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Abstract. In this work we study the following singular problem involving the fractional Laplace
operator:

(P;) .i”u:%—&-lf(x.,u) in Q;
lu=o0, inRV\Q,

where Q CRY, N >2 bea bounded smooth domain, a € C(Q), A is a positive parameter and
0<y<l1, 2<r<2f where 2 = 73 Under appropriate assumptions on the function K and
the functlon f and we employ the method of Nehari manifold in order to show the existence of
T,y such that for all A € (0,T,.y), problem (P;) has at least two solutions.

1. Introduction

Let Q be a smooth bounded domainin RY, N >2 and 2} = 2. The purpose of
this work is to study the existence of multiple solutions of the smgular elliptic problem

involving the non-local operator:
) Lu= %—Flf(x,u) in Q;
A
u=0, in RV\Q,

where a € C(), A is a positive parameter, 0 < y < 1, 2 < r < 2} and the linear
non-local operator .Z is given by

2/ u(x+y)+ulx—y) —2u(x))K(y)dy.

For s € (0, 1), we introduce the fractional Sobolev space

HY(Q) = ueLz(Q):%eLz(QxQ) ,
xX—=y 7

with the Gagliardo norm

1
Ju(x) —u(y)? )7
ullgsq) = |ulr + / —dxd .
|| ||H (Q) | |2 (ng |x_y|N+25 Y
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Denote
2=R"\ (R"\ Q) x (R"\ Q))

and we define the space
x {u : RN — RLebesgue measurable : u\q € L*(Q)
and (u(x) — u(y)) VK(x—) € 1(2)}

with the norm

el =+ ( 1)~ a0) e~y
Through this paper we consider the space
E={ueX:u=0ae inR"\Q},

with the norm

= ( f, o) PR )y

Note that the space E was often called Xj in the previous literature, see e.g. [18, 19].
We stress that (E, ||.||) is a Hilbert space and the embedding E < L*>" (Q) is con-
tinuous (for detail see [18]). Moreover, C3(Q) C E, X C H*(Q) and E C H*(R") (for
detail see [19]).
Associated to the problem (P; ) we define the functional J) : E — R given by

1 1 _ A
530 = 3l = = [ ol Yar—2 [ Flful)ds wer
2 I—-vJa rJo
where F(x,s) := [y f(x,r)dr. We say that u € E is a weak solution of problem (P;) if
for every v € E we have:

A w(u(x) —u(3))((v() — v(y))K (x — y) dxdy
—/ ) Tv(x dx—f—?t/fxu ))v(x) dx. (1.1)

Note that u is a positive solution of problem (P)), if u is positive and verifies the
equation

L, 1 1 A

~lul? - —/ a(x)u(x)'7 dr— —/ Fx,u(x))dx = 0.

2 I1-vJa rJa

Before giving our main results, let us briefly recall literature concerning related

nonlinear equations involving fractional powers of the Laplace operator. Problem in-
volving fractional Laplace operator has been given considerable attention since they are
a arises in many physical phenomena, in probability and also in finance for more details
see for instance [3, 11] and references therein. Meanwhile, elliptic equations involving



A SINGULAR ELLIPTIC EQUATION WITH THE FRACTIONAL LAPLACIAN 203

integral fractional Laplace operator has been investigated in quite a large number of pa-
pers, such as [7, 9, 18, 19] and references therein. Some other results dealing with the
existence of solutions concerning Dirichlet problem involving the spectral fractional
laplacian has been treated in [4, 6, 21] and references therein. Note that, these two frac-
tional operators (i.e. the ’integral’ one and the ’spectral’ one) are different. We refer
the interested reader to [20] for a careful comparison of theses two operator.

Problems (P, ) have been also studied with different elliptic operators. For Laplace
operator and purely singular case, they have been studied by Crandall-Rabinowitz-
Tartar [10]. After this paper, many authors have considered the problem above for
Laplacian, p-Laplacian operators or fractional p-laplacian, using the technique used
in [10] or a combination of this approach with the Nehari’s and Perron’s methods,
among others, we would like to mention Coclite-Palmieri [8], Giacomoni-Saoudi [14]
and references therein in the case of the Laplacian equation, In Giacomoni-Schindler-
Takac [15], the case of the p-Laplacian equation is considered and the corresponding
quasilinear and singular N-Laplacian equation is considered in Saoudi-Kratou [17].
Ghanmi-Saoudi [13] proved the multiplicity of solutions of the quasi-linear singular
p— fractional equation using the method of the Nehari manifold.

The main goal of this paper is to show how the usual variational techniques can be
extended to deal with singular fractional Laplace problem with boundary conditions.
Hence, To obtain multiple (at least two distinct, positive) solutions of problem (P ),
we combine some well-known fibering maps (i.e., maps of the form 1 — J; (tu), see
(Alves-El Hamidi [ 1], Brown-Zhang [5]) and by minimization on the suitable subset of
Nehari manifold.

Before stating our main results, we make the following assumptions throughout
this paper : Let f € C(Q x R,R) is positively homogeneous of degree r — 1, that is,
f(x,tu) ="' f(x,u) hold for all (x,u) € QxR and we suppose that the function F
satisfying suitable growth conditions. Precisely, we assume the following:

(H|) F:Q xR — R is homogeneous of degree r, that is,

F(x,tu) =t"F(x,u)(t > 0) forall x€ Q, ucR.

(H,) F*(x,u) = max(+F (x,u),0) # 0 for all u # 0.
From (H;), f leads to the so-called Euler identity
uf (x,u) =rF(x,u)

and
|F(x,u)] < Clu|" for some constant C > 0. (1.2)

Let K : RV \ {0} — (0,20) is a function satisfying the following properties:
(K1) 7K € LY(R), with y(x) = min(|x|*,1).

(K3) There exists 4 > 0 such that K(x) > u|x|~ ™2, ¥ x € R"\ {0}.
(K3) K(x) = K(—x) forany x € R"\ {0}.
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We give below the precise statements of results that we will prove.

THEOREM 1.1. Suppose that the condition (Hy)—(H,) and (K,)—(K3) are sat-
isfied. Then, there exists Ty > O such that, problem (Py) has at least two positive
solutions for all A € (0,T,y).

This paper is organized as follows: The section 2 is devoted to proof some lem-
mas in preparation for the proof of our main result. While, existence of two solutions
(Theorem 1.1) will be presented in section 3.

2. Main results

In this section, we collect some basic results that will be used in the forthcoming
sections. Let 7;., be a constant given by

-1 r+y—1

, 1+y< r—2 )Tyw ST
r,)/: . . ) 2%_2) ?
r—>2 r—H’ 1 KHaHol:ry‘Q|—2*(l+y)

where S, is the best Sobolev constant of the embedding from E into L2 (Q) given by

1

Soe = i (S |u(x) —u(y) PK (x — y)dxdy) >
b+ := inf :
ucE\{0} (fQ ‘M|2*dx)27

Define the constraint set
Ny ={t(w)u: ue E\{0}}

where #(u) are the zeros of the map @, : (0,0) — R defined as

P =7 .
@, (1) = = ||u —/1—/ F(x,u(x))dx——/ a(¥)u(x)'Tdx.
2 rJa I-vJa
Note that, it is clear that u € .4}, if and only if
Hqu—l/F(x,u(x)dx:/ a(x)u(x)'Vdx (2.1)
Q Q

and it is easy to see that ru € .43 if and only if @/ (1) = 0 and in particular, u € .4),_ if
and only if @/,(1) =0.

To investigate the existence of multiple solutions, we decompose .4 into three
measurable sets defined as follows:

et e DP -G r— ) [ Flratar>o),

_ def

N = {uEJV;L:()/—|—1)|u|2—7L()/—|—r—1)/9F(x,u(x))dx<0},
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A déf{ue,m Sy D) ulP= Ayt — 1)/ F(x,u(x))dx:O}.
Q
Our first result is the following

LEMMA 2.1. J,, is coercive and bounded below on N, .

Proof. Let u € .43 Then, using (1.2) and the fact that the embedding E — L* (Q)
is continuous combined with the Holder’s inequality, we obtain

/F(x,u(x))dxgc/ luldx < C|Q T [ulj. 2.2)
Q Q

Moreover, as above, one has

2*
/Qa(x)ul_ydx < HaH.x,/Q |u|'Vdx < ||a|-| Q77T |u\é:y. (2.3)

Consequently, from (2.2) and (2.3), we obtain

1
= [ o
a0 = 2l - 5 o e
r—2 r+)/ _
= - - /Qa Yl Vdx
r—2 +v—1 .
>37&wy—( =S lalll e

Now, since 0 < y< 1 and 2 < r, the functional J is coercive and bounded from below
on .4 . which give the proof of the Lemma 2.1. [

LEMMA 2.2. Let A € (0,T,y). Then, there exist 1" and t; such that
(1) =2 [ Flxu)de = ,(1)
Q

and
1) <0< D17 ):

thatis, tyu € N, and tyu € N,
Proof. From the definition of the function ®,(r) the function @/ (¢) is defined by

@ (1) :tHqu—/lt’_l/QF(x,u(x))dx—t_Y/ a(x)u(x)~Vdx

Q

Then, for @/ () = 0 it is simple to verify that @, attains it’s maximum at

B (r+)/—1)fga(x)u1’7dx 7T
%“‘< (r—2)[[ull? )
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Moreover, @/, (1) > 0 for all 0 <7 < fmax and @/, (1) <0 for all # > fmax . On the other
hand,

2(r+y-1)

eyt
Dltmar) = )/—|-1< r—2 ) 7T [Jul| 7T
max r—2\r+y-1 (Joa()u'~ }'dx)Tz

Using (2.2) and (2.3), one has

Dy () — A /Q F(x,u(x))dx

£l =2 \F (s m%

y r— T 2% | U |55 14 2*;7

2 r—2 <r+y_1) . 7% A’C‘Q| 2 ‘u|5*7
(a3 ful37) ™

ry-1 'ﬂll Z(r;ffl) _(,7#}77)
1 _2 v+1 S % U|Hx o
:7/+2 (ﬁ) £l = = — ACIQ T s,
r— r _ 2%4y—1\ y¥1
(a1t
(T ) ulge >0, .

forall A € (0,7,.,y). Hence, there exist tow numbers denoted 7, , 7, such that 0 < 7;” <
fmax <1, and verifies

@, (1) = JL/QF(x,u)dx: @, (17)

and
(1) <0< ¥ (15).

This implies that, 7, u € e/igf and #, u € 4, . The proof of Lemma 2.2 is now com-
pleted. O

As a consequence of Lemma 2.2, we have the following result:

LEMMA 2.3. Forall A € (0,T,y) the set </Vi % 0 and the set JVO 0. More-
over, N, is a closed set in E—topology.

Proof. From Lemma 2.2, we can assume that .4+ are non-empty sets for A €

(0,T;.y). Now, to prove the result, we proceed by contradiction. For, this purpose there
exists ug € e/iﬁo. It follows that

()/+1)HuoH2—7L(r+y—1)/QF(x,uo(x))dx:0,
that is,
0= Huon—/ a(x)u(l)_ydx—l/ F (x,u0)dx
Q Q

r— 2 1—
_ WH P~ [ axyu a.
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Using, (2.4) we get

0 < ug (tmax) — A /Q F(x, up)dx

r+y—1 2(r+y-1)

yHL [ r=2 \7F [luol| 7T
- (r—f—y—l = —JL/QF(x,uo)dx
(fg a(x)u(l)_ydx> [
n | ) r+4}:1 H HZ(V+J;1) i 1
r— Y u Y
< 7_2 <7_1> > = ! _IHMOH2:0 (2.5)
rme Y (22 Tty
r+y—1

which is impossible. Thus, e/iﬁo =0 forall A € (0,T,.y). Now, to prove that .4 is a
closed set for all A € (0,7;,). We can introduce the sequence {u,} C .4, such that
up — u in E. Since {u,} C .4, , then we have

HunHz—/Qa(x)u,lfydx—A/QF(xmn)dx:07

and
(y+1)|\un\|2—uy+r—1)/QF(x,un)dx<o. 2.6)

Therefore, we get
P~ [ abodax—2 [ Fleujdr=0,
Q Q

and
(y+ DllulP=A(y+r—1) /Q Fx,u)dx <0,

which implies that u € JVAO U, = . Thus ue ;" forall A € (0,7,,). This
completes the proof of the Lemma 2.3. [

LEMMA 2.4. Given u € N, (respectively e/ifr) with u > 0, for all v € E with
v > 0, there exist € > 0 and a continuous function h such that for all s € R with |s| < &
we have
h(0) =1 and h(s)(u+sv) € A, (respectively N;F).
Proof. We introduce the function y : R x R — R define by:
w(t,s) =" |u+sv])? — / a(x)(u+sv)! " Vdx — A1 / F(x,u+sv)dx.
Q Q

That is, the first derivative of the function v is given by

i(t,5) = (74 D ||u+sv| P = A(r+7— 1)zr+V*2AF(x,u+sv)dx,
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which is continuous on R x R. Now, since u € Jﬁﬁ’ C ./, , we have that that y(1,0) =

0, and
vi(1,0) = (y+ Dlul[> = 2 (r+ y— 1)/QF(x7u)dx< 0.

Thus, using the implicit function theorem on the function y at the point (1,0) we get
the existence of a constant & > 0 and a function % such that

h(0) =1, h(s)(u+sv) € N, VsER, |s| <.
Hence, taking € > 0 possibly smaller enough, we get
h(s)(u+sv)e N, VseR, [s|<e.

The case u € e/igf may be obtained in the same way. Therefore the proof of Lemma
2.4 is now completed. [

3. Multiplicity of solutions to the problem (P, ) for all A € (0,7,.y)

Since J; (u) = J; (Ju|), we can assume that all the price elements in .4, are
nonnegative. On the other hand, according to Lemma 2.1 and Lemma 2.3, for all
A €(0,T.y)

m* = inf J;(u) and m~ := inf Jy(u)
1,{6/1/[r ueN,~

are well defined. Moreover, for all u € Jﬁﬁ*, it follows that

(r+ Dl P=A(r+r=1) [ Flru(v)dx >0,

and consequently, since 0 < y < 1, 2 < r and u # 0, we have

1 1 A
() = 31l == [ aleue)'Tax— [ Flsuto)ds
1 1 ) 1 1
- <E——1_y>\|u\| +x(—1_y—;)/QF(x7u(x>>dx
=y, 0, Ytl 2
< s lIP+ i1l
_ =2+
= (-7 [lu|]” < 0.
Thus,
mt = inf J;(u) <0 (3.1)
ME:/V;L+

forall 2 € (0,T5,).
Proof of Theorem 1.1. The proof is done in two steps:

Step 1: (P;) have a positive solution in .4, .
Let us consider the sequence {u,} C .#;" and applying Ekeland’s variational prin-
ciple (see [2]), we obtain
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() Jy (un) <mt+ 1L,
(i) Jp(u) =5 (un) — % |lu—up||, forall ue A+

Since J; (u) = J; (Ju|), we can assume that u,(x) > 0. Consequently, as J, is coercive
on A5, {u,} is a bounded sequence in E, going to a sub-sequence denoted by {u,},
and ug > 0 such that u, — ug, weakly in E, u, — ug, strongly in L'~7(Q), and L*(Q),
for 1 <s < 2% and u,(x) — up(x), a.e. in Q, as n — oo. Now, from (3.1) and using
the weak lower semi-continuity of norm Jj (u9) < liminfJ; (u,) = 1/1/{ Jy, we see that

uop ;7é 0in Q.
Claim 1. up(x) >0 a.e. in Q.
Firstly, we start by observing that, since u, € ‘/VA+ , one has

(J/—l—l)Hu,,Hz—?L(y—kr—l)/QF(x7un)dx>0 (3.2)
equivalent to

(y+1)/Qa(x)u}ﬂdx—A(r—z)/QF(x,un)dx>cl. (3.3)

Now, using Holder’s inequality, we get that, as n — oo,

/uifydngu(l)*ydx—l—/ |ty —ug |7 dx
Q

</ T+ C = |13,

/ ydx+o

Similarly
/Qu(l)fydxg/gu}fydx—i-/ |ty —ug |7 dx
< [y Tar+ € lu—uo Il
—/ Tdx+o(1
Thus,

/Q ubYdx = /Q uy Tdx+o(1). (3.4)

On the other hand, using Vitali’s convergence Theorem, we have

lim F (o, up dx—/F X, up)d (3.5)

n—00

Therefore, from (3.4) and (3.5), it follows that

nlgrolc (()/—Fl)/ga(x)u;7dx—7L(r—2)/gF(x,u,,)dx>

:()/—|—1)/Qa(x)u(l)_ydx—l(r—Z)/{zF(x,uo)dx>
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Now, we assume that

()/—|—1)/Qa(x)u(l)fydx—l(r—Z)/{zF(x,uo)dx:0. (3.6)

Consequently, combining (3.4)—(3.5) and the weakly lower semi-continuity of the norm,
we obtain

0> [Juoll? —/ a(x)ul Vdx - A/quod

— |Juo| P ’”2 ub Vdx (3.7)
r+
= llwlP -2 1= /Q F(x,u0)d

and consequently, from (2.5) one has a contradiction. That is
(v+ 1)/ a(x)u(l)_ydx— A(r— 2)/ F(x,up)dx > 0. (3.8)
Q Q

Now, let us consider the function ¢ € E, with ¢ > 0. From Lemma 2.3 with u = u,,
there exits a sequence of continuous functions g, = g,(¢) such that g,(¢)(u, +1¢) €
A" and g2(0) = 1. So,

[gn ()] ||t +10] > = [ga(1)] 7 Jga(x )(un+f<P)l Tdx
—l[gn(t)]erF(x U +1Q)dx =

Since
||un\|2—/a(x)u,1,_7dx—?t/ F(x,uy)dx =0, (3.9
Q Q
it follows that, for 7 small enough
0 = (gn(t)* = D[un+ 10>+ (||tn + 10| > = |[0n]|*)
—(gn(t)l—y—n/a(x)(un+z<p)1—mx—/a(x)((un+z<p)1—y—u;—y) dx
Q Q
—l(gn(t)r—l)/ F(x,un—|—t(p)dx—7t/ F(x,uy +19) — F(x,u)dx
Q Q
< (gn(®)? = Dun+ 10>+ (|lun + 10| > = |[n][*)
(&)= 1) [ alx)(ua+ 1) ax
Q

—l(gn(t)r—1)/QF(x,un—|—t(p)dx—7L/QF(x,un—|—t(p)—F(x,u,,)dx,
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dividing by ¢ > 0 and passing to the limit as t — 0, we get

0.<26,(0) |~ g(0)(1 =) [ i Tdx=2rgi(0) | F(x.t)ax
(1) = 1)) (9(x) ~ @)K (x =)

— [x — y|[N+2s

=) (@l 7= 1) [ k)
2 [ )= OO0~ )l

‘x_y‘N+2s

+2 dxdy

(3.10)

dxdy,

where g/,(0) € [—eo,o0] denotes the right derivate of g,(¢) at zero. Since u, € A,
g,(0) # —oo. For simplicity, we assume that the right derivate of g, at r = 0 exists.
Moreover, from (3.7) g, (0) is uniformly bounded from below. Now, using the condi-
tion (ii) ,

ol

) 1112, 191

> 33 r) i (1) 1+ 1)
. Y+1 2, r—H/
——ﬁn i+
r+v—
r(l—7)
=2(Y1“>[H w101~ + (02~ Dl + 0]
r+v—
(i

Then, dividing the above inequality by ¢ > 0, and passing to the limit # — 0, we obtain

1

~ ([8n(O)llwall +r2a(t)] 01])

8,(0) [r+y—1 oy, Y+l e
g 1—7[ (1—7v) /ga(x)”" dx (1—y)” a ]
2(y+1) (1 (x) —un(y)) (@(x) — @ (v))K(x —y)
(I=7) /RzN [x — y|[N+2s dxdy

_)L<r—|—)/ )/fxu,, Qdx.

Then from (3.8), there exists a positive constant C such that

1 _ u
(-2l -0 ) - el eso0 g
Thus, according to (3.12) and (3.11), g/,(0) is uniformly bounded from above. Conse-

quently,

y+1

2 2
all)"||Un+1Q
31—y 10

/qundx—i-

/F X, Uy +10)dx

[/ F(x,uy +1@) — F(x,un)dx + (gn(1)" — 1)/9F(x,un—|—t(p)dx} .

(3.11)

2,(0) is uniformly bounded for n large enough. (3.13)
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Thus from condition (ii) it follows that for # > 0 small enough,

Ty ) < 2 (800 +10)) 4 llga)an +19) —wll.  B14)
That is,

- gale) — 1l +120) )
> 5 len0) i+ 19) ]
> ) — I (80(0)a + 1)

SO o s T :
= B P+ B | atouy s
1=y 2
8 ) (410" 7) e S8 (P 0]P)

A A
+7g;(t)/QF(x7 n +19) — F(x,0)dx+ = (g5(1) — 1) /QF(x,u,,)dx,
Then dividing by ¢ > 0, and passing to the limit # — 0, we obtain
1
N (185, O] lunll + [ @]

g (0) [unz—l-/ga(x)u;ydx—l-)L/QF(x,un)dx} +7L/Qf(x,un)(pdx
[ )= ) )K )
RZN

‘)C _ y‘N+2.\'

1-y_ =7
+ liminf — /<(””+“p) tn dx>
-0t 1—vJa t

:_/ (tn(x) — un(y))(@(x) — @(y))K(x—y)
R2N

|)C _y|N+2s

1 N -y _ }11*7
—|—7L/ F(x,un)odx + liminf /a(x) ((u +19) " ) dx. (3.15)
—o+t 1—7vJa t

From (3.15) we deduce that

1—y_ =7
Jiminf — /(””H‘p) “n gy
—vJa

dxdy

t—0+ t
U (x) — uy X)— K(x—
< [, L) =) otKtey)
~ [ fwu)gdx+ 5 (15Ol + o) (.16)

Since
a(xX)[(un+19) T —uy M >0, VxeQ,Vi>0,



A SINGULAR ELLIPTIC EQUATION WITH THE FRACTIONAL LAPLACIAN 213

using Fatou’s Lemma we get

I-y_ =7
—y (up+1@) Un
/Q a(x)u, (pdx<1§1389f _y/ga(x)( . dx | .

Hence, using (3.16), it follows that

[pars [, L= WONOW g0y
Q R2N

‘)C _ y‘N+2.\'

[l + [l ]l
n

4 | fxu)pds+ £1(0)

for n large enough. Using (3.13) and applying Fatou’s Lemma again, to conclude that
uop(x) >0 a.e. in Q and

(un (%) — un(y)) (o (x) — uo(y)) K (x — y)
/RZN x—yVres dxdy
- [ atu"odr=2 [ flxuw)pdc>o0, (3.17)
Q Q

forall @ € E, with @ > 0. Now, we prove that ug € 4;" forall A € (0,T;.y). Then,
choosing @ = ug in (3.17), we get

|| 2eo||? >7L/ F(x,uo dx+/ (uo)'~"dx.
On the other hand, from (3.7) it follows that,
HuoH2<7L/F X, U dx+/ (uo)'~Vdx.
Thus
||uo||* = A/F X, o dx+/ (up)' ~dx, (3.18)
this implies that u™ € _4#; . Moreover from (3.9), ones gets
hm ||| = l/ F(x,u® dx+/ )1 Vdx.

Hence according to (3.18), we have u;,, — up in E as n — oo. In particular, combining
(3.8) with (3.18), we obtain

(r+ Dol = A(r+r=1) | Flxuo)dx >0,

and therefore ug € A, .
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Claim 2. ug is a solution of problem (P)).

Our proof is inspired by Ghanmi-Saoudi [13]. Let ¢ € E and € > 0. We define
Y e E by ¥:=(up+€9)" where (up+€¢)" = max{up+€¢,0}. Let Q¢ = {up+
€9 <0} and QF = {up+€¢ < 0}. Replace ¢ with ¥ in (3.17) and combining with
(3.18) we obtain

0< /Rw (o (x) —uo () (W(x) — W) K(x—y)

‘x_y‘N+2s

dxdy

—/a(x)uay‘l’dx—l/f(xm())‘l’dx

Q Q

-/ (10(x) = 10(0)) (10 + £0)(9) -+ £0) DK =) |
x,y)€ QExQE}

|x_y|N+2s

- /{(xy)e QExQe} (a(x)u(jy(uo +€0)+ A f(x,uo)(uo + eq})) dx

_ / o (x) — uo(V)IP~2 (o (x) — o (y)) (110 +£9) (x) — (uo + £6) (¥))
R2N

|)C _y|N+2s

dxdy

— [ (atoyug o+ £6) + 2 f(x,0) (o +£9)) dx
-/ (10(x) — o (»)) (10 + £9) (x) — (s + £9) (")) K (x )
X,y)€ Qe xQe}

|)C _y|N+2s

dxdy
- /{<xy>e Qo) (aoyy (o + ) + 2. £ (x,0) (w0 +20) ) dx

= Huon—/Qu(l)_ydx—l/QF(x,uo)dx—/Q(uay(}) —l—lf()@uo)q)) dx
+8/ (o (x) —uo(»))(9(x) = () K(x—y)

R2N |)C y|N+2s

dxdy

dxdy
{(xy)€Qe x Qe } ‘x y‘N+2S

/ x) —uo(y))((uo +€9)(x) — (uo+ €¢)(y)) K(x—y)
/ (uo—l—&‘q))—f—?tfxuo (up+ €9

)) ds
{(x,
8/ *) =~ 4oy \x i}x])v;fb(y))K dxdy 8/ o ¢+ A f(x,u0) )dx

R2N

i )~ 10(0)) (0 + £9)(x) — (10 +£0))Kx—y) ,
{(xy)€ Qe xQe}

‘)C y‘N+2\

y)E QEXQS

/{(xy)e QexQe} (a(x) "(uo+£9) +7Lf(X,M0)(u0+g¢)> dx
< S/Rz/v (uo(x) —up(y))(9(x) —d(¥))K(x—y) dxdy

‘)C _ y‘N+2.\'

—S/Q (a(x)uay(b +7Lf(x,u0)¢> dx

- (10(x) o)) (0 +€9)(x) — (o + £0) 1)K (=)
{(ry)€ QexQe} o — y|[N+2s

dxdy.
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By Claim 1 we derive that the measure of the domain of integration . tends to zero
as € — 0. It follows as € — 07 that,

/ (uo(x) —uo(y)) ((uo +€9)(x) — (uo+€9)(v)) K (x —y) dxdy — 0
{(r.y)€ Qe xQe} x — y|N+2s .
Dividing by € and letting £ — 0T, we get

/Rzzv o) - uo(y)))c(jﬁile;? OPR( =) dxdy — /Q (”8y¢ +Af(x, uo)‘P) dx > 0.

Since the equality holds if we replace ¢ by —¢ which implies that ug is a positive
solution of problem (P;).

Step 2: (Py) have a positive solution in .4}~
Similarly to the first Step, applying Ekeland’s variational principle to the mini-

mization problem m~ = inf J; (v) there exists a sequence {v,} C .4, such that
veN,”
)

(i) Ja(va) <m®+4,
(i) Jo(v) =I5 (vn) — x|lv—val|, forall ve 4~

Since J; (v) = J (|v|), we can assume that v, (x) > 0. Consequently, as J, is coercive
on A5, {vs} is a bounded sequence in E, going to a sub-sequence denoted by {v,},
and vo > 0 such that u, — ug, weakly in E, v, — v, strongly in L!~7(Q), and L*(Q),
for 1 <s<2* and v,(x) — vo(x), a.e. in Q, as n — . Now, from (3.1) and using
the weak lower semi-continuity of norm J) (vp) < liminfJ (v,) = i/lr/lf Jy, we see that

vo 2 0 in Q. Now, we prove that vo(x) > 0 a.e. in Q. Similarly to the arguments in
Claim 1, we start by observing that, since v, € A~, one has

(J/—I—l)anHz—?L(y—kr—l)/F(x7v,,)dx<0 (3.19)
Q
and consequently,
((y+l)/ a(x)v;*ydx—x(r—z)/F(x,vn)dx<o. (3.20)
Q Q

Therefore, from (3.4) and (3.5) it follows that

n—oo

= ((r+1) [ @ty Tdr—20=2) [ Favo)dx<o.

lim {(()/4—1)/Qa(x)v,ll_ydx—l(r—Z)/(zF(x,vn)dx}

Now, repeating the same arguments as in Claim 1, it follows that

(1+y)/Q|v0\1*de—A(r—z)/QF(x,vo)dx<0. (3.21)
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Now, let @ € E, with ¢ > 0. From Lemma 2.3 with u = v,, there exits a sequence
of continuous functions g, = g,(t) such that g,(r)(v, +1¢) € A~ and g,(0) = 1.
Therefore, using the same arguments as in Claim 1 we prove that

2,(0) is uniformly bounded for n large enough. (3.22)
Then, as in Step 1 applying (ii) and (3.22), we conclude that vo(x) > 0 a.e. in Q and
/ (vo(x) —vo(y))(9(x) — 9 (y))K(x—y)
R2N

|)C _y|N+2s

dxdy

~ [ (w70 +2f0)0) dx >0, (3.23)

for all ¢ € E. Finally, as in the arguments of Claim 2, we obtain that vo € A~ is a pos-
itive solution of problem (P, ). The proof of the Theorem 1.1 is now completed. [J
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