R ’ 0

We split the above integral into two: for x € [0,1] and for x > 1. In the case
x € [0,1] we use that w(x~ /B B,1) ~ (x"'/B)~1=B_ In the case x > 1 we use that
wxV/B B, 1) ~ C. So we get

B2 / L3 UB (1B B 1)
0

1
= Ct—ﬁ/2/ x Pax=ci P22 (2.92)
0
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and
fﬁ/z/ 32 By( VB B 1)dx = i B2, (2.93)
1

So from (2.92) and (2.93) and that |fy(y)| < C and we obtain (2.90). O

3. Smoothing properties for the linear equation

Let us denote by CP(R?) the space of p times continuously differentiable func-
tions. By CL we shall denote functions f in C'(R) such that f and Vf are rapidly
decreasing continuous functions on R4, with the sum of sup-norms of the function and
all of its derivatives up to and including the order p as the corresponding norm. The
sup-norm is || f]| = sup,cpo 7y [l f(7)]|- Let us denote by H{ the Sobolev space of func-

tions with generalised derivatives up to and including p, being in L!'(R?). Here and
in what follows we often identify the function fy(y) with the function f(¢,y) = fo(y),
vt > 0.

THEOREM 8. (Solution regularity) For o € (1,2] and B € (0,1) the resolving
operator

Wi (fo) =/RdSﬁﬁl(t,y—x)fo(x)dx—i-/(:/Rd Gg(t —s,y —x)h(s,x)dxds (3.1)

satisfies the following properties
o ¥, :CP(RY) s CP(RY), and ||¥,||cr < C(1),
o ¥, :HI(R?) — HI'(RY) and ¥l < C(1).-

Proof. We look at the C? norm of ¥, f and use Theorem 1
W (fo)ll e (may g/RdSﬁ,l(f,Y)|f(§p)|dy+Ctﬁ Slﬁ)p]Hh(S,')”Cp(Rd)
se|0,r

< Cl follcoggay +CtP sup [|n(s, )l coggay, (3.2)

s€[0,1]

for some constant C > 0. Analogously,
¥, foll ey < / Spa e )AL [dy+CoP sup [[(s. )| s
! R4 s€(04] !

<C\ follgp ey + CiP Sup]HhHHf’(Rd)' (3.3)

se(0,¢
0

THEOREM 9. (Solution smoothing) For o € (1,2] and B € (0,1) the resolving
operator (3.1) satisfies the following smoothing properties



20 V. N. KOLOKOLTSOV AND M. A. VERETENNIKOVA
o If fo,h € CP(R?) uniformly in time, then f € CP*1(R?) and for any s € (0,t]

[W: (fo)llcp+1 ey < Ct_ﬁ/aHfOHCP(Rd) +Ctﬁ_ﬁ/a”h”CP(Rd) (3.4)

e If fo,h € HY (RY) uniformly in time, then f € Hf’“(]Rd) and for any s € (0,1]

H\Pt(fO)HH{’H(RJ) < Ct—ﬁ/aHfOHH{’(Rd) +Ctl3_l3/a||h||Hl”(Rd)~ (3.5

In particular we may choose p =0, when HY(R?) = L'(R?).

Proof. We study the CP*!(R?) norm of W, (fy) and use theorems 1 and 2

W (fo)llcprr < sup VxSﬁ,l(f,x—y)fép)(y)

xeRd

t
+ sup / /
xeRd J0 R4

t
<ct Pl sup |f(§p)(x)| +C sup |h(p)(s,x)|/0 (t —s)PBloe=1gs

xeR4 xeR4

<Ct Pl foller + PP/ ]| o (3.6)

dy

RrRd

V.Gg(t—s,x— y)hﬁp) (s,y)|dyds

The proof for (3.5) is analogous. [
Similar results apply for the non-linear equation (0.1).

4. Well-posedness
Now we study well-posedness of the full non-linear equation (0.1):
Dy (1Y) = —a(=8)"*Pf(t,y) + H(1.y.Vf(1.)), (@.1)

with the initial condition f(0,y) = fo(y), and a > 0 is a constant. This FDE has the
following mild form:

f(t7y) = /Rdf()(x)Sﬁ7l(t7y—x)dx
+ /ot /Rd Gp(t —s,y—x)H(s,x,V f(s,x))dxds, (4.2)

which follows from (1.3).

LEMMA 1. Let us define by C([0,T],CL(R?)) the space of functions f(t,y), de-
fined for t € [0,T),y € R?, such that f(t,y) is continuousin t and f(t,-) € CL(R?) for
all t € [0,T]. Denote by B}"O the closed convex subset of C([0,T],CL(R?)) consisting
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of functions with f(0,-) = fo(-) = So(:) for some glven function Sy. Let us define a
non-linear mapping f — {¥;(f)} defined for f € Bf

V(0) = [ fol0)Sp.1 (0.~ dx
- /ot /Rd Gp(t — s,y —x)H(s,x, Vf(s,x))dxds. (4.3)

Suppose H(s,y,p) is Lipschitz in p with the Lipschitz constant L. Let us take f1, f> €
BY, . Then for any 1 € [0,T]:

(B—B/o)L"((B—B/e)” 1 PP/

||‘Pf(f1)—‘f’f(f2)Hcl X B—nB/o+1 Si‘[log]”fl_f2||cl'
(4.4)
Proof. Due to regularity estimates for Sg ; and Gg:
¥ (f1) = Fi () ller < CLPPI sup || fi = foll e (4.5)

s€[0,7]

and

1
17 (f1) =2 (f2) et < CPL* sup || fi — folln /O (1 —s)PBlo-1p=Blogs  (4.6)

s€[0,7]

We calculate the integral above using the change of variables z = s/r:
/ (1 5)BBloa—1 8B/t g
0
_ / LB-Blam1() _ )B-Bla-1B-/a,p-B /a1y,
0

— PP 2BIB(B B /ot 1,6~ B/ar). (“.7)

Now, when we estimate ||V (f1) — ¥} (f2)||c1 we calculate
t
/ §2B-2B/a(p _ g)B=Blo—1gg
0

_ BB/ /0 2828 1 2B-2B (| _ BBl

SB-Pl®p(2B—2B/a+1,8—B/ar). (4.8)
This yields
197 (f1) =2 () llen
<CLPP3PIeB2B —2B/a+1,8—B/a) sup | fi — follcr- (4.9)

s€(0.1]
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As the inductive step, assume that the following is true for some n € N:

W7 (f1) = (2)ller < Rpep SI[lp]Hfl Fller- (4.10)
sel0,t
where
~nynnpnpja LB —=B/o)" 'T(B—B/a+1)
Ry ap=C"L"t T(nB —nB o+ 1) (4.11)

Let us check that then (4.10) holds for k=n—+1.

I )= () e

t

Rd Gﬁ (t —s,x—y) (H(S’yavql?(fl)) _H(S’yavql?(fZ)))

Cl
! 1
<CL [ =P P as| W)~ ¥ (o
<cmHpntinp- "ﬁ/“M/ s)P-Ploetgb=rbleqs sup | fi = faller
s€[0,]
<ctpBnBlopy By sup || fi - fllen
s€(0.1]
< tBrBlong, o sup £ = fallers (4.12)
s€[0,]
where
_ n—1 o
M, — (T(B-B/a)" ' T(B-B/a+1) 4.13)

T'(nB—np/a+1) ’

M, 11 is as in (4.13) with n replaced by n+ 1, and B, is the Beta function

=B(np—np/a+1,p-p/a). (4.14)

The inequality (4.12) is (4.10) with k& = n replaced by k =n+ 1. We have shown
(4.10) is true for k=1 and k = 2. So by induction on k we obtain (4.10) for any
k € N. Using that g(x) = x" is a convex function for n € N it may be shown by
Jensen’s inequality that

(B~ oy < WP nblant D), @.15)

Using Stirling’s formula we now obtain the quotient approximation

L(n(B—B/a)+B)

~ (n(B — B-A -
Fn(—Bja)+a) = MP-P/o) (4.16)
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Let us substitute A =1 and B= —n+ 1. Then

7 (f1) =7 ()|l

{1+~ Bjagyh e
S (5 BlorT(p Bl sy

< A IAi-fl (4.17)
S sup 1— J2]icts .
nB=nB/et1(B — B /o)n= se[Ot ¢

so (4.4) holds. [J
THEOREM 10. Assume o € (1,2], B € (0,1) and that
e H(s,y,p) is Lipschitz in p with the Lipschitz constant L independent of y.
e |H(s,v,0)| < h, for a constant h independent of y.
o foly) € CL(RY).
Then the equation (4.2) has a unique solution S(t,y) € CL(R4).

Proof. Let us denote by C([0,7],CL(RY)) and B} as in Lemma 1. Let ¥, (f) be
defined as in (4.3). Take fi(s,x), f>(s,x) € B;O . Note that due to our choice of f1, f>,

/Rdfl(Qx)SﬁJ(t,y—x)dx: /Rdfg(Qx)SﬁJ(t,y—x)dx. (4.18)

We would like to prove the existence and uniqueness result for all # < 7 and any
> 0. For this we use (4.4) in Lemma 1. As n — oo, n"* grows faster than m" for any
ﬁxed m > 0. Hence for any r > 0

n(B-Blog — “hng —
) ¥ (o)l < LETE OB P BBl

sup || f1 — f2lc1-

s€(0.1]

(4.19)

The sum

& (PPl —Bla) )
; n(B—B/o)+1

is convergent by the ratio test. By Weissinger’s fixed point theorem, see [1] Theorem
D.7, ¥; has a unique fixed point f* such that for any f; € B;O

o 13 B/
i) - s < 3 OB L O PO ) . 20y

So S(t,y) = f* is the solution of (4.2) of class CL(R?). O
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THEOREM 11. Assume a € (1,2], B € (0,1) and that
e H(s,y,p) is Lipschitz in p with the Lipschitz constant Ly independent of y.

e H is Lipschitz in y independently of p, with a Lipschitz constant L,
|H(s,y1,p) — H(s,y2,p)| < La|y1 — y2| (1 +[p]) (4.21)

e |H(s,y,0)| < h, for a constant h independent of y.
o fo(y) € CZ(RY).
Then there exists a unique solution f*(t,y) of the FDE equation (4.1) for B €
(0,1) and o € (1,2], and f* satisfies

ess sup|V2(f*(1,y))| < C. (4.22)

Proof. First, we work with the mild form of the equation (4.1). Let B;(;z denote the
subset of B;O which is twice continuously differentiable in y and with f(0,y) = So(y),

for all y € RY. Let the mapping ¥, on B;(;z be defined as in (4.3). Take fp € B;;z,
which continues fy(y) = So(y) to all # > 0. Then

¥ (o)l < CP =PI H 5,5,V fo ()|
1l [ Spaley=0f(drc
<CPPIoLy || foll 2+ CP =PI Ly | fo o
+CP PV fo ()| o + €5

LEPPI%)| foll o + PP fo () | o + C3

<
< CP R (|| foll 2 + 1)+ Cs. (4.23)

Iterations and induction yield
n n
¥ (o)l < €3 3, PP lek, 4+ 3 " EIPIOC, (L4 I foll ), (4.24)

for constants K, =B X --- X B;,_1 and C,, = By X - -+ X B,,, where

By =B(kB—kB/a+1, B—B/a),

for any k € N. We use that for x large and y fixed B(x,y) ~ I['(y)x™> to obtain
that B, 1 < By, for all m € N which yields that the sums Y”_,"P~—"B/?K, ~and

i mB-mp/ %C,, are convergent as n — oo. So for some constants Ay, Ay, Cg, >0,

P foll 2 < Av+ Az foll ez < Cy- (4.25)
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Hence, Vn € N
V(Y7 fo)llLip < C,- (4.26)
Hence, we obtain

| lim V(2 o) 13y < 2C. (4.27)

By Rademacher’s theorem it follows that lim,, ...(V>(P7(fy)) exists almost ev-
erywhere. We invite the reader to see [26] for the Rademacher’s theorem and its proof.
From the previous theorem lim,_... W}'(fy) = f*. The limit is understood in the sense
of convergence in CL(RY). Therefore f* satisfies (4.22). [

THEOREM 12.  Assume o € (1,2],B € (0,1) and that
e H(s,y,p) is Lipschitz in p with the Lipschitz constant L independent of y.

e H is Lipschitz in y independently of p, with a Lipschitz constant L,
[H(s,y1,p) = H(s,y2,p)| < Laly1 = y2|(1 +p]) (4.28)

e |H(s,v,0)| < h, for a constant h independent of y.
o foly) € CZ(RY).
Then a solution to the mild form
763) = [ Spaltx=3)fo(s)dy
—|—/0[ /Rd Gp(t —s,x—y)H(s,y,Vf(s,y))dsdy (4.29)
which satisfies (4.22), is a classical solution to
Dl f(t,y) = — (=) f(e,y) + H(t.3, V(t.9))- (4.30)
Proof. Letus define W, (f) as in (4.3). By [1]
Ft.p) = fo(p)Ep 1 (—alp|*P)
+ [ =9 B p=alt =P Ip DA, @3
is equivalent to

D f(t,p) = —alp|*f(1,p) + A(t,y,VF(1.)), (4.32)

which in turn is equivalent to (4.30) as its Fourier transform. Also, (4.29) is equiva-
lent to (1.3) as its inverse Fourier transform. Therefore (4.29) is equivalent to (4.30).
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We may carry out these equivalence procedures when Dz;g W, (f) and —(—A)*/2f are
defined for f satisfying (4.22).

Due to theorem assumptions:

So
=3 !
Dy, ( /O .. OB (t.y)H (5,9, Vf (hy))dde)
C r 1
_ ¢ [ BB BB (1B
gr[l_m/o(t 5)PBs dsgcl/o (t —12) PB(12)P1dz
gClﬂ/l(l — )PPy
0
SCiBB(1—B,B) <o (4.34)
Similarly
D} [ Sp.lex=nfody (4.35)

exists when fo(y) gives dependence of [pa Sp i (#,x—y)fo(y)dy on t such as ¥, where
k > —1. This is because

t 1
/(l—s)_l3 (isk) ds:tkH_ﬁ/ (l—z)_ﬁzk_ldz
0 ds 0
=PRI —B,k+1), (4.36)

where for any 3 € (0,1) the Beta function B(1 — 3,k+ 1) is defined for k+ 1 > 0.
Hence, due to (4.33), (4.34) and (4.35), Dge‘l’t (f) is defined for the solution f for

(4.30). For f satisfying (4.22), when o € (1,2], —(—A)O‘/Zf is defined. Now, let us
study the solution f*(z,y)

ey = /Ot i Gp(t —s,y —x)H (s,x,Vf*(t,x))dxds
+/RdSﬁ71(t,y—x)fo(x)dx. (4.37)
Differentiating twice w.r.t. y gives:
V2 /0 ’ [ Gplt =5y —0H(5.2.VF(1.0))dads
= /Ot - VyGg(t — s,y —x)V,H(s,x,V f*(s,x) )dxds. (4.38)

From the representations of Gg(t,y) and VGg(#,y) used in theorems (1), (2) it
is clear that VGg(t,y) exists and is continuous in ¢ and in y. From theorem 10 we
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know V f* exists and is Lipschitz continuous. Since we assumed H to be Lipschitz,
it follows from Rademacher’s theorem that V,.H (s,x,Vf*(s,x)) is almost everywhere
defined and bounded. Hence (4.38) represents a continuous function in y and in 7.
Since fj € Ci(Rd ) and due to theorem (4)

W/1%KMH@h@Mﬁﬁ/Sm@@WhU—@M<w- (4.39)
Rd 77 R 7
Thus, V2f*(t,y) exists and so f*(¢,y) € C2(R?). This completes the necessary re-

quirements for the solution of the mild form (4.29) to be the solution of (4.30) of class
C2(R?), i.e. a solution in the classical sense. []

5. Appendix

Let us recall the asymptotic properties of stable densities defined in (2.1)

1 —i
g a,0) = W/Rdexp{—ﬁ\pla}e Pdp, (5.1)

see [2] for details. For |y|/c!/*

Sd—2 < (—1 k 2k
8(0,0,0) ~ 5] Z( Iw<y) , (5.2)

— 0 the following asymptotic expansion for g holds

(2mol/*)d & (2k)! ol/a
where
2k+d 1 d-1
-1
= I'f——|Blk+=,— 5.3
ag o ( o ) ( + 27 P ) ) ( )
where
! T(p)I'(q)
B(q,p :/xp 1 Idx = (5.4)
(@.p)= | (1-x) T(r+q)
is the Beta function, and
§4-2) = 2”(d_j)/2 (5.5)
d—1
()
and |S°| =2, see [2] for the proof.
For |y|/o!/* — oo the following asymptotic expansion holds
) =
gy, 0) ~ (2m) 1+ /2‘ 72 Z (aly™*) (5.6)

where

. [k o otkt-(d—
a = (—1)Fsin (%)/0 EORHAD, | (28)dE (5.7)
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and W ,(z) is the Whittaker function

e—z/2

a1y A e 58)

see [2] for the proof.

In the case d = 1 the stable density function w(x, 3,1) defined in (2.2) is infinitely
smooth for x =0 and w(x,3,1) =0 for x < 0. Hence w grows at O slower than any
power. This gives rise to the inequalities such as w(x,3,1) < C,x?~! forany ¢ > 1, for
x < 1. The property w(x) ~ x~'=B for x > 1, may be found for example in [2]. This
may be deduced from the asymptotic expansions in equations 7.7 and 7.9 in [2] with
y=1.

The following result is part of the proposition 7.3.2 from [2]:

PROPOSITION 1. Let

1
= — ﬁ —1 — -
00:2.8,0) = 557 Jpa 1PV expi=ilp.y) = olp["}dp, (5.9)
so that
a—(Z)(y a,f,0) = ! / pPlog|plexp{—i(p.y) — o|p| “}dp (5.10)
3ﬁ bl i i (2ﬂ)d Rd bl . .
Then if G‘iv/‘a <K
9(v, 0, B,0)| < coP/%(y,0,0) (5.11)
and if G‘iv/‘a >K
9(v. ., B,0)| <co™'y[*Pg(y, e 0), (5.12)

where g is as in (5.1) and (2.1).
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