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ON CRITERIA OF EXISTENCE FOR NONLINEAR
KATUGAMPOLA FRACTIONAL DIFFERENTIAL
EQUATIONS WITH p-LAPLACIAN OPERATOR

YACINE ARIOUA AND L1 MA*

(Communicated by M. Jleli)

Abstract. This paper is devoted to establishing vital criteria of existence and uniqueness for a
class of nonlinear Katugampola fractional differential equations (KFDEs) with p-Laplacian op-
erator subjecting to mixed boundary conditions. The reasoning is inspired by diverse classical
fixed point theory, such as the Guo-Krasnosel’skii type fixed point principle and Banach contrac-
tion theorem. Additionally, several expressive examples are afforded to show the effectiveness
of our theoretical results.

1. Introduction

Fractional calculus generalizes the order of derivative and integral from positive
integers to real numbers, or even to complex numbers. In the last few decades, it is
found that a series of natural phenomena can be modelled robustly in terms of fractional
calculus, see [9, 14, 24]. As a result, fractional calculus gained a rapid development
recently, both in the aspect of mathematics and many disciplines of applied sciences,
being nowadays recognized as an excellent tool for describing complex systems and
practical matters, especially involving long range memory effects and non-locality, such
as viscoelastic theory, fluid dynamics, biology, image processing, one may refer [5, 16,
17, 18, 19, 20, 21, 22, 26].

In effect, the p-Laplacian operator arises in mathematical modeling, such as in
non-Newtonian fluid flow, turbulent filtration in porous media, rheology, glaciology.
Problems involving the p-Laplacian have been investigated extensively in the litera-
ture during the last several decades, see [23, 25]. Amongst them, there do exist some
impressive description on applications of the p-Laplacian operator to fractional differ-
ential equations (FDEs), one may refer to [4, 8, 10, 13, 15, 27, 28, 29, 30], and the

Mathematics subject classification (2020): 26A03, 34A12, 37C25.

Keywords and phrases: Katugampola fractional calculus, fixed point theorems, existence and unique-
ness, p-Laplacian operator.

This work was financially supported by the National Natural Science Foundation of China (Grant No. 11902108),
the Anhui Provincial Natural Science Foundation (Grant No. 1908085QA12), and the Fundamental Research Funds for
the Central Universities of China (Grant No. JZ2021HGTBO0125). And supported by the General Direction of Scientific
Research and Technological Development (DGRSDT)-Algeria, PRFU (Grant No. COOLO3UN280120180010).

The authors would like to thank the anonymous referees for their careful reading and providing invaluable sugges-
tions.

* Corresponding author.

© depay, Zagreb 55
Paper FDC-11-04


http://dx.doi.org/10.7153/fdc-2021-11-04

56 Y. ARIOUA AND L. MA

references cited therein. However, according to the survey of the authors, there are no
papers dedicate to the investigation of existence and uniqueness of solutions to nonlin-
ear Katugampola fractional differential equations (KFDEs) with p-Laplacian operator,
we therefore supply a gap in the literature. Accordingly, we consider

PThs (00 (PZ5L0 (1)) +7f (1, 9(1)) =0,0<1 < T
?(0)=0,¢(T)=0 : (1)
0y (PZ5:0) (0) =0, 9 (P Z50) (T) = 0

where y € R, and P&, for p > 0, presents Katugampola derivative with order 1 <

o,B<2. ¢p(x)= [x|”%x, the p-Laplacian operator (p > 1), ((;bp)*1 =¢,, 1/p+
1/r=1. f:]0,T] x [0, 0) — [0, e0) is a continuous function with finite positive con-
stant 7.

2. Preliminaries

As be introduced in [14], let us denote XZ' [0, T], (¢ € R, 1 < p < =) which means
the space of Lebesgue measurable functions ¢ on [0, 7] for which [¢|xr < e, is de-

fined by
1
T d P
ol = ([ 001" <

for 1 < p<oeo, c€R, and

1@llx= = ess sup [i[@(1)]], (c €R).

0<t<T

For C[0, T, it is a Banach space with all continuous real functions from [0, 7] into R
endowed with the maximum norm

|oll = max [o(1)].

0<e<T

DEFINITION 2.1. ([11]) The left-sided Katugampola fractional integral with or-
der @ >0 of ¢ € X/ [0, T) is defined as

a oy PO [ P Tes)
(PIZ ) (1) = F(a)/o Tl 2

where p >0, 7€ [0,T],and T'(a) = [ e*s* !ds is the Euler gamma function.

DEFINITION 2.2. ([12]) Let o, p € RT, and n—1 < o < n € N, then the
Katugampola fractional derivative of a function ¢ is defined for 0 <7 < T < oo as

PPy (t) = (tl_p%) (p‘ﬂ(ﬁ_aﬁo) (t)

_ P e d) /M
CT(n—a) (t dr) Jo (tp_sp)"‘*"“ds' ©)
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It deserves to be remarked that the Katugampola derivative could be viewed as the
generalization of Riemann-Liouville derivative for (p — 1) and Hadamard derivative
for (p — 0) settings due to the facts reported in [12].

In the sequel, some fixed-point theorems/principles are addressed which are vital
in the acquirement of the main results.

LEMMA 2.1. (Guo-Krasnosel’skii [1], [7]) Assume that 9? be a cone in Banach
space E, and Q, Q, are open subsets of E with 0 € Q;, Q; C Q. Let F : 2N

(Qz \ Q 1) — 2 is a completely continuous operator satisfying

) |Fzll < |lzll, for z€ 200Q and ||Fz| > |z||, for z € 2N, or
(i) |Fz|| > |lzl|, for z € 2Ny and ||Fz|| < ||zl|, for z € 2N ;.

Then F admits a fixed point in 2N (Qz \ Ql) .

LEMMA 2.2. (Leray-Schauder type nonlinear alternative [0]) Suppose that 2 is
a convex and closed subset of Banach space X, Q C 2 is open and 0 € Q. Assume
that F : Q — 2 be continuous and compact, so,

(i) F owns a fixed point in Q; or

(ii) there exists a point @ € dQ and ¢ = AF (¢) with A € (0, 1).

LEMMA 2.3. (Banach [0]) Suppose that E be a Banach space, 2 C E a non-
empty closed subset. If F : 2 — 2 is a contraction mapping, then F has a unique
fixed point in 2.

LEMMA 2.4. ([13]) Let ¢, be a p-Laplacian operator.
(i) For 1 <p<2, 7122 >0, and |z1|,|z2| = m > 0, then

[0 (21) = @p (22)| < (p— DmP 2 |21 — 22
(ii) For p>2, a1, |z2| < M, then

[0y (21) = @p (22)] < (= DMP 2 |21 — 22
3. Main results

In the sequel, we always choose T < (pc)PLf, where p > 1, ¢ > 0 for the sake
of Remark of [3]. If the above conditions for such constants satisfied, then one has
C[0, 7] — XZ[0, 7], and [|l[[xr < [l@].

Now, we present several vital lemmas which play a key role in the proofs of the
main results.

LEMMA 3.1. Assume o, p € R*, besuchthar 1 <o, B <2.If P9 ¢ €C[0,T],
and z(t) admits a continuous function, then

”%ﬂ (0p (P20 (1)) +7y2(t)=0,0<t<T
¢ (P28 0) (0) =0, ¢, (P2 @) (T) =0
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is equivalent to the integral equation

T

o) = [ Gaa,sm( ' )ds, )

Y A Gp (s, 7)z(1)dT

where

I-ogp T,

P ©)
T

~1 1 \Pla—1) a-1
_ 7) (TP —sP)™" = (P —sP)
Ga(t,s)—W{(;

and
Gy (s, 1) = L L ()70 (10 = o)l (s o) 0 r << T,
T(B) | ()PP (rp—w)pt, 0<s<T<T.
(7)

Proof. From Lemma 3.1 of [3], the solution to (4) could be read as the following

equivalent form

0 (P75 (1) =
where C; and C, are real numbers associated with some initial conditions
In terms of ¢, (P2 ¢) (0) =0, ¢, (P2 @) (T) = 0. it yields to C; =0 and

1= ey () 1)

_ypjoe Z(t) _Cltp(ﬁfl) _Cztp(ﬁ72)7

Hence,

ol (5 ()
:y/o Gy (t, 7)z(T)dT
which implies
P (y/ Gp(t, 1) ),

= 1. Accordingly, boundary value problem (BVP) (4) is

where ¢, = (9,) ', L+ 1=
. p.r
equivalent to the following problem

0p (P25 0 (1)) =

{p@oﬁq)(t):¢,<yf0TGﬁ(t,r)z(r)dr>,O<t<T, ®)

?(0)=0, o(T) =

It immediately follows from Lemma 3.2 of [3] and (8) that BVP (4) admits a unique
O

solution described by (5).
In the sequel, we demonstrate some properties about the Green’s function G, (, )

given by (6).
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LEMMA 3.2. Let 1 < oo <2 and 0 < p < 1, the function Gy defined by (6)
satisfies the following items

(i) Gy (t,s) >0, fort,s€ (0,T).

ii Gyl(t,s) =G h 0,7T].

(ii) Orgtang o(t,s) o(s,s), foreach s €10, T]

(iii) For any t € [%, %] , there exists a positive function b € C (0, T) such that

G (t,s) 2 b(s) 01321<XTGO¢ (t,s)=0b(s)Gg (s,s), forany0<s<T. 9
<<

Proof. Ttems (i) and (ii) are showed in [3].

(iii) Likewise, we could prove it as the proof of Lemma 2.4 in [2]. For given
s€(0,T), Gy (t,s) isincreasing with respect to ¢ for 1 < s and decreasing with respect
to ¢ for s < t. Consequently, setting

I—agp—1 plo—1)
ais) =2 (7)o ey,

I'la) T
_pls ! (L)"(""” b pya-
gZ(taS) - r(a) T (T - ) )
one has
g1 (%F.s), s€ (0, %],
Tmin3TGa(t,s) = min{g1 (%,s) ,g2(4 ,s)}, s € [%,%] ,
ISIST
g2 (%), se [.7),
_{gl(¥as)7 sG(O,rL
82(§7S), SG[F7T)7

where L < 7 < 3% is the uni.que solution of the equation g (3, s) =g (£, ).
Secondly, with the use (ii),

OréltangGa (t,5) = Gals,s) = % <i>P(a—1) (TP —sP)* 1.
Thus, setting
R (G
b(s)= (+)P@ T (o —gpyot
(LyPle, se[r,T),

the proof is complete. [J
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REMARK 1. Note that the same properties (i), (ii) and (iii) are valid for Gg with
replacement by o. Denote by

T T
0o, :/ Gy (s,s)ds, an =/ Gp(1,7)dT.
0 0

T 3r
_ T _ T
By = /% b(s)Go (5,5)ds, @p= /% b(1)Gp (1,7)dx.

Assume that E = C([0, T], R) with maximum norm ||¢| = n[lax] |o (¢)| be Ba-
te[0,T
nach space. Define a mapping F : E — E by

0= Gatt)0 (y TR (r))dr) ds, (10)

where Gq (¢,5), Gg (s, 7) are defined by (6) and (7), respectively.

By Lemma 3.1, ¢ is a solution to (1) which indicates that there exista ¢ € E such
that F ¢ = ¢. That being the case, we first consider the existence of fixed points of the
operator F'.

3.1. Existence of solution

Define a cone set 2 on E as

2={@€cE|¢(t)>0,v€[0,T]}. (11

LEMMA 3.3. If f(¢t, @) is a continuous function on [0, T] x [0, o), then F : 2 —
2 is a completely continuous operator.

Proof. In the light of continuity of G (t,s), Gg (s, 7),and f(t,¢), F: 2 — 2
is continuous. Let Q C 2 be bounded, i.e., My > 0 such that ||@|| < My, for all
¢ eQ.

Let L= _ax |f (¢, )|+ 1, we have

<t<T, 0<o<

|Fol(t) —I/Gats (/Gﬁsr qo())dr)ds
< [ Gutsyor (1L [ Gp(x.51a¢)as

< 0u¢; (7| Leg) - (12)

Hence, F (Q) is bounded.
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Likewise, motivated by Lemma 3.6 in [3], for each u € Q, 11,1, € [0, T], 1, < 12,
we find that

1§ Ga(12.5) 90 (Vi Gy (s.7) f (.0(7)) de)
~ J§ Ga(11,5)6: (71 Gp (5,7) f (7,9 () dx)
< ¢, (M La)ﬁ) /OT (G (12,5) — G (11,5)]ds

O (ML) TP ¢ pio1)  pla)
s poT (ax) <t2 —h )’

the second side of this inequality tends to zero if ©, — #;. Hence, F(Q) is equi-
continuous. So, by Arzela-Ascoli theorem, F : 2 — 2 is completely continuous. [

b

Yap - yog

[Fo(n)—Fo(t) =

Denote

THEOREM 3.1. For two positive constants ry > r; > 0 such that
(H1) f(t,9) <My (r2), for (1, ¢) €[0,T] x [0, r2].

(H2) f(t, ) > Néy (r1), for (1, @) € [0, ] x 0, r].

The BVP (1) has at least one positive solution @ such that ry < ||@|| <

Proof. From Lemma 3.3, F is a completely continuous operator and BVP (1)
admits one solution @ = @(¢) if and only if ¢ solves the operator equation ¢ = F¢. It
could be achieved from Lemma 2.1, and the main process can be divided into following
two steps:

Step 1. Let Qy ={p € 2 | ||@]| <r2}. Let ¢ € 2NIQ;. Then, from assumption
(H1) and (ii) in Lemma 3.2 for 7 € [0, 7], we have

ol = gnax [ Gutt0r (v [ Gy 011 (2. () ae ) s
< /OT Go (5, ) b (y/T G (z, 1) M9, (rg)d‘t') ds

/Gass y/ Gp (1,7) ﬁ>¢p(r2)d’t' ds

T

< r_g/ Gy (s, s)ds
W, JO

<n=|lof.

which implies that
[Foll < llo]l, forall p € 2MIQ;.
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Step2. Let Q) ={pec 2
(iii) in Lemma 3.2 for € |

0= [ Gatt)0: (y/OTGﬁ (s,r>f<r,<p<r>>dr) ds

> [ 56)Ga 5,96, (y [ @Gy z. 0N, (n)dr) ds

| el <r1},and @ € 2N 9JQ;. Then, from (H2) and
,3L], we have

blﬂ

> [, b6)Guls0)0r | 7], b(r)G,;(r,r)”y(T;)%(mdr ds

3T

r T
> — b(s)Gey (s,s)d
w/% ()G (s,s)ds

=r =g

So
IFo|l > [lo, forall ¢ e 2n0Q;.

Therefore, by (ii) in Lemma 2.1, F has at least one fixed point in 2N (K_Zz \ Q 1) Hence,
there exists one solution at least to (1) with r; < ||@|| < r2. Thus the proofis finish. [

THEOREM 3.2. Let f(t, @) is continuous on [0,T] x [0,00). If there exists a
constant k > 0 such that
@ Pr (M Lwﬁ)
A\ b PRSP
k
where L = max |f (¢, @)| + 1, then the fractional BVP (1) admits at least one
<<

<t<T, 0<o<

13)

solution.

Proof. Let Q= {¢p € 2 | ||¢|| <k}. By virtue of Lemma 3.3, the operator F :
Q — 2 is completely continuous. Let ¢ € dQ such that ¢ = AF¢, A € (0, 1). From
(12), we have

T T
ol = 2170l < [ Gutts)o. (7 [ Gyls.9)1 (rp(ear) as
< (Da(])r("y‘L(Dﬁ)7

hence,
k < 0o ¢y (|7 L) .

which contradicts (13). By Lemma 2.2, the BVP (1) shares one solution ¢ € Q at
least. [J
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3.2. Uniqueness of solution

In this part, the following condition will be compensated.
(H3) Suppose that f: [0, T| x [0, e) — [k, o) is continuous, and there is a posi-
tive constant Lo, satisfying

If(t,0)—f(t, )| <Lolp—wyl, foranyr € [0,T], ¢, y € [0,00). (14)

THEOREM 3.3. If (H3) is valid, and p > 2, then there exists a unique solution

Oft]’le BVP (1), where h/‘ < m

Proof. Assume B = {¢ € E |||¢|| <R} where R > 0q¢, (|yY|Lwg). be closed
subset. Consider the operator F : B — B, defined by (10) as follows

Pot)= [ Gult.9)0r (v [ Gy(s. 001 (s o () ar ) as.

For ¢ € B, we have

1Fol < ‘/OG (t,5) 6, (y/OTGﬁ (.7 £ (1, w(r))dr) ds

< 0u ¢ (|71 Log) <R,

which proves that F (B) C B.
Now we shall show that F is a contraction mapping. For ¢ € [0, 7], we get

T
[ G511 (5 0 (e)ar| < lriopL =,

here L = t 1.
where Ogtgg}%émlf(wp)H

By (ii) in Lemma 2.4 and (14), for any ¢, y € B and ¢ € [0, T], we have
[Fo ()= Fy(1)]
T T
< [[Guteo)or (7] o175 p(e)ar)

~o.(v [ Gyt we)ar ) as

<02 [ Gates)| [ G605 0 (@)an

—/OTG,3 (5, 7) f (7, v (7)) d7| ds

<= 0m2 [ Galrs ( [ G0l o) - w(r))dr) ds

<oy [ Gals,9) (/()Tcp<r,r>|<p<r>—w<r>dr) ds

<IM(p—1)MP 2 Lywgwg|lo — v,
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then
IFo—Fy| <|yl(p—1)MP*Lowawg|lo — .

From (3.3) and the previous estimate, F' is a contraction operator. As a consequence of
Lemma 2.3, we conclude that F' has a unique fixed point which is the unique solution
of the problem (1) in B. [

THEOREM 3.4. If (H3) is valid, and 1 < p < 2, then there exists a unique solu-
tion of the BVP (1), where || <7 L

—1)mP—2Lywy, wg’

Proof. By Lemma 3.2, for s € [1, 3L], we get

> [, b6y (x.0)f (1o ()T

= Mha_)ﬁ =m>0.

T
‘7/0 Gy (5.7) £ (2,0 (1)) dx

By (i) in Lemma 2.4 and (14), forany @, y € B and ¢ € [0, T], we have

IFo—Fyll < |7l (p— 1)m’>Lowawy [lo — .
From (3.4) and the previous estimate, F' be contraction operator. As a consequence of

Lemma 2.3, one could conclude that F admits a unique fixed point that is the unique
solution of the problem (1) in B. [

4. Tllustrative examples

In this section, several examples are provided to illustrate the results obtained in
Theorems 3.1, 3.2, 3.3 and 3.4, respectively.

EXAMPLE 1. Consider the following BVP

75 (02280 0) ) +r (222 4 100) 0.1 0.1
®(0)=0,9(1)=0 (15)

(o)) (1—@oi+¢> (0)=0, ¢ (1@(;5‘+(p) (1)=0

’ 2
here, £ (t, @) = &8I 4 100, o = 2 [3 =2 and p =2. In this case, the function f
|, a

1+¢? 2
be jointly continuous for any ¢ € [0, 1 any ¢ > 0.
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‘We have

1
g, z/ Gy (s,8)ds =
0

w,;_/G,; T,7)

1
€ /s% 1—5)%ds = 0.68184,
(3) 0

1
c /r% (1—17)7dt = 0.44311,
i 0

_ 7
B = /l b(s) G (s,5) ds = 0.056961,
I

3
" b() Gy (1,7)dT = 0.07318,

1
7

and
1 1
v o (wj) _ 33098 p (j“_a> _ 239.90
YoR Y YoR Y
Choosing ry = 35, 12 = 1, for 2.399 x 1072 < 7 < 3.2894 x 1072, we have
G )—M+100< T L 100< Mo (), for (z, @) € [0,1] x [0, 1]
Q) = 1+(P2 16 p \I2 , @ ) s 1]
(arctant)? |
= - > > . .
F0.9) = oz 100> 100> Noy (), for (1, 0) € [0,1]x [0, 7]

Then, the condition (H1), (H2) are satisfied for each 2.399 x 1072 < 7 < 3.2894 x
10~ 2. Therefore from Theorem 3.1, the problem (15) has at least one solution ¢ such

that 100 <ol < 1.

EXAMPLE 2. Consider the following BVP
3 3
L9z, <¢2 (19()4+<P (t)) ) +yRU0) — 0, 1 €0, 1]
¢(0)=0,9(1)=0 (16)

¢2( Z4.0) 0)=0.01 (@iw)u):o |

here, f (t,¢) = ln(llif’z(’)), o= f—“ B= %, Y= ﬁ If choose k = 1, one has
L= max |f(t,0)|+1=1+1n2,

then for |y| < 1.9548, we obtain

wa¢r (|7|Lw[3)

; = (0.51155)|y] < 1.



66 Y. ARIOUA AND L. MA

Therefore, (13) is valid. So by Theorem 3.2, such problem (16) owns one solution at
least.

EXAMPLE 3. Consider the following BVP

3
'y cos(r) (2+1p(0)]) N
Do+ <¢P ( o+(P( ))) + 7(V2cos(t)+sin(r) ) (1+](0)]) 0,tre [07 %]

¢(0)=0,¢(3)=0 a7

q)p <1@02+ (P> (0) =0, (bp <1@02+ (P> (

_ ()20l _5 B_3 ,__1
here’ f(t7(p) - (\/Ecos(t)+sin(t))(l+|(p\)’ o= 4 ﬁ -2 Y= ﬁ
Let B={p € E | |@| <1}, one has

L]
~—
Il
o

3
L= max z, +1=—+1,
Tl 1=

= |7l wpL ~0.97344, m = |y| hidvg ~ 1.3762 x 102

is continuous.

Clearly, f: [0, %] x [0, o0) — [% )
[0, %], due to @gcos() 1 and 0 < sm()\ga

Forany o,y €c R and 7 €

then
_ _ cos (1) (2+]¢|) B cos (t) (2-+]|y])
|f(t,0)—f (1, )] <\/§cos(t)+sin(t)>(l+\(p\) <\/§cos(t)+sin(t)>(l+|y/\)
cos (7) 2+0pl 2+

l\/icos (1) +sin() || 1+o]  1+]|y]

<o =yl < o —wl.

Hence, the condition (14) is satisfied with Ly = 1.
(1) If p = 3, it remains to show that the condition (3.3)
1

1
= =< = 1.7001,
i VI (p—1)MP~2Lywq 0

is valid. Therefore, by Theorem 3.3, system (17) takes a unique solution in B.
aIfp= %, it remains to show that the condition (3.4)

1 1
- < —0.77656,
W‘ \/E (p— 1)m1772L0(0a(D[3

is valid. Therefore, by Theorem 3.4, system (17) takes a unique solution in B.
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5. Conclusions

In our paper, we study the existence and uniqueness of solution for the nonlinear
KFDEs with classic p-Laplacian operator subjecting to mixed boundary conditions. In
order to demonstrate the existence and uniqueness of solutions of a class of nonlin-
ear KFDEs involving the Katugampola fractional derivative with p-Laplacian operator
subjecting to mixed boundary conditions, we firstly prove the equivalence of a nonlinear
KFDE to a Volterra integral equation. Next, the Green functions of the corresponding
nonlinear KFDEs are constructed and some properties of such Green functions are also
analyzed. Thereupon, by virtue of established properties of the Green functions and
suitable fixed point theorems on cones, some existence and uniqueness of solutions
including existence of positive solutions, are addressed and illustrated.

The current study be more emphasis on existence and uniqueness of such prob-
lem, but it is known that the dynamics including stability and instability of solutions
to KFDE:s is still in its infancy. Such closed topics are of great interest and will be
investigated in the sequel.

Conflict of interest. The authors declare that there are no any associative or com-
mercial interest that represents a conflict of interest in connection with the work sub-
mitted.
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