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A STUDY OF A HIGH-ORDER TIME-FRACTIONAL
PARTIAL DIFFERENTIAL EQUATION WITH
PURELY INTEGRAL BOUNDARY CONDITIONS

NECIB ABDELHALIM, ADEL OUANNAS, IMAD REZZOUG AND IQBAL M. BATIHA *

(Communicated by Y.-K. Chang)

Abstract. The aim of this paper is to investigate the existence and uniqueness of the strong so-
lution for the linear time-fractional partial differential equation with purely integral conditions.
The aimed investigation is demonstrated based on the so-called energy inequality method and
the density of the operator generated by the considered problem. To do so, we first set the posi-
tion of the problem under consideration coupled with its corresponding equivalent problem, say
problem (x). Afterward, we introduce some necessary functional spaces needed for exploring
the existence and uniqueness of solution of problem (x). Finally, we investigate the existence
and uniqueness of solution of the main operational equation.

1. Introduction

Fractional differential equations (FDEs) are the generalizations of classical differ-
ential equations with integer-orders [1 1]. In recent years, nonlinear FDEss are playing a
major role in various fields such as physics, biology, engineering, signal processing, and
control theory, finance, fractal dynamics and many other physical processes and diverse
applications [27,24,18]. Recently, there has been a significant development in fractional
partial differential equations (FPDE?s), see the papers [16,23,20,17,10,25,26,30,22,21]
and the references therein. Studying or finding approximate and exact solutions to the
PFDE:s is regarded a very important task. A large amount of literatures were developed
concerning the solutions of the PFDEs in linear and nonlinear dynamics [5, 8,7, 6, 28].
Many powerful and efficient methods have been proposed to obtain the numerical and
exact solutions of PFDEs such as optimal homotopy analysis method [3], optimal ho-
motopy asymptotic method [31], variational iteration method [4], Adomian decompo-
sition method [9], and many others.

The theory of existence and uniqueness of solutions of the initial and bound-
ary value problems for FDEs are extensively studied by many authors, see for exam-
ple [10, 25, 26, 14] and references therein. In particular, the study of existence and
uniqueness of solution of FPDEs are investigated by the well-known Lax-Milgram the-
orem and fixed point theorem, among them we only mention here the papers [21, 19].
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A suitable variational formulation is the starting point of many numerical methods such
as finite element methods and spectral methods. The existence and uniqueness of the
variational solution is thus essential for these methods to be efficient. The construc-
tion of the variational formulation strongly relies on the choice of suitable spaces and
norms. Motivated by this, we extend and generalize the study of the problems of FPDEs
with integral conditions, and expand the works in classical problems of FPDEs to non
standard problems.

It has been demonstrated that many phenomena can better be described by integral
boundary conditions. Integral boundary conditions are encountered in various appli-
cations such as population dynamics, blood flow models, chemical engineering and
cellular systems. Moreover, boundary value problems with integral conditions orig-
inating from various engineering disciplines, is of growing interest. That is, a large
number of physical phenomena and many problems in modern physics and technology
can be described in terms of nonlocal problems such as problems in PDEs with integral
conditions. Such problems have been studied and received a great interest extensively
by the author Bouziani in several works, among them [32, 13, 15,12, 14,2,29].

2. Preliminaries

In this part, we review some important definitions and lemmas that are needed to
explain the problem we shall study in this work. For instance, we recall next the Caputo
derivative operator and the fractional integral operator for any positive non integer value
0 <a <1 andI'() is denoted the well-known gamma function.

DEFINITION 1. The left Caputo derivative operator can be expressed as

o _ 1 ! u/(T)
§, u(t)_l"(l—a)/o (I_T)adr. (1)

DEFINITION 2. The fractional integral operator is defined by
1 tou(r)
ru) = | dr. @)
rulo) (o) Jo (r—1)'

COROLLARY 1. The composition of Caputo derivative operator and integral op-
erator is given by

tl—a

1
Cgoc dT:Il—a s
/0 00 U t u r(z_a)

u(0). 3)

LEMMA 1. (Poincare type inequality) For all u € L?(0,1) and m,n € N such
that m < n, we have

! n,\2 1 ! m,\2
<
/0 (S%u)"dx < 2n7m/0 (S8"u)” dx, @)
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where

RIGTES

ﬁf("‘5>n_l”<5»f>d5»">h 5)

and
3% = u(x,z). (6)

LEMMA 2. For 0 < oo < 1 and for all continuous function u on [0,T], we have

GO u)yu > = (§9%u)’. 7

N =

3. Position of the problem

In the rectangular domain Q = (0,1) x (0,7T), with T < oo, and for any positive
non integer 0 < v < 1 and m € N*, we consider the following FPDE:

ca " amel v
Lv= 59/ v+(-1) 52T a(xﬁ)a =g (x,1) (®)
subject to the initial condition
r=v(x,0) =), xe(0,1), 9

and the purely integral boundary conditions

/Oléiv(é,t)dé — (), i=072m—T, (10)

where a(x,1), g(x,1), ¢ (x), e;(¢) are given functions that satisfy certain conditions
2m—1 [E—
which will be specified later and % € L*(Q) such that (i=0,2m—1). The

function @(x) satisfies some compatibility conditions given as follows

[ go@as=a), i=vam-T (an

To deal with problem (8)—(10), we first transform it with its in-homogenous con-
dition, to its corresponding equivalent problem with homogenous integral boundary
conditions. To do so, we introduce a new unknown function u(x,7) defined by

M(X,I)ZV(X,I)—U(X,I), (12)
where
2m—1 )
Ulx,t) =Y bj(t)x/, (13)
j=0
and

1
A:<1+i+j)2m><2m7 B=(b;(0)ypers E=(€it))amxrs
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for 0 <1i,j <2m— 1. Consequently, we can have
B=A"'E.

Thus, problem (8)—(10) is therefore equivalent to

& ¢ 50 n 32”'_1 u
u= oo u+(-1) ST a(xyf)g =f(x1), (14)
subject to the initial condition

v =u(x,0) = y(x), (15)

and the purely integral boundary conditions

[ evenas=o, =0T, (16)

where
f(xvt) :g(xvt) —XU()C,I%

and
y(x) = o) —LU.

From a compatibility conditions (11), we obtain

/()léiw(é)dé =¢;(0), i=02m—1.

Hence, the solution of problem (8)—(10) will be obtained immediately by the equations
(12)—(13).

4. Uniqueness of the solution of problem (14)—(16)

A priori estimate method is one efficient functional analysis technique, it is also
called the energy-integral method by many researchers. This is an important technique
for studying PDEs in general and with some purely integral conditions in particular.
It has been successfully used when proving the existence, uniqueness, and continuous
dependence of the solutions of many PDEs. It is essentially based on the construction
of multipliers for each specific problem. In this way a priori estimate is provided, from
which it is possible to establish the solvability of the problem. Herein, the proposed
proof is based on the energy inequality and the density of the range of the operator
generated by the abstract formulation of the problem. Therefore, for the purpose of
initiating such proof, we need first to introduce some necessary functional spaces. This
would help us later to prove the uniqueness of solution (if it exists), and to explore the
existence of the solution of problem (14)—(16). So, let us now observing that problem
(14)—(16) is equivalent to the following operational equation:

Lu=F,
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where L = (%, () is considered as an operator from B to H such that B is a Banach
space consisting of all function u € L?(Q) with the finite norm

a3 = sup (d“( [ @t ag s <qu>2dx>) ,

0<t<T

and H is the Hilbert space consisting of all elements F = (f, ) with the finite norm

1
||F||§,=/f2dxdt+/ wldx
0 0

In addition, the domain of definition D(L) is the set of all functions u € L*>(Q) for
which §J%u, % € L?(Q) and satisfying integral conditions (16).

In light of the aforesaid discussion, we set the next definition that defines the strong
solution of problem (14)—(16). Then, we state and prove an important result that con-
firms there is a priori estimate that can be satisfied by the solution of problem (14)—(16),
followed by a further result that asserts the uniqueness of this solution.

DEFINITION 3. Suppose that the operator L from B into H has a closure L. Then
the solution of the operational equation

Lu=F
is called a strong solution of problem (14)—(16).

THEOREM 1. Suppose that the function a(x,t) satisfies the condition
1  da
21nfa - —supa > agp >0, (17)

then the solution of problem (14)—(16) satisfies a priori estimate
lullp <KFl, VueD(L), (18)

where K is a positive constant independent of u.

Proof. To prove this result, we first take the scalar product in L*(0,1) of equation
(14) and the integro-differential operator Mu = (—1)" 32"u. As a consequence, we
can have

<$M,MU>L2(O71) = <f,Mu>L2(071) .

Therefore, we obtain

1321111 u
_1\m [04 2m 2m
(—1) /0 (69%u) 32 udx+/ S 1<a(x,t)—ax)3x udx

)" /O f 32" udsx. (19)
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Now, integrating by parts the left hand side of equation (19) and using integral condi-
tions (16) give

" ' (60%) 32 udx = (1" JA (6975 ) S udn
= ' (0752) 52 2ud
— (1 /O (605 3 udx
- /O (6093 S Mudsx.
Consequently, we have
(—1y" /0 ' (50%u) 32 udx = /O (6093 M) 3 ud, 20)
and
;%(dm)g—)sm dx = — 1%( (x,1) 5~ )32'" !
= (—17? 1% (a( )‘;x>32m 2udx
— (- 1)2'" ! / a(x, t)gzsxudx
/01 u < xu+au> dx
/01< 19a 4 )2+au2> dx.

As a result, we obtain

1 H2m—1 1
0 ;—x2m—1 ( (x, ’>8 )32’” dx —/0 (—%%(sxwzwuz) dx. (1)

Now, substituting equations (20) and (21) in equation (19) yields

ogm m 1861 2) ! 2
/0(83 u) 3y de+/< (Syu) dx—i—/() au”dx
= (=1)" Zmd' 22
)/Ofsxux (2)

With the use of Lemma 1, the third term of left hand side of equation (22) might be
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estimated as
1 1 Jda 1
cyogm md Dinfa — = _/ x2d
/0 (697 SV u) 3% udx + ( infa 2sgpax> A (Syu)"dx
1
—1)" / 32 udx., (23)
0
Also, by Lemma 2 and condition (17), we deduce
2/ 692 (M) dx+a0/ uldx < ( / £.32Mudx. (24)

Herein, by using Cauchy inequality coupled with Lemma 1, the right hand side of
equation (24) will be consequently in the form

‘(—l)m/olf.sfmudx

/f dx +22m/ (34u0)2 dx. (25)

Again, substituting inequality (25) in estimate (24) implies

1 lc o m,\2 € ! 2 1 ! 2
E/0 6% (3™u) dx+<ao—ﬁ>/0 (Sxu)?dx < %/0 F2dx. (26)

As aresult, by integrating inequality (26) over (0, ) and using Corollary 1, we obtain

s ([ @rwran) + (- 5) 5 ([ <sxu>2dx) o

2
dxdt X. 28
Sop [ f) s g [ v ew
Therefore, we have

%ITI’O‘ (/01 (S;”u)zdx> + (ao - 2;57> e (/01 (qu)zdx> (29)
<5 / / fRdxdt / vidr.  (30)

Now, we may choose € such that ag — ﬁ > 0. This would give

1 1
L ( / (S"uid >+s ( / (qu)zdx>
2 2 ! 2 )
gK(/Qfdxdt+/0l//dx , 31)

1 TI*D!
max (%7 F(2—a)>

: 1 £
min <§7a0 - 22m>

where

K? =
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Thus, we consequently get the following inequality:

sup (111_“ (/Q (iju)zdx>) +3; (/01 (qu)zdx)
< K? (/Qf2dxdt+/01 l//2dx>,

lull p < K||Lullpy - D (32)

where

In view of the above discussion and due to L is the closure of L, we can extend
inequality (18) as follows
llull g < K || Lul|,, . (33)

for all u € D(L). Hence, inequality (33) leads to the following corollaries.

COROLLARY 2. A strong solution of (14)—(16) is unique if it exists and depends
continuously on F = (f,y).

COROLLARY 3. The rang of L is closed in H and R(L) =R (L).

5. Existence of the solution of problem (14)-(16)

Throughout the previous section, we have proved the uniqueness of solution of
problem (14)—(16), if it exists. However, we have not demonstrated the existence of
such a solution yet. To do so, we will just prove that R(L) is dense in H. This would
be confirmed by the following result.

THEOREM 2. Suppose that the conditions of Theorem | are satisfied. Assume that
for @ € L*(Q) and u € Dy(L) = {u € D(L),lu=0 }, we have

| Zuodxi =0, (34)
o
then @ vanishes almost everywhere in Q.

Proof. We can rewrite equation (34) as follows:

9¥m—1 Ju
/Q (69" wdsar + (1) | S <a(x,z)$) wdxdi = 0. (35)
Also, we can express @ in terms of a function u as
o=32"y. (36)

As a consequence, Substituting @ in (35) gives
82m71

c 2m m
/Q(Ogtau)sx udxdt+(—1) QW

(a(x,t)%) 32 udxdr = 0. 37
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By integrating by parts all terms of the left hand side of equation (37) over (0,1) and

by using the integral conditions (16), we get
€0%u) 32 udxdr = (—1)™ [ (503" u) 3" udxdt,
0% X 0% ~x X
Q Q

and

a2m—1

)
(=)™ ) (a(x,t)a—z> 32 udxdt

o m 1 da 2 2
=(-1) /Q<_§$(qu) —|—au>dxdt.

Consequently, substituting (38) and (39) into (37) implies

da

/ (69%3"u )Smudxdt—i-/auzdxdt
0 2 8

(S.u)* dxdt = 0.

On the other hand, by using Lemma 1, we can have

! chyoxm m ! 2 aa 2
/0 50 qu)qudx+/O au dx—z 2 (S dx

(38)

(39)

(40)

1 1
2/0 (69,3 u) S¥udx + <2igfa—%szp%>/o (Su)? dx.

After we use conditions (17) and Lemma 2, we obtain

! chogm m ! 2 ! da 2
/0 (69, qu)qudx—i—/O au dx—i > (Sau) dx

1 1
> 1 / (69%37)? dx+ ao / ()2 dx.
2 Jo 0

Thus, integrating inequality (42) over (0, 7) and using Corollary | yields

/ / (5093 u) 3" udxdr + / / aldxdr — - / / V2 dxd

(41)

(42)

(43)

1 m
> 5111 « </0 (g7 u)zdx) —l—ao/o /0 (3 ) dxdr.

Consequently, by replacing 7 by 7', we conclude

da

2
3 )y ox (Syu)” dxdt

/( 2%3"u )Smudxdt+/au2dxdt

1
> S ( /O (S)Tufdx) +a /Q () ddr.
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Now, due to

/ (6093 u) S udxds + / alddi— L [ 2% (S dx=0
0 0 2 Jo dx

from where

1 1
3 e (/0 (S;”u)zdx> —|—ao/Q(qu)2 dxdr =0,

we can immediately have

(S.u)> =0.

Therefore u = 0, and hence @ =0 in L?(Q). This consequently yields the existence
of the solution of problem (14)—(16). [

6. Conclusion

In this paper, we have investigated the existence and uniqueness of the strong

solution for the linear time-fractional partial differential equation with purely integral
conditions. This has been successfully performed with the help of using of the energy
inequality method and the density of the operator generated by the considered problem.
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