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INITIAL-BOUNDARY VALUE AND INVERSE
PROBLEMS FOR SUBDIFFUSION EQUATIONS IN RV
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Abstract. An initial-boundary value problem for a subdiffusion equation with an elliptic oper-
ator A(D) in RV is considered. The existence and uniqueness theorems for a solution of this
problem are proved by the Fourier method. Considering the order of the Caputo time-fractional
derivative as an unknown parameter, the corresponding inverse problem of determining this order
is studied. It is proved, that the Fourier transform of the solution 7(&,7) at a fixed time instance
recovers uniquely the unknown parameter. Further, a similar initial-boundary value problem is
investigated in the case when operator A(D) is replaced by its power A° . Finally, the existence
and uniqueness theorems for a solution of the inverse problem of determining both the orders of
fractional derivatives with respect to time and the degree ¢ are proved. We also note that when
solving the inverse problems, a decrease in the parameter p of the Mittag-Leffler functions E,
has been proved.

1. Introduction and main results

The theory of differential equations with fractional derivatives has gained signifi-
cant popularity and importance in the last few decades, mainly due to its applications
in many seemingly distant fields of science and technology (see, for example, [1]-[6]).

One of the most important time-fractional equations is the subdiffusion equation,
which models anomalous or slow diffusion processes. This equation is a partial integro-
differential equation obtained from the classical heat equation by replacing the first-
order derivative with a time-fractional derivative of order p € (0,1).

When considering the subdiffusion equation as a model equation in the analysis of
anomalous diffusion processes, the order of the fractional derivative is often unknown
and difficult to measure directly. To determine this parameter, it is necessary to in-
vestigate the inverse problems of identifying these physical quantities based on some
indirectly observable information about solutions (see a survey paper Li, Liu and Ya-
mamoto [7]).

In this paper, we investigate the existence and uniqueness of solutions to initial-
boundary value problems for subdiffusion equations with the Caputo derivative and
an elliptic operator A(D) in R", having constant coefficients. Inverse problems of
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determining the order of the fractional derivative with respect to time and with respect
to the spatial variable will also be investigated.
Let us proceed to a rigorous formulation of the main results of this article.

1. Let A(D) = Y auD* be a homogeneous symmetric elliptic differential ex-
|o|=m

pression of even order m = 21, with constant coefficients, i.e. A(§) > 0, forall & #£0,

where oo = (01,00,...,0y) - multi-index and D = (Dy,D»,...,Dy), D; i=

v—1.
The fractional integration in the Riemann-Liouville sense of order p < 0 of a
function & defined on [0, ) has the form

1
_tax_’

1

p
o h(t /t_ pﬂé 1 >0,
o

provided the right-hand side exists. Here I'(p) is Euler’s gamma function. Using this
definition one can define the Caputo fractional derivative of order p, 0 < p < 1, as

1 d
DY h(r) = O~ (o).

Note that if p = 1, then fractional derivative coincides with the ordinary classical
derivative of the first order: D;h(t) = %h(z)

Let p € (0,1] be a given number and LI(RY) stand for the Sobolev classes (see
the definition in the next section). Consider the initial-boundary value problem: find a
function u(x,t) € L3 (RN), ¢ € [0,T), such that (note that this inclusion is considered
as a boundary condition at infinity)

DPu(x,t) +A(D)u(x,1)=0, xeRY, 0<r<T, (1)

u(x,0)=@(x), xeR", 2)

where @(x) is a given continuous function.

We call problem (1)—(2) the forward problem.

We draw attention to the fact, that in the statement of the forward problem the
requirement u(x,7) € L (RY) is not caused by the merits. However, on the one hand,
the uniqueness of just such a solution is proved quite simply, and on the other, the
solution found by the Fourier method satisfies the above condition.

DEFINITION 1. A function u(x,t) € C(RY x [0,T)) with the properties
DY u(x,1) and A(D)u(x,t) € C(RY x (0,T))

and satisfying conditions (1)—(2) is called the classical solution (or simply, the solution)
of the forward problem.
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Let us denote by E,(¢) the Mittag-Leffler function of the form

k

- t
Ep(1) —]Zam,

and denote by f() the Fourier transform of a function f(x) € L,(RN):

7€) =@rn™N / Flx)e .
RN

Now we can formulate the existence and uniqueness theorem for the forward prob-
lem.

THEOREM 1. Let T > %V and ¢ € L5(RN). Then the forward problem has a
unique solution and this solution has the form

ulrt) = [ Ep(=A(E)") p(E)edE. G
RN

The integral uniformly and absolutely converges with respect to x € RN and for each
t € [0,T). Moreover, solution (3) has the property

lim D%u(x,t) =0, |a|<m, 0<t<T, 4)

|x| o0

In recent years, many works by specialists have appeared in which various initial-
boundary value problems for various subdiffusion equations are investigated. Let us
mention only some of these works. Basically, the case of one spatial variable x € R and
subdiffusion equation with “the elliptical part” u,, were considered (see, for example,
handbook Machado, editor [1], book of A. A. Kilbas et al. [3] and monograph of A. V.
Pskhu [8], and references in these works). The paper Gorenflo, Luchko and Yamamoto
[9] is devoted to the study of subdiffusion equations in Sobelev spaces. In the paper by
Kubica and Yamamoto [10], initial-boundary value problems for equations with time-
dependent coefficients are considered. In the multidimensional case (x € RY), instead
of the differential expression u,,, authors considered either the Laplace operator ([3],
[11]-[13]) or pseudodifferential operators with constant coefficients in the whole space
RN (Umarov [14]). In the last work the initial function ¢ € LP(RN ) is such, that the
Fourier transform ¢ is compactly supported. The authors of the recent paper [15]
considered initial-boundary value problems for subdiffusion equations with arbitrary
elliptic differential operators in bounded domains.

2. Determining the correct order of an equation in applied fractional modeling
plays an important role. The corresponding inverse problem for subdiffusion equations
has been considered by a number of authors (see a survey paper Li, Liu and Yamamoto
[7] and references therein, [16]-[22]). Note that in all known works the subdiffusion
equation was considered in a bounded domain Q C RY . In addition, it should be noted
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that in publications [16]-[19] the following relation was taken as an additional condi-
tion
u(xp,t) =h(r), 0<t <T, (5)

at a monitoring point xo € Q. But this condition, as a rule (an exception is the work
[19] by J. Janno, where both the uniqueness and existence are proved), can ensure
only the uniqueness of the solution of the inverse problem [16]-[18]. The authors
of the article Ashurov and Umarov [20] considered the value of the projection of the
solution onto the first eigenfunction of the elliptic part of the subdiffusion equation
as additional information. Note that the results from [20] are only applicable when
the first eigenvalue is zero. The uniqueness and existence of an unknown order of
the fractional derivative in the subdiffusion equation were proved in the recent work of
Alimov and Ashurov [21]. In this case, the additional condition is ||u(x,7))||> = do, and
the boundary condition is not necessarily homogeneous. The authors of the article [22]
investigated the inverse problem for the simultaneous determination of the order of the
Riemann-Liouville time fractional derivative and the source function in the subdiffusion
equations.

In what follows, we will assume that the initial function ¢ belongs to the class
LE(RM) with 7> 5. Then, by Theorem 1, the forward problem has a unique solution
of the form (3) for any p € (0,1].

Let us consider the order of fractional derivative p in equation (1) as an unknown
parameter. To formulate our inverse problem we will additionally assume that ¢(x) €
Li(R"). This implies that both functions ¢(&) and a(&,1) = E,(—A(E)P) @(E), t €
[0,T), are continuous in the variable £ € RY. Let us fix a vector &) # 0, such that
?(&) # 0 and put Ag = A(&y) > 0. To determine the order p we use the following
extra data:

U(to,p) = li(So.t0)| = do, (6)

where 1y, 0 <1y < T, is a fixed time instant.
The problem (1)—(2) together with extra condition (6) is called the inverse problem.
To solve the inverse problem fix the number py € (0,1) and consider the problem
for p € [po, 1].

DEFINITION 2. The pair {u(x,z),p} of the solution u(x,t) to the forward prob-
lem and the parameter p € [py, 1] is called the classical solution (or simply, the solution)
of the inverse problem.

The following property of the Fourier transform (& ,7) of the forward problem’s
solution plays an important role in the solution of the inverse problem and, in our opin-
ion, is of independent interest.

LEMMA 1. For pg from the interval 0 < py < 1, there is a number Ty = To(Lo, po)
such that for all ty, Ty < to < T, the function U(ty,p) decreases monotonically with
respect to p € [po, 1].

The result related to the inverse problem has the form.
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THEOREM 2. Let Ty < to < T. Then the inverse problem has a unique solution
{u(x,1),p} if and only if

d
e Ml < m < Epy(—20t"). (7)

3. Finally, we will consider another inverse problem of determining both the orders
of fractional derivatives with respect to time and the spatial derivatives in the subdiffu-
sion equations.

For the best of our knowledge, only in the following two papers [23] and [24] such
inverse problems were studied and only the uniqueness theorems ware proved (note that
the uniqueness is a very important property of a solution from an application point of
view). In the paper [23] by Tatar and Ulusoy it is considered the initial-boundary value
problem for the differential equation

P u(t,x) = —(=N)%u(t,x), t>0,xe(0,1),

where AC is the one-dimensional fractional Laplace operator, p € (0,1) and ¢ €
(1/4,1). The authors have proved that if the initial function ¢@(x) is sufficiently smooth
and all its Fourier coefficients are positive, then the two-parameter inverse problem with
additional information (5) may have only one solution. As for physical backgrounds for
two-parameter differential equations, see, for example, [25].

In [24], M. Yamamoto proved the uniqueness theorem for the above two-parameter
inverse problem in an N-dimensional bounded domain € with a smooth boundary
0dQ. The conditions for the initial function found in this work are less restrictive, for
example, if ¢ is zero on dQ, ¢ € L3(Q), 7> N/2, ¢ >0 in Q and ¢(xo) # 0, then
the uniqueness theorem is true.

Let us denote by A an operator in Ly(R"Y) with the domain of definition D(A) =
C3(RN), acting as Af(x) = A(D)f(x). Itis easy to verify that the closure A of operator
A is nonnegative and selfadjoint. Therefore, by virtue of the von Neumann theorem,
for any ¢ > 0, we can introduce the degree of the operator A as

oo

A7f() = [2%aPs) = [AT(©)F(E)e e,
RN

0

where projectors P) defined as

P = [ E)edE.

A(g)<A

The domain of definition of this operator is determined from the condition A% f(x) €
Ly(RY) and has the form

DAT) = {f € La®Y): [ A(E)IFE)PAE <=},

RN
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Suppose that p € (0,1] and o € (0,1] are given numbers and consider the initial-
boundary value (the second forward) problem: find a function v(x,t) € D(A®) such
that (note that this inclusion is also considered as a boundary condition)

DPv(x,t) +A%(x,1) =0, xRN, 0<r<T, (®)

v(x,0)=@(x), xeRY, 9)

where ¢(x) is a given function and as mentioned above, we assume ¢ € LI(RY) for
some T > %V

The solution to this problem is defined similarly to the solution to problem (1)—(2)
(see Definition 1). In exactly the same way as Theorem 1, it is proved that the unique
solution of the second forward problem has the form

vie) = [ Ep(=A(&)) p(&) e, (10

RN

where the integral uniformly and absolutely converges in x € RV and for each ¢ €
[0,T).

Now let pp > 0 and oy > 0 be fixed numbers and assume, that in the second for-
ward problem, the parameters p € [py, 1] and o € [0y, 1] are unknown. Since there are
two unknown numbers, then one obviously needs two extra conditions. To formulate
these conditions, we again assume that ¢ € L;(R"). Then both functions ¢(&) and
V(&,t) are continuous in & . It should be noted, that the proposed in this paper method,
for simultaneously finding both the order of fractional differentiation p and the power
o is applicable if there exists & € 9Q4 = {E € RY;  A(E) =1}, such that (&) #0.
Note, that if A(D) is the Laplace operator, then d€24 is the N-dimensional unit sphere.
Let & be one of such a vector. We consider the following information as additional
conditions:

V(é();tO;paG) = “/}(§Oat0)‘ = d07 o 2 TO(LPO): (11)

V(€17t1ap70):|‘3(€17t1)|:d1a 14(&1):11(7é 1)21\1’ tl>17 (12)

where Ty is defined in Lemma 1, &; is such that ¢(&;) # 0 and A, is defined in (27).
We call the problem (8)—(9) together with extra conditions (11) and (12) the second
inverse problem.
Note that since & € dQq, then V(&y,7,p,0) is actually independent of o'

V(&o,t0,p,0) = |Ep(—A% (80)15) ¢ (80)| = |Ep (—1P) ¢ (&)

Therefore, to solve the second inverse problem, we first find the unique p* that satisfies
the relation (11). Then, assuming that p* is already known and using the relation (12),
we find the second unknown parameter ¢*. It should be noted that the number Ay
from condition (12) depends on ¢y and p*.
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THEOREM 3. There is a unique p* € [po, 1], satisfying (11), if and only if dy
satisfies the inequalities (7) with Ay = 1. For o* € [0y, 1] to exist, it is necessary and
sufficient that dy satisfy the inequalities

* dl o *
Epe(—2t7 ) < ——=— < Ep+ (=A%), (13)
g O e o

REMARK 1. As Theorems 2 and 3 show, in order for the inverse problems to have

solutions, the domain (0,7, where the equations are satisfied, must be large enough.

In conclusion, note that the theory and applications of various inverse problems,
on determining the coefficients of the equation, the right-hand side, and also on deter-
mining the initial or boundary functions for differential equations of integer order are
discussed in Kabanikhin [26] (see also references therein) Similar inverse problems for
fractional-order equations were considered, for example, in the works [27]-[31].

2. Forward problems

In the present section we prove Theorems 1 and the equation (10).
The class of functions L(RY) which for a given fixed number a > 0 make the
norm

gy =11 [ (1 1EPEE)aE] [ = [ (14+1ER)IFE)PdE
RN RN

finite is termed the Sobolev class L‘j(RN ). Since for T > 0 and some constants ¢; and
¢y one has the inequality

(1+[EP)™ < 1+AY(E) <ca(1+[E[H)™, (14)

then D(AT) = LI(RN).

Let I be the identity operator in L,(R"). Operator (A+1)" is defined in the same
way as operator A°.

Proof of Theorem 1. The existence of a solution to the forward problem is based
on the following lemma (see M. A. Krasnoselski et al. [32], p. 453); for the operator A
this lemma is a simple consequence of the Sobolev embedding theorem.

LEMMA 2. Let a multi-index o be such that |ot| <m and v > % + X Then the

operator D*(A+1)~" continuously maps from Ly(RN) into C(RN) and moreover the
following estimate holds true

ID*(A+D) " flle@yy < ClIF Iy @m)- (15)

Proof. For any a > N/2 one has the Sobolev embedding theorem: L§(RY) —
C(RN), that is

ID*A+D)7" flle@yy < ClID* A+ fll g (ay)-
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Therefore, it is sufficient to prove the inequality
ID*(A+ 1) fll gy < ClIA Ly @y

But this is a consequence of the estimate

J1F@PIEP1+A@) (1 + [Py ag < [ 17E)PdE,
RV RV
that is valid for % <a<vm—lal.
To prove the existence of the forward problem’s solution we remind the following

estimate of the Mittag-Leffler function with a negative argument (see, for example, [6],
p- 29)

C
E,(—t)|<——, t>0. 16
(-0l < 1y 1> (16)

Let a sequence {Q}7, of domains Q; C RY have the following two properties:
1) closure Q = Q; Uy of Qy is contained in Q1 :

Qk C Qk+1;

2) the union of all Q fills the entire space RV :

U =R".
k=1
Consider the truncated integral
Su(et) = [ Bp(—A(E)1P) p(E) e a7
Q

Step 1. Itis not difficult to verify that for any k function Sy (x,7) satisfies equation
(1) and the initial condition (2) (see, for example, [6], page 173 and [33]). From the
Sobolev embedding theorem and the condition ¢ € L;(RN ), T> %, it follows that
¢ € C(RM).

Step 2. In accordance with Definition 1, we will show that for the function (3) one
has A(D)u(x,t) € C(RN x (0,T)).

Let o] <m,t>% andv=1+7L> %+%.Then

o) = (07 [A) 4+ )"y (-A()17)9(E) e de.
Q
Therefore by virtue of Lemma 2 one has

[[D¥Sk(x,1)] %(RN)

= ||D°‘(A+1)"/’"‘l/<A(é>+1>’/’““Ep(—A(€>f”>¢(5>e"xédé’|§<R~>
Q

JA@) + D7 Ey (~AE)P)p(E) e a

Q

<C

Ly(RN)
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Using the Parseval equality, we will have
D85 (e,0) gy < c/ () + 1) Ep (—A(E)P)p(E)[2de.
Q
Applying the inequality (16) gives [(A(E)+1)E,(—A(§)tP)| < C(1+17P). Therefore,
DSy <CA+70 P [ [(AE)+ 17" 9(E) g <O+ Pl gan.
Q

This implies uniform (and absolute) in x € R convergence of the differentiated integral
(3) in the variables x; for each ¢ € (0,T).

Step 3. If oo =0, then taking v = -L and applying the inequality (16), we establish
uniform (and absolute) convergence of the integral (3) (hence, the continuity of the
solution) in the domain 7 € [0,T):

ISk gy < € [ 1(A(E) + DM Ep(~AE)P)p(E) dE <
Q

<€ [1(4(&) + 17"9(8) " < Clglyan,
Q

Step 4. Further, from equation (1) we get D Si(x,1) = —A(D)Sy(x,t). Therefore,
proceeding the above reasoning, we arrive at DY u(x,t) € C(RN x (0.T)).

Step 5. The inclusion u(x,t) € L3 (RV) forall z € (0,T), is a consequence of the
condition ¢ € L, (RN ). Indeed, using inequalities (14) and (16) we arrive at

D78, el ) = [ |E7Ep (~AE) )00 <
Q
< c/|A(§)E,,(—A(é)t”)¢(é)|2d§ <Cri? oIz, -
Q

Step 6. Let us show the property (4) of the solution (3). To do this, note first that
the inclusion ¢ € LY(RY),7 > N/2, implies ¢ € L;(RY). Indeed, application of the
Holder inequality gives

[ 1914 = [ 1)1+ 16D +1ER) 24 < Cel ey
RN RN

Therefore, by virtue of inequality (16), one has E,(—A(§)tP)@(E) € Li(RY). Simi-
larly, inequalities (14) and (16) imply
EXEp (—A(E)P)P(E)| < CIA(E)Ep (—A(E)P)(&)] € Li(RY)

for all |or| < m. Hence, D%u(x,t), as a function of x, is the Fourier transform of a L; -
function. Obviously, this implies the property (4).
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Step 7. Let us prove the uniqueness of the forward problem’s solution.

Suppose that problem (1)—(2) has two solutions u; (x,7) and wuy(x,7). Our aim is
to prove that u(x,1) = uy(x,t) — up(x,#) = 0. Since the problem is linear, then we have
the following homogenous problem for u(x,t) € L (RV):

DPu(x,t) +A(D)u(x,t) =0, xcRY 0<r<T; (18)

u(x,0)=0, xeRV, (19)

Let u(x,t) be a solution of problem (18)-(19) and ®(x) be an arbitrary function
with properties @(x) > 0 and ® € C(R"). Obviously ®(&) € L,(R"), and since

a(&,t) € Ly(RN), then @(&)a(E,t) € Li(RY). Therefore, by virtue of Fubini’s theo-
rem, the following function of ¢ € [0,T) exists for almost all A:

w= [ Ca)nEndo, ). 20)
A(§)=2
where do; () is the corresponding surface element and y € RV,

Taking into account that u(x,z) is a solution of equation (18) we have (note,
A(D)u(x,t) € L(RY))

Diwi(t)=-Cm) ™ [ a /A Je " drdoy (£).
A(g)=2

The inner integral exists as the Fourier transform of the L, -function. From the equation

u(x,t) /A a(n,t)e™dn,

one has

DY wy (1) = — / M D(E)A(8)a(E,1)doy (&) = —Aw, (0).

A(§)=2
Therefore, we have the following Cauchy problem for wy (¢):
DPwy (1) +Awy (1) =0, ¢t>0; w;(0)=0.

This problem has the unique solution; hence, the function defined by (20), is identi-
cally zero (see, for example, [6], p. 173 and [33]): w; () = 0 for almost all A > 0.
Integrating the equation (20) with respect to A over the domain (0,+e) we obtain,
that
[ eo@uc.nag = [ o vutxndx=o,
RN RN
for almost all y and since both functions ®(-) and u(-,7) are continuous, then for all
y€RN and ¢ € [0,T). Taking into account that the function () is arbitrary with the
above properties, then from the last equality we have u(x,7) = 0.
Thus Theorem 1 is proved.
The uniqueness of the solution to the second forward problem and the formula
(10) is established based on the above reasoning.
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3. First inverse problem

LEMMA 3. Given py from the interval 0 < py < 1, there exists a number Ty =
To(Ao,po), such that for all ty > Ty and A = Ay the function e; (p) = Ep(—ltg) is
positive and monotonically decreasing with respect to p € [po, 1] and

ex(1) <en(p) <ea(po)

Proof. Let us denote by 6(1;f) a contour oriented by non-decreasing arg { con-
sisting of the following parts: the ray arg{ = —f8 with |{| > 1, thearc —f <arg{ <3,
|| =1, and the ray arg{ =3, || > 1. If 0 < B < 7, then the contour o(1;B) di-
vides the complex {-plane 1nto two unbounded parts, namely G(~)(1; ) to the left of

8(1;B) by orientation, and G*)(1;B) to the right of it. The contour §(1;) is called
the Hankel path

Let B = 4 Ip, p € [po, ). Then by the definition of this contour §(1;f), we

arrive at (note, —A#{ e G)(1;B), see [6], p. 27)

o 1 &g
En Ato)_ktgl"(l—p) 2mipAtf /ﬁmz”g filp)+Alp). @D

To prove the lemma it suffices to show that the derivative %el (p) is negative
for all p € [po, 1), since the positivity of e, (p) follows from the inequality e, (1) =
—At
e M >0.
It is not hard to estimate the derivative f](p). Indeed, let ¥(p) be the logarithmic
derivative of the gamma function I'(p) (for the definition and properties of ¥ see [34]).
Then T'(p) =T(p)¥(p), and therefore,

oy Intg—¥(1-p)
fl(p)_ )u(;))r(l_p) .
Since | - p |
- Y(1l—p)=¥Y2—-p)— ——
Fi—p)  Ta-p) (I-p)=¥(2-p) s

the function f](p) can be represented as follows

1 (1—p)[ntg—¥Y(2—-p)]+1

If v~ 0,57722 is the Euler-Mascheroni constant, then —y < ¥(2—p) < 1—7y. By
virtue of this estimate we may write

(I—p)ntg—(1—p)]+1 _ 1

—fi 2 2_7 22
filp) T2 p)All s (22)

provided Infg > 1 —7y or ¢ty > 2.
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To estimate the derivative f3(p), we denote the integrand in (21) by F({,p):

1 e‘jl/pc

Fle.p) = 2mipAtl C+ Al

Note, that the domain of integration §(1; ) also depends on p. To take this circum-
stance into account when differentiating the function f}(p), we rewrite the integral (21)
in the form:

L(p) = far(p) + fo-(p) + f2a(p),

where

faz(p) = &8 / F(se*B p)ds,

B
Falp) =i [ F(e?.p)e¥dy—if / F(eP,p)ePds.
-B
Let us consider the function f>+(p). Since B = %‘p and ¢ = se'P | then
1
8P = g3(i=1)sP
The derivative of the function f>, (p) has the form

ia.vei“erltg Inzg ]

Loi_1ysl/p ; i— .
o L5 (i—1)s 2iap [__i=1 1/p _1_ _ _
e se [ 5528 Ins+2ia 5 Intg seP ALl

/ 1 /
far(P) = 27tip7ttg J seiaP—I—?Ltg

ds,

where a = %’. By virtue of the inequality [se’® + 415 | > At} we arrive at

A (p) E /e—%f —sl/P Ins + Into) ds.
1

LEMMA 4. Let 0 < p <1 and m € N. Then

—— [
1

I\JI»—
%\_
b|3
//\
o
S

bl»—

1
Proof. Set r=sP . Then

. ds=prPlar.

s=rP
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Therefore,

=3

l 1
z/e 2T lJrz”dr</e_frr”““ldr:Cm.
1 1

1 1 .
Since Insr < sP , then by virtue of Lemma 4,

c G

4 < —5=[—+Colntp] <

Function f}_(p) has exactly the same estimate.
Now consider the function f>;(p). It is not hard to verify that

1
W [E + lnl‘o] .

) . iaps, 3P
1 ¢! J2iaps [Zias —Infy— iase'*P )1 lnzo]

, a ei”pSJrltg
= . ds.
fap) 2mALl /1 eips + Al
Therefore,
lnto
f51(p) <
(JLtO )2
Taking into account estimate (22) and the estimates of /3, and f3,, we have
d 1/p +Inty
—e <———5+C - 23
dp k(p) 7Lt0 (kt(’;) (23)
In other words, this derivative is negative if
l/p +1Inry
p
o > C—o—
forall p € [po,1) or
1 + In#,
’0 / PO)L 0 (24)
Thus, there exists a number Ty = Ty(Ag, po) such, that for all 7y > Ty we have the
estimate 4
%ez(l)) <0, A=, pelpol].

Since

U(t,p) = a(8o.1)| = Ep(—A(50)P)|0(S0)| = Ep(—Aot?)|d(S0)l,

Lemma 1 follows immediately from Lemma 3. Theorem 2 is an easy consequence of
these two lemmas.

In conclusion, we make the following remark. If the elliptic polynomial A() is
nonhomogeneous, thatis A(§) = Y ag&® and moreover, A(§) > Ay > 0, then from

ol<m

Lemma 3 it follows: “

If to > Ty and Ty is as above, then E,(—A(&)1P), as a function of p, is positive
and decreases monotonically in p € [po, 1] for any & € RV.

Therefore, in this case you can also consider various options for the function
U(t,p). Examples U(r,p) = ||Au(x,7)[|> and U(r,p) = [Ju(x,1)|]>.
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4. Second inverse problem

To prove Theorem 3, we first find the unknown parameter p . Suppose, as required
by Theorem 3, that dj satisfies condition (7) with 49 = A(&y) = 1. Then, as it follows
from Lemma 3, for all 7y > Tp(1,pp) the equation

V(&o,10,p,0) = [9(80,10)| = Ep (—1”)|9(E0)| = do

has the unique solution p* € [po, 1].

Now let us define 6* € [0y, 1], which corresponds to the already found p* and
satisfies condition (12).

We first assume, that p* < 1 and let f = %‘p*. Then formula (21) will have the
form

By (-2%) 1 N R
p*\— 1 = * N - . * * =81 82 .
A9t T(1—p*)  2mip*Aot] s(ip) S+ A0t
(25)
One has i
, n
81(0) = ——F———
A%t T(1—p*)
and N Ut
oy = Lk £
2mip* Aot} &+aorl

5(1;8)

It is easy to check that g5(o) has an estimate (it is proved similarly to the estimate for

fri)

14+ )In2 4 5inA
ga(o)) < LA o 4y Sk
m(Aot) )2 3 A201?
Therefore, for all 1; > 1 we have
d * InA 5nA
LEp(—2)y<—— 1 nr (26)
do A9 T(1—p*)  A20¢7
Hence this derivative is negative if
AC =A% >5T(1—p*).
Thus, if A; > A; = A1(p*,00), and (see (12))
In(5T(1 —p*
Ar=€", n> M, (27)

0p

then Ep«(—A%t *), as a function of & € [0y, 1], strictly decreases forall 7; > 1.
Now let p* = 1. Then Ep+(—A°} *) = ¢~ *°" and the derivative (26) is negative
forall A >1and t; > 1.
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Since the function Ep+(—A°} *) is decreasing, then the following estimates hold

Epr (=2t ) S Epe(—AZIP) S Epe(—AZ"), A1 > A1, o € [0y, 1].

The last estimate shows that if d; satisfies condition (13), then, assuming p* has al-
ready been found, we can uniquely determine the parameter 6* from equality (12), that
is, from

Ep-(—A710)[9(&1)| = di.

Acknowledgement. The authors convey thanks to Sh. A. Alimov for discussions

of these results.

[1]
[2]

[3]
[4]

[5]
[6]

[7]
[8]
[9]
[10]
[11]
[12]

[13]

[14]

[15]

[16]
[17]

[18]

[19]

REFERENCES

J. A. T. MACHADO, Handbook of fractional calculus with applications, DeGruyter, (2019), 1-8.

C. XU, Y. YU, Y.-Q. CHEN, Z. LU, Forecast analysis of the epidemic trend of COVID-19 in the
United States by a generalized fractional-order SEIR model, ArXiV: 2004.12541v1, (2020).

A. A. KILBAS, H. M. SRIVASTAVA, J. J. TRUJILLO, Theory and applications of fractional differen-
tial equations, ELSEVIER, 2006.

S. UMAROV, M. HAHN, K. KOBAYASHI, Beyond the triangle: Browian motion, Ito calculas, and
Fokker-Plank equation-fractional generalizations, World Scientific, (2017).

R. HILFER, Applications of fractional calculas in physics, Singapore, World Scientific, 2000.

R. GORENFLO, A. A. KILBAS, F. MAINARDI, S. V. ROGOZIN, Mittag-Leffler functions, related
topics and applications, Springer, 2014.

Z.L1,Y. L1u, M. YAMAMOTO, Inverse problems of determining parameters of the fractional partial
differential equations, Handbook of fractional calculus with applications, DeGruyter, 2 (2019), 431—
442.

A. V. PSKHU, Fractional partial differential equations (in Russian), M. NAUKA, 2005.

R. GORENFLO, Y. LUCHKO, M. YAMAMOTO, Time-fractional diffusion equation in the fractional
Sobolev spaces, Fract. Calc. Appl. Anal. 118 (2015), 799-820.

A.KUBICA, M. YAMAMOTO, Initial-boundary value problems for fractional diffusion equations with
time-dependent coefficients, Fract. Calc. Appl. Anal., 21 (2018), 276-311.

O. P. AGRAWAL, Solution for a fractional diffusion-wave equation defined in a bounded domain,
Nonlin. Dynam., 29 (2002), 145-155.

A. V. PSKHU, Initial-value problem for a linear ordinary differential equation of noninteger order,
Sbornik: Mathematics, 202 (2011), 571-582.

A. V. PSKHU, Green function of the first doundary-value problem for the fractional diffusion wave
equation in a multidimentiona rectangular domain, Achievements of sciens and technology, Modern
mathematics and its applications (in Russian), (2009), 52-61.

S. UMAROV, Introduction to fractional and pseudo-differential equations with singular symbols,
Springer, (2015).

R. ASHUROV, O. MUHIDDINOVA, Initial-boundary value problem for a time-fractional subdiffusion
equation with an arbitrary elliptic differential operator, arXiv:submit/2006.08439v1 [math.GM],
6 Jun 2020.

J. CHENG, J. NAKAGAWA, M. YAMAMOTO, T. YAMAZAKI, Uniqueness in an inverse problem for a
one-dimensional fractional diffusion equation, Inverse Prob., 4 (2009), 1-25.

Z. L1, M. YAMAMOTO, Uniqueness for inverse problems of determining orders of multi-term time-

[fractional derivatives of diffusion equation, Appl. Anal., 94 (2015), 570-579.

Z. L1, Y. LUCHKO, M. YAMAMOTO, Analyticity of solutions to a distributed order time-fractional
diffusion equation and its application to an inverse problem, Comput. Math. Appl. 73 (2017), 1041-
1052.

J. JANNO, Determination of the order of fractional derivative and a kernel in an inverse problem for a
generalized time-fractional diffusion equation, Electronic J. Differential Equations. 216 (2016), 1-28.



306

[20]

[21]

[22]
[23]
[24]

[25]

[26]
[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

R. ASHUROV AND R. ZUNNUNOV

R. ASHUROV, S. UMAROV, Determination of the order of fractional derivative for subdiffusion equa-
tions, arXiv:submit/3190665 [math-ph] 22 May 2020.

SH. ALIMOV, R. ASHUROV, Inverse problem of determining an order of the Caputo time-
fractional derivative for a subdiffusion equation, J. Inverse Ill-Posed Probl. 2020; aop,
https://doi.org/10.1515/jiip-2020-0072.

R. ASHUROV, YU. FAYZIEV, Determination of fractional order and source term in a fractional sub-
diffusion equation, arXiv:submit/3264960 [math. AP] 8 Jul 2020.

S. TATAR, S. ULUSOY A uniqueness result for an inverse problem in a space-time fractional diffusion
equation, Electron. J. Differ. Equ., 257 (2013), 1-9.

M. YAMAMOTO, Uniqueness in determining the order of time and spatial fractional derivatives,
arXiv:2006, 15046v1 [math.AP] (26 Jun 2020)

M. M. MEERSCHAERT, D. A. BENSON, H. P. SCHEFFLER AND B. BAEUMER, Stochastic solution of
space-time fractional diffusion equations, Phys. Rev. E, Stat. Nonlinear Soft Matter Phys., 65 (2002),
041103.

S. I. KABANIKHIN, Inverse and Ill-Posed Problems. Theory and Applications, De Gruyter, Germany,
(2011), 459.

K. M. FURATI, O. S. IYIOLA, M. KIRANE, An inverse problem for a generalized fractional diffusion,
Applied Mathematics and Computation, 249 (2014), 24-31.

M. KIRANE, A. S. MALIK, Determination of an unknown source term and the temperature distri-
bution for the linear heat equation involving fractional derivative in time, Applied Mathematics and
Computation, 218 (2011), 163-170.

M. KIRANE, B. SAMET, B. T. TOREBEK, Determination of an unknown source term and the tem-
perature distribution for the subdiffusion equation at the initial and final data, Electronic Journal of
Differential Equations 217 (2017), 1-13.

B. T. TOREBEK, R. TAPDIGOGLU, Some inverse problems for the nonlocal heat equation with Caputo
[fractional derivative, Mathematical Methods in Applied Sciences, 40 (2017), 6468—6479.

M. RUZHANSKY, N. TOKMAGAMBETOV, B. T. TOREBEK, Inverse source problems for positive op-
erators. I: Hypoelliptic diffusion and subdiffusion equations, J. Inverse IlI-Possed Probl. 27 (2019),
891-911.

M. A. KRASNOSELSKI, P. P. ZABREYKO, E. I. PUSTILNIK, P. S. SOBOLEVSKI, Integral operators
in the spaces of integrable functions, (in Russian), M. NAUKA (1966).

R. ASHUROV, A. CABADA, B. TURMETOV, Operator method for construction of solutions of linear
[fractional differential equations with constant coefficients, Frac. Calculus Appl. Anal. 1 (2016), 229—
252.

H. BATEMAN, Higher transcendental functions, McGraw-Hill, 1953.

(Received October 24, 2020) Ravshan Ashurov

Institute of Mathematics
Uzbekistan Academy of Science
Tashkent, 81 Mirzo Ulugbek str. 100170

e-mail: ashurovr@gmail.com

Rakhim Zunnunov

Institute of Mathematics

Uzbekistan Academy of Science
Tashkent, 81 Mirzo Ulugbek str. 100170

e-mail: zunnunoveémail.ru

Fractional Differential Calculus
www.ele-math.com

fdc@ele-math.com



