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ABSTRACT FRACTIONAL DIFFERENTIAL
EQUATIONS WITH CAPUTO-FABRIZIO DERIVATIVE

KHELLAF OULD MELHA, MEDJAHED DJILALI AND VAIJANATH L. CHINCHANE *

(Communicated by C. Li)

Abstract. The main objective of this paper is to prove the existence and uniqueness of mild
solution for abstract differential equations by using the resolvent operators and fixed point theo-
rem. Moreover, we studied some examples on partial differential equation with Caputo-Fabrizio
derivative.

1. Introduction

A generalisation of conventional calculus known as fractional calculus produces
ideas and methods that are comparable to those of normal differential calculus but have
a far broader range of applications. Fractional differentiation has made significant con-
tributions over the past two decades to a number of disciplines, including mechanics,
control theory, chemistry, electricity, biology, economics, signal and image processing
[10, 11,12, 16, 25]. S. Abbas [1] investigated some existence and Ulam's type stability
concepts for functional abstract fractional differential inclusions with not instantaneous
impulses in Banach spaces. In [17] C. Li and Z. Li investigated the stability and log-
arithmic decline of the solutions to fractional differential equations (FDEs) for both
linear and nonlinear cases. In [2], authors studied existence of solutions of nonlinear
fractional integro-differential equations of Sobolev type with nonlocal condition in Ba-
nach spaces. During last two decades, many researcher [7, 8, 9, 13, 15, 18, 21, 22, 24]
developed theory of abstract impulsive, abstract fractional differential equation with
non local condition by employing resolvent operator and other properties of fractional
differential equations. In [3, 4, 5, 6, 19], researchers have been studied new defini-
tion of and its properties of Caputo-Fabrizio fractional derivative and integral operator.
Motivated from the above works cited, in this paper we study the following problem

8, [Bu(t)] = Au(t) + f(t, SGu(t),u(t)), t € [0,T],

(1)
u(0) = uo+g(u),
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with @gt is the Caputo-Fabrizio fractional derivative and ., is the Caputo-Fabrizio
fractional integral 0 < 0,0 < 1, A and B are the closed linear unbounded opera-
tors, f € C([0,T],X) and the operators are with domain contained in a Banach space
X and ranges contained in a Banach space Y, up € X and f:[0,T] x X2 —X, g:
C([0,T],X) — X are continuous.

2. Preliminaries

In the part, we introduce several definitions and results which will be used later.
The operators A: D(A) CX — Y and B: D(B) C X — Y satisfy the following hypothe-
ses:

(H1) A and B are closed linear operators with D(A) C D(B).

(H2) B is bijective and B~ : Y — D(B).

(H3) The resolvent operator S(z), ¢ > 0 is analytic and there exists a function @y
in L] ([0,00);R™) such that:

187 (0)x[| < @ur (1) [|xll pa » for all 2 > 0 with M = B~ A.

We assume in all this work the following conditions:
(H4) The function f:[0,7] x X 2 — X is complement continuous, there exists a
constant L; > 0 such that

||f(t7xl7yl) _f(t7x27y2)||D(M) g Ll (”xl _)CQH + Hyl _y2||)7
VY (t,x;,vi) € [0,T] x X%, i=1,2,

and
N =max{f(¢,0,0), r € [0,T]}.

(H5) There exists a constant L, > 0, such that

18(x1) —g(x2)lpar) < L2 [lx1 —xaf|, VX € X, i =1,2.

(H6) Y = <L2+ (H%)—ﬁml) (1+[leull1) <1 with R= ||B~!]|.

In this work, D(M) is the domain of the operator M endowed with the graph norm
Il pagy = [l =+ [[Mx]| and. [lxl (0,7 x) = max. [x(@)]] -

REMARK 1. Since (H1). If x € D(M) = D(B'A) then x € D(A) and x € D(B).

Here, we give the following definitions.

DEFINITION 1. ([3], [4], [6]) Let §,a€ R suchthat 0 < § < 1, ¢ € C'([0,T]).
The Caputo-Fabrizio fractional derivative of order 6 of a function ¢ is define by

-@fz 1—6/ (1)) ¢’ (s)ds.



DIFFERENTIAL EQUATIONS WITH CAPUTO-FABRIZIO DERIVATIVE 151

DEFINITION 2. ([3], [4], [6]) Let 6 € R, such that 0 < 6 < 1. The Caputo-
Fabrizio fractional integral of order ¢ of a function ¢ is define by

f()t 6/_75ts (s)ds.

For basic facts about fractional integrals and fractional derivatives and the proper-
ties of the operators 95, and fo‘st one can refer to the articles [3], [4], [5], [6], [20].
Suppose the followmg fractional problem of Sobolev type

P8, [Bu(t)] = Au(t) + f(1), 1 € [0,T],
7 2)
u(0) = uy.
Equation (2) is equivalent to the following:
—uo—l—/*Té"Mu(ds—l— /7T5" “Lf(s)ds.
0 0
The above equation can also be written as the integral equation of the form
5/ () pu(s)ds, 1 > 0, 3)
where h(t) =up+ 3 L foe ~(5°)e- ~1f(s)ds. Let us assume that the integral equation

(3) has an assomated resolvent operator S(), r>0o0nX.
We define the resolvent operator for the integral equation (3).

DEFINITION 3. ([26]) A one parameter family of bounded linear operators
{8(#)};>0 on X is called resolvent operator for (3) if the following conditions hold:

i) S(.)x € C(]0,),X) and S(0)x =x forall x € X.
ii) S(t)D(M) C D(M) and MS(t)x = S(t)Mx forall x e D(M) and t >0
iii) Forevery x € D(M) and 7 > 0
1)x=x+ 5/ (45 6= I MS(s)xds.
We have the following concept of solution
DEFINITION 4. A function u € C([0,7],X) is called a mild solution of the inte-
gral equation (3) on [0,7] if [ e_(%xt_s)u(s)ds € D(M) for all ¢ € [0,T], h(t) €

([0,7],X) and

5/ ~(550) ) u(s)ds +h(r), 1 € [0,T]. )

The next result follows from ([23], [26]).
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LEMMA 1. Under the above conditions of definition 4 the following properties
are valid

1. If u is a mild solution of (3) on [0,T), then the function t — [3S(t —s)h(s)ds
is continuously differentiable on [0,T] and

u@ﬁi%AEO—QMQMJGWJT

2. If (S(¢))i>0 is analytic, h € C*([0,T],X) for some o € (0,1), then the function
defined by

u(r) zS(t)h(t)—F/OtS/(t—s) (h(s)—h(t))ds, t €[0,T],

is a mild solution of (3) on [0,T].

3. If (S(2) )i>0 is differentiable and h € C([0,T],D(M)), then the function u:[0,T] —
X define by

Mg:%%m—@m@w+mmzemJL
is a mild solution of (3) on [0,T].

The assertion (1) follows directly from [26], Proposition 1.2. The condition in (2)
is proved in [26], Theorem 2.4. We note that (3) can be found in [26], Proposition 1.3.

The paper is organized as follows. In section 2, we discuss the existence of mild
solutions and we prove the theorems for the existence and uniqueness mild solution of
the problem (1). In section 3, we study an example of partial differential equations with
Caputo-Fabrizio derivatives.

3. Main results
In this section, we discuss the existence of mild solutions for the problem (1)

and here we assume that the resolvent (S(7)), is differentiable. The problem (1) is
equivalent to the following integral equation

L
u(t) = uo+g(u) +%/ 67(%)(’*“‘)u(s)ds (5)
0
1/t -
+§/ e_(%)(t_s)Bflf(t,fo‘.’su(s),u(s))ds, t€[0,T].
0 :
DEFINITION 5. A function u € C([0,T],X) is said to be a mild solution of (1),

on [0,T] if [y e_(%)(t_s)u(s)ds € D(M) for all ¢ € [0,T] and satisfies the integral
equation (5).
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Suppose there exists a resolvent operator S(z), ¢ > 0 which is differentiable and
the function f,g are continuous in X then

ut) = wo+g)+5 [ ¢ (5B (e AZue) i) ©)

+/ S'(t—s) <u0+g 5/ ~(58)6- T>B—1f(r,yof,u(r),u(r))dr> dt,
t€[0,7].
REMARK 2.

o We have Hfof;u(r) - fo‘ftv(r)H < s [lu—v]], since

%/tef(%) ds——/ ~(45%)=9) v(s)ds
0

HjOt jOt ( )H:'

< 5 Jo

< s (105 futs) ()]
P

NS 1 6 u 1%

Now, we prove the theorems for the existence and uniqueness mild solution of the
problem (1).

THEOREM 1. Assume (H1)-(H6) and let uy € D(M). Then there exists a unique
mild solution of (1) in [0,T].

Proof. By considering Lemma 1, property 3, we define the map @ : C([0,T],X) —
c([0,7],X) by

Qult) = uo+gu) + 5 [ € (5B (5, AT (o)) )
—|—/ S'(t—s) <u0+g 5/ ~(45%) 6= T)Blf(r,foffu(r),u(f))dr) ds.

Next, we proof that ® is a contraction. Let u € C([0,7],X). From the assumption on
f(.) and g(.), we see that:

/S/ r—ys) <u0+g 5/ ~(5) 6= T)Blf(T,fOfTu(T),u(T))dT) ds
< [ 1516 =9ll o+ gta)las

"l L[ (158)(s-1)
+ [Isa=s)l5 [ e 5 B [l £(e. Afru(z), ()| das

< <u0+g( )H+—HB 1H sup ||f 7, S .1(1) ||> 1ozl -
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from which we infer that the function
s— S (t—s) <u0+g 5 / ~(15°) - T)B_lf(L fo‘ftu(r),u(r))dm’) ,

is integrable on [0,7] for all ¢ € [0,T]. This implies that ®u € C([0,T],X) and ® is
well defined. Moreover for u,v € C([0,T],X) and r € [0,T] we get

||CI)u—CI)vH

< llgtw) — ¢l +5 [ —T“““”HB*H

fos,fo,_Y(), (5)) = 15, A5v(5), ()| ds

+ [ gut=9) g o) as+ [ w(r—@(é [ et 5
< | (2, Zea(0), () ~ £ (1, A(0), () d ) ds

1
< Lo v+ = |B 7| 24 ([ A7) = A0 (D) | + =)
+||<pMHLlG||u—v||+HB‘Hm(HIm = IE®)]|+ =) = llou

< Ly |lu—v|| (1 - H(lelLl) + m 1B~ Ly (|| 7Cu(t) — I ()] + [l — v]])

X (14 [loul)
(2—0)RL,

< [ T | (1 o) o,

since (H6), @ is a contraction. So there exists a unique mild solution of (1) and the
proof is complete. [

THEOREM 2. Assume (H1)-(H6) and let uy € D(M). Then there exists a mild
solution of (1) in [0,T].

Proof. We transform the existence of solution of (1) into a fixed point problem.
By considering Lemma 1, we define the map @ : C([0,7],X) — C([0,T],X) by (7) in
the theorem president

Du(t) = up+g(u 5/ ~(F2)- S)Bflf(s,fofxu(s),u(s))ds 8)
—|—/ S'(t—s) <u0+g 5/ ~(45%) 6= T)Blf(’L',Jocfxu(’r),u(’L’))a”L’) ds.

Now we decompose ® as @; + D, on B, (0,E) the closed ball with center at 0 and
radius r in £ =C([0,T],X), where

®rut) = o+ + [ 50 —5) (o + glu) s,
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and
Du(t) = / e U5 )IB p(s, 0 u(s),uls))ds
+Asﬁ—95424%9@ﬂ34ﬂafawﬂaunww.

Obviously, we have

uo + g(u 5/ e (505 p(2, 90 u (), u(v))dt € C((0,T],D(M)).

Let B-(0,E) ={z € E=C([0,T],X) : ||z|| < r}. For u,v € C(|0,T],X), Choose:

RN
20+ ol (laal-+ )1+ 125 ) <

then, for u,v € C([0,T],X), we have

[@1u() + Pov(1)]|
< luoll + [lg(w) — ()1 + [lg(0)

1 )
HB ||/ ~(558) () (£ (s, 2w (s),v(s)) — £(5,0,0)|| ds

Bl
L s 0.0

+ L1869l | ol + st — 5@+ L)1
-1 s )
%_Hf%;Jljﬁ e (5509 || (2, 780 (2),v(2)) - £(1,0,0) | d7
B0 sy
— Ae()()W@warm
SO
[uule) + @2v00)|
B!
< ol 1001+ 125 + B, (v 25 oo

luol[ +Gr+(0)]]

+ [sa=s]

RL, 1 RN
#1614 T O ) + 1

ds
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RN R 2—o0
< |+ Lar + (0) | + +1_5L1( )

0 l-o
RL 2—-0 RN
ol [laoll+ Lar+ 10+ 225 (322 ) e 2]
RL 2—0 RN
< (ol (ol + Lo+ 1)+ 125 (322 ) 125 )

< (14 loul) <uo+g< ”R—Na)

RL,; 2—0
++loull) (12+ 125 (322))

<r

Then @ maps B, (0,E) into self and so @ u + ®,v € B,. From the assumptions (H3)
and (H5), we see that, for any u € C([0,T],X)

[5=5) o+gtw)ds

< llowmllz ([[uoll + Lar + (18 (0)1])

from which we infer that the function s — S’(r —s) (4o + g(«)) is integrable on [0,T],
forall 7 € [0,7] and ®,u € C([0,T],X). Moreover for u,v € C([0,T],X) and ¢ € [0,T]
we get

1)~ (0] = llgw) — g1+ [ [0 —9)]| lgtw) — ) s
< G||u—v||+ I gullys G ]
<G+ lgullr) e

Use hypothesis (H6), @, is a contraction on B, (0,E). Now we show that the operator
®, is completely continuous, note that the function

s — At S/(l — S) /Oxe_(%)(s_r)Bilf(Ta jO(jru(T%u(T))des;

is integrable from the assumptions (H3), (H4) as show above. First we show that @, is
uniformly bounded. Now for ¢ € [0,7]

o) = 5 18 [ (30 |0, A0 s
+/ 56— 4 /“’e*%ﬁ-ﬂuwwnv £ A (5)u(2)) s
0
RN RL, [2—0
<ol (125 + 1 (T2 ) )

so @, is uniformly bounded. Let (u,) be a sequence in B, (0,E) such that u, — u in
B, (0,E). Since the function f is continuous

(s, IG1n(s),un(s)) = f (5, 255u(s),u(s)) as n — eo.
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Now for each ¢ € [0,T], we have
||<D2un( <Dzu( )II
S 1871 e 30 . A5t (5)) = 0, A0 s
+/Hs/t—su5|\3 et
X || £ (7, A eun(T),un (1)) — (T, I 7u(T),u(7))|| dTds — 0 as n — oo,

then @, is continuous. We need to prove that the set {®ou(r): u € B, (0,E)} is rela-
tiveness compact in X for all ¢ € [0,7]. Obviously {®,u(t):u € B, (0,E)} is a com-
pact, fix t € (0,T] and u € B, (0,E), define the operator ®§

5

Dou(t 5/ (516 VBT (1, S pue),u(t))ds

5

[0z [ (80 (e @) (),
0 ,
since by (H4) f is completely continuous, the set
={®5u(t):ueB,(0,E)},

is precompact in X, for every € > 0,0 < &€ <, Moreover for every u € B,(0,E) we
have

[0200) - <>||
< sllB” 1H/ (52069 || (5, A t0n(5)sn(5)) | s

—|—/t_£ ||S/(t _S)H 5 HB,lH /O.\'e—(%)(f—f) ||f(1,f0(f\.un(1),un(r))|| dtds.

This means that the precompact sets Xg, 0 < & <t, are close to the set {Qpu(t) :u €
B, (0,E)}. Hence the set {®yu(t):u € B,(0,E)} is precompact in X. Next, let us
prove that @, (B, (0,E)) is equicontinuous. The functions ®,u,u € B, (0, E) are equicon-
tinuousat t =0. If t <t+h < T,h >0 we have:

H(I)2u(l+h)_q)2u(t)H
1 ‘/Hhe (458 (t+h—s) —1f(s7f0iun(s)»”n(s))ds
0

<3
_/tef(TS) - lf(S josun( ) un(s))ds

/ S(t+h—s) / (52D =1 ¢z 79 1, (7). (7)) d tdls

_ / S'(t—s) / e ()R £(1, 78 (1), (7)) dTds ©)
0 0 :
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< %/0 (e (2 ehs) — o= (52 B (5, At e (5)) | s
1

t+h _
+g ei(%)(ﬂrhi‘ B~ f(S j()?-gun(s)vun(s))ds

6

5/ 1S+ —s) H/ (5 ’+h‘f)||B*1HHf(r,fo‘ffun(r),un(r))Hdrds

3 [ =5

_ / e (U560 £(2, 9 (0),ua (1)) d T

0

_ TS s+h—‘r)f(1,jo‘?'run(f),un(f))d‘[

ds,

using (9), then
}llin(l) | Dou(z + h) — Dou(r)]| = 0.

By (H4), f is completely continuous, the set
{Dou(t) :ue€ B, (0,E)},

is equicontinuous. Thus we have proved ®; (B, (0,E)) is relatively compact for 7 €
[0,T]. By Arzela-Ascoli’s theorem @, is compact.

Hence by the Krasnoseskii fixed point theorem [27], there exists a fixed point
u € C(]0,T],X) such that ®u = u which is a mild solution to the problem (1).

COROLLARY 1. Let B=1 and up € D(A). Assume (H1), (H3), (H4), (H5) and if

2—0

<L2+ mh) (I+lleall) <1,

then there exists a mild solution of the problem

Qgt(u(t)) =Au(t)+ f(t, S5u(t),u(t)), t € [0, T],
u(0) =up+ g(u).

4. Application

In this section, we study the existence of a mild solution for the partial differential
system with Caputo-Fabrizio derivatives as follows:

EXAMPLE 1. Consider the following partial differential equation with Caputo-
Fabrizio derivative in the space X = L?* ([0, 7)) :

°')|
=71

) 2 2
- (”(m)—%(r,x)) 1)+ s fie (T (s s,
u(t,0) = u(t,m) =0, . (10)
1

u(0,x) = G(x) + —— oT (o) >

2 Jo(ti — ) tu(s,x)ds, t; € [0,T], x € [0,7].



DIFFERENTIAL EQUATIONS WITH CAPUTO-FABRIZIO DERIVATIVE 159

where 0 < § < 1, 0 < & < 1, @ parameter large enough, G € L? ([0,7]). Let Au=u"
and Bu=u—u” with domain

D(B)=D(A)={uecX,u" €X, u(0)=u(r)=0}.

Then A and B can be written as

Au = an (u,en)en,u € D(A),
n=1
Bu = 2 (l +n2) (u,en) en,u € D(B),

n=1

(see [14]), where

we have, for u € X

- 1
B~ = en) en,
=5 b
1 - _n2
Mu =B AM:;(1+n2) <1/laen>en7

and, It is well known that A is the infinitesimal generator of an analytic semigroup on
X (see [14]).

n2

Stu="7Y e 2 (u,e,) en.
n=1

1
We have also ||[B~!|| < 2 and ||S(7)|| < e~". Then, since B~'A is a bounded operator,

we have [|S'(¢)]] < M, forall > 0.
Hence the assumption (H1), (H2) and (H3) are satified.
Now we have for @ large enough,

0 Jo 5
¢ B t _
H% | e*(%)(’*‘)u(s,x)ds—%/o (30 v(s,x)ds

0,8 ), 0)) — £ A 0(0) ) | < L], with £y = (ﬁ) .
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and
() — )| = o7 (6= (s, s
i= O(DF
3 t; .
o—
— d
lz(’)a)l" / $)* (s, x)ds
i 3t
= / —s)% 1u(s7)c)cls—24/ (ti — )% v(s,x)ds
=070
1 > ti o—1
< —— > [t—9)% ds|lu—
wr<a>§0/o (1 — )% \dsllu—v]|
< ]
S wol (o) M
thus 370
18() = gW)|| < Lo [Ju—vl|, with L, = ol (@)’

So (H4) and (H5) are satisfied.
On the other hund, we have

2-96
Y= |L+——=RL 1+
<2 = 1>< I oul.)

3T¢ 2-6 1 1
- (coocl"((x) * (1_5)2@ (1_5)> (14 lleullz1)

_ 13T 12-6
ol (&) 4 (1-8)

) (L4 llpnllz1)

then Jw* > 0, such that Vo > @
1 3T% 1 2-06
Y=— - 1 <1
o (ar(a)+4(1—6)3>( ol

Finally, the conditions (H1)-(H6) are satisfied, then the problem (10) has a mild
solution u € C([0,T],L?* ([0, 7])) .

5. Conclusion

In this work, with Caputo-Fabrizio derivative, we have studied the uniqueness
and existence of mild solutions for the abstract fractional differential equations with
nonlocal boundary conditions.We have establish the uniqueness results applying the
Banach contraction principle and the existence results by applying the Krasnoseskii
fixed point theorem. For justification, we give an application to which our results apply.
We will find to investigate stability of similar problem in our future research work.



[1]

[2]

[3]
[4]
[5]
[6]
[7]

[8]

[9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]

[18]

[19]
[20]

[21]

[22]
[23]

[24]

DIFFERENTIAL EQUATIONS WITH CAPUTO-FABRIZIO DERIVATIVE 161

REFERENCES

S. ABBAS, M. BENCHOHRA AND M. ABDALLA DARWISH, Some existence and stability results for
abstract fractional differential inclusions with not instantaneous impulses, Math. Reports 19 (69), 2
(2017), 245-262.

K. BALACHANDRAN AND S. KIRUTHIKA, Existence of solutions of abstract fractional integrodiffer-
ential equations of Sobolev type, Copmpters and Mathematics with Applications 64, (2012), 3406—
3413.

M. CAPUTO AND M. FABRIZIO, Applications of new time and spatial fractional derivatives with
exponential kernels, Progr. Fract. Differ. Appl., 2, (2016), 7-8.

M. CAPUTO AND M. FABRIZIO, A new definition of fractional derivative without singular kernel,
Progr. Frac. Differ. Appl. 1, 2 (2015), 73-85.

V. L. CHINCHANE, A. B. NALE, S. K. PANCHAL, AND C. CHESNEAU, On some fractional integral
inequalities involving Caputo-Fabrizio integral operator, Axioms 2021, 10, 255.

V. L. CHINCHANE, A. B. NALE, S. K. PANCHAL, AND C. CHESNEAU, Certain weighted fractional
inequalities via the Caputo-Fabrizio approach, Fractal Fract. 6, 495 (2022), 1-10.

E. HERNANDEZ, D. O’REGAN, On a new class of abstract impulsive differential equations, Proc.
Am. Math. Soc., 141, (2013), 1641-1649.

E. HERNANDEZ, D. O’REGAN AND K. BALACHANDRAN, Existence results for abstract fractional
differential equations with nonlocal conditions via resolvent operators, Indagationes Mathematicae 1
(24), (2013), 68-82.

E. HERNANDEZ, D. O’REGAN, AND K. BALACHANDRAN, On recent developments in the theory of
abstract differential equations with fractional derivatives, Nonlinear Anal. 73, (2010), 3462-3471.
R. HILFER, Applications of fractional calculus in physics, World Scientific publishing Co. Pte. Ltd.,
Singapore, 2000.

R. KHALIL, S. ALSHARI AND S. KHAMIS, Second-Order Abstract Cauchy Problem of Conformable
Fractional Type, Int J. Nonlinear Anal. Appl. 13, (2022), 2. 1143-1150.

A. A. KILBAS, H. M. SRIVASTAVA AND J. J. TRUJILLO, Theory and Applications of Fractional
Differential Equations, North-Holland Mathematics Studies, 204, Elsevier, Amsterdam, 2006.

P. KUMAR, D. N. PANDEY AND D. BAHUGUNA, On a New Class of Abstract Impulsive Function
Differential Equation of Fractional Order, J. Nonlinear Sci. Appl. 7, (2014), 102-114.

J. H. LIGHTBOURNE III, S. M. RANKIN 111, A partial functional differential equation of Sobolev
type, Journal of Mathematical Analysis and Applications 93, (1983), 328-337.

C. L1ZAMA AND F. POBLETE, Regularity of Mild Solution for a Class of Fractional Order Differential
Equations, Applied Mathematics and Computation 224, (2013), 803-816.

C. L1, M. CAL Theory and Numerical Approximations of Fractional Integrals and Derivatives, SIAM,
Philadelphia, 2020

C. L1, Z. L1, Stability and logarithmic decay of the solution to Hadamard-type fractional differential
equation, J. Nonlinear Sci. 31, (2021), 1-60, https://doi.org/10.1007/s00332-021-09691-8.
M. MALIK, S. ABBAS, A. KUMAR, Existence and Uniqueness of Solutions of Fractional Order
Nonautonomous Neutral Differential Equations with Deviated Arguments, Journal of Nonlinear Evo-
lution Equations and Applications 2017, no. 6, (2018), 81-93.

A. B. NALE, S. K. PANCHAL, V. L. CHINCHANE, Gruss-type fractional inequality via Caputo-
Fabrizio integral operator, Acta Universitatis Sapientiae, Mathematica., 2 (14), (2023), 262-277.

G. A. M. NCHAMA, A. L. MECIAS, AND M. R. RICHARD, The Caputo-Fabrizio fractional integral
to generate some new inequalities, Inf. Sci. Lett. 2, (2019), 73-80.

G. A. NBORO NCHAMA, L. D. ALFONSO, A. M. LAU MECIAS, M. RODRIGUEZ RICARD, Proper-
ties of the Caputo-Fabrizio fractional derivative, International journal of applied Engineering research,
16, no. 1, (2021), 13-21.

G. M. N’GUEREKATA, A Cauchy problem for some fractional abstract differential equation with non
local conditions Nonlinear Anal. 70, no. 5, (2009), 1873-1876.

A. PAZY, Semigroups of Linear Operators and Applications to Partial Di erential Equations, Springer-
Verlag, New York, 1983.

PIERRI, D. O’REGAN AND V. ROLNIK, Existence of solutions for semi-linear abstract differential
equations with not instantaneous impulses, Appl. Math. Comput. 219, (2013), 6743-6749.


https://doi.org/10.1007/s00332-021-09691-8

162 K. OULD MELHA, M. DJILALI AND V. L. CHINCHANE

[25] 1. PODLUBNY, Fractional Differential equations: An Introduction to Fractional Derivatives, Frac-
tional Differential Equations, to Method of their Solutions and some of their Applications, Academic
Press, San Diego, USA.

[26] J. PRUSS, Evolutionary Integral Equations and Applications, Birkhiuser Verlag, Basel, 1993.

[27] D.R. SMART, Fixed Point Theorems, Cambridge University Press, Cambridge, 1980.

(Received May 22, 2023) Khellaf Ould Melha
Department of Mathematics

Faculty of Exact Sciences and Informatics

Hassiba Benbouali University

02180, Ouled Fares, Chlef, Algeria

e-mail: k.ouldmelha@univ-chlef.dz

Medjahed Djilali

Department of Mathematics

Faculty of Science and Technology
University of Relizane

48000 Relizane, Algeria

e-mail: medjahed48djilali@gmail.com

Vaijanath L. Chinchane

Department of Mathematics

Deogiri Institute of Engineering and Management Studies
Chhatrapati Sambhajinagar-431005, India

e-mail: chinchane85@gmail.com

Fractional Differential Calculus
www.ele-math.com
fdc@ele-math.com



