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SOLVABILITY FOR ITERATIVE SYSTEMS OF HADAMARD
FRACTIONAL BOUNDARY VALUE PROBLEMS

B. M. B. KRUSHNA*, V. V. R. R. B. RAJU, K. R. PRASAD AND M. A. SRINIVAS

(Communicated by M. Warma)

Abstract. In this paper, we consider an iterative system of Hadamard fractional boundary value
problems. The sufficient conditions are derived for the existence of at least one positive solu-
tion by utilizing Guo—Krasnosel’skii fixed point theorem. The obtained results in the paper are
illustrated with an example for their feasibility.

1. Introduction

Many real-world problems benefit significantly from using fractional calculus (FC)
in mathematical modeling. A variety of materials and processes with characteristics of
heredity and memory can be accurately described by the nonlocal nature of the FC
[12, 10]. There are numerous applications in a variety of scientific disciplines, includ-
ing biomathematics [6], random processes [13], viscoelasticity [14], non-Newtonian
fluid mechanics [2], and characterization of anomalous diffusion [15].

It is evident from the literature that the majority of the research in the field of
fractional differential equations (FDEs) focuses on Riemann-Liouville or Caputo type
derivatives. The literature on FDEs of the Hadamard type is not enriched yet. The
Hadamard fractional derivative, first proposed in 1892, is distinct from the aforemen-
tioned type of derivatives which includes a logarithmic function with any exponent as
part of the kernel of the integral [7]. For a detailed description of Hadamard fractional
derivative and integral, see [1, 3, 4, 8, 9]. In different industries, such as telecom-
munication equipment, synthetic chemicals, automobiles, and pharmaceuticals, BVPs
are frequently used. In these processes, positive solutions seem to be beneficial; see
[Lo, 17].

Recently, Thiramanus et al. [18], Pei et al. [19], Tariboon et al. [20], Wang et al.
[21], Zhang et al. [24, 25] studied the existence, uniqueness, and multiplicity results on
positive solutions to various types of Hadamard FBVPs. In [22], Yang investigated the
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existence of at least one positive solution for the coupled system of Hadamard FDEs
for z € (1,e):

A%, (2) + Af{z,u1(z), u1(z)) =0
BB uy(z) + Ag(z, u (2), ua(z)) =
d () =d(1)=0, 0<j<n-2,

ul(e):auz(é), uz(e):bul(n)

where o, € (n—1,n], n >3, n,& € (1,e), and /D* is the Hadamard fractional
derivative.

In [23], Zhai et al. established the existence and uniqueness of solutions for the
FBVP for z € (L,e):

)
)

\_O

where «,f € (n—1,n], n >3, n,& € (1,e), {r,{, are constants and 7D* is the Hada-
mard fractional derivative.

However, to the best of our knowledge, the existence of positive solutions to itera-
tive systems of Hadamard FBVP has yet to be explored. Motivated by aforementioned
works, in this paper we consider the iterative system of FBVPs

"D, uy(z)+Aip (2)g1 (u2(2)) =0
H@‘f+U2(z)+Agp2(Z)g2(U3( )) =0,
199, us(z) + Aops(2)gs (ua(z)) = 0

)

b

(1)
H®?+ U, 1(2) +Aup,_1(2)8n—1 (Un (Z)) =0,
D%, un(2) + Aup, (2)gn (Un+1(2)) = 0,
unt1(z) =wi(z), z€(le),
u (1) =0, uj(1) =0, byui(e) + by “D] uy(e) =0,
wm(1) =0, uh(1) =0, bjuz(e) + by 1D, up(e) = 0,
u3(1) =0, uj(1) =0, biuz(e) + by D7, uz(e) =0, @
u"—l( ) 0, un 1( )ZOa blun_1(€)+b2H®€+Un_1(e) =0,
(1) =0, u,(1) =0, byuy(e) + by ¥D. u,(e) =0,

where g € (2,3],re (1,2], by, b, are positive constants and 7D, ¥ D" are the Hada-
mard fractional derivatives.
We assume the following conditions are true in the entire paper:
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(Hy) py:[1,e] = R" is continuous and p; does not vanish identically on any closed
subinterval of [1,e], for k= 1,n,

(Hy) gx:RT — RT is continuous, for k=1,n,

biI'(qg—r
(Hy) ba(r—1)> % and A = byI'(q) + biT(q— 1),
(Hy) eachof gy = 1i1;1)1+ ng(X) and gk = lim gk_)((x), for 1 < k< n, exists as positive
X— X—r00

real numbers.

The rest of the paper is organized as follows. In Sect. 2, we construct the Kernel
and its bounds. In Sect. 3, we establish criteria for determining an optimal eigenvalue
interval for which the FBVP (1)—(2) has at least one positive solution. In Sect. 4, an
example is coined in support of validity of the results obtained in the previous sections.

2. Preliminaries, kernel and bounds

DEFINITION 1. [10] The Hadamard fractional integral of order g € R™ of the
function h(z) is defined as

1190 — 1 F(Z) 0 se e
1@ = g [ (2) 0L, zend

DEFINITION 2. [10] The Hadamard fractional derivative of order q € (n— 1,n],
n € Z* of the function h(z) is defined as

R (5 B C e e

LEMMA 1. [10] If a,q,@ > 0, then

(o) o= i)

LEMMA 2. Let h(z) € C([1,¢],R) and A # 0. Then ui(z) € C([1,e],R) is a
solution of the FBVP

"D ui(z) +h(z) =0, ze€(Le), 3)

up(1)=0, uj(1)=0,
Hrr (4)

biui(e)+b, "D ui(e) =0
if and only if

w(z) = [ ec<z,y>h<y>";—y,
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where

®)

2\ 97!
Ga(z,y) :GNz,y)—%(ln;) )

Proof. Let uy(z) € C[Q]“[l,e} be a solution of FBVP (3)—(4) and is uniquely

expressed as
3 q-1
=3 ok [*(, 2 h(y) dy
ul(z>_k=1ck(lnz) /1 <IHY) T'(q) v ©

By the condition (4), we get c3 =0, cp =0 and
I'(g—1)
I'(q)

Hence the unique solution of FBVP (3)—(4) is

L re _ I'(g— f)] 1
— by(1—Iny)™"+b Inz)9
NAEEENRE == T

z z q-1

c :%/le [bg(l—lny)r—f—bl ](l—lny)qlh(y)dyy.

u(z) =

Il
)
~
N
<
N~—
Ny}
—
<
N

where G(z,y) is given in (5). The converse follows by direct computation. The proof
is completed. [J

LEMMA 3. Assume that (Hz) holds. The Kernel G(z,y) have the following prop-
erties:

(a) G(z,y) 20, Vzye[le],

(b) G(z,y) <Gle,y), Vz,y€[l,e],

(¢) G(z,y) > G)q_lG(e,y), Vz € [\‘VE \4/6_3}0 € (L,e).

Proof. The Kernel G(z,y) is given in (5). Let 1 <z <y <e. Then

G(z,y) = % |:b2(1 —Iny) "+ by F(rf](q—)r)] (lnz)qfl(l — lny)q*1 > 0.
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Let 1 <y <z<e. Then

F(Fq(;)r>] (Inz)4"1(1 — Iny)d~!

} (Inz)971(1 —Iny)d~!

WV

[(q—r)
I'(q)

9% [(1 “lny) - 1] (Inz)4"'(1 —Iny)®! > 0.

Hence (a) holds. We prove (b). Let 1 <z <y < e. Then

G 1 _r

I(g—7 (Inz)~

I'(q)

](al—l) (1—-Iny)?!>o0.

Therefore G(z,y) is increasing w.r.t. z yielding G(z,y) < G(e,y). Let I <y <z <e.
Then

v, Plg—r) (Inz)9~2 -
a6 —[bzu Iny) "+ b Q) ]( -1 (1—1Iny)92
dz 1 z\921

“wge-(rg)
(g—1)(Inz)9? o, . Dlg—1) -
. A [bz(l—lny) +b () }(l—lny)ql
(q—1)(Inz)?? I'(qg—1)
_ A [(bz(— ~D-b— )(lny)+(lny)2]
x(1—1Iny)d—2
>0.

Therefore G(z,y) is increasing w.r.t. z yielding G(z,y) < G(e,y). Hence the inequality



122 KRUSHNA, RAJU, PRASAD AND SRINIVAS

(b). We establish the inequality (¢). Let | <z<y<eand z€ [\‘VE, W} Then

G(z,y) :% [bz(l —Iny) "+ by F(q—r)] (Inz)471(1 —Iny)9~!

I(q)
~ (Inz)7! . Tlg—1) -
[ e S
q
2(%) Gle,y).

Let 1<y<z<eandze {C/E,W].Then

% [bz(l —Iny) "+ b F(q_r)} (Inz)4~ (1 —Iny)9~!

G(z.y) = ) I'(q)
g (en)”

WV

3. Main results

An n-tuple (u(z),u(2), -, uy (z)) is a solution of the FBVP (1)—(2) if and only

if u(z) € ClA+1[1, ¢] satisfies

PR /1 “G(z.y0)p () [xz /1 "G(y1,y2)Pa(y2)

dYn}..@]@

u(z) = .
1 gnl[xn/l G(Yn—1,Yn)Pu(Yn)8n (Ul(Yn)> - vz | 31

n

and p
n(z) =1 [ 6z y)e e (1)

n(e) =2 [ Glay)ps e (w() L

(2) =20 [ 6(a. 3P, ) (0011 3)) -
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where uy,41(z) = u;(z ) l<z<e Bya posmve solution of the FBVP (1)—(2), we
mean (u(z),u(z), - ,ux(z)) € (C[ ]H[Le]) which satisfying the FDE (1) and BCs
(2) with ug(z) > 0,k= l,n Vzellel.

Let = {x:x € C[l,e]} be the Banach space endowed with the norm

X[ = ma);]\X( z)|

and & C % be a cone defined as

q—1
P=cxc€AB :x(z)=z00n[l,eJand min x(z)> <l> Ix|| 7
ZG[%,W] 4

Define an integral operator &7 : & — A, for u; € &, by

e = | Glayipire | [ )

(N
¢ dyy dys | d
gn—1 |:An/1 G(Yn—hYn)pn(Yn)gn (Ul (Yn)> yyn ] %:| %

Notice from (Hs), (Hg) and Lemma 3 that, for u; € &2, </u;(z) >0 on [l,e]. In
addition, we have

MA%@wMW%{MKMmWMWﬂ“

¢ dyn dyy | d
o [ 601,37 S | 22 1
1 Yn y2 1 V1

%ul(z) <

so that

lmll< s [ Gep e |2 [ olsny2patsa)-

®)
¢ dyy dys | d
gn—1 |:An/1‘ G(Yn—hYn)pn(Yn)gn (Ul (Yn)> yyn ] %:| %
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If uy € &2, from Lemma 3 and (8), we deduce that

min [ ozyime o [ o)
Ze[%,\/ff»}jl 1 1
min _u(z) =1 x g [)LH/EG 1T
e[ 6.9 P2(y2) - 8n-1 dl (v dlY;
val . dy2]dyi
] y2 ] ¥1

WD) et i ()

Xpy(y2) - 8n-1 [k/l G(Yn—1,Yn)

dw] @] dy:
Yn Y2 1 ¥

X Py (Yn)&n (U1 (yn))

n

WV

X Py (Yn)&n (U1 (yn))

1!
>(3) lwul.

q—1

Therefore ~ min _/uj(z) > <l> |7 uy||. Hence «/u; € & andso & : & —
ze [6/2 6/6—3] 4

& . Further the operator .27 is a completely continuous by an application of the Arzela—

Ascoli Theorem.

3.1. Notations

We introduce:

r 1 q71
Y| = max (Z)

o "o
| ctep)Taol|

e dy h
s —min] | ]| Senne)Tan|

o o
| eenn ) a0
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THEOREM 1. Suppose (Hy)—(Hy) hold. Then for each Ay, k = 1,n satisfying

‘{’1<)Lk<‘{127 k=1,n, 9)

there exists an n-tuple (ul,uz,---,u,,) satisfying the FBVP (1)~(2) s.t. ug(z) > 0,
k=1,no0n (1,e).

Proof. Let Ay, k=1,n be given as in (9). Now let & > 0 be chosen s.t.

T/1\9! Ve dy -1
_(1) /4f G(e,y)p, (Y)y(glw—s)_ '
[ 1 -1 w dy 1-1 AZ;
max _(Z) /% G(67Y)P2(Y)7(g2w - 8)_ <mind
[ 1 q71 483 dy | 71 A’}’[
() /. cerneLien—e)
and
[ re d 1-1
A, /1 G(an)Pl(Y)%(glﬁ-g)
)L2’ - e dy : -1
max ’ < min /1 G(e,y)p2(y) ?(gzo +¢)
}: [ re N dy 7—1
' [ ctennnT o+ e)

Now from the definitions of gy, k= 1,n, there exists an N; > 0 s.t., foreach 1 <k<n,
gr(x) < (gro+&)x, 1 < x <Ny,
Let u; € & with |luy|| =N;. By Lemma 3 and the choice of €, for 1 <y, <e,

I8 /1 "G, yn)pa(yn)

Yn

e dYn
2 AR ATA CIVAIRCE

n

x (gao + €)1 (¥n)

n

e dy,
A’n/ G(evyn)pn(yn) y
1 y

X (gno + &) [ |
<lu || =Ny

<

n
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It follows from Lemma 3, in the same way, for 1 <y,_» <e,

e

Anf G n—2<sJyn— n— n— ¢
L (Ya—2,Yn—1)Pp_1(¥n—-1) ,ln_l/l G(yn-1.¥n-1)
‘ Ay,
Xgn—1</1n/1 G(yn-1,3)P(yn) S XPp-1(yn-1) yy” 11
dyn\ dyn_ "~
e (m(5) 2 ) 2t | Lo+ o)l
Yn Yn—1

<lu || =Ny

Continuing with this bootstrapping argument, for 1 <z <e,

w [ "6z y1)p (e (xz / "Gy, y2)pa(y2) -

dy dy>\ dy s
n 2 1
g (11 (v2)) Vi ) V2 ) yi

so that, for 1 <z <e, «/u(z) <Ny. Hence ||« u|| <Ny = [|uy]|. If weset & = {x €
B ||x]| < Nl}, then
HdungHulH,forme@ﬁB@@l. (10)

From the definition of gi.., k = 1,n, there exists N, > 0 s.t., foreach 1 <k <n,

_ 1\
gk(x) = (gko — €)X, x = Np. Choose N, = maX{ZNl, (4_1) Nz}. Let uy € & and
|lug|| = Ny. Then

1! _
min _u(z) > (—) llug|| =N
ZG[%,W] 4

Based on Lemma 3 and choice of €, for 1 < y,_; < e, we have that

Ved
dyn | P, Glesapi(a)

kn/IEG(yn_l,yn)pn(yn)gn(ul(yn)) In > Ve p
" xe () yi"
1! V3
) (3) #f, sew
<pu(y >(gnm— )ul(yn>‘;y"
q— 1 ’
( ey,,)
=
%ul) dy" <gnw— )llul

>|ul —Nz-
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It stems in the same way from Lemma 3 and choice of €, for 1 <y,_» <e,

/1_/6G 0 Ve )P (Yne 1\ 4! Ve
n—1 . (Yn 2,Yn l)pn I(Yn 1) <_) )Ln71/ G(e7y”7l)
e 4 Ve
><gnl<zfn/1 G(Ynfhy;ﬂ)pn(}’n) = xp, 1(}’ 7l)dyn*1
dyn\ dyn_1 " Yn-1
g (ur(yn)) == n ) Va1 X (gn—1.00— €) ||y ]
>||lu|| =

Once again using a bootstrapping argument, we discover

b [ e ypGea (% [ 6y
dyy dys\ dy
gn(ul(yn))y_n) _2> y11

so that .« uy (z) > Np = [|uy||. Hence ||/ u|| > ||uy|. Soif weset & = {xe€ A x| <
Nz}, then

>N27

| ur[| > [[uy]], for uy € ZNI&. 1D

By utilizing (10), (11) and Guo—Krasnosel’ikii fixed point theorem (see [5, 11]),
we conclude that <7 has a fixed point u; € #2N(&,\&1). Setting u; = u,1, we obtain
a positive solution (u LU, un) of the FBVP (1)—(2) iteratively indicated by

(@) =2 [ Gz Pdyen(un (¥)dy. k=nn—1 1 O

3.2. Notations

[(i)

, and

Y4 = min i
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THEOREM 2. Suppose (Hy)—(H3) hold, then for each A, k= 1,n satisfying
W3 < Ak <V, k=1,n, (12)

there exists an n-tuple (ul,uz,---,u,,) satisfying the FBVP (1)-(2) s.t. uk(z) > 0,
k=1,no0n (1,e).

Proof. Let Ag, k= 1,n be given as in (12). Now let € > 0 be chosen s.t.
dy -1
) g10_8:| )
()" ), sesmin s .
(‘/e_3 d -1 A
y )
—€ , )
max [( ) /4 )Y (g20 )} < min '
RN dy 4 An
(5" stenn 2 0]

and . »
N [ etennn® <glm+e>]_l

max /1.2, < min [/ Cleyply (g2w+g>]
" I €G<e,y>pn<y>?<gnw+e>] h

From the definitions of gio, 1 < k < n there exists N3 > 0 s.t., foreach 1 <k <n,

gi(x) > (gro—¢€)x, 1 <x <Ny

According to the definitions of gy, it follows that gio(1) =0, 1 < k < n and so there
exist 1 <0, <0, 1< - <Oy <Ny s.t.

Or1
@) < L s 10, 3k, and
froennmz =<
N
Aga(z) < 3 bAS [1762].

(Gle,y)p(y) 2

Let uy € & with ||uy|| = ©,. Then,

o | eG(ynfhyn)an(yn)gn(u1<yn>)% < [ ec<e,yn>pn<yn>gn(u1<yn>)dyy"

n

_ J16(e,yu)py(yn)On- L
fle (e, Yn)Pn(yn)dyn
<®n71~
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Utilizing this bootstrapping technique, it implies that

A /1 “G(e,y2)p(v2)en (x3 /1 " G(y2,v3)Ps(y3) -

dy,.  dys\dy, [ S
n 3 2
n u n oo e —— _—
g(l(Y))yn) y3>y2
Then
)Ll/ G(z,y1)p1(y1)e1 (lz/ G(y1,y2)
JZ%U](Z) = 1 1

dyn\ dyz\dyi
Py (y2) -+ gn (U1 (ya)) 22) -+ _) dyi
Yn y2 V1

1 q_l)L ves dyi
> = — —_ > .
>(3) #f,, seammen—e)lul > u

So [l uy|| = |lug. If we set & = {x e ||x| < @n}, then

Hduﬂ\)HulH,forme@ﬁB@@l. (13)

Since each gy.. is taken to be a positive real number, it follows that gy, 1 < k< n
is unbounded at «. For each 1 < k < n, set

gr(x) = sup gi(y)-

vE[lx
By definition of gj.., 1 < k < n, there exists Ny s.t., foreach 1 < k< n,
gi(x) < (gt €)x, x >Ny

It follows that there exists Ny = max {2N37N4} s.t.,, foreach 1 < k< n,

ge(x) < gi(Ng), 1 <x <Ny,

Choose u; € & with ||u;|| = N4. Then, by using bootstrapping argument, we have
¢ d

Su(z) = [ oEynnE e Tt

dy

< [ ol ym(ei (o) S

e . d
< [ cleyip (g () T

e dYI
< [ oo ) T (g1 + e

<Ny = [Jun].
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And therefore ||./uy|| < ||uy]|. So, if we let & = {x eB: x| < N4}, then

|/ uy || < ||y, foru; € 2NA&E;. (14)
By utilizing (13), (14) and Guo—Krasnose_l’skii fixed point theorem (see [5, 11]),
we get that &/ has a fixed point u; € Z N (&,\&1), which in turn with vy = 4

yields an n-tuple (ul, u, -+, un) satisfying the FBVP (1)—(2) for the chosen values of

)Lk, k= ,n. O
4. Example
Let q=2.6, r=1.4, by =4, b, = 8. Consider the FBVP for z € (1,¢):
1D10u(2) +ipi (2)g1 (12(2)) =0
HD30u)(2) + Aop, (2)g2 (u3(2)) =0, (15)
HD10us(z) + Asps(z)g3 (ui(z)) =0
u(1)=0, uj(1)=0, 4ui(e)+8 ®i+ up(e) =0,
w(l)=0, th(1)=0, 4m(e)+8"D|m(e)=0, (16)
u3(1)=0, us(1)=0, 4uz(e)+8"D | uz(e) =0,
where
pi1(2) = pa(2) = p3(2) =
1
gi(w) = 5(3473e*"2 3472) (2143¢73% —2032)uy,
6
g (u) = g(zose —214)(3883¢~ 4% —3915) us,
7
g3(u) = —(653e —678)(2188¢ " —2243)u;

In view of the data given, we get A ~ 15.06103540, g9 ~ 1.656716417,
gl ~ 105300.05970149, gop ~ 69.12, gre &~ 201074.4, g3 ~ 331.896551724,
g3 ~ 367078.5517241379,

I 1 L6 3/8_3 dy —1
_(Z)I()/%_G(QY)I)I(Y)?ng} 17
I\ 3 dy _
¥, = max Z dy
1 _(4)16 /ff clenply) Tene|
- 1 . 3 dy _1
(5) /. ctenmmnTen]

= max {0.0002060827 0.000107922,0.0000591 16} ~ 0.000206082
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- o
[ stenm@ Lenl|
L/1 y
. [ e d
a=ming | ["a(ey)py) Tenl|

¢ d
| elenn) a0

= min {0.744041422,0.017833704,0.003714005 } ~ 0.003714005.

Then all the conditions of Theorem 1 are fulfilled. Therefore, by Theorem 1, we get an
optimal eigenvalue interval 0.000206082 < A, < 0.003714005, for k= 1,2,3 in which
the FBVP (15)—(16) has at least one positive solution.
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