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POSITIVE SOLUTIONS FOR BOUNDARY VALUE PROBLEMS OF
N-DIMENSION NONLINEAR FRACTIONAL DIFFERENTIAL
SYSTEM WITH INTEGRAL BOUNDARY CONDITIONS

ABDELHAMID BENMEZAT AND ABDELKADER SAADI

(Communicated by S. K. Ntouyas)

Abstract. In this paper, we study existence of positive solutions to the system of three-point
fractional boundary value problem

DG u(t) + Aai () fiur (t),-.. ua (1) =0, 0<1<1, 2<0;<3

ui(0) = u;(0) =0

(1)~ () = [ 51

where for i = 1,...,n, A; is a positive parameter, Dgi is the standard Riemann-Liouville differ-
ential operator of order o; € (2,3], n; € (0,1), t; =0, f;:[0,4+e0)" — [0,4o0) is a continuous
function and ¢; : (0,1) — (0,+o0) is a continuous increasing function and |, V520, (s)ds <
oo, Existence results are obtained by means of Krasnosel’skii ’s fixed point theorem and the
vector version of Krasnosel’skii’s fixed point theorem.

1. Introduction

In this paper, we concentrate on the study of existence of positive solutions for
a system of nonlinear Riemann-Liouville fractional differential equations (FBVP for
short) with integral boundary conditions boundary conditions of the form

D(‘;‘iu,-(t)+7t,-a,()ﬁ(u1() (1), =0, O0<t<1,
(1.1)
(0) = w(0) =0, (1) — () / 0
where, foreach i =1,...,n, 0+, denote the standard Riemann—Liouville fractional

derivatives of order o; € (2,3], w;,n; satisty w; >0, n; € (0,1), f; € C( r, +),
a; € C([0,1],Ry), Ry =[0,+e0) and A; are positive parameters.

Throughout this paper, we assume that the following conditions hold.

¢;: (0,1) — (0,4-0) are continuous functions and

1
Pi:/ SU2i(s)ds < 4o, i=1,....n. (1.2)
0
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Assume that
1
d; = 1—umf""2—/ s%29i(s)ds >0, i=1,...,n. (1.3)
0

Fractional differential equations can describe many phenomena in various fields
of engineering and scientific disciplines such as control theory, physics, chemistry, bi-
ology, economics, mechanics and electromagnetic. In consequence, the subject of frac-
tional differential equations is gaining much importance and attention. In recent years,
there are a large number of papers dealing with the existence and uniqueness oluof
stions of boundary value problems for nonlinear differential equations of fractional or-
der. For examples and recent development of the topic, see ([2, 6, 14, 15, 18]) and
references therein. In addition, the study of coupled systems involving fractional dif-
ferential equations is also of great importance. Such systems occur in various problems
of applied science, for instance, we refer the reader to ([1, 4, 7,9, 13, 16, 17, 19]) and
the references therein.

The rest of this paper is organized as follows: In section 2, we present some pre-
liminaries and lemmas that will be used to prove our main results. Section 3 is devoted
to prove the existence of positive solutions for FBVP (1.1). In section 4 some examples
illustrating our results are also presented.

2. Background and preliminary lemmas

In this section, we introduce some basic definitions of fractional derivative for the
readers’ convenience. We also state in this section the classical and the vector version
of Krasnosel’skii’s fixed point theorem.

DEFINITION 2.1. [11] The Riemann-Liouville fractional integral of order o > 0
of a function f: (0,+4e) — R is defined by

B 10) = g [ =9 ). @1

where I'(or) is the gamma function, provided that the right side is pointwise defined on
(0,+o0).

DEFINITION 2.2. [11] The Riemann-Liouville fractional derivative of order o >
0, of a continuous function f : (0,4e) — R is given by

o 1 d () f(s)
A0 (@) bt e

where n =[] + 1, [et] denotes the integer part of number o, provided that the right
side is pointwise defined on (0,c°).

The following results on fractional integral and fractional derivative will be needed
in establishing our main results.
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LEMMA 2.3. [11] Let o« > 0. If u € C(0,1)NIL(0,1), then the fractional differ-
ential equation
Diiu(t)=0 (2.3)

has u(t) = it M ept® 24 4 et® ", i €R, i=1,2,...,n, as unique solutions,
where n = [o] + 1.

LEMMA 2.4. [11] Assume that u € C(0,1)N1L(0,1) with a fractional derivative
of order o, > 0 that belongs to C(0,1)N1L(0,1). Then

1EDGu(t) = u(t) + et Feat® 2 et (2.4)
forsome ¢; €R, i=1,2,...,n, where n=[o] + 1.

Now we present the Green’s functions for system associated with boundary value
problem (1.1).

LEMMA 2.5. (see [3]) Ler h € C[0,1] be a given function and 2 < o < 3 then
the unique solution of FBVP

D§u(t)+h(t)=0, 0<t<1, (2.5)

u(0) = u/(0) = 0, /(1) / 9s 2.6)

is given by

1 1 1
t):/o Ho(t,)h(s)ds + fT/O o(s (/ Gra(s,7) dr)d 2.7
d= (1 —una_z—/olsa_z(})(s)ds)

where

,LLta_l
Hy(t,5) = Gglt,8)+ Giq(7,s) (2.8)
o M (1= - —s)* 0<s<r<]
G (t,s)—m{ ta—l(l_s)a—2, 0<r<s<l (2.9)
1 [P P = (n =), 0<s<n<I
Gla(n,s)—m{ %21 — 5)a-2, 0<n<s<l (2.10)

The following results give some properties of the Green functions Gg/(z,s),
Gi«(n,s), and Hy(t,s) in order to discuss the existence of positive solutions.

LEMMA 2.6. (see[3]) Gul(t,s) defined by (2.9) satisfies the following conditions:

(P1) Gul(t,s) is continuous for all t,s € [0,1], Gy(t,s) >0, for t,s € (0,1),
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9Galt,s)

(P2) o = (00— 1)Gq(t,s) fort,s € (0,1),
(P3) 1%71Ga(t,5) < Galt,s) < Ga(l,s), (t,5) € [0,1] x [0,1],

o2
(P5) For1€(0,1), minj;<1 Go(t,5) = ()% 'Gy(1,s), where Gy(1,s) = %

LEMMA 2.7. (see [3]) Giu(t,s) defined by (2.10) satisfies the following condi-
tions:

(PI) Gla(n7s) > OfOV I,s€ (Ovl),
(P2) 0< Gia(n,s) < @2 (1—5)" 7
LEMMA 2.8. (see[3]) H(t,s) defined by (2.8) satisfies the following conditions:
(P1) 1% 'Hy(1,s) < Ho(t,s) < Ha(1,s), (t,s) € [0,1] x [0,1],
(P2) For 1 € (0,1), minj<,<; Ho(t,5) = (1)* 'Hy(1,s).

LEMMA 2.9. The unique solution u(t) of the FBVP (2.5)—(2.6) is nonnegative
and satisfies

min u(z) > ()% max |u(t)|, Vre€0,1], 1€ (0,1). (2.11)

1<i<1 0<r<1

Proof. 1t is obvious that u(¢) is nonnegative. For any ¢ € [0,1], by (2.7) and
Lemma 2.8, it follows that

sl
/Hats s)ds + d/d) (/Glasr d’L’)ds

</ Ha(l7s)h(s)ds+$/ o(s (/ Gy (s,7) d‘L’) ds
0 0
and thus,

1
1
On<1ta<xlut| /Hals ds—i—d/oq) (/Glasr dr)d
On the other hand, (2.7) and Lemma 2.8 imply that, for any ¢ € [/, 1],
(o1
/Hats ds—|—d/¢ </G1as’v dT)ds
> %! U Ha(l,s)h(s)ds+5/ o(s (/ Gig (5,7) dr)ds}
0

2 l(X 1
(" ma ()
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Therefore,
in u(r) > (1)*! IR
min u(r) > (D% max Ju(r)
This complete the proof of Lemma 2.9. [

In the rest of this paper we shall use the following notions and notations. If (X, ||||)
is a normed linear space, by a cone of X we mean a closed convex subset K C X with
K\ {0} #0, AK CK forevery A € R} and KN(—K) = {0}. Any cone K induces a
partial order relation in X denoted by <, thatis u <v ifandonlyif v—u e K.

We shall say that u <v if v—u € K\ {0} and u A u ¢ K\ {0}. Finally u <v
means v > u.

Now, we cite the classical Krasnosel’skii’s cone fixed point theorem (see [8, 10])
to be used in Section 3.

THEOREM 2.10. Let (X, ||-||) be a normed linear space, K C X acone, 0 <r <R
two real numbers and Krg = {u € K : r <u < R}. Let 7 : K.gp — K be a compact
map such that one of the following conditions is satisfied:

(a) Tu<uif|lul|=r and Tu>u if ||u]| =R;

(b) Tuzuif |lul| =r and Tu<uif |u|| =R.

Then 7 has a fixed point u in K.

Next we recall the recent vector version of Krasnosel’skii’s cone fixed point theo-
rem (see [5, 12]).

Before to state it, we introduce a few notations. We shall consider n cones Kj,
(i=1,...,n) of X and the corresponding K = K; X K X ... x K,, of X".

For R e R% ,r = (ri,m2,...,1), R=(R1,R2,...,R,), we write 0 < r <R if
0<ri<R; (i=1,...,n), and we use the notations:

(I(i)ri,Ri = {ui EI(I i < HuH gRl}(l: 1,2,...,1’1 )
Kig:={u= (uy,uz,...,un) € K:ri < |lujl| <R;jfori=1,2,...,n}.

Clearly, KnR = (Kl)thl X (KQ),LRZ X ... X (Kn)rn.,Rn

THEOREM 2.11. Let (E,||-||) be a normed linear space, K|,K>,...,K, CE n
cones, K=K xK, x...xK, and r = (rl,rg,...,r,,), R = (Rl,Rz,...,Rn) S (R+)n
with 0 <r<R. Let 7 =(N,%,..., %) Krg — K be a compact map. Assume that
foreach i € {1,2,...,n}, one of the following conditions is satisfied:

(a) Tui 4 u; if ||\uil| = ri and Fiu; o wi if ||uil| = Ri;

(b) Tiui o u; if ||\ui|| = ri and Fiu; £ w; if ||uil| = R;.

Then 7 has a fixed point u= (uy,uz, ... uy) € Kyg.

Now we write the system of boundary value problem (1.1) as an equivalent system
of integral equations.

DEFINITION 2.12. The vector-valued function u = (uy,us, ..., u,) is called a pos-
itive solution of system (1.1) if and only if u satisfies (1.1) and forall i € {1,2,...,n},
u;i(t) >0 for r € (0,1).
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LEMMA 2.13. Assume that f; : RY — Ry, i=1,...,n, are continuous. Then
u=(uy,uy,...,uy) € E is a solution of FBVP (1.1) if and only if forall i € {1,2,...,n}

uilt) = A [ / ' Hay (1,5)as(s) i (u(s)ds

01

[ 6 ( [ 61t Datstuinnar)as].

Proof. The proof is immediate from the discussion above, so we omitit. [

Let the Banach space E = C ([0,1],R) endowed with the sum-norm
= H l’ f = “en
HMHE Z‘O@?gl‘ul( )‘ or u (u17u27 7”71)7

where [[ul¢(o,1],r,) = Maxo<r<1 [ui(1)].
Based on the estimation (2.11) we define the cones:

K= {ui S C([O,1]7R+) :;g}lil}]ui (Z) = 5,||ul||} (iZ 1,2,...,1’1)7

where & = (1)%~!,1 € (0,1) and the product cone K = K; x K X ... x K, in E.
Let . : E — E be the operator defined as

T (u) = (Fu, D, ..., Fu),

where for all 7 € [0, 1],
(70 ()= | [ Huo.9 s+ 5 [ 05) (G () st ) s

We can write Lemma 2.9 in the following form: u = (u;,us,...,u,) is a solution
of (1.1) if and only if u is a fixed point of the operator .7 .

LEMMA 2.14. The operator operator 7 : E — E is completely continuous.

Proof. Due to (2.11) we have the invariance property 7 (K) C K. Moreover, the
operator .7 is completely continuous since, by standard arguments, the components
J; are completely continuous. [J
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3. Existence of solutions

In this section, we will discuss the existence of positive solutions for boundary
value problem (1.1). For convenience we introduce the following notations:

(4) For v =0 or +eo there exist nonnegative constants f (i=1,2,...,n) defined

as
Sfi(x1,x2,. 00, %0)

1m X=(X1,.X2,....X
Il v [x]] ’ (102, 70)

=
(445) Fori=1,2,...,nand [ € (0,1). Let

(82Bof?) ' if 0< [0 < 4o
=190 if f=+e

+oo if f2=0
and
(A7) if 0< f7° < +oo
[T =4 4 if f7=0
0 if f7°=+o
where

Agy = /O Hoy (1, 8)as(s)ds + dl,- /0 (o) ( /O Gira (5,7) ai(r)d’L') ds
Buy = /I Ho (1, 8)as(s)ds + dl,- /1 0i(s) ( /l Gireg (5.7) a,-(r)dr) ds.

(43) For v =0 or v =co there exist nonnegative constants F¥ (i=1,2,...,n) de-

fined as £i( )
. i (X1,X%2,...,X
v 1 9 9 s
F'=lim ——=
X;j—V Xi

uniformly with respect to (x1,X2,...,X%j—1,Xi+1,---,X,) On compact subsets of
(Ry)"".
() Fori=1,2,...,nand [ € (0,1). Let
(AgF?) ™" if 0 < F0 < 4oo
A} =1{ 4o if FO=0
0 if F?=+oo

and
(8B ™)' if 0 < F™ < 4oo

A7 =20 if F™=+oo
foo if F=0
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The classical Krasnoselk’skii fixed point theorem of cone compression and expan-
sion (Theorem 2.10) is now used in order to prove a first existence result of positive
solutions

THEOREM 3.1. With the notations in (J1)—(3). Assume that hypothesis (1.3)
holds and T < 1"?. Then the FBVP (1.1) has at least one positive for (Ad1,22,...,A;) €
%17

i ={ 2o, d) << )

Proof. Let

e o .
L <li<Shi=1,...,n

n

<A< 1

1 1 -
n(f—¢)0Bo; P g (f)+e) "
By definition of f° (i=1,2,...,n), there exists H; >0 such that

Sfilw) = filuy,... uy) < (fl.0+8)

Let u = (uy,...,uy) € K with |Ju|| = ||(uy,...,u,)|| = H;. For i = 1,2,...,n and any
t € [0, 1] we have:

Fi(u)(1)

=X [/ Ho,(t,5)ai(s) fi(u(s))ds —|—ta' / oi(s (/OlGlai (s,r)ai(r)f,-(u(r))dr) ds]
<A [/ Hoy (1,5)ai(s) fi (u(s))ds + L /¢l </01G1a1.(s,r)ai(r)f,-(u(r))dr> ds]

<h ()l | [ Hu(t9a)as+ f [ 66) ([ Gra s Datar)as

1

1
Ai (17 + ) Ag llull < WA%- (7 +e) llull = —lull-

and choose € > 0 such that n.

geeny

lu|| foru; >0, ||u|| €[0,H].

Then ||.7; (u)|| < % ||lu|| foreach i =1,...,n. As a consequence, we deduce that

17 (u ||—Z||<7 IE

Let r = H,. Then ||.7 (u)|| < ||u|| for any u € K with |Ju|| =r.
Furthermore, from the definition of f> (i=1,2,...,n), there exists H, >0 such
that

filu) = filur,- o un) Z (f7 =€) |lul] for u; =0, |[u]| € [Ha,+e0).
Let R =H3 = max {2H,, 5H, } . If u € K with |[u|| = R. Then

tell 1] =1 1<i<n

min (Zu,) 62 \|ui]| = & ||u|| = Ha, where § = min §;
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Thus, for ¢ € [1,1],1 € (0,1) we have

Fi(u)(1)

::h[/qunwm@»xwwﬁh+ﬁ%{/%mw(/dcmxxwamwﬁownﬁn)dﬁ
] [ e ptuoas+ 25 [ 66) ([ G1a 0 a@suto)ar) s

> 200 [ Mo o aionas & [ 66)( [ Grals Do stucoyar ) ]

>amwaﬁ—emM{[Hmuwm®m+$[¢ww([emxxﬂmumﬂdﬁ

> i (fi" — €) & [|ul| B, >

W(f €) 6By, |lul = — H”||~

Then

17 @) —ZH? 2 ull-

Therefore, the first condition in Theorem 2.10 is fulfilled. Consequently, the operator
7 has a fixed point u = (uy,...,u,) € K with r < ||u|| <R, then from Lemma 2.9 and
Lemma 2.13, u is a positive solution to FBVP (1.1). The proof is complete. [

In a similar way, we can prove the following results.

THEOREM 3.2. With the notations in (541)—(.56). Assume that hypothesis (1.3)
holds and 1'? <T¥. Then the FBVP (1.1) has at least one positive for (A1, A2, ..., Ap) €

%%

10
%:{(/117/12,...,/1,1);71

In this part of this paper, the vector version of the Krasnosel’skii’s fixed point theo-
rem (Theorem 2.11) is applied to Problem (1.1) providing new results for the existence
of positive solutions to (1.1) and their component-wise localization. In this section our
main result is the following theorem.

=
</L-<7'}.

THEOREM 3.3. With the notations in (543)—(.73). Assume that hypothesis (1.3)
holds and A < A?. Then the FBVP (1.1) has at least one positive for (A1,A2,...,A,) €
c@17

2, = {(ll,lz,...,ln) : A;-x’ <A< A?} .

Proof. Let
AT <A<A i=1,...n
and choose € > 0 such that
1 1

S S S oy 1= Lo
2B, (F7—8) =~ Ag (F0 1€



194 A. BENMEZAT AND A. SAADI

By the definition of FiO, there exists H; >0 such that
fiw) = filur,...,un) < (F)+€)uj foru; € [0,Hy],(i=1,2,....n)

Thus, Jju 4 u; if ||u;|| = H; foreach i € {1,2,...,n}. To prove this end, assume the

contrary, i.e.
u; < %M(Z), for Hu,|| =H,

then
ui(t) < Zi(u)(t)
= [/ He (¢,5)ai(s) fi(u(s))ds + /¢l (/OlGlai(s,r)ai(r)ﬁ(u(r))dr) ds]

[/ Hoy(1,5)ai(s) fi(u(s))ds+ L /¢, (/IGW,.(m)a,-(r)ﬁ(u(r))dr)ds}
< () Jul | /0 Hu(1s)ais)is 4 [ 066 [ Gra 5. Da0iae) s

(Fio + 8) Aai
A, (01 )

=2 (F + &) A |luil| < Hy = Hy, Vi € (0,1).

So the contradiction ||u;|| = H; < H; .
Next from the definition of F;~, there exists H, > 0 such that
f,(u) :fi(ul,...,un) > (E-OO—S)L{,‘ for u; € [H2,+°°),(i= 1,...,1’1).
Let Hy = max {2H,, §H> } . If u= (uy,...,u,) € K with [|u;|| = H3, then

min ;i (1) = 8 ||ui]| = Ho, i=1,...,n.
ell.]

Thus, Tu; ¥ ||ui|| if ||u;]] = H3 for each i € {1,2,...,n}. To prove this end,
assume the contrary, i.e.

ui(t) = Ju(t), forsome u= (uy,...,u,) € K with ||u;|| = Hs.
Then we would obtain

ui(t) > Ji(u)(t)

i | [ 1)) )+ 25 [ o16) ([ 1 (v () tuto)a ) s
> 0| [ Holrstai)tuo)as+ 25 [o66) ([ i (vl tutrae ) s
> A% [/ Ho, (1,)ai(s) fi(u(s))ds + & /¢l (/llGlai(s,r)a,-(r)ﬁ(u(r))dr)ds]

Z li(l)ail(ﬂw—s)[ 1 Hai(l,s)ai(s)ui(s)ds+dll_/l oi(s) < llGlal. (s,7) a,-(T)u,-(T)dT) ds]
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> 17 ) | Ho19a)asf [ 66 [ Gra (s matrar)

1
> 262 (F~° — |Bo, = —=————08%(F~ —€)Bo,Hs = Hj.
1 (1 S)HulH [25 6zBai(Fioo_8) (l 8) 0; 413 3
So the contradiction
\|ui|| = Hs > H3.

Therefore, the first condition in Theorem 2.10 is fulfilled. Consequently, the oper-
ator .7 has a fixed point u = (uy,...,u,) with u; € Ky, g,, (i=1,...,n). O

The following existence result can be proved in an analogous way. The proof is
omitted.

THEOREM 3.4. With the notations in (73)—(3). Assume that hypothesis (1.3)
holds and A? < A?". Thenthe FBVP (1.1) has at least one positive for (A1, Az,. .., Ay) €
c@27

92, = {(11712,...,/1,7) A < A < A'IX’}

REMARK 3.5. Let fi(x,y) = x?sin(y) and f>(x,y) = y?sin(x). Then fi and f>
verify Assumption of Theorem 3.4. We claim that, FIO =0, on =0, F" =+, F;° =
+oo, consequently AY < A7, (i = 1,2). Then by Theorem 3.4, Problem (1.1) has at
least one solution for every positive A;, A, .

However f| and f, do not satisfy Assumptions of Theorems 3.1 and 3.2. We
claim that

=0, f=0, [ #de 57+
for the reason that for x = %,limx+y_>+.x, file,y) =limy_ 4o fi (57)1) =limy, 4o “2#
0, and for y = L limyyy e fo(x,y) t= limyjo fo(x, 1) = limy e Si’;g") =0.
Then T3 =TY =0, (i=1,2). Therefore the Theorems 3.1 and 3.2 do not give
results.

4. Application

In the folli)wing examples4.1-4.4weselect n =2, o) =0 = %, U =4, up=2,
m=3.m= 1 ¢1(r) =exp(—21), ¢ (r) =exp(—3¢) in the system (1.1). Itis easy to

see that, d; =0.59182, d» =0.73737. Choose a;(t) = ax(r) =1, then Ay, =0.29440,
By, =0.19521, Ag, = 0.33059, By, =0.15843.

EXAMPLE 4.1. Let

Filuv) = (u+v) (1 + 19exp (u‘—:v» ,

99
f(uv) = (u+v) (1 + 1+9Sexp(—M—V)> '

and
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By simple computation, we have f =1, f;> =20, f2 =2, f5° = 100.

Therefore, 4% ~1Aq, f) =2.3552 < Bo, f;” = 3.9042 and 4% 1A, f) = 5.2894
< Bg, fy, = 15.843. Thus, by Theorem 3.1, the FBVP (1.1) has at least one positive
solution for each (41,42) € (2.0491,3.3967) x (0.50495,1.5124).

EXAMPLE 4.2. Let
Si(u,v) = (u+v)(2+38exp(—u—v))

and

fz(u,\)) - (M+V) <1+#(zum) .

By simple computation, we have f? =40, =2, fg =26, fy=1.

Therefore, 4% 1Ay, i = 4.7104 < By, ) = 7.8084 and 4%~ Ay, f5° = 2.6447
< Bazfg =4.1192. Thus, by Theorem 3.2,the FBVP (1.1) has at least one positive
solution for each (A1,42) € (1.0245,1.6984) x (1.9421,3.0249).

EXAMPLE 4.3. Let
-1
Siluv)=u <6Xp(—MV) +20exp (—))
uv
and
-1
fluy)=v <6Xp(—W) +20exp (—)) :
uv
By simple computation, we have F{ =1, F;* =20, FY = 1, F5° = 20.
Therefore, 4%~ 1Ag FP = 2.3552 < Bo, F{* = 3.9042 and 4% 1A, F) = 2.6447

< Bo,Fy” = 3.1686 Thus, by Theorem 3.3, the FBVP (1.1) has at least one positive
solution for each (41,42) € (2.0491,3.3967) x (2.5248,3.0249).

filuy) =u <2+ o8 )

EXAMPLE 4.4. Let

14+ uv

fz(u,v):v<2—|— o8 )

1+ uv

and

By simple computation, we have F{ =40, F;* =2, FY =40, F5° =2.

Therefore, 4%~ 1Ay F{° =4.7104 < By, F{ = 7.8084 and 4%~ 14, F;> = 5.2894
< Ba2F20 = 6.3372. Thus, by Theorem 3.4, the FBVP (1.1) has at least one positive
solution for each (A1,47) € (1.0245,1.6984) x (1.2624,1.5124).
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