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EXISTENCE AND UNIQUENESS RESULTS FOR GENERALIZED
CAPUTO ITERATIVE FRACTIONAL BOUNDARY VALUE PROBLEMS

ABDELKRIM SALIM* AND MOUFFAK BENCHOHRA

(Communicated by N. Nymoradi)

Abstract. In this paper, we present some results on existence and uniqueness for a class of bound-
ary value problems for iterative fractional differential equations with generalized Caputo frac-
tional derivative. For our proofs, we employ some suitable fixed point theorems. Finally, we
provide an illustration for more clarity.

Due to its applications in the modeling and physical understanding of natural phe-
nomena, the domain of fractional calculus is constantly expanding at the moment. Non-
integer derivatives of fractional order have been effectively applied to the generalization
of fundamental laws of nature particularly in the transport phenomenon. For more de-
tails, we suggest [30, 18, 15, 2, 1, 25, 26, 27, 21, 20, 14, 8, 6, 24, 3, 28], and the
references therein.

In [22], some properties of Caputo-type modification of the Erdélyi-Kober frac-
tional derivative are provided by the authors. More information are available in [5, 19,
29, 4].

Iterative differential equations are frequently used to describe a broad variety of
natural phenomena, including disease transmission models in epidemiology, the two-
body problem of classical electrodynamics, population, mechanical and physical mod-
els, and many more. For some studied concerning this type of equations, we refer the
readers to the papers [9, 10, 11, 12].

In [10], Kaufmann studied the existence and uniqueness of solutions to the follow-
ing second order iterative boundary-value problem:

1@ =¥ (rr022@), k<r<n,

where ¥?/(7) = ¥(x(7)), with solutions satisfying one of the boundary conditions
x(x1)=x1, x(x2) =K or x(x1) =K, x(k2) = K1 . The Schauder fixed point theorem
is the primary method used to arrive at his conclusions.
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In [7], the authors proved some existence and uniqueness of solutions for the
following problem of Erdélyi-Kober functional fractional differential equations with
Caputo-type modification:

Pa(t) =W (7,25, E%.C 2 P 1 (1),C PP E ()
C@Uf’ 7)) =W, (1,05, E5CD0P x(1),C DV E(T)

(
{( x(7),6(7)) = (91(7),42(1)), T € [V—r0], r>0,
(2(1),8(7)) = (vi(7), ya(1)), T € [,k + B], B >0,

where C@:)ﬁ is the Caputo type modification of the Erdelyi-Kober fractional derivative
and W, : I x C([~r,B],R)?> x R? — R is a given function, ¢; € C([v —r,v],R) with
¢:(v) =0 and y; € C([x,x + B],R) with y;(k) =0, i = 1,2. Their arguments are
based upon the Banach contraction principle and Schauder’s fixed point theorem.
Motivated by the works mentioned above, first, we establish some existence results
to the boundary value problem of the following fractional iterative differential equation:

T€[v,K],

AA

o200 =¥ (.20 12D (1)) TE (R12), 0
with the boundary condition:

Six (k1) +&x (i) =&, @)

where m >2, y2/(t) =y (x(t)) and for j=3,...,m, we have yl/!(1) =y (x[f*l](r)),

C:@ * is the generalized Caputo fractional derivative of order 0 < 9 <1, ¥: [x1, K2] X
R’" — R is a given continuous function, 0 < kj < k» < e and &;,&,&3 € R such that
&1+ & # 0. We shall assume that x; < y(7) < k, forall T € [ky,k»] in order for the
solutions to be well-defined.

The following is how the current paper is arranged. In Section 2, we present cer-
tain notations and review some preliminary notions concerning generalized fractional
derivatives used throughout this manuscript. Section 3 presents existence and unique-
ness results to our problem (1)—(2). In the last section, an illustrative example is
provided in support of the obtained results.

1. Preliminaries

This part introduces the preliminary information that will be utilized throughout
the study. Let 0 < kj < ky < o and E = [k, K»].

By C(E,R) we denote the Banach space of all continuous functions from = into
R with the norm

1%l = sup{[x(7)| : T € E}.

Let C"(E,R) be the spaces of n-times absolutely continuous and n-times contin-
uously differentiable functions on Z, respectively.
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For k1 < 1) < K3 and 0 < 12, we define the set

Q(ni,m) = {x €CER): k < x(r) <m
and |x () — x(7)| < m|m — 1|, forall 7,7, € E}.

We note that Q(71,7;) is a bounded closed convex subset of C(E,R).

Consider the space X/ (ki,k2), (b € R, 1 < p < o) of those complex-valued
Lebesgue measurable functions f on [k, k»] for which || f]| xp < o, where the norm is
defined by:

2 dt\r
flg= ([T 1r@r L) a<p<mper),
1

DEFINITION 1. (Generalized Riemann-Liouville integral [17, 19]) Let ¥ € R,
beR and ® € X/ (ki,Kk), the generalized RL fractional integral of order ¥ is de-
fined by:

1-9 T
° 7l®)(1) = ?(19) / PP ) D(s)ds,  T>ap>0. ()

DEFINITION 2. ([16]) Let 0 < a < 7. The generalized fractional derivative, cor-
responding to the fractional integral (3), is defined by:

1—-n+9 n .r p—1
p Y _F 1p 4 / L
D ®(0) = 155 (T dr) |, ) s @

=8, (° 710 ®)(1),

where 8} = (zh=P i)".

DEFINITION 3. ([16, 22]) The Caputo-type generalized fractional derivative ¢ 2 %p
a
is defined by

(Colr @) (x) = (Pn;t

n—1 g(k) a
o) -y T <s—a>"D . )

LEMMA 1. ([16]) Let ¥,p € R, then

n—1 P _gP\*
A ORU R =
for some g € R, n=[9]+1.
LEMMA 2. ([16]) Let ¥,p € R, then

CPUP (P_g2®)(7) = ®(1).
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LEMMA 3. ([23]) If x > n, then we have

(S i

In the sequel, we will provide some lemmas that are essential for our existence
results.

LEMMA 4. ([9, 10]) If @y, @ € Q(N1,M2), then
)ﬁl[m](rl)_wl[m](h)) <"t —-mnls m=0,1,...

forall 7,7 € 2 and

m—1
@ - a1 <% ot @1~ @all: m=1.2....
i=0

2. Existence results

Le us start this section by defining what we mean by a solution of the problem

(D)-(2).

DEFINITION 4. A function y € C([x, k2], R) is a solution of problem (1)-(2) if
x verifies the differential equation (1), the boundary condition (2) and x; < x(7) < k2
forall 7 € [k, k).

LEMMA 5. The function x € C([k1,%2],R) is a solution of the problem (1)—(2)
if and only if ) verifies the following integral equation:

_ &
X(T)_ él‘i‘gz
1-9 K B
gt Lo (20 20
0 T

and K1 < x(T) < ko, forall T € [K],K2].

Proof. Let y € C([k1, x2],R) be a solution of the problem (1)—(2). By applying
the integral operator P ¢ ,g +(+) on both sides of equation (1), by Lemma | we obtain

1-9 T
x(’c):&‘o—l-l;,(ﬂ)/’(s”_l(’L’p—s”)ﬂ_l‘l’<s,x(s),x[2](s),...,x[m](s)>ds. ®)
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Now, we apply the boundary condition (2) to get

1-9 K>
& = (& +E)e+ &2 /K P (kP —sP) (s,x(s),xm (s),..., 2" (s)) ds.

(%) Ji
Thus
_ &
“ &i+&
&p!'? /K2 p—1 (P _ p\O-1 2
- s Ky — s W (s, x(s), Hs,..., il (s)) ds.
oy e =) (5262 6) 2 )
Substituting the value of &y in equation (8), we obtain
&
T) =
x(0) &i+é

1-9 . )
_@%ZW/K PR =) T (5,00, 20 (5), o 2 (5) ) s

1

+ 11)";91; /Ts”—l (P —sP)0 (s,x(s),x[z](S)»--w%[m] (S)> @

K1

Thus, if y verifies the problem (1)-(2) then it verifies the integral equation (7).
Reciprocally, it is easy to demonstrate by applying the operator C:@Zf () on both

)
sides of equation (7) and using Lemma 2 that if the function y satisfies (7) then it
verifies equation (1) as well as the boundary condition (2). O

In the sequel, we present some necessary hypotheses. Suppose that the function
¥ : [k, 2] x R™ — R is continuous and verifies the requirements:

(Ax1) There exist positive constants f31,..., B, such that:

|\P(Tapl7'”vpm)_\P(T7<617”‘71@7m)| < EﬁlL@l_z@lL
i=1
for any g, € R and T € Z.

(Axy) There exist positive constants 3, B such that:

—Egl}l(f,[ﬁl,...,[@m) gﬁa

forany 7,4 € E.

Set
Y =sup|¥(7,0,0,...,0)]
1€
and
m i—1 )
A=W+ Y By m
i=1  j=0

Our next existence result is based on Schauder’s fixed point theorem [13].
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THEOREM 1. Assume that (Ax;) and (Axy) are verified. If

max{¢;,¢,03} <0, )
where 5
& ] Ap~? (1 —«7) &
g = 1+ + - 9
1[ E+&]] T T+ E+& ™
bp Bl —k?)’ & pPBleP—xP)”

N TN ) BN AL N R

Ap' Pk (k) — K'f)ﬂ71
I'(9)

then problem (1)—(2) has at least one solution x € Q(n1,1).

1 p-1
l3 = —nz,andlc*:max{xf K5 }7

Proof. First, let us define the operator .72 : Q(1n,M2) — C([x1, k2], R) by:

(A%)(7)

-9 .
_(&%EW/KI PP =) I (5,090, s), o 2 s) ) ds

1-9

& p
M T)

! D1
[ @ =) (520927 0) ) ) s,
K1
(10)
where k] < () (1) < Ky forall T € [k, k»]. By Lemma 5, we can say that the fixed
points of the operator are solutions of the problem (1)—(2).
Itis clear that Q(7ny,1M,) is a uniformly bounded, closed and equicontinuous subset
of C([x1, k2], R). Consequently, Q(1n;,72) is a compact subset. Thus, we need only to

demonstrate that 7 is continuous and well defined. We will establish the proof in two
steps.

Step 1. 7 is continuous.
Let {x,} be a sequence such that y, — y in C([ky, kz],R). For T € 2, we have

[(A ) (T) = (A %) (7)]
Slp' 7 - o-1 2 o
<m/'q sP 1(K§—s”) “P<s7xn()xn (8)seeesxn ())
(5,222,279 | s
o [ @ -0 o (50 60 )
1—‘(19) K1 sAN AN s An

4 <s,x(s),)(m (8),-.,x m] ) )ds
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By hypothesis (Ax; ), we obtain
[(A o) () = (A %)(7)]

&alp P /K 1
< P (K ; ds
gt o 00" 2
pliﬁ/r p—1(p _ P\O-1N g ||, [ _ i
+F(19) Kls (1P —sP) Eﬁlen x" ds
&l ]P 7 (K5 — )
< |1+ i
asal e 2l
By Lemma 4, we get
[ }Pﬁ(’ff—’ﬁ) S
% n_% < 1+ 1 n .
bl < 1+ 2 | PSS S e
Since x, — x, then
|50 — x| — 0 as n — co.
Consequently, .77 is continuous.
Step 2. A (Q(m,m2)) C Q(M,Mm2).
For 7 € £, we get
[ x(7)]
&lp!? /'(2 1 9-1 2
Pl P=1 (4P P ¥ (s, ’ 2] X m] d
B ey © el = (s 2700 (5)) |ds
sy p' " /T -1 o—1 2
+ + P (TP — 5P W (s, (), 22 (), . ™ (s)) | ds.
aoE L @ (26 2 ) )|

(11)
By the hypothesis (Ax;) and Lemma 4, for 7 € =, we have

¥ (5205 22 (5), o 2" (9))|

¥ (5,205 22 (5), o 2(5)) = W (5,0,0,...,0) | + [¥(5,0,0,..,0)
m i—1

LAEDW DI VY|
i=1  j=0

<A

Thus for T € 2, from (11) we obtain
¥
& ] Ap~? (K5 —«7) 18|
oy (1) < |1+ +
o< 1+ g e e
<M (12)
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For 7 € E and by hypothesis (Ax;), we have

(A x)(7)
- LV S Y . .

— e O ( )27, 2"(s)) ds
& plﬂ9 d ]
+§1+§2+F(19)/,<1Sp1  —s")" ( X (S)>ds

_529_193(’(2’)—’(1”)19 & “OB (1P — 11P)”
Grere+l)  &+& T+
> K- (13)

By (12) and (13) we have
Ki < (x)(7) < (A x)(T)| <.
Let 71,7 € Z such that 7; < T, then

(A x)(12) = () (1)

1-9
< ”( )/ P (1 =) (5,05, 2205), o2 (9))

Ili(ﬂ) /Kn P! (rf _Sp)ﬁ—l‘f‘(S7X(S),x[2](s)7...,x[m](s)>

< ?21_91; /: 1 ‘(ré) —s?)" = (e} —s”)w) “P(s,x(s)7x[2](S)»~~»76['"]“)) )ds
1

0 [T @) (526020 ) .

ds

By condition (Ax) ), we obtain

1-9
2 @) < gy [0 (=) (6 )" fas

()
Ap'™? o p—1(p _ p\0-1
+F(19) /Tls (’L’z—s) ds
Ap~?
STO+1) (& —x”)" = (&~ ")
. -1
A G k) M
X 1"(19) 2 1

Thus,
() (1) — () (1) < M| 12 — 1.
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Then, .77 is well defined and 77 (Q(n1,M2)) C Q(N1,M2) . By Arzela-Ascoli theorem,
we can conclude that .77 is continuous and completely continuous. From Schauder’s

theorem [13], we conclude that .7 has a fixed point which is a solution of the problem
(H-(2). O

THEOREM 2. Suppose that all the requirements of Theorem 1 are verified. If

. &l 1P () )
ly:= [1+§1+§2] 192+1 Zﬂ,Enz <1, (14)

then problem (1)—(2) has a unique solution in Q(N;,M).

Proof. Following Theorem 1, we can say that the problem (1)—(2) has at least
one solution. Now, for the uniqueness result it is only necessary to demonstrate that the
operator 7 defined in (10) is a contraction in Q(n,12). Let x1,x2 € Q(1n1,1m2). For
T € Z, we have

(A 21)(7) = (Hx2)(7)]

1-9 ) B
<Ergr@ ¢ " P (e e )

¥ (5,000, 25 (9), - 1" (9) )| s
-0

)
gy L @ = e (020 )
)

¥ (5,000,157 (9), 12 "(9)) | s
By hypothesis (Ax; ), we obtain
[(A21)(7) = (A x2) (7))

Elp!? R l
< a2y o 8= Sl

1-9 T
et

<[1+ [ ]P 7 (k) — ) Zﬁl

ds

X {i] — X2 U

&1+ & rv+1)

By Lemma 4, we get

—0 (4P P m i—
p Y (k5 — K}
Aol < [ 2P ) Zﬁzz,ﬂz’\\ll %l

<y —xl-

Hence, by the Banach contraction principle [13], 7Z has a unique fixed point which is
a unique solution of the problem (1)—(2). O
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3. An example

Consider the following problem which is an example of problem (1)—(2):

TP x(r) =¥ (120,270, 27 (1), T (00) (15)
x(0)+x(e) =1, (16)
where m=3, 0 =1, k=0, ko=e¢, m=m=2and § =& =& = 1. Set
¥ (720,27 (0,17 (1))
cos(T) + 1 +cos(x(t)) + cos? (x[z](r)> + cos? <x[3](r)>
251e™ 1 (1+ [ (7)] + |2 (0)| + |[xPl(7)])

For each @1, %, 3, 1, 2,65 € R; and T € Z, we have

3

o 5
¥ (T 01, 02 03) — W(T. 01,0, )| < 3 5y
i=1

|2 — gal.

Therefore, (Ax;) is verified with

5
ﬁl - ﬁZ - ﬁ?’ - 251611 .
— 3
Also, hypothesis (Ax;) is satisfied with § = 25 1 oy and B = TSl Since
690 3
L= _0%0ve 3| 49997864604234,

502117 2
11 1

e Ve L 499999319149176,
25lellyn 2

115
b=
3 251ell\/erm

then all the conditions of Theorem 1 are satisfied, therefore, the problem (15)—(16)
has at least one solution in €2(2,2). Moreover, we have

330./e
502¢11/

Thus by Theorem 2, we can deduce that the solution is unique.

~ —1.99999738143933,

by = ~ 1.02127623586372-10° < 1.

Conclusion

Under certain conditions, we demonstrated the existence and uniqueness of a solu-
tion for an iterative fractional differential equation with generalized Caputo fractional
derivative. The fixed point theorem of Schauder is the key instrument used in this
study. We believe that these results will have an influence on the related literature and
we anticipate that more generalized studies will be done using other methods and with
different conditions.
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