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ON PARTIAL FRACTIONAL DIFFERENTIAL
EQUATIONS WITH VARIABLE COEFFICIENTS

DHARMENDRA KUMAR SINGH

Abstract. In this paper we will be explain how to solve the Cauchy problems to some differential
equations with partial fractional derivatives having variable coefficients by homotopy perturba-
tion method. The solutions constructed in Mittag-Leffler function.

1. Introduction

Fractional order integrals and derivatives

The class of fractional operator equations of various types play very important
role not only in mathematics but also in physics, control systems, dynamical systems
and engineering. Naturally, such equations required to be solved. There are numerous
books focused in this direction, that is concerning the linear and nonlinear problems
involving different types of fractional derivatives as well as integral.

The Riemman-Liouville fractional integral operator ¢« > 0 is defined as [1]

o IR S PR
() (0 = gy |, =0 0 (M
The fractional derivative of order « is defined, for a function f(x) by
o _ 1 i x o
LN )= gy Jy G0 F0d O<K@ <. @

Equation (1) and (2) gave important properties of the fractional differential and integral
operators D%, I% as follows:

X 20X

If for o € [0,1) and f is continuous function, then [11, p. 872]

o X! o d x,x>0
(DI 0 = 1 /O +EPN W, D=go xe=|g" 7o O
12D (x) = DELf () = /(). @
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Further, we mention the basic definition of the Caputo fractional-order integration and
differentiation, which are used in the upcoming paper and play the most important role
in fractional calculus. Caputo definition of fractional-order derivative is defined as [10]
DO f(t) = I"*D" f(x)

1
I'im—a)
form—1<a<m,meN,x>0.

DY f(r) = / S(o— 1yt ) (1) y 5)

0, (n<a—1,neN),

Da[n:|: r 1 e .
t ﬁf “ (n>a—1,neN)

(6)

Similarly to the integer-order derivative, the Caputo fractional derivative is a linear
operation

D (i%(z)) = iciD“fi(r), 7
i=1 i=1

where {c; | are constant.
In applications section we assume that Caputo derivative operators (5) are desig-
L PL L 8205 8205 8205
natedby x> W, proad 8)6—2‘1’ (9)1—2‘1’ (91_2‘1'
For instance

X2 02 o da x2a’x>0 8
[0+ 1) ox20"+ '+ _[ ' ®)

Basic idea of the homotopy perturbation method

During the last decades, several methods have been used to solve fractional differ-
ential equations, fractional partial differential equations, fractional integro-differential
equations and dynamic system containing fractional derivatives, such as Adomian’s de-
composition method [12, 13, 14], Homotopy analysis method [3, 4, 15]. To illustrate
the basic idea of HPTM method, Consider the following nonlinear differential equation

A(y)—f(r)=0, req, 9)

B(y)=0, rerT, (10)

where A, B, f(r) and T are a general differential operator, a boundary operator, a known
analytic function and the boundary of the domain €, respectively.

The operator A can generally be divided into a linear part L and a nonlinear part
N. Equation (9) may therefore be written as.

L(y) +N(y) = f(r) = 0. (11)
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By the homotopy technique, we construct a homotopy v(r, p) : Q x [0,1] — R which
satisfies

H(v,p) = (1= p)[L(v) = L(yo)] + p[A(v) = f(r)] =0 (12)
or

H(v,p) = L(v) = L(yo) + pL(yo) + pIN(v) = f(r)] = 0, (13)

where p € [0,1] an embedding parameter, while yo an initial approximation of (11),
which satisfies the boundary conditions. Obviously, from (12) and (13) we will have

H(v,0) = L(v) = L(y0) =0 (14)

H(v,1)=A(v)— f(r)=0. (15)

The changing process of p from zero to unity is just that of v(r,p) from yy to y(r).
In topology, this is called deformation, while L(v) — L(yg) and A(v) — f(r) are called
homotopy. The embedding parameter p € (0, 1] can be considered as an expanding
parameter [5-9]. The homoptopy perturbation method use the homoptopy parameter p
as an expanding parameter [5-9] to obtain

uzEpiui:uo—|—pu1—|—p2u2—|—p3u3+.... (16)
i=0

If p — 1, then (16) corresponding to (12) and becomes the approximate solution of the
form

f=limu="> u. (17)

The series (17) convergent for most cases. However the convergent rate depends on the
non linear operator A(v). This method has been proved by J. H. He [6, 9].

Mittag-Leffler function

In fractional calculus it is well know the importance that have the Mittag-Leffler
function [2] defined by the series

Eq(x) :%ﬁ (a€C, R(a)>0) (18)

which contain as particular case the exponential function ¢ and admits a first general-
ization given by the two parameter Mittag-Leffler function [1, p. 40] defined by

Eqp(x) =§m (a,B €C, R(er) > 0,Re(B) > 0). (19)
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2. Applications

In this section, we apply the homotopy perturbation method (HPTM) and the frac-
tional calculus method for solving various types of partial fractional differential equa-
tions with variables coefficients.

EXAMPLE 1.

d%u(x,t) K¢ 920y (x,1)
e TRat1) awe O 10 (20)

with the initial condition u(x,0) =x2% and 0 < & < 1.
By using homotopy perturbation method presented in section 1,

u(x,t):uo+pu1+p2u2+...: Ep”un(x,t). 21)
n=0

2
Let L(u) = aaa"t(,f’t) , N(u)= — ot 9ulxt) L(yg) = 3;[‘20 and yo = x3%, then Equa-

TRa+l) o2
tion (20) reduces to

S, 0%u(x,t) %0 9% 20 = %))
ngop o1 5@ TP aa P F(2a+1)n§0p Soa | =0 @)

Equating the coefficients of like power of p, we have

0. 9%uo(x,1) B 2%yo Yy
T ot o> YO T
1 . aOCI”I(XJ) 9aY0 N x20¢ azauo(xat), ul(x70) =0,
dar® 0t* T(Ra+1) x>
0%uy(x,1) X% 9% (x,1)
2 2\Ay 1Ay
: — 0)=0
e TRatl) w0 2®0=0
o 9%y (x,1) - 2o 82051,{”_1()6,1), tn(x,0) = 0.

% TQo+1) oxe@

The following solutions are obtained from solving the above problems

Pl uo(x,1) = yo = xi‘x
d%uy (x,1) ¥ 9%%yy(x,1)
1 1Ay 0\ Ay
: e 0)=0.
o1 oot owe o ‘&0

Operating I* (the operator with respect to time) on both side of the above expression

7 [8°‘u1(x,t)} _ o [ ¥ 9%%yy(x,1)

ot | TRa+1)  odx2
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Here i—i denotes the Caputo or Riemann-Liouville fraction derivative operator, using
equation (4) in the left side of the above expression.
20 02 t
uy(x,t) =I1% a uoz(x, ) .
I2e+1) dJx*@

Now using (1) in the right side of the above equation, we have

1 i o X2 9%%up(x,1)
ul(x,t)—m/o(t—r) 1r(2a+1)< . )dr.

Using (6) in the above integral, we have

1 ! o—1 2o
= — t—7 drt
I'a) /o ( )
200 1%
£ =
ul(x7 ) X4 F(a—l—l)
Similarly
200 ?ka no x%roc
uy(x,t) =17 ———— L up(x,1) =t

rRo+1)"" T(no+1)

With (21) the series solution is given by

toc t2a t"a o
N=(1 ) 2
u(x.1) <Jrr(oc+1)+r(z(x+1)jL T E >x+

=3 2 na+l =x2%Eq(t%). (23)

Note that the solution (23) of the problem (20) was obtained by J. H. He [9] by homo-
topy method.

EXAMPLE 2. Consider the partial fractional differential equation with variable
coefficients
9%u(x,y,1) e Pl ) ¢ 9%u(x, 1)

a%  TRatl) oce  TRarl) ope O 170 @Y

with the initial condition u(x,y,0) = y2* and 0 < & < 1.
Applying the homotopy perturbation method, we get

aa“(X,YJ) aa}’O 2% )’0 ( yZOc azau(xayat) x20( 82au(x7y7t)
I(

P 2a41) 9% TQa+1) oy

otr ot ot =0.

(25)

Equating the coefficients of like power of p, we have

0. aOCMO(XL))?Z‘) 30‘}’0 _ 2«
N ata - ata7 yo—}’+7
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L 0%umley ) 9% ¥ P ulnyt) X% 9% ug(x,p1)
’ dt* ot*  T(Qo+1)  Ix** FQRo+1) dy?* 7’
ul(x7y70> = 07
2, 0% (x, 1) 2% 9%%uy (x,p,t) B X% 2%y (x,y,t)
’ It F2o+1) x> F2a+1) ady**
u2(x7y70) = O»
o 0%un(yt) Y 9P, (yt) XY 9P, (i)
’ dt* (2o +1) x> F2a+1) dy** ’
un(x,y,0) =0.

By choosing ug(x,y,t) = yo, and using equation (1), (4) and (6) for solving the above
problems, we have

20 2 2o
i (x,,1) :t“m, uz(x,y,1) Zfzama uz(x,y,1) ZIMM,
2o 2o
ooy U (X, ) ZIZWW, U y1(X,y,1) = t(2n+1)am~ (26)
The series solution is given by
1o 3o o t(2n+1)a e
u(x,y,t) = (F(a—f— D + rGatD) + rGatD) +...+m+...>x
+<1+ e + e +...+L+...)y2“.
IF2a+1) T(4a+1) I(2no+1) +
_ i (2n+)a e oo (2o @n
ST(@2n+Da+1) 7 S T(2na+1)
w(x, 1) = (1) Eag, o1 (2%) + 32 Eag (1°). (28)

Note that the solution (28) of the problem (24)obtained by J. H. He [9] by homotopy
method.

EXAMPLE 3. Consider the partial fractional differential equations with variable

coefficients
aau(xayvzvt) _( )40{
o +

F(ZOC+1) 200 azau(xayazvt) 200 82au(x7y7z7t) 20 azau(xayazat)
R S , — 0’
AT(dot1) (’“* 00 —ax P 922

t>0 (29
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with the initial condition u(x,y,z,0) =0 and 0 < &t < 1, 8(y) = 37528
Apply the homotopy perturbation method, we have
8au('xayazﬂt) 8aY0 80(_)’0 4o F(ZOH—I)
g e TP PWIE S SRas T

82°‘u(x7y7z,t) 82°‘u(x7y7z,t) azo‘u(x,y,z,t)
Xp (xiae(y)T +y2a 8)}20‘ +Z2a 3220( =0. (30)

Equating the coefficient of like power of p, we get

0. 9%0(x,yz,t) 9%0 _0
' gre g 0T

2%ui(x,y,z,t) 3%y I'Qoo+1)
1. 1A )54, _ 4o
e e Y TSR aa )

92““0(&)”2”) 320‘“0(&)’,2#) &2au0(x7y7z7t)
X (xiae(y) ox +y% 9y20 +2 0220 =0,

ul(xayazao) :()7
2 0%y (x,y,z,t)  T(QRa+1)

Pl (4o +1)

9%%uy (x,y,2,1) *%uy (x,y,7,t) %%uy (x,y,2,1)
200 1\X0,2, 20 10,2, 200 11X 0,2, o
x <x+ O(y) ox20 +y 3y2oc +z o072 =0,

u2(xayaza0) = 07

w 0% (x,y,2,t)  T(20+1)
' It 3040+ 1)

*%u,_1(x,y,2,1) *%u, 1(x,y,2,1) 9%%uy,_1(x,y,2,1)
20 n—1{X, ¥, 2, 20 n—1X,¥,2, 200 n—1\X,¥,%, _
x<x+ O(y)T+y T_FZ T 9 =0,

u"(xayazao) = O

Choosing ug(x,y,z,t) = yo, and solving above problems by using equations (1), (4) and

(6)

et t2o¢
neyat) =G EE rg gy mlenat) = O p

4o 4o 4o 3 4o 4o 4o "
uz(x,y,z,1) = (K7 y1%2Y )m"”’ n(x,,2,1) = (XYY )l"(nOH— 1)’

(€29



128 D. KUMAR SINGH

The series solution is given by

1o t30‘ t30‘ 1o to 4o 4
u(x,y,z,t) = ( + + +.+ +.. )xﬁyﬁzf‘

I+ 1) F(ZOH— 1) TBoa+1) I'(no+1)
404
- x+ay+az+a T(no+1)
u(x,y,z,1) = X1 A Eq (1%) — 1 (32)

Note that the solution (32) of the problem (29) was obtained by J. H. He [9] by homo-
topy method.

EXAMPLE 4. Consider the partial fractional differential equations with variable

coefficients form

9%%u(x,1) B ¥ 9%%y(x,1)
o2 FR2a+1) ox2@

=0, t>0 (33)

with the initial conditions u(x,0) =0 and w =x3%and 1 <o <.
By applying the homotopy perturbation method, we have

200 200 200 200 200
" %u(x,t) "%y +p8 Yo X 9= %u(x,t) _o. (34)
o2 o2 or?e FRa+1) ox**
Equating the coefficient of various power of p, we get
0. 820‘”0()@” _ 820:)}0 I dug(x,0) — 2o
T or or2e > V0T a7
L aZaul(x’t) 9%%y, - 2o 3206140()6’[)’ 1 (x,0) = 0, duy(x,0) —0,
o2 0’  TQRa+1) oJx*¢ ot
- a2au2(x,t) - 2o 820‘,41()(7;), (2,0 = 0, duy(x,0) 0,
ot F2o+1) ox2@ ot
9%%u, (x,1) X% 9%,y (x,1) duy(x,0)
n . n\-“ _ n ? O — 0 v = O
P e TRatn)  oee 0 W0=0 =5

By choosing ug(x,7) = yo, and using equation (1), (4) and (6) for solving problems, we
obtain

20+1 xia 4a+1 xia
)=t —_— )=t _ ...
h(x1) T2a+2) u2(x,1) Tda+2)""
200
U (x,1) = g@not) (35)

(2n0 +2)
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The series solution is given by

i oo t2n(x+l
1) = S 36
uwt) = “ T(2na+2) (36)
u(x,1) = 2% Epq 2 (1*%). (37)

The solution (37) of the problem (33) was obtained by J. H. He [9] by homotopy
method.

EXAMPLE 5. Consider the partial fractional differential equation with variable
coefficients form

*%u(x,y,t)  x**TQa+1) d*%u(x,y,t) y**T(2a+1) 3*%u(x,y,t)

— — =0, t>0
ore Ido+1) ox*™ Ido+1) dy*™
(38)
with the initial conditions u(x,y,0) = x4* and w =y* I<a<l.
Apply the homotopy perturbation method we have
*“ux,y,1) 9%y %o
aﬂa o at206 +p aﬂa
B XT(Q2a+1) 0**u(x,y,1)  y**T(a+1) 0**u(x,y,1)\ 0 (39)
I'(4o+1) x> I'4o+1) dy?© -

Equating the coefficient of like power of p, we have

3140(3@)’70) 4o

o 0% %ug(x,y,t) 9%y

4 4
or2o T gpa M0 =" + 1y, o Ot
L 9%%uy(x,y,1) 9%y, _x2°‘1"(2a+1) *%ug(x,v,1) _yz"‘l"(ZOH—l) 0%%ug(x,y,1) 0
© ore ot T(4a+1) dx20 T(4o+1) dye 7
aMl ()C,y,O)
0)=0, ————=~=0
ul(xvyv ) 9 8t )
5 0*%uy(x,y,t) B ¥OT (200 + 1) 9%%uy (x,y,1) B YT (20 +1) 9%%uy (x,y,1) 0
T oo (4o +1) dx2e T(4a+1) oy 7
d 0
MZ(xvyvo) =0, u2(ax;y’ ) =0,

. 0%%uy(x,y,1) B XOT(20+1) 9*%uy 1 (x,y,1) B VOT (20 + 1) 9%%u, 1 (x,,1)
P o0 T(4a+1) 9x20 T(4a+1) oy

dutn(x,,0)

“n(x7y70) :Oa at

=0.
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By choosing ug(x,y,t) = yo, and solving above problems with the help of equations
(1), (4) and (6), we get

2a xia 2041 yia
)=t _— _—
 (x,:1) T2a+1) T2a+2)’
Ao 4o
4o _— 4o+1 Y+
)=t _— _
2, 3,1) Tdar1) | T@ai2)
Ao 4o
60 X+ 60+1 Y+
1) =1 ———— — ..
u3 (%, :1) T(6a+1) T6a+2)""
2nat xia (2no+1) yia
n(X,),1) =1 " A . 40
u2n(%,3:1) T 1) T(2na+2) (40)
The series solution is given by
W 2 o S
’ Zn(x —|— 1) = T(2no+2)
u(x,y,l) :x+aE2a(t2a) + (y+at)E2O!,2(t2a)~ (41)

Note that the solution(41) of the problem (38) was obtained by J. H. He [9] by homotopy
method.

EXAMPLE 6. Consider the partial fractional differential equation with variable

coefficients
*%u(x,y,z,t) 1

912 T20+1)
0 O2UX,2,1) 25 02%U(X,3,2,1) | 24 0%%u(x,y,2,1)
x < 3x2a +y 3y2a +z 3 200

) L . du(x.y,2,0
with the initial conditions u(x,y,z,0) =0, % =x%4y2—2%and § <o <1.

Apply the homotopy perturbation method, we have
9*%u(x,y,zt) 9%y, 9*“¥o

— () -

=0, t>0 (42)

S2a " ape TP gpa W YY)
1 0%%u(x,y,z,t 0%%u(x,y,z,t 0%%u(x,y,z,t
_ e ( 2y ) +y2oc ( 2y ) 4 2 ( 2y ) —0.
I'2o+1) Ix>¢ dy?® Ckadd
(43)
Equating the coefficients of like power of p, we have
92%ug(x, 1 9°“ dup(x,y,z,0)
0. 0X, )2, Yo 2 2 0\, ), 2, 2 2
12 Fpa W=y, g =y,

1. a20{“1()67.)77271‘) 820‘)’0 1
or?e o2 I'Co+1)

% 2a82au0(-x y»Z t) + 2aazau0(x7y7z7t) + 2a82a”0(x»y72»l)
Jdx2a y 3y2a Z 072 ?

(x+ +y+ +Zia)
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d 0
Ml(x»y,Z,O) :07 % :07
2. azau2(x7yvzvt) _ 1 20 azaul(xayvzat) +y2a82aul(x7y7z7t)
' or?e I'oo+1) x> dy?¢
32°‘u1(x,y,z,t) 3142(x7y7270)
+Z2QT = 07 I/LQ()C,y,Z,O) = O» T = Oa
n. 82aun(x7yazat) 1
T o T2a+1)
9%%uy,_1(x,y,2,1) 9%%uy,_1(x,y,2,1) %%, 1(x,y,2,1)
2 n—1\X,¥,2, 2 n—1\X,¥,2, 2 n—1X,¥,2, o
X (x * 5,20 +y 3,2 +27 520 ) =0,
d n\As Y, 70
w20 =0, L0zl g

By choosing ug(x,y,z,1) = yo =1 (x3% +y2* — 22%), and using equations (1), (4) and
(6), we obtain

, , , tza 5 5 5 t20(+l
(o0 2.0) = (42 ma gy B S maa oy
5 5 5 4o ) ) 5 Ao+l
o o o o o o —
uz(x7y7z7t)=(x+ +y+ +Z+ )1"(405_'_1)—’—()6Jr +y+ R )F(4(X+2)7
, , , [6a 5 5 5 t60£+1
u3(x,3,2,1) = (x3" +y+“+z+a>r(6a+ D" (e 4y _Z+a)r(6a+2)""’
20 20 20 e 20 20 20 ot
un(x7y7z7t):(x+ +y+ +Z+ )r‘(zna+1) —|—()C+ Ty i )F(2na+2)

u(x,y,2,t) = (B* + 3% — 22%) tE2 o (12%) + (2% + 2% + 22%) [Ee (17%) — 1] . (44)

Note that the solution(44) of the problem (42) was obtained by J. H. He [9] by homotopy
method.
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