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GENERALIZED FRACTIONAL OSTROWSKI TYPE
INEQUALITIES VIA h —s—CONVEX FUNCTION

ALI HASSAN* AND ASIF RAzA KHAN

(Communicated by S. S. Dragomir)

Abstract. We are introducing very first time a generalized class named it the class of & —s-
convex functions. This class of functions contains many important classes including class of
h-convex, Godunova-Levin s-convex, s-convex in the 2"¢ kind and hence contains class of con-
vex and MT -convex functions. It also contains class of P-convex functions, class of Godunova-
Levin functions and the class of ordinary convex functions. Also, we would like to state the gen-
eralization of the classical Ostrowski inequality via fractional integrals with respect to another
function, which is obtained for functions whose first derivative in absolute values is & — s-convex
function. Moreover we establish some Ostrowski type inequalities via fractional integrals with
respect to another function and their particular cases for the class of functions whose absolute
values at certain powers of derivatives are & — s-convex functions by using different techniques
including Holder’s inequality and power mean inequality. Also, various established results would
be captured as special cases. Moreover, some applications in terms of special means would also
be given.

1. Introduction

In this section, from literature, we recall and introduce some definitions for various
convex functions.

DEFINITION 1. [3] A function 1 :I C R — R is said to be convex(concave), if
n(tx+(1—1)y) < (Z)mx)+(1-1)n(y),
Vx,y€el,t€]0,1].

DEFINITION 2. [3] A function 1:1 C R — R is said to be MT -convex(concave),
if 1 is a non-negative and
NG 1—1¢
———=n(x)+
2v/1—1 2/t

n(tx+(1-1)y) < (>) n),

Vx,yel,t€0,1].
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DEFINITION 3. [17] We say that n : I C R — R is a P-convex(concave), func-
tion, if 1 is a non-negative and Vx,y € I and 7 € [0, 1] we have

N (tx+(1—1)y) < (Z)n(x) +n(y).

DEFINITION 4. [20] We say that n : I C R — R is a Godunova-Levin con-
vex(concave), function, if 7 is non-negative and Vx,y € I and ¢ € (0,1) we have

1 1

ntx+(1—-t)y) < (2);77()6) + :n(y)-

DEFINITION 5. [4] Let s € [0,1]. A function 1 : 1 C [0,00) — R is said to be
s-convex(concave), in the 21d Kind, if

n(x+(1-0)y) < (Z)'nx) +(1-1)n(),
Vx,y€el,t€]0,1].
DEFINITION 6. [9] We say that the function 1) : I C R — [0,%0) is of Godunova-
Levin s-convex(concave), function, with s € [0, 1], if

n(x+(1-1)y) < (2)%’7()6) T it)s

Vi€ (0,1) and x,y € 1.

DEFINITION 7. [33] Let h:J C R — [0,00) with & not identical to 0. We say
that 1 is an h-convex(concave), function if Vx,y € I, we have

N (tx+(1=1)y) < (Z)h()n(x) +h(1=1)n(y),
vt € [0,1].

In almost every field of science, inequalities play an important role. Although it is
very vast discipline but our focus is mainly on Ostrowski type inequalities. In 1938,
Ostrowski established the following interesting integral inequality for differentiable
mappings with bounded derivatives. This inequality is well known in the literature
as Ostrowski inequality.

THEOREM 1. [30] Let ¢ : [a,b] — R be differentiable on (a,b) with the property
that |@'(t)| < M Vt € (a,b). Then

_atb\?
<(b—aM }ﬁ(x 2) , (1)

o -2 [ ota

Vx € (a,b).
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Ostrowski inequality has applications in numerical integration, probability and
optimization theory, statistics, information and integral operator theory. Until now,
a large number of research papers and books have been written on generalizations of
Ostrowski inequalities and their numerous applications in [1 1]-[16] and [21]-[25].

DEFINITION 8. The Riemann-Liouville integral operator of order § > 0 with a >
0 is defined as

L @)
J§¢(X)=F(C>/a o

To(x) = @(x). )

Here I'({) = [57e “u¢~'du is the Gamma function. In case of { = 1, the fractional
integral reduces to the classical integral.

DEFINITION 9. [31] The Riemann-Liouville integrals I%q) and Ibc,q) of ¢ €

a

Li[a,b] having order { > 0 with a > 0, a < b are defined by

C X) = 1 ' (p(t) X a
5ot = g7 | TP S

and

1 b
Ihé,(p(x): F(C)/x (t_(p)(ct))lédt’ x < b,

respectively. Note that 1%, @(x) =I)_¢(x) = ¢(x).

DEFINITION 10. [31] Let g: [a,b] : R be an increasing and positive function on
[a,b], having a continuous derivatives g’(x) on (a,b). The fractional integrals I§+ .

and Ibc,.g(p of @ with respect to the function g on [a,b] of order > 0 are defined by

¢ L[ e
Ia+7g(p() )L (g( dta > a,

¢ x)—g()'
and
C oo L [P e N
B9 =78 | Gy ety <"
respectively.

REMARK 1. If we replace g(z) = the above fractional integrals reduce to the
Riemann-Liouville fractional integrals.
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THEOREM 2. [16] Let @ : I — R be differentiable mapping on I°, with a,b € I,
a<b ¢ €Lla,b] and for > 1, Montgomery identity for fractional integrals holds:

000 = 1 () U p(b) — 5 (PLx D)0 (B) + 5 (Pr(x.D)0 ().
where Py(x,t) is the fractional Peano Kernel defined by:
— r
2_2&7 lf tE[a,x},
Pl(x,t) =
-b T
;_aﬁ, lf te(x,b].

THEOREM 3. [16] Let ¢ : I — R be differentiable mapping on I°, with a,b €I,
a<b @ €Lia,b] and for { > 1, generalized Montgomery identity for fractional
integrals holds:

(- e)p0) = “E) (1o ) — 15 (Pa(x,b)p ()

b—a
e(b—x)'1=¢

O () +IE (P ) 0), G)
2b—a) T

where P;(x,t) is the fractional Peano Kernel defined by:
f—u T
b—a(b—x)C—l’ lf te[a’x]a
PZ(xat) =

t—v_T() .
b—a(b—x)51 if 1€ (xb].

Vx € [u, V] for u =a+£b%“ and v =b—£b%".

Throughout this paper, we will assume that g : [a,b] — R is an increasing and
positive function on [a,b], having a continuous derivative g’(x) on (a,b). In order to
prove our results, we need the following Lemma.

LEMMA 1. [27] Let ¢ : [a,b] — R be a differentiable mapping on (a,b) with
a<b.If ¢':[a,b] — R be integrable on [a,b]. Then the identity for fractional integrals
holds with respect to another function

¢

i o(b) I 0)
X)-T({+1 = +—=
P et D o) =2 | 20 -z @)
B 4 ¢'(tx+(1—1)a)
= 2 gx g(a C/ tx—|— l—l) )_g(a))_Cdt
) . @' (tx+ (1 —1)b)
2 () —gx c/ gltx+ (1 —1)b))” et
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Throughout this paper, we denote
Ceb) = l G-t (b
2(g(x) —g(a))®  2(g(b) —g(x))*
15 o(b) I 0(a)
’ ¢t 7 R
2(g(b) —g(x)>  2(g(x) —gla))

We also make use of the Euler’s beta function, which is for x,y > 0 defined as

F)C(y)
Cix+y)

500 = () —T(C+1)

1
B(x,y):/O 1 =y lar =

The main aim of our study is to present Ostrowski inequality for fractional inte-
grals with respect to another function, which is generalization of the classical Ostrowski
inequality (1) via & — s-convex, which is given in Section 2. Moreover we establish
some Ostrowski type inequalities for the class of functions whose derivatives in abso-
lute values at certain powers are & — s-convex functions by using different techniques
including Holder’s inequality [35] and power mean inequality [34]. Also we give the
special cases of our results and applications of midpoint inequalities in special means.
In the last section gives us conclusion with some remarks and future ideas to generalize
the results.

2. Generalization of Ostrowski inequality via fractional
with respect to another function

Now, we are introducing the very first time the new type of convex(concave) func-
tions, named as & — s-convexity.

DEFINITION 11. Let h:J CR — R be a real valued function and s € [0, 1]. We
say that the n:/ CR — R is a h — s-convex(concave), function on the interval I if
Vx,y € I we have

e (-0v <) (M) nw + (ME2) ao) @

t 1—1¢

Vi e (0,1).

REMARK 2. In Definition 11, one can see the following.
1. If we take h(t) =51 where s € [0,1] in (4), we get h-convex function.

2. If we take h(t) =¢> and s € [0,1) in (4), then we get the class of Godunova-
Levin s-convex(concave) functions.

3. If weput £(¢) =1 and s € (0,1] in (4), then we get the concept of s-convex(con-
cave) in 2" kind.
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4. If we put h(t) =1> and s = 1 in (4), then we get the concept of Godunova-Levin
convex(concave) function.

5. If we put s =0 in (4), then we get the concept of P-convex(concave) function.

6. If we put h(r) =s=1 in (4), then we get the concept of ordinary convex(con-
cave) function.

7. If we put s =1 and h(r) = 2+/t(1 —1¢) in (4), then we get the concept of MT -
convex(concave) function.

THEOREM 4. Suppose all the assumptions of Lemma 1 hold. Additionally, as-

sume that |@'| is h— s-convex function on [a,b] with h(t) # > and |@'(x)| < M,
|g'(x)| < L, x € [a,b]. Then for each x € (a,b) the following inequality holds:

5.0 (x )’ <MLS (/OI,C ([@} ﬂ+ [h(lli__;)]j dt) SKD(x). (5)

Proof. From the Lemma 1 we have

¢ ob(y —a [9"(tx+ (1 = 1)a)]

’ .0 ( )‘ < )C g(a é/ [x—|— l—l) )_g(a))icdt
h—x / \(p (tx+(1—1)b)|

(g(b) —g(x gtx+(1—1)b))” :

Since g is differentiable and |g'(x)| < L on [a,b], we get that g is Lipschizian function,
ie.

dt. (6)

Lt(x—a), (7)
Lt(b—x). (8)

gltx+(1—-1)a)—g(a)
8(b) —g(tx+(1—-1)b)

Using the inequalities (7) and (8) in (6), we get

¢ ; ¢ (X—Cl)§+l 1C i Na
G0h| <2 TR e |10/ (et (1 =n)a)]dr

Y
z(:()mfwé/ol’C ¢ (tx+ (1= 1)b)| dr. ©)

Since |@'| is i — s-convex on [a,b] and |@’(x)| < M, we have
/Otc<[hﬂ )|+ ’“_t] - (a))dt
IR

LS
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and similarly

[P e[ o)
ol ()P )

By using inequalities (10) and (11) in (9), we get

00| < ML ( [ ({@} [ _S> dt) Ed),

which completes the proof. [

COROLLARY 1. In Theorem 4, one can see the following.

1. If one takes h(t) = t1 where s € [0,1] in (5), then one has the fractional Os-
trowski type inequality for h-convex functions:

feeto] <ot ([ o+ -lar) o

2. Ifone takes h(t) =t*> and s € [0,1) in (5), then one has the Ostrowski inequality
for Godunova-Levin s-convex functions:

1 L1+Or(1-s)\ ¢
1+8—s re+¢—s) );;Kf(x)-

.00 (x)| <MLE (

3. Ifone takes h(t) =t> and s € [0,1) in (5), then one has the Ostrowski inequality
for Godunova-Levin s-convex functions:

1 LA+ +9) ¢
1+C+s r2+Z¢+s) >g1<£(x).

5,000 (x)| <ML (
4. If one takes If one takes g(t) =t, h(t) =1 and s € (0, 1] in inequality (5), then
one has the inequality (2.6) of Theorem 7 in [32].

5. Ifone takes g(t) =t, { =h(t) =1 and s € (0,1] in inequality (5), then one has
the inequality (2.1) of Theorem 2 in [1].

6. If one takes s = 0 in inequality (5), then one has the Ostrowski inequality for
P-convex functions via fractional integrals:

¢
ooy <« 2ML° ¢ b
)%gea(x)) X 1+€ gKa(x)~
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7. If one takes h(t) = s = 1 in inequality (5), then one has the Ostrowski inequality
for convex functions via fractional integrals:

¢
5400 (0| < e i,

8. If one takes g(t) =t, h(t) =s =1 in inequality (5), then one has the Corollary
1 in[32].

9. Ifonetakes g(t) =t, h(t) = =s=1 in inequality (5), then one has inequality
(1.3) of Theorem 3 in [32].

10. If one takes s =1 and h(t) = 2\/t(1 —1) in (5), then one has the fractional
Ostrowski type inequality MT -convex functions:

.00 ()| <MLE (*CFF[L f) Erl).

THEOREM 5. Suppose all the assumptions of Lemma 1 hold. Additionally, as-
sume that |@'|9 is h— s-convex function on [a,b], q > 1 with h(t) # t* and |@'(x)| <
M, |g'(x)| <L, x € [a,b]. Then for each x € (a,b) the following inequality holds:

15.400()] < % </01 [tc [@} Y [h(ll——tt)]sl dz>5 Cicb(x).

Proof. From the inequality (9) and using power mean inequality [34], we have

IS8
¢ b ¢ (x—a) /g )|
L0, (x)| <L t° | (tx+ dt
pelal)| < L S [l e (1=0a)

§+1

Lc%/ t* @' (tx+ (1 —1)b)|
2(g(b)

SLC% (/Oltcdty; (/O t* ¢ (tx+(1—1)a |th>

+L€% </01t€dt)1—é (/0 15|’ (rx+ (1 |th)1.
(12)

Since |@'|? is h— s-convex on [a,b]. and |@’(x)| < M, we get

/Oﬁ]q) (tx+(1—t)a yth<M’1/0 ([@]_Sjt[h(ll__;)]ﬂ)dz (13)
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and

/Oltg @' (tx+ (1 —1)b)|* dt SM"/OltC ([@] _S+ [h(ll__tt)} _S> dr. (14)

Using the inequalities (12)—(14), we get

ol SRR ([ ([8] [557] )]

which completes the proof. [J

COROLLARY 2. In Theorem 5, one can see the following.
1. If one takes g = 1, one has the Theorem 4.

2. If one takes h(t) = 15T where s € [0,1] in (12), then one has the fractional
Ostrowski type inequality for h-convex functions:

/lti[h(z)+h(1 —t)]dt)q Cicb(x).

MLS
okt < (]

1+

3. Ifone takes h(t) =1t> and s € [0,1) in (12), then one has the Ostrowski inequal-
ity for Godunova-Levin s-convex functions:

ML* 1 M1+ 01 —5)\7 ¢
Bb(x)‘é(“rg)l_; <1+€_S+ NEENey ) SKD(x).

4. Ifonetakes h(t) =1 and s € (0,1] in inequality (12), then one has the fractional
Ostrowski type inequality for s-convex functions in 2" kind:

, MLE 1 T+ T +5)\7 ¢
‘P’gea(x)‘g(gﬂ)lé <1+C+s T2+ +s) ) %)

5. Ifonetakes g(t)=t, h(t) =1 and s € (0,1] in inequality (12), then one has the
inequality (2.8) of Theorem 9 in [32].

6. If one takes g(t) =t, h(t) = =1 and s € (0,1] in inequality (12), then one
has the inequality (2.3) of Theorem 4 in [1].

7. If one takes s = 0 in inequality (12), then one has the Ostrowski inequality for
P -convex functions via fractional integrals:
1
29MLE

5400 (x)] < r K ().
.00 ()| ety
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8. Ifonetakes h(t) =s=1 ininequality (12), then one has the Ostrowski inequality
for convex functions via fractional integrals:

_MLE .,
8

9. If one takes g(t) =t, h(t) =s =1 ininequality (12), then one has the inequality
of Corollary 3 in [32].

10. If one takes g(t) =t, h(t) = { =s=1 ininequality (12), then one has inequality
(1.5) of Theorem 5 in [32].

11. If one takes s = 1 and h(t) = 2+/t(1 —1t) in (12), then one has the fractional
Ostrowski type inequality MT -convex functions:

g:gel,}l](x)) <

1
MLE Val[3+{]\°
(1+C)1*$ 211+ ¢

THEOREM 6. Suppose all the assumptions of Lemma 1 hold. Additionally, as-

sume that |@'|9 is h—s-convex function on [a,b],q > 1 with h(t) #t* and |¢' (x)| < M,
|g'(x)| < L, x € a,b]. Then for each x € (a,b) the following inequality holds:

et () o

where p~' +q7 1 = 1.

Proof. From the inequality (9) and using Holder’s inequality [35], we have

(f,gef(x)) < Lcﬁ (/Oltgpdty </01 @ (tx+ (1 —t)a)’th) ’

+LC% (/Oltcpdt)% (/01 o (tx+ (1 —t)b)}’%z’t)é. (16)

Since |@'|? is h— s-convex and |¢’(x)| < M, we have

[0 s naftar<ms [ ([@] MY ) d, a7

and

/01l‘l"(““r(l—t)b)lqart<Mq/0l ([@] _S+ [h(ll__tt)y) dt.  (18)
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Using inequalities (16)—(18), we get

o000 < 1‘% (/01 ({h%)} o [h(ll__;t)]_j dt) g

which completes the proof. [J

COROLLARY 3. In Theorem 6, one can see the following.

1. If one takes h(t) = 15T where s € [0,1] in (15), then one has the fractional
Ostrowski type inequality for h-convex functions:

¢ 00| < M2 ([ +n1—onar)” S,
faot] < IS ([T h-olar)” e

2. If one takes h(t) =1t> and s € [0,1) in (15), then one has the Ostrowski inequal-
ity for Godunova-Levin s-convex functions:

1

MLS 2 \d
e S I 1]

(Ep+1)p \1=s

3. Ifonetakes h(t) =1 and s € (0,1] in inequality (15), then one has the fractional
Ostrowski type inequality for s-convex functions in 2" kind:

1
MLS 2 \7
T P R
| (Cp+1)p \1+s

4. Ifone takes g(t) =t, h(t) =1 and s € (0,1] in inequality (15), then one has the
inequality (2.7) of Theorem 8 in [32].

5. If one takes g(t) =t, h(t) = { =1 and s € (0,1] in inequality (15), then one
has the inequality (2.4) of Theorem 3 in [1].

6. If one takes s = 0 in inequality (15), then one has the Ostrowski inequality for
P-convex functions via fractional integrals:

Kf (x).

N

2aMLE
8

16.400() ;

(Cp+1)7

7. Ifone takes h(t) = s =1 in inequality (15), then one has the Ostrowski inequality
for convex functions via fractional integrals:

ML®
540000 < ——— §xbw).

S @prnyrt
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8. If one takes g(t) =t, h(t) =s =1 in inequality (15), then one has Corollary 2
in [32].

9. Ifonetakes g(t) =t, h(t) = =s=1 ininequality (15), then one has inequality
(1.4) of Theorem 4 in [32].

10. If one takes s = 1 and h(t) = 2+/t(1 —1t) in (15), then one has the fractional
Ostrowski type inequality MT -convex functions:

MLS <7‘L’>$
2

500(x)| < ————
’ ‘<cp+1>p

THEOREM 7. Let @ : [a,b] — R be differentiable on (a,b), ¢ : [a,b] — R be
integrable on |a,b] and 1 : 1 C R — R, be a h— s-convex(concave) function, then we
have the inequalities

1 |(1-e0t) - ;o940
it
I (Pl b)o(b) + 50—, gJ;’cp(a)]

e ()] Dleeee o
Vx € [u,v] and € € [0,1].

Proof. Utilizing the generalized montgomery identity (3) for fractional, we get

(1-€)0() — 5 (00" <500

e(b—x)'"¢

i (Bl D)o () + 5 S i (a)

=J5(Py(x,b)9' (b))

1Lt o' (1)
_ @/ P o g

() [t e
—a b—t
[ el
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Vx € [u,v] and € € [0,1]. Nextby using 1) : I C [0,00) — R, the & —s-convex(concave)

function, we get

n|(=e00) - ;o9 ko

g1-¢
+J§—1<P2<x7b><p<b>>+%12<p< >]

<) [”‘“h(zjj)}_ [ /{t _“t}?; ]

()] ’“”/ L.

Vx € [u,v] and € € [0,1]. Applying Jensen’s integral inequality [8], we get the inequal-
ity (19). O

REMARK 3. In Theorem 7, if we put € =0, in (19). we get

[0 L)' (o) 455 (i) )

cor 8 o)) [t

i (ma)] e

COROLLARY 4. In Theorem 7, one can see the following.

1. If one takes h(t) =51 where s € [0,1] in (19), then one has the fractional

Ostrowski type inequality for h-convex(concave) functions:

a

n[(l—e)w() DE) st )
HIE N (P (x,b) (b)) + e - x> J°<p( )1

x—a X)) C
<<>>h(b_a)l( [n]Cmet)

t
N A A

l_|
=
':
=
\_:-e
>
U\YN
I_l
N
| S
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REMARK 4. If we choose € =0 in (20), we get

|0~ 5 L)' p(0) 4 (i) )|

< () [ L e )

+< ){bxc [brlc}}

2. If one takes h(t) =1t> and s € [0,1) in (19), then one has the Ostrowski inequal-
ity for Godunova-Levin s-convex(concave) functions:

n|(1-epw -2

(b—x)"" I (b)

gb—x)> x)-
3o—a) < aw( )1
(b— ) C (t—w)o'(
(- a”* ”[(b ]
v)o'(1)

(b—a)’ b (¢
T ”[(b it

IS (Py(x,0) @ (b)) +

<(2)

t
]dr 1)

REMARK 5. If we choose € =0 in (21), we get

|0~ 5L b))+ (i) )|
b-a)®-95 [ T(-ae)
e [T

(b—a) [P [(—b)e'()
oot fom [ (b—1)1C }‘”'

<(2)

3. If one takes h(t) =1t> and s = 1 in (19), then one has the fractional Ostrowski
type inequality for Godunova-Levin convex(concave) function:

1|1 e00) -3 L0 SsF00)
+J§—1<P2<x7b><p<b>>+% Kola >]
1 4 /
<(> /an[(t Ko ]

(b—
)¢

l
b —v /)
T xC+1/”[ b—1)l- } 22)
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REMARK 6. If we choose € =0 in (22), we get

|0 = 5L b))+ (i) )|
b-ab-"¢ [* (- a0)
(—ay L”[(b—olé}‘”

(b-a) b [C-b)0)
el | b1 Ja

<(2)

4. Ifonetakes h(t) =1 and s € (0,1] in (19), then one has the fractional Ostrowski
type inequality for s-convex(concave) functions in 2"% kind:

)

n[(l—sw(w— (b—x)'~T5 ()

LI (P ) (8)) + ‘x’l_gf(’(p(a)]

(c—a) =)' [ p)e'(0)
(b—ay /a”[w—r)l—é}‘”

b-x b T-ve)
ot [ o] >

<(2)

REMARK 7. If we choose € =0 in (23), we get

')

|00 Lo (o) 455 (i) )

A A ()
G

S [l

<(2)

5. If one takes s =0 in (19), then one has the fractional Ostrowski type inequality
for P-convex (concave) functions:

e

b—a

n[(l—s)q)(X)— (b— )< (b)

it
HE (B D)o(0) + %J&p(@]

R (N0 L fevel
<) g [ [T o e [ ey e) @
(24)
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REMARK 8. If we choose € =0 in (24), we get

ot %(b—xﬂ—%m(b)+J§—1<P1<x,b><p<b>>]

<(2) (b(:);f/:n[(é_a = c] = xé/ [ }

6. If one takes h(t) =s =1 in (19), then one has the fractional Ostrowski type
inequality for convex(concave) functions:

|- e0) -5 L0055 o)

REMARK 9. If we choose € =0 in (25), we get
|0~ L0 pl0) 45 (i) )|
(b—x)" [ [t—a)e'(t) bo[=b)e'(t)
<) O | [ Gee)as [ o[ G25e] o]
7. If one takes s =1 and h(t) = 2+/t(1—1) i

n (19), then one has the fractional
Ostrowski type inequality for MT -convex(concave) functions:

n|(=e0t) - ;Lo sk o

—a

2(b—a)!

15 (Py(x,b)g (b)) + Eébix) Yo(a )1
AT |
<)L (x)_a) [/ [f(b “3) Q}dﬁ/ {

)

(26)
REMARK 10. If we choose € =0 in (26), we get

=

00~ 2200 Uf(s) +55 (R (x,b><p<b>>}

o g (o[ ] 52

\

e ]
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3. Applications of midpoint inequalities

If we replace @ by —¢ and x = M in Theorem 7, we get

THEOREM 8. Let @ : [a,b] — R be differentiable on (a,b), ¢ : |a,b] — R be
integrable on [a,b] and 1 : 1 C R — R, be a h — s-convex(concave) function, then

27
Ve €0,1].

REMARK 11. In Theorem 8, one can see the following.

1. If we put € =0, in (27). we get

O™ ) (“50) a5 (m (5500) w(b))]

<(>)%ijn[(@_ué} +/M [ _tl’(ﬂdt]

3. Ifweput e =0, { =11n (27). we get

n [ﬁ/ﬂbw(t)dtﬂp(a;b)]
2 DI
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REMARK 12. Assume that 17 : I C [0,00) — R be an h —s-convex(concave) func-
tion:

1. If we take { =1, @(t) = 1 in inequality (28) where € [a,b] C (0,c0), then we

have

[A(a,b) +(e—1)L(a,b) . A(a,b) ]
A(a,b)L(a,b) G%(a,b)

<) %i)]s [/a#n[tt__za}dw/;n[tt_—zb}dt].

2. If wetake { =1, ¢(z) = —In¢ ininequality (28), where ¢ € [a,b] C (0,0), then
we have

exp[eA(Ina,Inb)| A1) (a,b)
()

a+b
2

<) 2L l/ [ [ 5 dt] |

3. If we take { =1, @(t) =t", p € R\ {0,—1} in inequality (28), where ¢ €
[a,b] C (0,e0), then we have

n [Lg(a,b) + (e —1)AP(a,b) — eA(a’,b")]

atb

<(>) % [/QT” [pgclz—pl)} dt+L;n [%] dt] :

REMARK 13. In Theorem 5, one can see the following.

L Let g(t)=t,x=%2,{=1,0<a<b, g=>1and 9 :R—R", ¢()=1"in
(12). Then

|A" (a,b) — L, (a,D)| 1
() () )

2. Letg(t)=t,x=%,{=1,0<a<b, g>1and ¢:(0,1] =R, ¢(t)=—Int
n (12). Then

() e (1) (52 o)
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REMARK 14. In Theorem 6, one can see the following.

1. Let g(t) =1, x:#, {=1,0<a<b, p'+g'=1and ¢:R— R,
@(t) =" in (15). Then

A" (a,b) — L (a,D)] 1
(e )

2. Let g(t) =1, x=1¢
o(t)=—Inz in (15

()< (1) () o)

4. Conclusion

-

b ¢{=1,0<a<b, p'4+g'=1and ¢:(0,1] =R,
. Then

—0

Ostrowski inequality is one of the most celebrated inequalities, we can find its
various generalizations and variants in literature. In this paper, the generalization of
Fractional Ostrowski inequality via generalized Montgomery identity [16] with 7 —
s-convex functions, which we used the very first time here. This class of functions
contains many important classes including class of Z-convex [33], Godunova-Levin
s-convex [9], s-convex in the 2" kind [4] (and hence contains class of convex and
MT -convex functions [3]). It also contains class of P-convex functions [17] and class
of Godunova-Levin functions [20]. We have stated our main result in section 2, which
is the generalization of Ostrowski inequality via generalized Montgomery identity by
fractional integrals for & — s-convex functions. Further, we used different techniques
including Holder’s inequality [35] and power mean inequality [34] for generalization of
Ostrowski inequality. In second last section we have given some applications in terms
of special means including arithmetic, geometric, harmonic, logarithmic, identric and
p-logarithmic means by using the midpoint inequalities.
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