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A PROBLEM WITH AN INTEGRAL BOUNDARY
CONDITION FOR A TIME FRACTIONAL DIFFUSION
EQUATION AND AN INVERSE PROBLEM

HALYNA LOPUSHANSKA

Abstract. For a linear inhomogeneous time fractional diffusion equation on bounded cylindrical
domain the problem with an integral boundary condition is studied. The inverse problem for the
restoration of the whole right-hand side of the equation is also studied. The conditions of the
solvability and the unique solvability of these problems are founded.

1. Introduction

The conditions of classical solvability of a time fractional Cauchy problem and the
first boundary value problem to a time fractional diffusion equation were obtained, for
example, in [2, 3, 4, 10, 11, 14]. There were proved the existence and uniqueness theo-
rems and the representation of classical solution in terms of the Green vector-function.
The inverse problems to such equations ([, 6, 12, 13, 15] and references therein) have
important practical applications. Some studies in inverse problems for restoration of
a right-hand side of the equation, or a minor coefficient in the equation, or the initial
data of a solution (see, for instance, [I, 8]) use the integral type over-determination
conditions.

In the present paper, for a time fractional diffusion equation we study the solvabil-
ity of a problem with an integral boundary condition. Namely, we study the boundary
value problem

DPu—Au=Fy(x,1), (x,t) € Qx(0,T], (1)

/ K(xt,2)u(z,t)dz = F(x,1), (x,1) € Q) x[0,7], 2
Q

u(x,0) = F(x), x € Q, 3)

with the Caputo fractional derivative (or Caputo-Djrbashian fractional derivative) [2]

V(T

I S SR N W A GO )
Dﬁv(t)_l“(l—ﬁ)o/(t—r)ﬁdT_F(l—ﬁ)[dto/(t—r)ﬁdT 5
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of order € (0,1), where € is a boundary domain in R"”, n > 2 with a smooth
boundary Q;, K, Fy, F, F, are given functions.

We can consider this problem as the inverse problem for the determination a pair
of functions: a classical solution u of the second boundary value problem

du(x,1)
av(x)

=F(x2), (x1)€Q;x[0,T], u(x0)=~Fx), x€ Qo, (@)

for the equation (1) and its unknown boundary values F; under integral type over-
determination condition (2). Here v(x) is the unite vector of the interior normal to the
surface Q; in the point x € Q;. So, we can use the Green function’s method in study
the solvability of these problems. Note that in [13] the unknown boundary condition
was founded by using the another over-determination condition.
We also study the inverse problem of finding the solution of the problem (1), (3),

(4) and the right-hand side Fy(x,7) of the equation (1) under the over-determination
condition

/ R, t,2)u(z,1)dz = F(x,1), (x.1) € Qo x [0,T]

Q)
with given functions R, F;, F>, F. Note that the inverse problems for the determination
of the right-hand side Fy = Fyy(x) or Fy = Fy(r) of a such kind of equations were studied
(see, for example, [1, 15]).

2. Definitions and auxiliary results

Assume that Q; is the surface of class C'*7, y€ (0,1), 0; =Q; x (0,T], i=0,1,
0> = Qo, C(Qo) (C(Qy)) is the space of continuous functions on Qp (Q,, respec-
tively), C?(€;) is the space of Holder continuous functions on ;, C¥(Q;) is the space
of Holder continuous functions in space variables x € Q; for all ¢ € [0, 7] and jointly
continuous in (x,1) € Q;, i =0,1, G, 5(Q0) = {v € C(Qo) | Av,DP v € C(Q0)},

C.8(Q0) = C2,p(Q0) NC(Qo), Gy 5(Qo) = {v € Crp(Qo)|dv/av € C(Q1)},

Z(R) is the space of indefinitely differentiable functions compactly supported in R,
2'(R) is the space of linear continuous functionals (distributions) over Z(R) and
2. R)={feZ'(R): f=0 fort <0}.

We denote by f*g the convolution of the distributions f and g, use the function
fr e 7. (R):

o)t /
f,l(t):W for A >0 and f; ()= fi,,(t) for A <0,

where T'(z) is the Gamma-function, 6(r) is the Heaviside function and derivative un-
derstood as a derivative in 2’(R). Note that

Jax fu = fasu-
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Recall that the Riemann-Liouville derivative v(8)(z) of order B > 0 is defined as

v(ﬁ)(t) = f_p(t)*v(t).
If DBy exists then
DPy(t) =vB) (1) — f_p(t)v(0) for B €(0,1).
Let the following assumptions hold:
(A FyeC(Qy), Fr € C"(Qo), suppFr C Qo, F € CY(Qy),
(B)  K(x,1,y) ((x,r) € Q;,y € Q) is a jointly continuous in all variables func-
tion, Holder continuous in x,y € Q; forall ¢ € [0,T].

DEFINITION 1. A function u € Czﬁ(Qo) satisfying the equation (1) on Qy and
the conditions (2), (3) is called a solution of the problem (1)—(3).
Definition 1 and the assumption (A) about F> imply the compatibility condition

F(x,0)=0, x€ Q. (5)

DEFINITION 2. A vector-function (Go(x,7,y,T),G1(x,,y,7),G2(x,t,y)) such that
under rather regular Fy, F|, F> the function

t t
uter) = [dv [ Gty DR e)dy+ [dr [GilxtyoR 0oy
0 Q 0

f/@@mﬁ&@ﬂx (x.1) € Qo (©)
Qq

is a classical (from C217 (Qo)) solution of the problem (1), (4) is called a Green vector-
function of this second boundary-value problem.

The existence of a unique Green vector-function of the problem (1), (4) may be
prove as in [9] for the first boundary value problem.

The results of [4, 14] and the Levi method (see [4, 5]) imply the following esti-
mates in the case n > 3:

C
G'()C,l7y7'f) < L Nl n—> j:0717
: = kP2
¢ 2
G}C,t, gi, X — <4I—Tﬁ,
2(00) € gy el <40 -0)
1
-t [ fo—yP \rimty e(2) P
Gj(x,1,,7) < — < - ) e P ; J=0,1,
e—yl" Nt —1)P
1
2\ T B
C Ix —y|?\ 2257 —C(‘X | )
Galot) < i (P ) T e N P> -

where C, ¢ are positive constants, and similar estimates in the case n = 2. Note that the
character features in 7 is accurate. The Green vector-function owns Holder properties.
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THEOREM 1. Assume that Fy € CY(Q,), F1 € CY(Q,), F, € CY(Q), suppF> C

Qq. Then there exists a unique solution u & C21 B (Qo) of the second boundary value
problem (1), (4), and it is defined by the formula (6).

The theorem is proving as the corresponding result in [5, 5.3].

3. The existence and uniqueness theorems

Substituting the right-hand side of (6) in the condition (2) we obtain

t
/dr/K(x,Lz)dz/GO(Z,IJJ)FO(y»T)dy
0 Q Qo

+/dT/K X,1,2 dZ/G1 7,6,y T)F1(y, T)dy

0 Q
+ / K(x,1,2)dz / Gz, Ra()dy =F(x1), (nt) €0y,
Q Q

that is

1L ~
> [t [ Kty DF v+ [KelornB0d=F, (o) €01 )
7=0%

Q;j Q)
where

Kj(x,1,,7) =/K(x,t,Z)Gj(z,t,y,T)dz, j=0,1,
Q

K> (x,t,y) = /K(xJ,z)Gg(z,hy)dz.
Q

Using the above estimates of components of the Green vector-function we find

|K;j(x.1,y,7)|
< / K (x,1,2)Gj(z,1,y,7)|dx

{z€Q:|y—z|<2(r—1)B/2}

+ / |K(x,2,2)G(z,1,,7)|dx

{z€Qq:|y—z|>2(1—1)B/2}

dz
<C —d
1| / (—n)y—e 2"

{z€Qy:|y—z|<2(r—1)B/2}

+ (t|z_j1;ﬁ;l (4(Zt _)j)ﬁ ) 55555 . (4\(’[:)1\)2!3) 7B dz]

{zeQq:|y—2|>2(t—1)P/2}
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1

2(t—1)B/2 5 diamQ ( > ) TP
< / ar+ (-7 [ e )
— T

2(t—1)B/2

<G| l+/n_2_e an| < k-

:I%F(%)fg(t—r), x€Q,y€Q;,0<1<t<T, j=0,1,
2

and similarly,

d
| <a] [
tPly—z|2
{z€Qy:[y—z|<2:B/2}

C () Ty

lz—y|"\ 4P
{z€Qy:|y—z|>2:8/2}
2;»3/2 s diam€Q ( 2 )ﬁ
<C5[ 3 dr+t 22-B) / rIB 20 \ub dr]
2B/2
~ B B _ _
< kt 2:k1"<1—5>f1 p(t), x€Q, yeQ, t€(0,T].
-2

Hereinafter C;, k, k;, i € Z. are positive constants.
Note that

2

t s
£ alt /K 5t R0 adT = [ £y -9)ds [Kils v 0F (e
0

t

([ £iip = 9)K;ns.00ds ) Fy (3. 71w
B

T

( 7Tf1_2 (5)Kj (x
0

(f17§ (8) *Kj(x,s,y, T)) ’S:FTFJ-()@ T)dt

=5, T)ds)Fj(y, T)dt

O L O O~ °—_ _°

fiop (=) Kt = T3, T)F (3, 7)dT.

Denote

,%’j()c,t,y7‘L'):f1 p(t—1)*K;j(x,t —1,y,7), j=0,1.
-7
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‘We have

B0l <ir(B) 7 g4y -9)

B
2

=i0(5) (fip ety )e—1)= icr(g)fl(z—r) =k —1).
Since the character features in the variable 7 is accurate then

Ri(x,t,y,T) #0, (x,1) €0y, (n1)€Q;, j=0,1

and are the continuous functions. Similarly, taking the equality
fios@)*f,_p()=frp(t)
2 2
into account, we obtain that the function

%2(x7tay) = fl—g(t) *KZ(x7t’y)

is continuous on Q; x Qy and has the estimate
a1 _ _
| % (x,,y)| < kat ﬁ’ (x,1) € 0y, y € Q.

Thus, from (7) we obtain the linear integral Volterra equation of the first type

t
[t [ Ay Fady = b)) € 0y ®)

0

relatively unknown F; where

Wt) = £,y 0= F(xn) = [ dr [ nrn0)R o)y
0 Q

_/%2(x7t’y)F2(y)dy’ (x7t) € Ql-

Qq

This integral equation has the jointly continuous kernel % (x,t,y, ), Holder continu-
ous in x,y € Q; forall z,7 € [0,T],and h € C*(Q,), h(x,0) =0.

Conversely, if F; € CY(Q,) is a solution of the equation (8), which is equivalent
to the equation (7), then by Theorem 1 the function (6) is a solution (from C217 B (Q0))
of the problem (1), (4) and satisfies the condition (2).

We obtain the following result.

'THEOREM 2. Assume that (A), (B) and (5) hold, there exists a solution F| €
C7(Q,) of the equation (8). Then there exists a solution u € CZI.B(QO) of the problem
(1)~(3). It is defined by (6). '



A PROBLEM WITH AN INTEGRAL BOUNDARY CONDITION 139

THEOREM 3. At terms of uniqueness of a solution of the equation (8) a solution
ue C21 B (Qo) of the problem (1)—(3) is unique.

Proof. Take two solutions uy,u; € C21 8 (Qop) of the problem (1)—(3). Putting u =
Uy — uy we obtain

DPu=2Au, (x,1)€ Qo
[Ktyutundy =0, (wr) €0y, ©)
Q

u(x,0) =0, x€Q.

By Theorem 1, for the solution u € C2l B (Qp) of the second boundary value problem

DPu=Au, (x1)€ Qo
du(x,t)

8V(.X) :Fl(xat)7 (X,I)EQ17 M(X7O)ZO? .XIEQ()

with some unknown F; € C7(Q,) we have

t

uter) = [t [ Gilxry DR 00y, () € Q. (10
0 O

As it has been shown before, using (9), we obtain the first type linear Volterra
integral equation

t
/ dt / B (%,1,,T)F (3, T)dy =0, (x,1) € ),

0 Q

relatively unknown Fj. By Theorem’s assumption,
F(»1)=0, (n1)€Q. (1D

Then (10) implies that u =0 on QO. O

4. The restoration of a whole right-hand side of equation

We study the inverse problem

du(x,t) -
W_Fl(x7t)v (X,I)EQ17 (12)
u(x,0) = F(x), x€ Q, (13)
/R(x,t7z)u(z7t)dz — F(x,1), (x,1)€0p (14)

Q
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for the equation (1) under the following assumption

(C) F eCQ,), F, eCY(Q), suppF> C Qy, F € CY(Qy), R(x,t,y) ((x,1) €
QO, y € Q) is a a jointly continuous in all variables function, Holder continuous in
x€Q, yeQ forall £ € [0,T].

This problem consists in finding a pair of functions

(u, Fo) € A (Qo) = A := C, 5(Qo) x C"(Qy)

satisfying the equation (1) and the above conditions (12)—(14).
The problem’s definition and the assumption (C) about F, imply the compatibility
condition
F(x,0)=0, x € Q. (15)

THEOREM 4. Assume that (C) and (15) hold, there exists a solution Fy € CY(Q,)
of the integral equation

t
[t [ Rty )R 2)dy =), () € o (16)
0 Q

with
t

nxn) = £, @) F@n) = [dt [ Ry DR ody = Ry
0 Ql Q0

Rj(x,1,y,7) :flié(l‘—T)*/R(xJ—T7Z)Gj(Z7t—T,y,T)dZ7 (»1)€0Qj, j=0,1,
2
Q

RQ(x7t’y) = fl_[%(t)*/R(X,I,Z)GQ(Z,t,y)dZ, ye QOa ()C,t) S QO'
Q

Then there exists a solution (u,Fy) € #(Qq) of the problem (1), (12)—~(14) where u
is defined by (6). At terms of uniqueness of a solution of the equation (16) a solution
(u,Fy) € A (Qo) of the problem (1), (12)—(14) is unique.

Proof. Substituting the right-hand side of (6) in the condition (14) and using the
previous reasoning we obtain the linear integral Volterra equation (16) of the first
type relatively unknown Fy. This integral equation has a jointly continuous kernel
Ro(x,t,y,7), Holder continuous in x,y € Qq for all ¢,7 € [0,T], ry € CY(Q,) and
ro(x,0) =0, x € Qy. Conversely, if Fy € CY(Q,) is a solution of the equation (16),
then the function (6) is a solution (from C217 8 (Qo)) of the problem (1), (12)—(14).

Take two solutions (u1,Fy), (u2,FZ) of the problem (1), (12)~(14). Putting u =
uy—uy, Fy = FO1 —FO2 we obtain

D?u =Au+Fy, (x1)€Qo,
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du(x,t) ~
QV(X) _07 (X,I)EQ17
u(x,0)=0, x€Q,
[ Rt s)as =0, (x1) € 0 a7

Q

By Theorem 1, the solution u(x,7) of obtained direct second boundary value problem
has the representation

uter) = [d [ Golxr.x DR (1 e)dy,  (xr) € Q. (1)
0 Q

Substitute it in (17). As it has been shown before, we obtain the first type linear Volterra
integral equation

t
/m/mwmwmwmw:a (x,1) € Oy

0 Q

relatively unknown Fp. By Theorem’s assumption,
FO(yaT>:0a (y7T) EQO'
Then (18) implies that « =0 on Q,. [
5. Problems with other conditions

5.1. In the same way we can study the boundary value problem

DPu—Au=Fo(x1), (x,1) € Qo, (19)

[ # st dutzndz = Fan), (.0 €0y, (20)
Qo

u(x,0) = F(x), x€ Q, (1)

where 7, Fy, F, F, are given functions.

This problem is different from the problem (1)—(3) by the condition (20) where
integration is on €y. We obtain similar preliminary results.

ASSUMPTION (D). % (x,t,y) ((x,1) € Qy,y € Qo) is a jointly continuous in all
variables function, Holder continuous in x € Q 1, VE QO forall € [0,7].

For the solution u € G, g (Qp) the compatibility condition

/ A (x,0,2)Fy(2)dz = F(x,0), x€Q (22)
Qo

is necessary.
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_THEOREM 5. Assume that (A), (D) and (22) hold, there exists a solution Fy €
C"(Qy) of the integral equation

t
/ dt / Pi(x,1,3,1)F (3, T)dy = p(xt), (1) € Oy (23)
0 Q
with
t
plet) = fip(0)+ Flr) = [ de [ Pl y0R (D)
0 Q
- [ 2Ry (e,
Q
@j(x,l,)@f) = flfﬁ(t_r)*‘%/j'(xvt_ﬁ[?%’r)a (y»T) € Qj7 j:O,l,
P (x,1,y) = flfﬁ(t)*'%(xvtvy)v yEQOv (x,1) € Qh
and

H(x,1,9,7) :/,%/(xJ,Z)Gj(z,Lyﬁ)dz, x€Qp, yeQ;, 0<T<t<T, j=0,1,
Qq
Hr(x,1,) :/,%/(x7t,z)G2(z7t,y)dz7 x€Q, yeQq, t€(0,T].
Qq

Then there exists a solution u € C%_ﬁ(Qo) of the problem (19)—(21). It is defined
by (6). /

Proof. This theorem is proving as Theorems 2 and 3. Using the above estimates
of components of the Green vector-function we find

|7 (x,1,3,7)]

dz
<G _a
6|: / (t_T)|y_Z|n_2 Z
{z€Qq:|y—z|<2(t—1)B/2}

A = Rl

{z€Qqp:|y—z|>2(t—1)B/2}

1 2(’*7)[3/2 5 diam€ ( 2 ) ﬁ
<G [— / rdr+ (1 — 1)7172(2%) / AT \a—op dr]
=7
0 2(—1)B/2

< k(t— 1)13—1 =/A<F([3)f,3(t—1:),
x€Q, yEQ), 0<T<t<T, j=0,1,
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and similarly,

dz
sl <al [ S
Py =z
{2€Qq:|y—z|<2:B/2}
1
2\ B
L (=P =" *(%)
+ \Z—y|”< e ) e d dz]

{2€Q0:|y—2[>2:P/2}

1
2-p

2uP/2 diam€2, )
(6) ] <
e 4 dr] <k

1 _ nf n__
<Gy [t? / rdr+t 22-B) / r2-B
0 2B/2

x€EQ, yeQq, t€(0,T].

So, the equation (23) has the jointly continuous kernel & (x,t,y,7), Holder con-
tinuous in x,y € Q forall #,7 € [0,T], p € C*(Q;) and p(x,0)=0. O

5.2. We also study the inverse problem

DPu— Au=Fy(x,1t), (x,t) € Qyx (0,T], (24)
T =R, () ex(07] es)
u(x,0) = F(x), x € Q, (26)

/ P(x,t,2)u(z,1)dz = F(x,1), (x.1) € Qo x [0,T] @7)

Q
with given functions P, Fy, F;, F.
ASSUMPTION (E). Fy € CY(Q,), F, € CY(Qy), suppF>, C Qy, F € CY(Qy),
P(x,1,y) ((x,7) € Qp,y € ) is a a jointly continuous in all variables function, Holder

continuous in x,y € Qg forall 7 € [0,T].
This problem consists in finding a pair of functions

(u, Fo) € Ao(Qo) = My = C3 5(Qo) x C?(Qy)

satisfying the equation (24) and the conditions (25)—(27).
The compatibility condition

/ P(x,0,2)F(2)dz = F(x,0), x € Qo (28)
Qq

is necessary.
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THEOREM 6. Assume that (E) holds, there exists a solution Fy € CY(Qy) of the
integral equation

t
/w/%mmw%mn@=mmm (1,1) € Oy,
0 Qo

with
t

pox.t) = fip(®)+ Flxr) = [t [ Pley D0 a)dy = [ Parry)B0)ay,
0 Q Qq

Pj(x7taya1) :fl—ﬁ(t_T)*/P(xat_TaZ)Gj(Zat_Tay7T)dza (y7T) € QJ: jZO,l,
Q

P2(x7t7y) :flfﬁ(t)*/P(x7t7Z)G2(th7y)dza y € QO? (x7t) € QO'
Q

Then there exists a solution (u,Fy) € AMy(Qo) of the problem (24)~(27), u is defined
by (6).
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