
Fractional
Differential

Calculus

Volume 14, Number 1 (2024), 109–169 doi:10.7153/fdc-2024-14-07

RECENT RESULTS ON FRACTIONAL

LYAPUNOV–TYPE INEQUALITIES: A SURVEY

SOTIRIS K. NTOUYAS ∗ , BASHIR AHMAD AND JESSADA TARIBOON

(Communicated by M. Andrić)

Abstract. This survey paper complements to our previous review papers on Lyapunov-type in-
equalities and contains some of the most recent results on these inequalities for fractional bound-
ary value problems involving a variety of fractional derivative operators and boundary conditions.
In precise terms, we have included the results related to Riemann–Liouville, Caputo, mixed
Riemann–Liouville and Caputo, Riesz-Caputo,  -Caputo, Hadamard, Katugampola, Hilfer,  -
Hilfer, proportional, variable order Hadamard, partial, systems of Riemann-Liouville, bi-ordinal
Hilfer-Katugampola, and  -Hilfer fractional derivative operators. The Lyapunov-type inequal-
ities for discrete fractional boundary value problems are also presented.

1. Introduction

Inequalities are found to be a valuable tool in developing many branches of mathe-
matics and handling a variety of problems of applied nature. Among the well-known
inequalities, the Lyapunov’s inequality is of fundamental importance as it has been
successfully applied to establish the theoretical aspects of ordinary and partial differ-
ential equations, difference equations, dynamic equations on time scales, oscillation
theory, disconjugacy, Hamiltonian systems, etc.; for details, see the text [2] and the
references cited therein. Concerning the application of Lyapunov-type inequalities to
eigenvalue problems, we refer the reader to the monograph [37]. For application of
Lyapunov’s inequality in control systems and stability of switched systems, for exam-
ple, see [14, 6] and [18], respectively. The role of generalized Lyapunov inequalities in
studying stochastic linear systems can be found in [5].

Let us recall that Lyapunov’s inequality was firstly proposed and proved by Lya-
punov [30], in which the necessary condition for the problem{

z′′(t)+ r(t)z(t) = 0, y1 < t < y2,
z(y1) = z(y2) = 0,

to have a nontrivial classical solution was∫ y2

y1

|r(s)|ds >
4

y2− y1
.
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During the last few decades, an overwhelming interest has been observed in devel-
oping the subject of fractional calculus. Numerous definitions of fractional derivatives
and integrals were introduced. Accordingly, initial and boundary value problems in-
volving different kinds of fractional differential operators were studied. This develop-
ment motivated many researchers to work on the Lyapunov-type inequalities for frac-
tional order boundary value problems. A fruitful technique for finding Lyapunov-type
inequality for the fractional differential equations is to convert the fractional boundary
value problem (FBVP for short) into an equivalent integral equation and then find the
maximum of the Green’s function involved in it.

Recently, in the survey [31], the Lyapunov-type inequalities for FBVP were dis-
cussed in detail. Here, it is imperative to mention that the survey in [31] is continuation
of the survey papers [32] and [33]. In the present survey, we continue our efforts to col-
lect the most recent results on Lyapunov-type inequalities for FBVP appearing in the
literature after the publication of the surveys [31, 32, 33]. Precisely, a comprehensive
and up-to-date review of Lyapunov-type inequalities for boundary value problems in-
volving different kinds of fractional derivative operators and boundary conditions will
be described.

The rest of the paper is organized as follows. We present Lyapunov-type inequal-
ities for the problems containing fractional derivative due to Riemann–Liouville in
Section 2, Caputo in Section 3, Riemann–Liouville and Caputo (mixed) in Section 4,
Riesz-Caputo in Section 5,  -Caputo in Section 6, Hadamard in Section 7, Katugam-
pola in Section 8, and Hilfer in Section 9. The Lyapunov-type inequalities for pro-
portional, variable order Hadamard type, and partial fractional derivative operators are
respectively discussed in Sections 10, 11 and 12. Section 13 deals with Lyapunov-type
inequalities for systems of Riemann-Liouville fractional differential equations, while
Lyapunov-type inequalities for bi-ordinal Hilfer-Katugampola and  -Hilfer fractional
derivative operators are described in Section 14. In Section 15, we present Lyapunov-
type inequalities for a discrete FBVP. We present all the results on Lyapunov-type in-
equalities without proofs. However, a complete reference for the details of each result
elaborated in this survey is mentioned for the convenience of the reader.

2. Lyapunov-type inequalities for FBVP involving
Riemann–Liouville fractional derivative

Let us first recall some basic definitions [22, 38].

DEFINITION 1. The left and right Riemann-Liouville fractional integrals Iy1+ and

Iy2− of order  > 0 for a function g ∈ L1[y1,y2] are respectively defined by

(Iy1+g)(x) =
1

( )

∫ x

y1

(x− t)−1g(t)dt,

(Iy2−g)(x) =
1

( )

∫ y2

x
(t− x)−1g(t)dt,
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where ( ) is the Euler Gamma function given by ( ) =
∫ 

0
t−1e−t dt and

(I0
y1−g)(x) = (I0

y1+g)(x) = g(x).

DEFINITION 2. The left and right Riemann-Liouville fractional derivatives D
y1+g

and D
y2−g of order  ∈ (n− 1,n] , where g,g(n) ∈ L1[y1,y2] , are respectively defined

by

(D
y1+g)(x) =

( d
dx

)n
(In−

y1+ g)(x) and (D
y2−g)(x) =

(
− d

dx

)n
(In−

y2− g)(x).

DEFINITION 3. The left and right Caputo fractional derivatives CD
y1+g and

CD
y2−g of order  ∈ (n− 1,n] for a function g ∈ ACn[y1,y2] are respectively given

by

(CD
y1+g)(x) = (In−

y1+ Dng)(x) and (CD
y2−g)(x) = (−1)n(In−

y2− Dng)(x).

In 2019, Y. Wang and Q. Wang [50] considered the following multi-point FBVP:⎧⎪⎪⎨⎪⎪⎩
D

y1+z(t)+ r(t)z(t) = 0, y1 < t < y2, 2 <  � 3,

z(y1) = z′(y1) = 0, D+1
y1+ z(y2) =

m−2


i=1

i D
y1+z(i),

(1)

where D
y1+ denotes the standard Riemann-Liouville fractional derivative operator of

order  ,  >  + 2, 0 �  < 1, y1 < 1 < 2 < .. . < m−2 < y2, i � 0 (i =
1,2, . . . ,m−2), 0 �m−2

i=1 i(i−y1)−−1 < (−−1)(y2−y1)−−2 and r : [y1,y2]
→ R is a continuous function.

LEMMA 1. A function z ∈C([y1,y2],R) is a solution of the FBVP (1) if and only
if z satisfies the integral equation

z(t) =
∫ y2

y1

G(t,s)r(s)z(s)ds+T (t)
∫ y2

y1

(m−2


i=1

i H(,s)r(s)z(s)
)
ds,

where

G(t,s) =
1

( )

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(t− y1)−1(y2− s)−−2

(y2 − y1)−−2
− (t− s)−1, y1 � s � t � y2,

(t− y1)−1(y2− s)−−2

(y2 − y1)−−2
, y1 � t � s � y2,

H(t,s) =
1

( )

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(t− y1)−−1(y2− s)−−2

(y2− y1)−−2
− (t− s)−−1, y1 � s � t � y2,

(t− y1)−−1(y2− s)−−2

(y2− y1)−−2
, y1 � t � s � y2,
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T (t) =
(t− y1)−1

( − −1)(y2− y1)−−2−
m−2


i=1

i(i − y1)−−1

, t � a.

LEMMA 2. The function G(t,s) defined in Lemma 1 satisfies the properties:

(i) G(t,s) � 0, for all (t,s) ∈ [y1,y2]× [y1,y2];

(ii) G(t,s) is non-decreasing with respect to the first variable;

(iii) 0 � G(y1,s) � G(t,s) � G(y2,s) =
1

( )
(y2− s)−−2

[
(y2− y1)+1−

(y2 − s)+1
]
, (t,s) ∈ [y1,y2]× [y1,y2];

(iv) For any s ∈ [y1,y2],

max
s∈[y1,y2]

G(y2,s) =
 +1
 −1

( − −2
 −1

) −−2
+1 (y2 − y1)−1

( )
.

LEMMA 3. The function H(t,s) defined in Lemma 1 satisfies the properties:

(i) H(t,s) � 0, for all (t,s) ∈ [y1,y2]× [y1,y2];

(ii) H(t,s) is non-decreasing with respect to the first variable;

(iii) 0 � H(y1,s) � H(t,s) � H(y2,s) =
1

( )
(y2−s)−−2(s−y1), (t,s)∈ [y1,y2]

× [y1,y2];

(iv) max
s∈[y1,y2]

H(y2,s) = H(y2,s
∗) =

( − −2)−−2

( )

( y2− y1

 − −1

)−−1
,

where s∗ =
 − −2
 − −1

y1 +
1

 − −1
y2.

Now, we are ready to give the Lyapunov-type inequality for the FBVP (1).

THEOREM 1. If a continuous nontrivial solution to the FBVP (1) exists, then∫ y2

y1

(y2− s)−−2
[
(y2− y1)+1− (y2− s)+1 +

m−2


i=1

iT (y2)(s− y1)
]
|r(s)|ds � ( ),

and ∫ y2

y1

|r(s)|ds � ( )
Q

,

where

Q =
 +1
 −1

( − −2
 −1

) −−2
+1 (y2 − y1)−1

+
m−2


i=1

iT (y2)( − −2)−−2
( y2− y1

 − −1

)−−1
.
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In 2022, Dhar and Neugebauer [8] studied the FBVP:⎧⎨⎩D
y1+z(t)+ r(t)z(t) = 0, y1 < t < y2,

z(y1) = 0, D
y1+z(y2) = 0,

(2)

where  ∈ (1,2],  ∈ [0, −1], D
y1+, D

y1+ are Riemann-Liouville derivative opera-
tors of orders  and  , respectively, and r ∈C([y1,y2],R).

LEMMA 4. A function z ∈C([y1,y2],R) is a solution to the FBVP (2) if and only
if it satisfies the integral equation:

z(t) =
∫ y2

y1

G(t,s)r(s)z(s)ds,

where G(t,s) is the Green’s functions given by

G(t,s) =
1

( )

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(t− y1)−1(y2− s)−1−

(y2− y1)−1− − (t− s)−1, y1 � s � t � y2,

(t− y1)−1(y2− s)−1−

(y2− y1)−1− , y1 � t � s � y2.

LEMMA 5. The Green’s function G(t,s), defined in Lemma 4, satisfies the prop-
erties:

(1) G(t,s) � 0 for all (t,s) ∈ [y1,y2]× [y1,y2];

(2) maxt∈[y1,y2] G(t,s) � G(s,s) for s ∈ [y1,y2];

(3) G(s,s) has a unique maximum at s =
( −1)y2 +( −1− )y1

2 −2−
given by

G(s , s) =
1

( )

((y2 − y1)( −1)
2 −2−

)−1(  −1−
2 −2−

)−1−
;

(4)
∫ y2

y1

G(t,s)ds � ( −1)−1

( − )( +1)
(y2− y1) .

Now, we present a Lyapunov-type inequality for the FBVP (2).

THEOREM 2. If the FBVP (2) has a nontrivial continuous solution z∈C([y1,y2],R)
and z(t) �= 0 on (y1,y2), where q is a real and continuous function defined on [y1,y2],
then ∫ y2

y1

r+(s)ds � ( )
( 2 −2−

(y2 − y1)( −1)

)−1(2 −2−
 −1−

)−1−
,

where r+(s) = max{r(s),0}.



114 S. K. NTOUYAS, B. AHMAD AND J. TARIBOON

REMARK 1. The FBVP (2) has no nontrivial solution if∫ y2

y1

r+(s)ds � ( )
( 2 −2−

(y2 − y1)( −1)

)−1(2 −2−
 −1−

)−1−
.

In 2023, Eloe et al. considered in [10] the (n, p)-type nonlinear FBVP:{
D

y1+z(t)+ �(t)Fz(t) = 0, y1 < t < y2,

y(i)(y1) = 0, i = 0,1, . . . ,n−2, Dp
y1+z(y2) = 0,

(3)

where y2 > y1,  ∈ (n−1,n] , n � 2 is an integer, p ∈ [0, −1] and D(·)
y1+ denotes the

Riemann-Liouville derivative operator, � ∈C([y1,y2],R) and F : [y1,y2] → [y1,y2].

LEMMA 6. Let x ∈C([y1,y2],R),  ∈ (n−1,n], where n � 2 denotes an integer,
and p ∈ [0, −1]. Then, z ∈C([y1,y2],R) is a solution to the FBVP:{

D
y1+z(t)+ x(t) = 0, y1 < t < y2,

y(i)(y1) = 0, i = 0,1, . . . ,n−2, Dp
y1+z(y2) = 0,

(4)

if and only if

z(t) =
∫ y2

y1

G (t,s)x(s)ds,

where

G (t,s) =
1

( )

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(y2− s)−p−1(t− y1)−1

(y2− y1)−p−1
− (t− s)−1, y1 � s � t � y2,

(y2− s)−p−1(t− y1)−1

(y2− y1)−p−1
, y1 � s � t � y2,

if p <  −1, and

G (t,s) =
1

( )

⎧⎨⎩(t− y1)−1− (t− s)−1, y1 � s � t � y2,

(t− y1)−1, y1 � s � t � y2,

if p =  −1.

Now, we find the bounds for the Green’s function G (t,s) for three cases:

(I) 1 <  � 2, and 0 � p �  −1;

(II) 2 <  , and 0 � p < 1;

(III) 2 <  , and 1 � p �  −1.

LEMMA 7. Assume that 1 <  � 2 and 0 � p � −1. Then, the Green’s function
defined in Lemma 6 has the properties:
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(i) G (t,s) � 0, for all t,s ∈ [y1,y2];

(ii) max
t∈[y1,y2]

G (t,s) = G (s,s)

=
1

( )

⎧⎪⎨⎪⎩
(y2 − s)−p−1(s− y1)−1

(y2− y1)−p−1
, ∀s ∈ [y1,y2], if p <  −1,

(s− y1)−1, ∀s ∈ [y1,y2], if p =  −1;

(iii) max
s∈[y1,y2]

G (s,s)

=

⎧⎪⎪⎨⎪⎪⎩
1

( )

[  − p−1
2( −1)− p

]−p−1[  −1
2( −1)− p

]−1
, if p <  −1,

(y2− y1)−1

( )
, if p =  −1.

LEMMA 8. Assume that 2 <  and 0 � p �  − 1. Then, the Green’s function
defined in Lemma 6 has the properties:

(i) G (t,s) � 0, for all t,s ∈ [y1,y2];

(ii) max
t∈[y1,y2]

G (t,s) = G (s∗,s), where s∗ =
s− y2D
1−D

and D =
( y2− s

y2− y1

) −p−1
−2 ;

(iii) max
s∈[y1,y2]

G (s∗,s) =
(y2 − y1)−p−1−p−1

 ,p (1− ,p)−1

( )
(
1−−p−1

 ,p

)−2
, where  ,p is the uni-

que solution of the nonlinear equation:


2−p−3
−2

 ,p −
(
2− p

 −1

)
 +

 − p−1
 −1

= 0,

in the interval
(
0,

[(
2− p

 −1

)(  −2
2 − p−3

)] −2
−p−1

)
⊂ (0,1).

LEMMA 9. Assume that 2 <  and 1 � p �  − 1. Then, the Green’s function
defined in Lemma 6 has the properties:

(i) G (t,s) � 0, for all t,s ∈ [y1,y2];

(ii) G (t,s) � G (y2,s) for t,s ∈ [y1,y2];

(iii) max
s∈[y1,y2]

G (y2,s) =
(y2− y1)−1

( )
.

We need the following assumptions to obtain Lyapunov-type inequalities for the
FBVP (3):
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(A1) F : C[y1,y2] → C[y1,y2] and there exists  > 0, independent of z such that, if
y ∈C[y1,y2], then ‖Fy‖ � ‖y‖;

(A2) � ∈C([y1,y2],R).

THEOREM 3. Assume that (A1) and (A2) hold. Then, for 1 <  < 2 and 0 �
p �  −1, the estimate∫ y2

y1

|�(s)|ds <
( )


[2( −1)− p
 − p−1

]−p−1[2( −1)− p
 −1

]−1( 1
y2− y1

)−1

implies that the FBVP (3) has only the trivial solution z(t) ≡ 0.

THEOREM 4. Let 2 <  and 0 � p < 1. If (A1) and (A2) hold, then the estimate

∫ y2

y1

|�(s)|ds <
( )

(
1−

−p−1
−2

 ,p

)−2

(y2− y1)−p−1−p−1
 ,p (1− ,p)−1

implies that the FBVP (3) has only the trivial solution z(t) ≡ 0, where  ,p is the
unique solution of the nonlinear equation:


2−p−3
−2 +

( p
 −1

−1
)
 +

 − p−1
 −1

= 0,

in the interval
(
0,

[(
2− p

 −1

)(  −2
2 − p−3

)] −2
 −p−1)

.

THEOREM 5. Suppose that (A1) and (A2) hold and 1 � p �  − 1 with 2 <  .
Then, the estimate ∫ y2

y1

|�(s)|ds <
( )

(y2− y1)−1
implies that the FBVP (3) has only the trivial solution z(t) ≡ 0.

In [42], Silva studied the following FBVP with (left) Riemann-Liouville fractional
derivative operator:{

(D
y1+z)(t)+ (D

y1+rz)(t) = 0, t ∈ [y1,y2],
z(y1) = z(y2) = 0,

(5)

with 0 � y1 < y2,  ∈ (1,2),  ∈ (0, −1) and r : [y1,y2] → R is a continuous func-
tion.

LEMMA 10. Let 1 <  < 2, 0 <  <  − 1 and r ∈ C([y1,y2],R). Then, the
integral solution z of FBVP (5) is

z(t) =
∫ y2

y1

G(t,s)r(s)z(s)ds,
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where the Green’s function G(t,s) is defined by

G(t,s) =
1

( − )

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(t− y1)−1(y2 − s)−−1

(y2 − y1)−1
, y1 � t � s � y2,

(t− y1)−1(y2 − s)−−1

(y2 − y1)−1
− (t− s)−−1, y1 � s � t � y2.

LEMMA 11. For any (t,s) ∈ [y1,y2]× [y1,y2], the maximum value of the Green’s
function defined in Lemma 10 is given by

max
t,s∈[y1,y2]

|G(t,s)| = 1
( − )

(  −1
2 − −2

)−1(  − −1
2 − −2

)−−1
(y2− y1)−−1,

with  ∈ (1,2) and  ∈ (0, −1).

In the following theorem, we give a Lyapunov-type inequality for the FBVP (5).

THEOREM 6. Let z be a nontrivial continuous solution to the FBVP (5), then∫ y2

y1

|r(s)|ds � ( − )(y2− y1)1+−(
−1

2−−2

)−1( −−1
2−−2

)−−1
.

3. Lyapunov-type inequalities for FBVP involving
Caputo fractional derivative operator

In [46], Toprakseven studied the Liouville-Caputo type FBVP:{
CD

y1+z(t)+ r(t)z(t) = 0, 2 <  � 3, y1 � t � y2,

z(y1) = z(y3) = z(y2) = 0, y1 < y3 < y2,
(6)

where CD
y1+ is the Liouville-Caputo derivative and r ∈C([y1,y2],R).

LEMMA 12. Let  =  + 1 ∈ (2,3] with  ∈ (1,2]. Then, z ∈ C3[y1,y2] is a
solution to the FBVP (6) if and only if z is a solution of the integral equation

z(t) =
∫ x2

x1

(∫ t

b
G( ,s)d

)
p(s)z(s)ds, x1 ∈ [y1,y3], x2 ∈ [y3,y2],

where the Green’s function G(t,s) is given by

G(t,s) =
1

( −1)

⎧⎪⎨⎪⎩
t − x1

x2− x1
(x2− s)−2− (t− s)−2, x1 � s � t � x2,

t − x1

x2− x1
(x2− s)−2, x1 � t � s � x2.
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We now present Hartman-Wintner-type inequalities for the FBVP (6).

THEOREM 7. If the FBVP (6) has a solution z(t) �≡ 0 for t ∈ (y1,y3)∪ (y3,y2),
then one of the following Hartman-Wintner-type inequalities holds:

(A)
∫ y2

y1

(s− y1)(y2 − s)−2r−(s)ds > ( −1)( −1),

(B)
∫ y2

y1

(s− y1)(y2 − s)−2r+(s)ds > ( −1)( −1),

(C)
∫ y3

y1

(s− y1)(y2− s)−2r−(s)ds+
∫ y2

y3

(s− y1)(y2 − s)−2r+(s)ds

> ( −1)( −1),

where r−(s) = max{−r(s),0} and r+(s) = max{r(s),0}.
As the first consequence of Theorem 7, we have the following Lyapunov-type

inequalities.

COROLLARY 1. If the problem (6) has a nontrivial solution, then one of the fol-
lowing Lyapunov-type inequalities holds:

(1)
∫ y2

y1

r−(s)ds >
( −1)( −1)( −1)−1

(y2c− y2)−1( −2)−2
,

(2)
∫ y2

y1

r+(s)ds >
( −1)( −1)( −1)−1

(y2− y1)−1( −2)−2
,

(3)
∫ y3

y1

r−(s)ds+
∫ y2

y3

r+(s)ds >
( −1)( −1)( −1)−1

(y2− y1)−1( −2)−2
.

Consequently, we get

∫ y2

y1

|r(s)|ds >
( −1)( −1)( −1)−1

(y2− y1)−1( −2)−2
.

As a second consequence of Theorem 7, we find a lower bound for the eigenvalues
of the FBVP considered in the next corollary.

COROLLARY 2. If  is an eigenvalue of the FBVP:{
CD

y1z(t)+ z(t) = 0, t ∈ [y1,y2],  ∈ (2,3],
z(y1) = z(y3) = z(y2) = 0, y1 < y3 < y2,

then

| | >  ( −1)2( −1)
(y2 − y1)

.
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In [44], Srivastava et al. studied the FBVP:⎧⎪⎪⎨⎪⎪⎩
CD z(t)+ r(t)z(t)) = 0, y1 < t < y2, 1 <  � 2,

z(y1)−d1z′(y1) = e1[z],

z(y2)−d2z′(y2) = e2[z],

(7)

where

[z] =
∫ y2

y1

z(t)dA(t), [z] =
∫ y2

y1

z(t)dB(t),

are the Riemann-Stieltjes integrals, A,B are functions of bounded variations, and d1,
d2,e1, and e2 are nonnegative real constants.

In the subsequent results, we use the notation:  = 14 + 23, where 1 =
1−e1[1] , 2 = d1+e1([t̂]−y2[1]) , 3 = 1−e2[1] , 4 = y2−y1−d2−e2([t̂]−
y2[1]), and

[1] =
∫ y2

y1

dA(t), [t̂] =
∫ y2

y1

tdA(t), [1] =
∫ y2

y1

dB(t), [t̂] =
∫ y2

y1

tdB(t),

JA(s) =
∫ y2

s
(t− s)−1dA(t), JB(s) =

∫ y2

s
(t− s)−1dB(t).

LEMMA 13. The unique solution z∈C(y1,y2)∩L(y1,y2) of the FBVP (7) is given
by the integral equation

z(t) =
∫ y2

y1

G(t,s)r(s)z(s)ds,

where G(t,s) is the Green’s function represented as

G(t,s) = G1(t,s)+G2(t,s),

with

G1(t,s) =
1

( )

[
e1(−4 +3(t− y1))JA(s)− e2(2 +1(t − y1))JB(s)

]
,

G2(t,s) =
1

( )
(y2− s)−2H(t,s),

and

H(t,s) =

⎧⎪⎨⎪⎩
(2 +1(t− y1)(y2 − s−d2( −1))
− (t− s)−1(y2 − s)2− , y1 � s � t � y2,

(2 +1(t− y1)(y2 − s−d2( −1)), y1 � t � s � y2.

Next, we obtain the upper estimates on the Green’s function to obtain a Lyapunov-
type inequality for the FBVP (7).
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LEMMA 14. (i) Let e1 ∈
(
0, 1

[1]

)
, e2 ∈

(
0, 1

[1]

)
and  > 0. Then

|G1(t,s)| � (y2 − s)−2

( )
max{e1(y2− y1)[1](d1 + e2(y2 − y1)[1]),

e2(y2 − y1)[1](d1 + y2− y1)}, y1 � s,t � y2;

(ii) Let 1−e1[1] > 0 , 1−e2[1] > 0 ,  > 0 ,  (y2−y1−d2( −1)) � 2. Then, for
y1 � s, t � y2, we have

G2(t,s) � (y2 − s)−2

( )
max

{ [2 +1(y2 − y1−d2( −1))]2

41
,
( +1d2( −1))2

41

}
.

THEOREM 8. Let 1− e1[1] > 0 , 1− e2[1] > 0 ,  > 0 ,  (y2 − y1 − d2( −
1)) � 2. If a continuous nontrivial solution of the FBVP (7) exists, then

∫ y2

y1

(y2− s)−2|r(s)|ds � ( )
1 +2

,

where

1 = max{(y2− y1)e1[1](d2 + e2(y2 − y1)[1]),(y2 − y1)e2[1](d1 + y2− y1)},

2 = max
{ [2 +1(y2 − y1−d2( −1))]2

41
,
( +1d2( −1))2

41

}
.

In [24], Laadjal and Ma discussed Lyapunov-type inequalities for the Langevin
type boundary value problems:{

CD
y1+

(
CD

y1+ +
)
z(t)+ r(t)z(t) = 0, y1 < t < y2,

z(y1) = z(y2) = 0,
(8)

and ⎧⎨⎩CD
y1+

(
CD

y1+ +
)
z(t)+ r(t)z(t) = 0, y1 < t < y2,

z(y1) = 0 = CD
y1+z(y2),

(9)

where (either 0 <  � 1 or 1 <  � 2), 0 <  ,  � 1,  ∈ R, such that 1 <  +
 � 2 and  <  , CD

y1+ , CD
y1+ and CD

y1+ respectively denote the Liouville-Caputo
fractional derivative operators of order  ,  and  , and r : [y1,y2]→R is a continuous
function.

We consider two cases according to the values of  : (i) 0 <  � 1 and (ii) 1 <
 � 2. In each case, we discuss the problems (8) and (9). By using the Green’s function
and its properties for each problem, we obtain the Lyapunov-type inequalities.
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3.1. Discussion of FBVP (8) for the case 0 <  � 1

LEMMA 15. Assume that 0 <  � 1. A function z ∈C([y1,y2],R) is a solution to
the FBVP (8) if and only if it satisfies the integral equation

z(t) =
∫ y2

y1

G (t,s)z(s)ds+
∫ y2

y1

G+ (t,s)r(s)z(s)ds,

where

G (t,s) =
1

( )

⎧⎪⎪⎨⎪⎪⎩
( t − y1

y2− y1

)
(y2− s)−1− (t− s)−1, y1 � s < t � y2,( t − y1

y2− y1

)
(y2− s)−1, y1 � t � s � y2,

with  ∈ { , +}.

LEMMA 16. For 0 <  � 1, the functions G ,  ∈ { , +} , defined in Lemma
15, satisfy the properties:

(i) max
t∈[y1,y2]

∫ y2

y1

|G (t,s)|ds =
(y2 − y1)

22−1( +1)
;

(ii) max
t,s∈[y1,y2]

|G+ (t,s)| = [( + −1)(y2− y1)]+−1

( +2 −1)+2−1( + )
.

In consequence, we express the Lyapunov-type inequality for the FBVP (8) as
follows.

THEOREM 9. Assume that 0 <  � 1. If a continuous nontrivial solution to the
FBVP (8) exists, then∫ y2

y1

|r(s)|ds � ( +2 −1)+2−1( + +1)
[( + −1)(y2− y1)]+−1

(
1− | |(y2− y1)

22−1( +1)

)
.

3.1.1. Discussion of FBVP (9) for the case 0 <  � 1

LEMMA 17. Assume that 0 <  � 1. A function z ∈C([y1,y2],R) is a solution to
the FBVP (9) if and only if it satisfies the integral equation

z(t) =
∫ y2

y1

G(t,s)z(s)ds+
∫ y2

y1

(y2− s)+−−1G(t,s)r(s)z(s)ds,

where

G(t,s) =
1

( +1

⎧⎪⎪⎪⎨⎪⎪⎪⎩
( − )(t− y1)

(y2− y1)−
(y2− s)−−1− (t− s)−1, y1 � s < t � y2,

( − )(t− y1)

(y2− y1)−
(y2− s)−−1, y1 � t � s � y2,
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and

G(t,s) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

( +1− )(t− y1)

( +1)( + − )(y2− y1)−

− (t− s)+−1

( + )(y2− s)+−−1
, y1 � s � t � y2,

( +1− )(t− y1)

( +1)( + − )(y2− y1)−
, y1 � t � s � y2.

LEMMA 18. For 0 <  � 1, the functions G and G defined in Lemma 17 satisfy
the properties:

(i) For any t ∈ [y1,y2],
∫ y2

y1

|G(t,s)|ds � 2(y2− y1)

( +1)
;

(ii) max
t,s∈[y1,y2]

|G(t,s)| = C, where

C = (y2− y1) max
{ ( +1− )
( + − )( +1)

,

(1−  )
( + )

(( +1− )( + − )
( + − )( )

) +−1
−1

, with  < 1
}
. (10)

In relation to the FBVP (9), we have the following Lyapunov-type inequality.

THEOREM 10. Assume that 0 <  � 1. If a continuous nontrivial solution to the
FBVP (9) exists, then∫ y2

y1

(y2 − s)+−−1|r(s)|ds � 1
C

(
1− 2| |(y2− y1)

( +1)

)
,

where C is given in (10).

3.2. Discussion of FBVP (8) for the case 1 <  � 2

LEMMA 19. Assume that 1 <  � 2. A function z ∈ C2([y1,y2],R) is a solution
to the FBVP (8) if and only if it satisfies the integral equation

z(t) =
∫ y2

y1

 Ĝ (t,s)z(s)ds+
∫ y2

y1

Ĝ+ (t,s)r(s)z(s)ds,

where

Ĝ (t,s) =
1

( )

⎧⎪⎪⎨⎪⎪⎩
t− y1

y2 − y1
(y2 − s)−1− (t− s)−1, y1 � s < t � y2,

t− y1

y2 − y1
(y2 − s)−1, y1 � t � s � y2,

with  ∈ { , +}.
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LEMMA 20. For 1 <  � 2, the functions Ĝ , ∈ { , +} , defined in Lemma
19, satisfy the properties:

(i) For any t ∈ [y1,y2], we have
∫ y2

y1

|Ĝ (t,s)|ds =
2(y2− y1)

( +1)
;

(ii) max
t,s∈[y1,y2]

|Ĝ+ (t,s)| = [( + −1)(y2− y1)]+−1

( + )+( + )
.

The Lyapunov-type inequality for the FBVP (8) is given in the following result.

THEOREM 11. Assume that 1 <  � 2. If a continuous nontrivial solution to the
FBVP (8) exists, then∫ y2

y1

|r(s)|ds � ( + )+( + )
[( + −1)(y2− y1)]+−1

(
1− 2| |(y2− y1)

( +1)

)
.

3.2.1. Discussion of FBVP (9) for the case 1 <  � 2

LEMMA 21. Assume that 1 <  � 2. A function z ∈ C2([y1,y2],R) is a solution
to the FBVP (9) if and only if

z(t) =
∫ y2

y1

 G̃1(t,s)z(s)ds+
∫ y2

y1

(y2− s)+−−1G̃2(t,s)r(s)z(s)ds,

where

G̃1(t,s) =

⎧⎪⎪⎨⎪⎪⎩
(2− )(t− y1)

( − )(y2− y1)1− (y2 − s)−−1− 1
( )

(t− s)−1, y1 � s < t � y2,

(2− )(t− y1)
( − )(y2− y1)1− (y2 − s)−−1, y1 � t � s � y2,

and

G̃2(t,s)=

⎧⎪⎪⎨⎪⎪⎩
(2− )(t− y1)

( + − )(y2− y1)1− −
(t− s)+−1

( + )(y2− s)+−−1
, y1 � s � t � y2,

(2− )(t− y1)
( + − )(y2− y1)1− , y1 � t � s � y2.

LEMMA 22. Let 1 <  � 2. The functions G̃1 and G̃2 defined in the previous
lemma, satisfy the properties:

(i) For any t ∈ [y1,y2], we have∫ y2

y1

|G̃1(t,s)|ds �
( (2− )
( − −1)

+
1

( +1)

)
(y2− y1) ;

(ii) max
t,s∈[y1,y2]

|G̃2(t,s)| = C̃,
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where C̃ = C (C is defined by (10) with 1 <  � 2) .

Now, we state the Lyapunov-type inequality for the FBVP (9) as follows.

THEOREM 12. Assume that 1 <  � 2. If a nontrivial continuous solution to the
FBVP (9) on [y1,y2] exists, then∫ y2

y1

(y2− s)+−−1|r(s)|ds � 1

C̃

(
1−| |(y2− y1)

( (2− )
( − −1)

+
1

( +1)

))
.

4. Lyapunov-type inequalities for FBVP involving mixed Riemann-Liouville
and Caputo fractional derivatives

In 2022, Liu and Li [26] studied the FBVP:⎧⎨⎩
CD

y1+D
y1+z(t)+ r(t)z(t) = 0, y1 < t < y2,

z(y2) = 0, pz(y1) = D
y2−z(y1),

(11)

where 0<  �  � 1, 1 < + � 2, p � 0 and p �= 0, CD
y1+ denotes the left Caputo

derivative operator of order  , D
y2− denotes the right Riemann-Liouville derivative

operator of order  and r ∈C([y1,y2],R).

LEMMA 23. A function z ∈ C([y1,y2],R) is a solution to the FBVP (11) if and
only if

z(t) =
∫ y2

y1

G(t,s)r(s)z(s)ds,

where G(t,s) is the Green’s functions given by

G(t,s) =
1

( )( )

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(y2 − t)

(1+  )

∫ y2

s
(− y1)−1(− s)−1d

−
∫ y2

t
(− t)−1(− s)−1d, y1 � s �  � t � y2,

(y2 − t)

(1+  )

∫ y2

s
(− y1)−1(− s)−1d

−
∫ y2

s
(− t)−1(− s)−1d, y1 � s � t �  � y2,

with  =
(y2 − y1)

(1+  )
− 

p
.

LEMMA 24. The Green’s function G(t,s) given in Lemma 23 satisfies the prop-
erty:
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|G(t,s)|

�

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
((1+  ))+−1

( )( )( + −1)( + )+ (y2− y1)(−1)(+−1) , (y2− y1) > − 
p( ),

(y2− y1)+−1((1+  )− ( + −1)(y2− y1) )
( )(1+  )(1+ )( + −1)

, (y2− y1) � − 
p( ),

for t,s ∈ [y1,y2]× [y1,y2].

Now, we are ready to present the Lyapunov-type inequality for problem (11).

THEOREM 13. If the FBVP (11) has a nontrivial solution z∈C([y1,y2],R), where
r is a real and continuous function in [y1,y2], then∫ y2

y1

|r(s)|ds

�

⎧⎪⎪⎪⎨⎪⎪⎪⎩
( )( )( + −1)( + )+ (y2− y1)(−1)(+−1)

((1+  ))+−1
, (y2− y1) > − 

p( ),

( )(1+  )(1+ )( + −1)
(y2− y1)+−1((1+  )− ( + −1)(y2− y1) )

, (y2− y1) > − 
p( ).

5. Lyapunov-type inequalities for Riesz-Caputo fractional derivative

In this section, we present Lyapunov-type inequalities for the Riesz-Caputo type
FBVP. Unlike the other fractional operators, the salient feature of the Riesz-Caputo
fractional derivative operator is that it uses both left and right fractional derivatives
possessing nonlocal memory effects. This property of the Riesz-Caputo derivative is
important in the mathematical modeling of physical processes on a finite domain when
the present states depend both on the past and future memory effects.

DEFINITION 4. [22] The Riesz fractional integral of a function g ∈C([y1,y2],R)
of order  > 0 is defined as

Iy1
g(t) =

1
2( )

∫ y2

y1

|t− s|−1g(s)ds =
1
2

(
Iy1

g(t)+ y2I
g(t)

)
, t ∈ [y1,y2],

where Iy1 and y2 I
 are the left and right Riemann-Liouville fractional integral operators

of order  > 0.

DEFINITION 5. [22] The Riesz-Caputo fractional derivative of a function g ∈
Cn+1([y1,y2],R) of order  ∈ (n,n+1] , n ∈ N, is defined as

RCD
y1

g(t) =
1

(n+1−  )

∫ y2

y1

|t− s|n−g(n+1)ds

=
1
2

(
CD

y1
g(t)+ (−1)n+1 C

y2
D g(t)

)
,



126 S. K. NTOUYAS, B. AHMAD AND J. TARIBOON

where CD
y1g(t) and C

y2
D are respectively the left and right Riemann-Liouville frac-

tional derivative operators of order  > 0.

In [47], Toprakseven et al. studied the anti-periodic FBVP:{
RCD

y1+z(t)+ r(t)z(t) = 0,  ∈ (1,2], y1 � t � y2,

z(y1)+ z(y2) = 0 = z′(y1)+ z′(y2),
(12)

where RCD
y1+ is the Riesz-Caputo fractional derivative operator of order  > 0 and

r ∈C([y1,y2],R).

LEMMA 25. Let 1 <  � 2 and r : [y1,y2] → R be a continuous function. Then,
z is a solution to the boundary value problem (12) if and only if z is the solution to the
integral equation

z(t) =
∫ y2

y1

(y2 − s)−2G(t,s)r(s)z(s)ds,

where G(t,s) is the Green’s function given by

G(t,s) =

⎧⎪⎪⎨⎪⎪⎩
1

2( )
(t− s)−1(y2 − s)2− − y2 − y1

4( −1)
, y1 � s � t � y2,

1
2( )

(s− t)−1(y2 − s)2− − y2 − y1

4( −1)
, y1 � t � s � y2.

LEMMA 26. The Green’s function G(t,s) given in Lemma 25 is such that

|G(t,s)| � (3−  )(y2− y1)
4( )

, y1 � t,s � y2.

Now, we are ready to state the Lyapunov inequality for the FBVP (12).

THEOREM 14. Let 1 <  � 2 and r : [y1,y2] → R be a continuous function. If
there exists a nonzero solution to the FBVP (12), then∫ y2

y1

(y2 − s)−2|r(s)|ds >
4( )

(3−  )(y2− y1)
.

As an application of the above Lyapunov-type inequality, we find a bound on the
eigenvalues of a FBVP.

COROLLARY 3. Let  ∈ (1,2]. If a nonzero solution exists for the fractional
boundary value problem:{

RCD
y1z(t)+ z(t) = 0, y1 � t � y2,

z(y1)+ z(y2) = 0 = z′(y1)+ z′(y2),

then the eigenvalue  ∈ R is such that | | > 4( −1)( )
(3−  )(y2− y1)

.
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6. Lyapunov-type inequalities for FBVP involving  -Caputo
fractional derivative

Let [y1,y2] , 0 < y1 < y2 <  , be an interval and  : [y1,y2] → R be a function
such that  ′(t) > 0 for every t ∈ [y1,y2].

DEFINITION 6. [22] The  -Riemann-Liouville fractional integral of order  > 0
for an integrable function g : [y1,y2] → R with respect to the function  : [y1,y2] → R

is defined by

I ,
y1+g(t) =

1
( )

∫ t

y1

 ′(s)((t)−(s))−1g(s)ds.

DEFINITION 7. [4] Let n ∈ N and  ,g ∈ Cn([y1,y2],R). The  -Caputo frac-
tional derivative of order  for the function z is defined by

CD ,
y1+g(t) = In− ,

y1+

( 1
 ′(t)

d
dt

)n
g(s),

with n = [ ]+1 for  /∈ N and n =  for  ∈ N, where [ ] denotes the largest integer
less than or equal to  .

A Lyapunov-type inequality was obtained in 2022 by Rezapour el al. [40] for a
thermostat control model involving generalized  -operators given by{

CD ,z(t)+K(t,z(t)) = 0, y1 < t < y2,

CD1,z(y1) = 0, z( )+  CD−1,z(y2) = 0,
(13)

where  ∈ (1,2],  ∈ (y1,y2),  > 0 and CD1, = 1
 ′(t)

d
dt , which is the generalized  -

Caputo derivative of order one, K : [y1,y2]×R→R is a continuous function and CD,

denotes the generalized  -Caputo fractional derivative of order  ∈ {1, , −1}.

LEMMA 27. Let  ∈ (1,2],  ∈ (y1,y2),  > 0 and  ∈C([y1,y2],R). A function
z ∈C([y1,y2],R) is a solution to the linear thermostat  -model:{

CD ,z(t)+(t) = 0, t ∈ [y1,y2],
CD1,z(y1) = 0, z( )+  CD−1,z(y2) = 0,

(14)

if it satisfies the integral equation

z(t) =
∫ y2

y1

G (t,s) ′(s)(s)ds,
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where

G(t,s) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

− ((t)−(s))−1

( )
+

(( )−(s))−1

( )
+  , y1 � s � min{ , t},

(( )−(s))−1

( )
+  , y1 � t � s �  ,

− ((t)−(s))−1

( )
+  ,  � s � t � y2,

 , max{ ,t} � s � y2.

LEMMA 28. The Green’s function defined in the above lemma has the properties:

(i) min
y1�t,s�y2

G(t,s) = − ((y2)−( ))−1

( )
+  ;

(ii) max
y1�t,s�y2

G(t,s) = +
(( )−(y1))−1

( )
;

(iii)
∫ y2

y1

|G(t,s)| ′(s)ds � max
{(( )−(y1))

( +1)
+ ((y2)−(y1)),

((y2)−( ))

( +1)
− ((y2)−(y1))

}
, for each t ∈ [y1,y2].

A Lyapunov-type inequality for the thermostat control  -model (13) is now pre-
sented.

THEOREM 15. Assume that:

(A) There exist  : [y1,y2]→ R and a positive, concave and non-decreasing function
 : R → R such that |K(t,z)| � |(t)||(z)| for each t ∈ [y1,y2] and z ∈ R.

If  ′(·)(·) ∈ L1[y1,y2] and the fractional thermostat control  -model (13) has a non-
trivial solution z ∈C([y1,y2],R) , then∫ y2

y1

 ′(s)|(s)|ds

� min
{ ( )
( )+ (( )−(y1))−1

,
( )

|((y2)−( ))−1− ( )|
} ‖z‖
(‖z‖) .

If  � ((y2)−( ))−1

( )
, then

∫ y2

y1

 ′(s)|(s)|ds � ( )‖z‖
(( )+ (( )−(y1))−1)(‖z‖) .

As an example we can state the existence and uniqueness result for thermostat
control  -model (13).
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THEOREM 16. Assume that:

(B) There exist  : [y1,y2]→ [0,) such that |K(t,z)−K(t,x)|� (t)|z−x|, for each
(t,y),(t,x) ∈ [y1,y2]×R.

If  ∈C1[y1,y2],  ∈ L1[y1,y2] and

‖‖L1[y1,y2]

<
1

‖ ′‖ min
{ ( )
( )+ (( )−(y1))−1

,
( )

|((y2)−( ))−1− ( )|
}
,

then the fractional thermostat control  -model (13) has a unique solution.

In 2022, Long [27] studied the boundary value problem:{
CD ,

y1+z(t)+ r(t)z(t) = 0, t ∈ [y1,y2],

z(y1) = 0, z(y2) = 0,
(15)

where 1 <  � 2,  ∈ C1([y1,y2],R), CD ,
y1+ is the  -Caputo fractional derivative

operator of order  and r : [y1,y2] → R is a continuous function.

LEMMA 29. A function z ∈ C([y1,y2],R) is a solution to the FBVP (15) if and
only if

z(t) =
1

( )

∫ y2

y1

G(t,s)[(y2)−(s)]−1 ′(s)r(s)z(s)ds,

where G(t,s) is the Green’s function given by

G(t,s) =

⎧⎪⎪⎨⎪⎪⎩
(t)−(y1)
(y2)−(y1))

−
( (t)−(s)
(y2)−(s)

)−1
, y1 � s < t � y2,

(t)−(y1)
(y2)−(y1))

, y1 � t � s � y2.

Now, we present a Lyapunov-type inequality for the FBVP (15).

THEOREM 17. If z is a nontrivial solution to the FBVP (15), then∫ y2

y1

[(y2)−(y1)] ′(s)|r(s)|ds � ( ).

7. Lyapunov-type inequalities for Hadamard-type FBVP

Let z : (y1,y2) → R, where 0 < y1 < y2 < . Define the space ACn
 [y1,y2] as

ACn
 [y1,y2] =

{
z : [y1,y2] → R| n−1z(t) ∈ AC[y1,y2],  = t

d
dt

}
,

where AC[y1,y2] denotes the space of all absolutely continuous real valued functions
on [y1,y2].
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DEFINITION 8. ([22, 3]) The left-sided Hadamard fractional integral of order  >
0 for a function g : [y1,y2] → R is defined by

HIy1+g(t) =
1

( )

∫ t

y1

(
ln

t
s

)−1
g(s)

ds
s

,

provided that the integral exists.

DEFINITION 9. ([22, 3]) Let  > 0, n = [ ]+ 1. The left-side Hadamard frac-
tional derivative of order  for a function g : [y1,y2] → R is defined by

HD
y1+g(t) =

1
(n−  )

(
t
d
dt

)n ∫ t

y1

(
ln

t
s

)n−−1
g(s)

ds
s

,

provided that the integral exists.

In 2022, Zhang et al. [54] established Lyapunov-type inequalities for a fractional
Langevin-type equation involving Caputo-Hadamard fractional derivative subject to
mixed boundary conditions:⎧⎨⎩

C
HD

y1+(CHD
y1+ + p(t))z(t)+ r(t)z(t) = 0, 0 < y1 < t < y2,

z(y1) = C
HD

y1+z(y1) = 0, z(y2) = 0,
(16)

where C
HD

y1+ denotes the Caputo-Hadamard fractional derivative of order  ∈ { ,},
0 <  < 1 <  < 2, and p,r ∈C([y1,y2],R).

LEMMA 30. A function z ∈ C([y1,y2],R) is a solution to the FBVP (16) if and
only if it satisfies the integral equation:

z(t) =
∫ y2

y1

G1(t,s)r(s)z(s)ds+
∫ y2

y1

G2(t,s)p(s)z(s)ds,

where G1(t,s) and G2(t,s) are Green’s functions given by

G1(t,s)=
1

s( +  )

⎧⎪⎪⎨⎪⎪⎩
ln(t/y1)
ln(y2/y1)

(
ln

y2

s

)+−1−
(

ln
t
s

)+−1
, 0 < y1 � s � t � y2,

ln(t/y1)
ln(y2/y1)

(
ln

y2

s

)+−1
, 0 < y1 � t � s � y2,

and

G2(t,s) =
1

s( )

⎧⎪⎪⎨⎪⎪⎩
ln(t/y1)
ln(y2/y1)

(
ln

y2

s

)−1−
(

ln
t
s

)−1
, 0 < y1 � s � t � y2,

ln(t/y1)
ln(y2/y1)

(
ln

y2

s

)−1
, 0 < y1 � t � s � y2.

LEMMA 31. The Green’s function G1(t,s) defined in Lemma 30 satisfies the prop-
erties:
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(i) G1(t,s) is nonnegative continuous function in [y1,y2]× [y1,y2];

(ii) G1(t,s) � (ln(y2/y1))+−1

y1( +  )
for any (t,s) ∈ [y1,y2]× [y1,y2].

In the following theorem, we present the Lyapunov-type inequality for the FBVP (16).

THEOREM 18. If the FBVP (16) has a nontrivial continuous solution z∈C([y1,y2],R) ,
where r is a real and continuous function in [y1,y2], then

∫ y2

y1

(|r(s)|+ |p(s)|)ds � y1(ln(y2/y1))1−

max

{
(ln(y2/y1))

( +  )
,
( −1)−1

( )

} .

Zhang et al. [54] also established Lyapunov-type inequalities for the fractional p -
Laplacian Langevin-type equation involving Caputo-Hadamard fractional derivatives
subject to mixed boundary conditions:{

C
HD

y1+p[(CHD
y1+ +u(t))z(t)]+ r(t)p(z(t)) = 0, 0 < y1 < t < y2,

z(y1) = C
HD

y1+z(y1) = 0, z(y2) = C
HD

y1+z(y2) = 0,
(17)

where C
HD

y1+ denotes the Caputo-Hadamard fractional derivative of order  ∈ {,},
1 <  < 1,  < 2, and u,r ∈C([y1,y2],R).

LEMMA 32. Let
1
p

+
1
q

= 1, then a function z ∈C([y1,y2],R) is a solution to the

FBVP (17) if and only if

z(t) =
∫ y2

y1

G(t,s)u(s)z(s)ds−
∫ y2

y1

G(t,s)q

(∫ y2

y1

H(s,)r()p(z())d
)
ds,

where the kernel functions G(t,s) and H(t,s) are given by

G(t,s) =
1

s()

⎧⎪⎪⎨⎪⎪⎩
ln(t/y1)
ln(y2/y1)

(
ln

y2

s

)−1 −
(

ln
t
s

)−1
, 0 < y1 � s � t � y2,

ln(t/y1)
ln(y2/y1)

(
ln

y2

s

)−1
, 0 < y1 � t � s � y2,

and

H(t,s) =
1

()

⎧⎪⎪⎨⎪⎪⎩
ln(s/y1)
ln(y2/y1)

(
ln

y2



)−1 −
(

ln
s


)−1
, 0 < y1 � s � t � y2,

ln(s/y1)
ln(y2/y1)

(
ln

y2

s

)−1
, 0 < y1 � t � s � y2.
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THEOREM 19. If the FBVP (17) has a nontrivial continuous solution z∈C[y1,y2],
where r is a real and continuous function in [y1,y2], then either∫ y2

y1

|u(s)|ds � y1()
[(−1) ln(y2/y1)]−1 ,

or ∫ y2

y1

|r(s)|ds

� p

{y1()− [(−1) ln(y2/y1)]−1 ∫ y2
y1

|u(s)|ds

(y2 − y1)[( −1) ln(y2/y1)]−1

} y1()
[(−1) ln(y2/y1)]−1 .

8. Lyapunov-type inequalities for FBVP involving
Katugampola fractional derivative

Let us first define the Katugampola fractional integral and derivative operators.

DEFINITION 10. [21] Let  > 0,  > 0 and − < y1 < y2 < . The left-sided
and right-sided Katugampola integrals of fractional order  are respectively defined for
g ∈ Lp(y1,y2) , p � 1, as

I ,
y1+g(t) =

1−

( )

∫ t

y1

−1

(t − )1− g()d,

I ,
y2−g(t) =

1−

( )

∫ y2

t

−1

( − t)1− g()d.

DEFINITION 11. [21] Let  > 0,  > 0, n = [ ]+1, 0 < y1 < t < y2 � . The
left-sided and right-sided Katugampola derivatives of fractional order  are respec-
tively defined for g ∈ Lp(y1,y2) , p � 1, as

D ,
y1+g(t) =

(
t1−

d
dt

)n
In− ,
y1+ g(t),

D ,
y2−g(t) =

(
− t1−

d
dt

)n
In− ,
y2− g(t).

In [29], Lupinska considered the boundary value problem:{
D ,

y1+z(t)+ r(t)z(t) = 0, y1 < t < y2, 1 <  � 2,

z(y1) = z′(y2) = 0,
(18)

where D ,
y1+ denotes the Katugampola fractional derivative of order  and r : [y1,y2]→

R is a continuous function.
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LEMMA 33. The function z ∈C([y1,y2],R) is a solution to the FBVP (18) if and
only if

z(t) =
∫ y2

y1

G(t,s)r(s)z(s)ds,

where the Green’s function G(t,s) is given by

G(t,s) =
1−

( )
s−1

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(y2 − y1

y2 − s

)2−
(t − y1 )−1, y1 � t � s � y2,

(y2 − y1
y2 − s

)2−
(t − y1 )−1− (t − s), y1 � s � t � y2.

LEMMA 34. The function G(t,s) defined in Lemma 33 satisfies the properties:

(i) G(t,s) � 0 for all t ∈ [y1,y2], s ∈ [y1,y2];

(ii) max
t∈[y1,y2]

G(t,s) = G(s,s) � 1− (y2 − y1 )
( )

(y2 − s)−2.

Now, we state the Lyapunov-type inequality for the FBVP (18).

THEOREM 20. If a continuous nontrivial solution to the FBVP (18) exists, where
r is a real and continuous function, then

∫ y2

y1

s−1(y2 − s )−2|r(s)|ds � ( )
1− (y2 − y1 )

.

COROLLARY 4. The FBVP (18) has no nontrivial solution if

∫ y2

y1

s−1(y2 − s )−2|r(s)|ds <
( )

1− (y2 − y2 )
.

COROLLARY 5. If  is an eigenvalue of the boundary value problem:{
D ,

y1+z(t)+ z(t) = 0, y1 < t < y2, 1 <  � 2,

z(y1) = z′(y2) = 0,

then

| | � ( −1)( )
( 

y2 − y1

)
.
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9. Lyapunov-type inequalities for FBVP involving Hilfer fractional derivative

DEFINITION 12. [13] Let y1,y2 ∈ R,  > 0, 0 �  � 1 and choose n ∈ N such
that n− 1 <  � n. The Hilfer-type fractional derivative of order  and type  of a
function g : [y1,y2] → R is defined by

(D ,g)(t) = (I (n− )
y1 DnI(n− )(1− )g)(t), t > y1,

if the right-hand side exists. Here Dn =
dn

dtn
denotes the classical nth -order differential

operator.

In [16], Jonnalagadda established the Lyapunov-type inequalities for the FBVPs
involving the Hilfer fractional differential operators:⎧⎪⎪⎪⎨⎪⎪⎪⎩

(D ,
y1+z)(t)+ r(t)z(t) = 0, y1 < t < y2,

l(I(2− )(1− )
y1+ z)(y1)−m(DI2− )(1− )

y1+ y)(y1) = 0,

n(I(2− )(1− )
y1+ z)(y2)+ p(DI2− )(1− )

y1+ y)(y2) = 0,

(19)

and ⎧⎪⎪⎪⎨⎪⎪⎪⎩
(D ,

y1+z)(t)+ r(t)z(t) = 0, y1 < t < y2,

(I(2− )(1− )
y1+ z)(y1)+ (I2− )(1− )

y1+ z)(y2) = 0,

(DI(2− )(1− )
y1+ z)(y1)+ (DI2− )(1− )

y1+ z)(y2) = 0,

(20)

where l,m,n, p are constants such that l2 +m2 > 0 and n2 + p2 > 0, r : [y1,y2]→ R is

a continuous function, D ,
y1+ denotes the Hilfer fractional derivative operator of order

1 <  � 2 and type 0 �  � 1 and D denotes the first order differential operator.

LEMMA 35. If mn+ l p+ ln(y2−y1) �= 0, then the unique solution of the FBVP (19)
is given by

z(t) =
∫ y2

y1

G(t,s)r(s)z(s)ds, y1 < t < y2,

where

G(t,s) =

{
G1(t,s), y1 < s � t < y2,

G2(t,s), y1 < t � s < y2,

with

G1(t,s) = G2(t,s)− (t − s)−1

( )
,

and

G2(t,s) = (t− y1)−(2− )(1− )(y2− s)− (2− )

× [l(t− y1)+m( −1+ (2−  ))][n(y2− s)+ p(1−2+  )]
[mn+ l p+ ln(y2− y1)](2−2 +  )(2− (2−  )(1− ))

.
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LEMMA 36. The unique solution of the FBVP (20) is given by

z(t) =
∫ y2

y1

G(t,s)r(s)z(s)ds, y1 < t < y2,

where

G(t,s) =

{
G1(t,s), y1 < s � t < y2,

G2(t,s), y1 < t � s < y2,

with

G1(t,s) = G2(t,s)− (t − s)−1

( )
,

and

G2(t,s) =
1

2(1−2 +  )(1− (2−  )(1− ))

{
(t− y1)−(2− )(1− )

×(y2− s)− (2− )
[ t− y1

1− (2−  )(1− )
− y2 − s

1− (2−  )
− y2− y1

2

]}
.

LEMMA 37. Let l,m,n, p � 0 with mn+ l p+ ln(y2− y1) > 0 and

H(t,s) = (t − y1)(2− )(1− )(y2 − s) (2− )G(t,s)

=

{
(t − y1)(2− )(1− )(y2 − s) (2− )G1(t,s), y1 � s � t � y2,

(t − y1)(2− )(1− )(y2 − s) (2− )G2(t,s), y1 � t � s � y2.

Then
|H(t,s)| � max

{
,

y2− y1

( )

}
, (t,s) ∈ [y1,y2]× [y1,y2],

where

=
[l(y2 − y1)+m( −1+ (2−  ))][n(y2− y1)+ p(1−2+  )]

[mn+ l p+ ln(y2− y1)](2−2 +  )(2− (2−  )(1− ))
.

LEMMA 38. Let

H(t,s) = (t − y1)(2− )(1− )(y2 − s) (2− )G(t,s)

=

{
(t − y1)(2− )(1− )(y2 − s) (2− )G1(t,s), y1 � s � t � y2,

(t − y1)(2− )(1− )(y2 − s) (2− )G2(t,s), y1 � t � s � y2.

Then

|H(t,s)| � y2− y1

A

[ 1
1− (2−  )(1− )

+
1

1− (2−  )
− 1

2

]
+

y2 − y1

( )
,

(t,s) ∈ [y1,y2]× [y1,y2], where

A = 2(1−2 +  )(1− (2−  )(1− )).
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Now, we are in a position to present the Lyapunov-type inequalities for the FBVPs
(19) and (20).

THEOREM 21. Assume that l,m,n, p � 0 and mn + l p + ln(y2− y1) > 0. If the
FBVP (19) has a nontrivial solution, then∫ y2

y1

(s− y2)(−2)(1− )(y2 − s) (−2)|r(s)|ds � 1


,

where
 = max

{
,

y2− y1

( )

}
.

THEOREM 22. If the FBVP (20) has a nontrivial solution, then∫ y2

y1

(s− y1)(−2)(1− )(y2− s) (−2)|r(s)|ds � 1


,

where

 =
y2− y1

A

[ 1
1− (2−  )(1− )

+
1

1− (2−  )
− 1

2

]
+

y2− y1

( )
.

Next, we give the Lyapunov-type inequalities for boundary value problems involv-
ing  -Hilfer fractional derivatives.

For y1 < y2, let us define

H1
+[y1,y2] = { ∈C1[y1,y2] :  ′(t) > 0 for all t ∈ [y1,y2]}.

DEFINITION 13. [43] For  > 0,  ∈ H1
+[y1,y2], and g ∈ L1[y1,y2], the frac-

tional integral of a function g with respect to the function  is defined by

I ,
y1+g(t) =

1
( )

∫ t

y1

 ′(s)((t)−(s))−1g(s)ds.

DEFINITION 14. [43] For n− 1 <  � n, and g, ∈ Cn[y1,y2] with  ′(t) > 0

for all t ∈ [y1,y2], the left-sided  -Hilfer fractional derivative HD , ,
y1+ g of order 

and type 0 �  � 1, is defined as

HD , ,
y1+ g(t) = I (n− ),

y1+

( 1
 ′(t)

d
dt

)n
I(1− )(n− ),
y1+ g(t).

In [9], Dien and Nieto considered a nonlinear sequential FBVP in terms of the
generalized  -Hilfer fractional derivatives given by{(

HD1,1,
y1+

HD2,2,
y1+ z

)
(t)+g(t,z(t)) = 0, y1 < t < y2,

z(y1) = HD3,3,
y1+ z(y2) = 0,

(21)

where 0 < i � 1, 0 � i � 1 (i = 1,2,3), 1 + 2 > 1 and HDi ,i,
y1+ stands for the

 -Hilfer fractional derivative operator of order i and type 0 � i � 1, i = 1,2,3.
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LEMMA 39. Let 0 < i � 1 , 0 � i � 1 (i = 1,2,3), 1 + 2 > 1 and  ∈
H1

+[y1,y2]. Let z be a solution to the problem (21). If g(·,z(·)) ∈ L1[y1,y2] , then z
is a solution of the integral equation

z(t) =
∫ y2

y1

G(s,t) ′(s)((y2)−(s))1+2−3−1g(s,z(s))ds,

where

G(s, t) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
C1((t)−(y1))1+1−1

−C2
((t)−(s))1+2−1

((y2)−(y1))1+2−3−1
, y1 � s � t � y2,

C1((t)−(y1))1+1−1, y1 � t � s � y2,

with 1 = 1 +1(1− 1) and

C1 =
(2 + 1− 3)

(2 + 1)(1 + 2− 3)((y2)−(y1))2+1−3−1
, C2 =

1
(1 + 2)

.

Now, we state some properties of the Green’s function given in the preceding
lemma.

LEMMA 40. Let 0 < i � 1 , 0 � i � 1 (i = 1,2,3), 1 + 2 > 1 , 1 = 1 +
1(1− 1) and  ∈ H1

+[y1,y2] . Then, the Green function G defined in Lemma 39
satisfies the properties:

(i) For any y1 � t1 � t2 � y2 , |G(s,t1)−G(s,t2)| � C((t2)−(t1)) , where  =
min{1+2−1,3} and C =C1((y2)−(y1))2+1−−1+C2((y2)−(y1))3 ;

(ii) maxy1�s,t�y2 |G(s,t)| = Cmax , where

Cmax = max

{
(2 + 1−3)

(2 + 1)(1 +2 −3)
((y2)−(y1))3 ,

1−1

2 + 1 −1
((y2)−(y1))3

(1 +2

((2 + 1 −1)(1 +2 −3)
(1 +2 −1)(2 + 1 −3)

) 1+2−1
1−1

}
,

with 1 > 1 and

Cmax =
((y2)−(y1))3

( +2)
,

with 1 = 1.

Next, a generalized Lyapunov-type inequality for the FBVP (21) is presented.

THEOREM 23. Let 0 < i � 1 , 0 � i � 1 (i = 1,2,3), 1 + 2 > 1 and 1 =
1 +1(1− 1). Assume that:

(A) There exist  : (y1,y2) → R and a positive, nondecreasing and concave function
h : R → R such that

|g(t,z)| � |(t)|h(z)|, for any t ∈ (y1,y2) and z ∈ R.
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If  ∈ H1
+[y1,y2] and  ′(·)((y2)−(·))1+2−3−1r(·) ∈ L1(y1,y2) and the FBVP

(21) has a nontrivial solution, then∫ y2

y1

 ′(s)((y2)−(s))1+2−3−1|(s)|ds � 1
Cmax

‖z‖
h(‖z‖) .

COROLLARY 6. Let 0 < i � 1 , 0 � i � 1 (i = 1,2,3) and  ∈ H1
+[y1,y2].

Suppose that  is an eigenvalue of the FBVP{(
HD1,1,

y1+
HD2,2,

y1+ z
)
(t) =  z(t), y1 < t < y2,

z(y1) = HD3,3,
y1+ z(y2) = 0.

Then

| | � 1
Cmax

1 + 2− 3

((y2)−(y1))1+2−3
.

In [39], the authors studied the  -Hilfer fractional boundary value problem:{
HD , ,

y1+ z(t)+ r(t)z(t) = 0, y1 < t < y2,

z(y1) = z(y2) = 0,
(22)

where 1 <  , � 2,  �  , r ∈ C([y1,y2],R), and HD , ,
y1+ denotes the  -Hilfer

derivative operator of order  and type  . Let  =  + (2−  ).

LEMMA 41. Let 1 <  �  � 2, r ∈ C([y1,y2],R), and  ′(t) > 0 , t ∈ [y1,y2].
Then, the solution of the problem (22) is given by

z(t) =
1

( )

∫ t

y1

G(t,s)z(s)r(s)ds+
1

( )

∫ y2

t
G(t,s)z(s)r(s)ds,

where G(t,s) is defined by

( )G(t,s) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
((t)−(y1))−1 ′(y2)

( (y2)−(s)
(y2)−(y1)

)−1

− ′(t)((t)−(s))−1, y1 � s � t,

((t)−(y1))−1 ′(y2)
( (y2)−(s)
(y2)−(y1)

)−1
, t � s � y2.

(23)

LEMMA 42. The Green function G(t,s) given in (23) satisfies the properties:

(i) G(t,s) is positive for all (t,s) ∈ [y1,y2]× [y1,y2];

(ii) G(t,s) � G(s,s), where

G(s,s) =
( (s)−(y1)
(y2)−(y1)

)−1−(y2)−(s))−1, s ∈ (y1,y2);
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(iii)

max
s∈[y1,y2]

G(s,s) = G
((−1)(y1)+ ( −1)(y2)

−  −2
,
(−1)(y1)+ ( −1)(y2)

−  −2

)
.

Now, we state the Lyapunov-type inequalities for the problem (22).

THEOREM 24. Assume that r∈C([y1,y2],R) and 1 <  <  � 2 . If the FBVP (22)
has a nontrivial solution, then∫ y2

y1

( (s)−(y1)
(y2)−((y1)

)−1
(((y2)−(y1))−1 ′(s)|r(s)|ds � ( ).

COROLLARY 7. Assume that r∈C([y1,y2],R) and 1 <  <  � 2 . If the FBVP (22)
has a nontrivial solution, then((y2)−(y1)

4

)−1 ∫ y2

y1

 ′(s)|r(s)|ds � ( ).

10. Lyapunov-type inequalities for Katugampola-Hilfer type FBVPs

In this section, we present Lyapunov-type inequalities for Katugampola-Hilfer
type FBVPs.

In 2023, Thabet and Kedim [45] considered the Katugampola-Hilfer type FBVPs:⎧⎨⎩
 ,HD ,

y1+z(t)+ r(t)z(t) = 0, y1 < t < y2,

z(y1) = g(z), z(y2) =
∫ y2

y1

(hz)(u)du,
(24)

and ⎧⎨⎩
 ,HD ,

y1+z(t)+ r(t)z(t) = 0, y1 < t < y2,

z(y1) = g(z), t1−
d
dt

z(t)|t=y2 =
∫ y2

y1

(hz)(u)du,
(25)

where  ,HD ,
y1+ denotes the Katugampola-Hilfer derivative operator of fractional order

 ∈ (1,2] and type  ∈ [0,1] with  > 0 (see Definition 18). Furthermore, z,r,h :
[y1,y2]→R are continuous functions, and the nonlocal function g∈C([y1,y2],R) such
that there exists a constant K > 0 so that |g(z)| � K , ∀z ∈ R.

LEMMA 43. Let  > 0,  ∈ (1,2],  ∈ [0,1],  =  +  (2−  ),  , ∈ (1,2],
z,h∈C((y1,y2),R) and r : [y1,y2]→R. Then, the solution of Katugampola-Hilfer type
FBVP (24) is

z(t) =
∫ y2

y1

H(t,s)r(s)z(s)ds+
(
1− (t − y1 )−1

(y2 − y1 )−1

)
g(z)

+
(t − y1 )−1

(y2 − y1 )−1

1
Q

∫ y2

y1

(
1− ( − y1 )−1

(y2 − y1 )−1

)
g(z)h()d , (26)
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where H(t,s) = H1(t,s)+H2(t,s) with

H1(t,s) =
1− s−1

( )(y2 − y1 )−1

⎧⎪⎨⎪⎩
(t − y1 )−1(y2 − s)−1, y1 � t � s � y2,

(t − y1 )−1(y2 − s)−1

−(y2 − y1 )−1(t − s)−1, y1 � s � t � y2,

and

H2(t,s) =
(t − y1 )−1

(y2 − y1 )−1

1
Q

∫ y2

y1

H1( ,s)h()d ,

Q = 1−
∫ y2

y1

(t − y1 )−1

(y2 − y1 )−1
h(t)dt > 0.

LEMMA 44. Let  > 0,  ∈ (1,2],  ∈ [0,1],  =  +  (2−  ),  , ∈ (1,2],
z,h∈C((y1,y2),R) and r : [y1,y2]→R. Then, the solution of Katugampola-Hilfer type
FBVP (25) is

z(t) =
∫ y2

y1

G(t,s)r(s)z(s)ds+g(z)+
1

(−1)
(t − y1 )−1

(y2 − y1 )−1

1
S

∫ y2

y1

g(z)h()d , (27)

where G(t,s) = G1(t,s)+G2(t,s) with

G1(t,s)

=
1− s−1(y2 − s)−2

( )( −1)

⎧⎪⎪⎨⎪⎪⎩
( −1)(t − y1 )−1(y2 − y1 )2− , y1 � t � s � y2,

( −1)(t − y1 )−1(y2 − y1 )2−

−(−1) (t−s )−1

(y2−s )−2 , y1 � s � t � y2,

and

G2(t,s) =
1

(−1)
(t − y1 )−1

(y2 − y1 )−1

1
S

∫ y2

y1

G1( ,s)h()d ,

S = 1−
∫ y2

y1

1
(−1)

(t − y1 )−1

(y2 − y1 )−2
h(t)dt > 0.

In the next lemma, for the functions H(t,s) and G(t,s) defined in Lemmas 43 and
44, respectively, we give some properties.

LEMMA 45. Let  > 0,  ∈ (1,2],  ∈ [0,1],  =  +  (2−  ),  , ∈ (1,2].
Then, the Green’s functions H(t,s) and G(t,s) given in Lemmas 43 and 44, respec-
tively satisfy the properties:

(i) H(t,s) and G(t,s) are continuous functions for all (t,s) ∈ [y1,y2]× [y1,y2];

(ii) |H(t,s)|
<

( −1
+  −2

)−1( (y2 − y1 )( −1)
+  −2

)−1 1− s−1

( )

[
1+

1
Q

∫ y2

y1

|h()|d
]
;



FRACTIONAL LYAPUNOV-TYPE INEQUALITIES: A SURVEY 141

(iii) |G(t,s)|
<

(y2 − y1 )(y2 − s)−2

(−1)( )−1s1− max{−  , −1}
[
1+

y2− y1

(−1)S

∫ y2

y1

|h()|d
]
.

10.1. Lyapunov-type inequalities for the FBVP (24)

In this section, we present Lyapunov-type inequalities for the FBVP (24).

THEOREM 25. Assume that the Katugampola-Hilfer type FBVP (24) possesses a
nontrivial solution z ∈C((y1,y2),R). Then, the following inequality holds:

1

1+ 1
Q

∫ y2
y1

|h()|d

< 2K +
( −1
 +  −2

)−1((y2 − y1 )( −1)
 +  −2

)−1 max{y−1
1 ,y−1

2 }
−1( )

∫ y2

y1

|r(s)|ds.

Using the above theorem, we present a condition on the nonexistence of nontrivial
solutions to the FBVP (24).

COROLLARY 8. The Katugampola-Hilfer type FBVP (24) has no nontrivial solu-
tion if

1

1+ 1
Q

∫ y2
y1

|h()|d

� 2K +
( −1
 +  −2

)−1((y2 − y1 )( −1)
 +  −2

)−1 max{y−1
1 ,y−1

2 }
−1( )

∫ y2

y1

|r(s)|ds.

COROLLARY 9. Assume that the Hadamard-Hilfer FBVP:⎧⎨⎩
H,HD ,

y1+z(t)+ r(t)z(t) = 0, 0 < y1 < t < y2,

z(y1) = g(z), z(y2) =
∫ y2

y1

(hz)(u)du,

possesses a nontrivial solution z ∈C((y1,y2),R). Then, the following inequality holds:

1

1+ 1
Q0

∫ y2
y1

|h()|d

< 2K +
( −1
 +  −2

)−1((lny2− lny1)( −1)
+  −2

)−1 1
y1( )

∫ y2

y1

|r(s)|ds,

where Q0 = 1−
∫ y2

y1

(ln t− lny1)−1

(lny2− lny1)−1 h(t)dt > 0.
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COROLLARY 10. Assume that the Hilfer FBVP:⎧⎨⎩
HD ,

y1+z(t)+ r(t)z(t) = 0, y1 < t < y2,

z(y1) = g(z), z(y2) =
∫ y2

y1

(hz)(u)du,

possesses a nontrivial solution z ∈C((y1,y2),R). Then, the following inequality holds:

1

1+ 1
Q1

∫ y2
y1

|h()|d

< 2K +
( −1
+  −2

)−1( (y2− y1)( −1)
+  −2

)−1 1
( )

∫ y2

y1

|r(s)|ds,

where Q1 = 1−
∫ y2

y1

(t− y1)−1

(y2 − y1)−1 h(t)dt > 0.

COROLLARY 11. Assume that the Katugampola-Riemann FBVP:⎧⎨⎩
 ,RD

y1+z(t)+ r(t)z(t) = 0, y1 < t < y2,

z(y1) = g(z), z(y2) =
∫ y2

y1

(hz)(u)du,

possesses a nontrivial solution z ∈C((y1,y2),R). Then, the following inequality holds:

1

1+ 1
Q2

∫ y2
y1

|h()|d < 2K +
((y2 − y1 )

4

)−1 1− max{y−1
1 ,y−1

2 }
( )

∫ y2

y1

|r(s)|ds,

where Q2 = 1−
∫ y2

y1

(t − y1 )−1

(y2 − y1)−1 h(t)dt > 0.

COROLLARY 12. Assume that the Katugampola-Caputo type FBVP:⎧⎨⎩
 ,CD

y1+z(t)+ r(t)z(t) = 0, y1 < t < y2,

z(y1) = g(z), z(y2) =
∫ y2

y1

(hz)(u)du,

possesses a nontrivial solution z ∈C((y1,y2),R). Then, the following inequality holds:

1

1+ 1
Q3

∫ y2
y1

|h()|d

< 2K +
( 1


)
((y2 − y1 )( −1))−11− max{y−1

1 ,y−1
2 }

( )

∫ y2

y1

|r(s)|ds,

where Q3 = 1−
∫ y2

y1

(t − y1 )
(y2 − y1)

h(t)dt > 0.
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10.2. Lyapunov-type inequalities for the FBVP (25)

Now, we describe the Lyapunov-type inequalities for the FBVP (25).

THEOREM 26. Assume that the Katugampola-Hilfer type FBVP (25) possesses a
nontrivial solution z ∈C((y1,y2),R). Then, the following inequality holds:

1

1+ y2−y1
(−1)S

∫ y2
y1

|h()|d

< K +
(y2 − y1 )1−

(−1)( )
max{−  , −1}

∫ y2

y1

s−1(y2 − s)−2|r(s)|ds.

COROLLARY 13. The Katugampola-Hilfer type FBVP (25) has no nontrivial so-
lution if

1

1+ y2−y1
(−1)S

∫ y2
y1

|h()|d

� K +
(y2 − y1 )1−

(−1)( )
max{−  , −1}

∫ y2

y1

s−1(y2 − s)−2|r(s)|ds.

COROLLARY 14. Assume that the Hadamard-Hilfer type FBVP:⎧⎨⎩
H,HD ,

y1+z(t)+ r(t)z(t) = 0, y1 < t < y2,

z(y1) = g(z), t1−
d
dt

z(t)|t=y2 =
∫ y2

y1

(hz)(u)du,

possess a nontrivial solution z ∈C((y1,y2),R). Then, the following inequality holds:

1

1+ 1
S0

∫ y2
y1

|h()|d

< K +
(lny2 − lny1)

(−1)
max{−  , −1}

( )

∫ y2

y1

1
s
(lny2− lns)−2|r(s)|ds,

where S0 =
1

lny2− lny1
−

∫ y2

y1

(ln t − lny1)−1

(lny2− lny1)−1 h(t)dt > 0.

COROLLARY 15. Assume that the Hilfer FBVP:⎧⎨⎩
HD ,

y1+z(t)+ r(t)z(t) = 0, y1 < t < y2,

z(y1) = g(z), t1−
d
dt

z(t)|t=y2 =
∫ y2

y1

(hz)(u)du,

possesses a nontrivial solution z ∈C((y1,y2),R). Then, the following inequality holds:

1

1+ y2−y1
(−1)S1

∫ y2
y1

|h()|d

< K +
(y2− y1)

(−1)( )
max{−  , −1}

∫ y2

y1

(y2− s)−2|r(s)|ds,
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where S1 = 1−
∫ y2

y1

1
−1

(t − y1)−1

(y2− y1)−1 h(t)dt > 0.

COROLLARY 16. Assume that the Katugampola-Riemann FBVP:⎧⎨⎩
 ,RD

y1+z(t)+ r(t)z(t) = 0, y1 < t < y2,

z(y1) = g(z), t1−
d
dt

z(t)|t=y2 =
∫ y2

y1

(hz)(u)du,

possesses a nontrivial solution z ∈C((y1,y2),R). Then, the following inequality holds:

1

1+ y2−y1
(−1)S2

∫ y2
y1

|h()|d < K +
1− (y2 − y1 )

( )

∫ y2

y1

s−1(y2 − s)−2|r(s)|ds,

where S2 = 1−
∫ y2

y1

1
( −1)

(t − y1 )−1

(y2 − y1 )−1
h(t)dt > 0.

COROLLARY 17. Assume that the Katugampola-Caputo type FBVP:⎧⎨⎩
 ,CD

y1+z(t)+ r(t)z(t) = 0, y1 < t < y2,

z(y1) = g(z), t1−
d
dt

z(t)|t=y2 =
∫ y2

y1

(hz)(u)du,

possesses a nontrivial solution z ∈C((y1,y2),R). Then, the following inequality holds:

1

1+ y2−y1
S3

∫ y2
y1

|h()|d < K +
(y2 − y1 )
−1( )

max{2−  , −1}
∫ y2

y1

(y2 − s)−2

s1− |r(s)|ds,

where S3 = 1−
∫ y2

y1

(t − y1 )h(t)dt > 0.

11. Lyapunov-type inequalities for FBVP involving
proportional fractional derivative

DEFINITION 15. [15] Let  ∈ [0,1]. The local fractional proportional integral of
order  for the function g is defined by (y1 I

0g)(t) = g(t) and

(y1
I1g)(t) =

1


∫ t

y1

e
−1
 (t−s)g(s)ds, for  ∈ (0,1], t ∈ [y1,y2].

In [23], Zaadjal et al. studied the sequential local fractional proportional boundary
value problem: {

(1
y1 D 2

y1 D )z(t)+ r(t)z(t) = 0, t ∈ [y1,y2],

z(y1) = 0, z(y2) = 0,
(28)

where y1D denotes the local fractional proportional differential operator of order
 ∈ {1,2} with 0 < 1, 2 < 1, 1 < 1 +2 < 2, 1 �= 2, and r : [y1,y2] → R is a
continuous function.
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LEMMA 46. The unique integral solution of the FBVP (28) is given by

z(t) =
∫ y2

y1

G(t,s)r(s)z(s)ds,

where

G(t,s) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

[e1(t−y1)− e2(t−y1)][e1(y2−s) − e2(y2−s)]
 [e1(y2−y1) − e2(y2−y1)]

− 1


[e1(t−s) − e2(t−s)], y1 � s � t � y2,

[e1(t−y1)− e2(t−y1)][e1(y2−s) − e2(y2−s)]
 [e1(y2−y1) − e2(y2−y1)]

, y1 � t � s � y2,

with 1 = 1−1
1

, 2 = 2−1
2

and  = 12(1 − 2).

LEMMA 47. The Green’s function defined in Lemma 46 satisfies the properties:

(i) G(t,s) � 0 for all t,s ∈ [y1,y2];

(ii) G(t,s) � [e1(y2−s)− e2(y2−s)]
| |[e1(y2−y1) − e2(y2−y1)]

for all t,s ∈ [y1,y2];

(iii) G(t,s) � 2

 [e1(y2−y1) − e2(y2−y1)]
for all t,s ∈ [y1,y2], where

 =

⎧⎨⎩max
{∣∣∣e1 − e2

∣∣∣, ∣∣∣e1(y2−y1)− e2(y2−y1)
∣∣∣},  � y2− y1,∣∣∣e1(y2−y1) − e2(y2−y1)

∣∣∣,  � y2− y1,

with  =
1

1 − 2
ln
2
1

;

(iv) max
t∈[y1,y2]

∫ y2

y1

|G(t,s)|ds =
1

(1 −1)(2−1)
.

Now, we present the Hartman-Wintner-type inequality for the FBVP (28).

THEOREM 27. If a continuous nontrivial solution to the problem (28) exists, then∫ y2

y1

sign( )[e1(y2−s)− e2(y2−s)]|r(s)|ds � 


[e1(y2−y1) − e2(y2−y1)],

where sign( ) =

{
1,  � 0,

−1,  < 0.

We have the following Lyapunov-type inequality for the problem (28).
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THEOREM 28. If a continuous nontrivial solution to the FBVP (28) exists, then∫ y2

y1

|r(s)|ds � 
2 [e1(y2−y1) − e2(y2−y1)].

Consider the local fractional proportional boundary value problem:{
(y1D

)z(t)+ r(t)z(t) = 0, t ∈ [y1,y2],

z(y1) = 0, z(y2) = 0,
(29)

where y1D
 denotes the local fractional proportional derivative operator of order 

with 0 <  < 1, 1 <  < 2 and r : [y1,y2] → R is a continuous function.

LEMMA 48. Let  =
−2
−1

. Then, the FBVP (29) has a unique solution given by

z(t) =
∫ y2

y1

G̃(t,s)r(s)z(s)ds,

where

G̃(t,s) =
1

2−

⎧⎪⎪⎨⎪⎪⎩
[1− e(t−y1)][1− e(y2−s)]

1− e(y2−y1)
− [1− e(t−s)], y1 � s � t � y2,

[1− e(t−y1)][1− e(y2−s)]
1− e(y2−y1)

, y1 � t � s � y2.

LEMMA 49. The Green’s function defined in Lemma 48 satisfies the properties:

(i) G̃(t,s) � 0 for all t,s ∈ [y1,y2];

(ii) max
t∈[y1,y2]

|G̃(t,s)| = G̃(s,s) for all s ∈ [y1,y2];

(iii) max
s∈[y1,y2]

|G̃(s,s)| = G̃
(y1 + y2

2
,
y1 + y2

2

)
=

(
1− e

(
y2−y1

2

))2

(2−)[1− e(y2−y1)]
;

(iv) max
t∈[y1,y2]

∫ y2

y1

|G̃(t,s)|ds =
1

2−

[ 1

− y2− y1

e(y2−y1) −1
− 1


ln

(
e(y2−y1) −1

)
(y2 − y1)

]
.

Next, we present the Hartman-Wintner-type inequality for the FBVP (29).

THEOREM 29. If a continuous nontrivial solution to the problem (29) exists, then∫ y2

y1

[1− e(s−y2)][1− e(y2−s)]|r(s)|ds � (2−)[1− e(y2−y1)].

We have the following Lyapunov-type inequality for the FBVP (29).

THEOREM 30. If a continuous nontrivial solution to the FBVP (29) exists, then∫ y2

y1

|r(s)|ds � (2−)[1− e(y2−y1)](
1− e

(
y2−y1

2

))2 .
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12. Lyapunov-type inequality for a pantograph FBVP involving a variable order
Hadamard fractional derivative

DEFINITION 16. [41] Let 1 � y1 < y2 <  and  : [y1,y2] → (0,). The left-
sided Hadamard fractional integral of variable order (t) for a function g is given
by

HI(t)
y1+ g(t) =

1
((t))

∫ t

y1

(
ln

t
s

)(t)−1 g(s)
s

ds, t > y1.

DEFINITION 17. [41] Let n ∈ N and  : [y1,y2] → (n− 1,n). The left-sided
Hadamard derivative of variable order (t) for a function g is given by

HD
(t)
y1+ g(t) =

tn

(n−(t))
dn

dtn

[∫ t

y1

(
ln

t
s

)n−1−(t) g(s)
s

ds
]
, t > y1.

In 2023, Graef et al. [12] studied the nonlinear pantograph FBVP containing a
Hadamard fractional derivative operator of variable order:{

HD(t)
1+ z(t) = g(t,z(t),z( t)), t ∈ [1,T ],

z(1) = z(T ) = 0,
(30)

where 1 < (t) < 2, 0 <  < 1, g : [1,T ]×R×R → R is a continuous function

and HD(t)
1+ is the left-sided Hadamard fractional derivative operator of variable order

(t) . Let P = [1, t1],(t1,t2],(t2,t3], . . . ,(tn,T ] be a partition of the interval [1,T ], and
let (t) : [1,T ] → (1,2) be the piecewise constant function with respect to P given by
(t) = n

i=1i(t)i(t) , t ∈ [1,T ], where 1 < i < 2, i = 1,2, . . . ,n are constants, and
i denote the characteristic function for the interval [ti−1,ti] , i = 1,2, . . . ,n , that is,

i(t) =

{
1, t ∈ [ti−1,ti],
0, otherwise.

Then, the FBVP can be written as⎧⎪⎪⎪⎨⎪⎪⎪⎩
HDi(t)

ti−1+ŷ(t) =
t2

(2−i)
d2

dt2

[∫ t

ti−1

(
ln

t
s

)1−i(t) ŷ(s)
s

ds
]

= g(t, ŷ(t), ŷ( t)),

(t, t) ∈ [ti−1,ti],
ŷ(ti−1) = ŷ(ti) = 0.

(31)

LEMMA 50. The Green’s function for the FBVP (31) is given by

i(s,t) =

{
1,i(s,t), ti−1 � s � t � ti,

2,i(s,t), ti−1 � t � s � ti,

where

1,i(s, t) =
1

s(i)

[(
ln

t
s

)i−1−
(

ln
ti

ti−1

)1−i
(

ln
t

ti−1

)i−1(
ln

ti
s

)i−1]
,
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and

2,i(s, t) =
−1

s(i)

(
ln

ti
ti−1

)1−i
(

ln
t

ti−1

)i−1(
ln

ti
s

)i−1
, i ∈ {1,2, . . . ,n}.

LEMMA 51. Let i , i ∈ {1,2, . . . ,n} , be the Green’s function defined in Lemma
50. Then, we have

max
t∈[ti−1,ti ]

|i(s, t)| � 1
(i)

(
ln

ti
ti−1

)1−i
[(i − lnti−1)(ln ti− i)]i−1 exp(−i),

where

i =
1
2

[
2i −2+ lntiti−1−

√
(2i −2+ lntiti−1)2−4[(i−1) lntiti−1 + lnti ln ti−1]

]
.

The Lyapunov inequality for the FBVP (30) is given in the following result.

THEOREM 31. Suppose that there exists h ∈C([1,T ],R+) such that

|g(t,z(t),z( t))| � h(t)|z(t)|+ |z( t)|, 1 � t � T.

If the FBVP (30) has a nontrivial solution, then∫ T

1
h(s)ds >

n


i=1

(i)
2

(
ln

ti
ti−1

)i−1
[(i − lnti−1)(ln ti− i)]1−i exp(i).

13. Lyapunov-type inequalities for partial fractional
differential equations

This section is devoted to the Lyapunov-type inequalities for problems involving
partial fractional derivatives studied by Odzijewicz [34] in 2023.

13.1. Partial differential equation of the first type

In this subsection, we present a Lyapunov-type inequality for problems involving
right Caputo and the left Riemann-Liouville partial fractional derivatives.

Suppose that  , ∈ (0,1),  + ∈ (1,2],  = /2,  ∈ (0,2], K ∈ R, and w ∈
C([y1,y2],R). We consider the following equation

CD
y2−,t

(
D

y1+,tu(t,x)
)
− (1− x)(1+ x) D

1−,x(K
CD

−1+,xu(t,x)) = w(t)u(t,x) (32)

for (t,x) ∈ (y1,y2)× (−1,1), subject to boundary conditions

u(t,−1) = 0, I1−
1−,x(K

CD
−1+,xu(t,x))

∣∣∣
x=1

= 0, t ∈ (y1,y2), (33)

u(y1,x) = D
y1+,t u(y2,x) = 0, x ∈ (−1,1). (34)
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LEMMA 52. Let us consider the following FBVP with mixed fractional deriva-
tives

CD
y2−

(
D

y1+v(t)
)

+ k(t)v(t) = 0, t ∈ (y1,y2), (35)

v(y1) = D
y1+v(y2) = 0, (36)

where  , ∈ (0,1),  + ∈ (1,2], and

k(t) = −
(
w(t)+

K(1+ )
(1− )

)
, t ∈ [y1,y2].

If u is a solution to the problem (32)–(34) which is not identically equal to zero,
then the function

v(t) =
∫ 1

−1
(1− x)−u(t,x)dx

is a solution to the problem (35)–(36).

THEOREM 32. If u is a positive solution to the problem (32)–(34), which is not
identically equal to zero, then the following Lyapunov-type inequality is satisfied∫ y2

y1

∣∣∣w(s)+
K(1+ )
(1− )

∣∣∣ds � ( + −1)( )( )
(y2 − y1)+−1

.

13.2. Partial differential equation of the second type

Let us consider a partial differential equation with mixed fractional derivatives
defined on the set (0,1)× (−1,1) :

D
0−,t

(
CD

1−,tu(t,x)
)
− (1− x)(1+ x) D

1−,x(K
CD

−1+,xu(t,x)) = w(t)u(t,x),(37)

with boundary conditions

u(t,−1) = 0, I1−
1−,x(K

CD
−1+,xu(t,x))

∣∣∣
x=1

= 0, t ∈ (0,1), (38)

u(0,x) = u(1,x) = 0, x ∈ (−1,1), (39)

where  ∈
(

1
2 ,1

)
,  = /2 ∈ (0,1],  ∈ (0,2], K ∈ R+, and w ∈C[0,1].

LEMMA 53. If u is a solution to the problem (37)–(39) such that u �= 0, then the
function

v(t) =
∫ 1

−1
(1− x)−u(t,x)dx, t ∈ [0,1]

is a solution to the FBVP with mixed fractional derivatives:

D
0+

(
CD

1−v(t)
)
− k(t)v(t) = 0), t ∈ (0,1), (40)

v(0) = v(1) = 0, (41)
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where

k(t) = −
(
w(t)+

K(1+ )
(1− )

)
, t ∈ [0,1].

THEOREM 33. Let  ∈
(

1
2 ,1

)
,  = /2∈ (0,1],  ∈ (0,2] and w be continuous

on [0,1]. If u is a positive solution to the problem (37)–(39), such that u �= 0, then

∫ 1

0

∣∣∣w(s)+
K(1+ )
(1− )

∣∣∣ds � (2 −1)2( )
h

,

where
h = sup

0<x<1

[
(1− x)2−1− (1− x2−1)2

]
.

13.3. Lyapunov-type inequalities for fractional elliptic boundary value problem

Let  ⊂ R
N , N > 2, be an open bounded domain with smooth boundary and

(y1,y2), − < y1 < y2 < + , be an interval. In cylindrical domain D = (y1,y2)× ,
we consider the boundary value problem⎧⎪⎨⎪⎩

D
y1+,xD


y2−,xu(x,y)+ (−)s

yu(x,y) = r(x)u(x,y), (x,y) ∈ D,

u(y1,y) = u(y2,y) = 0, y ∈,

u(x,y) = 0, y ∈ R
N \ {},

(42)

where 1/2 <  � 1, s ∈ (0,1), D
y1+,xu(x,y) = x I1−

y1+,su(x,y) and D
y2−,xu(x,y) =

I1−
y2−,xu(x,y) are respectively the left Riemann-Liouville and right Caputo fractional
derivatives of order 0 <  � 1 and (−)s is the fractional Laplacian of order s ∈ (0,1)
defined by

(−)s
yu(x,y) = CN,s

∫
RN

u(x,y)−u(x, )
|y−  |N+2s d , y ∈ R

N ,

CN,s is some normalization constant and r is a real-valued continuous function.
Now, we present a Lyapunov type inequality for the elliptic FBVP (42) studied in

[20] by Kassymov.
We first consider the problem:{

D
y1+D

y2−u(x)− r(x)u(x) = 0, (x) ∈ (y1,y2),
u(y1) = u(y2) = 0.

(43)

LEMMA 54. Assume that  ∈
(

1
2 ,1

]
and u is a solution to the problem (43).

Then, u satisfies the integral equation:

u(x) =
∫ y2

y1

G(x,t)r(t)u(t)dt,
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where

G(x,t) = K(x,t)− K(y1,t)K(x,y1)
K(y1,y2)

,

and

K(x,t) =
1

2( )

∫ y2

max{x,t}
(s− x)−1(s− t)−1dt.

LEMMA 55. Let  ∈
(

1
2 ,1

]
, then

sup
y1<x<y2

G(x,t) = G(x,x), y1 < t < x < y2.

Next, let us consider the elliptic FBVP:⎧⎪⎨⎪⎩
D

y1+,xD

y2−,xu(x,y) = r(x)u(x,y), (x,y) ∈ D,

u(y1,y) = u(y2,y) = 0, y ∈,

u(x,y) = 0, y ∈ R
N \ {}.

(44)

We now present the Lyapunov-type inequality for the fractional elliptic FBVP (44).

THEOREM 34. Let  ∈
(

1
2 ,1

]
, s ∈ (0,1) and r ∈ C([y1,y2],R). Then, for (44),

we have that ∫ y2

y1

|r(x)−1()|dx �
(

sup
y1<x<y2

G(x,x)
)−1

,

where 1() is the first eigenvalue of the problem:{
(−)s

y1(y) = 1()1(y), y ∈,

1(y) = 0, y ∈ R
N \ {}.

14. Lyapunov-type inequalities for systems of Riemann-Liouville fractional
differential equations with multi-point coupled boundary conditions

In 2023, Zhou and Cui [57] established some Lyapunov-type inequalities for a
system of Riemann-Liouville fractional differential equations equipped with multipoint
coupled boundary conditions given by⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

D1
y1+u(t)+g1(t,u(t),v(t)) = 0, t ∈ (y1,y2),

D2
y1+v(t)+g2(t,u(t),v(t)) = 0, t ∈ (y1,y2),

u(y1) = 0, u(y2) =
n


i=1

a1iu(i)+
n


j=1

a2 jv( j),

v(y1) = 0, v(y2) =
n


i=1

a3iu(i)+
n


j=1

a4 jv( j),

(45)
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where y1,y2 ∈ R, 0 < y1 < y2, y1 < 1 < 2 < .. . < n < y2, y1 < 1 < 2 < .. . <

n < y2, ai j � 0 (i = 1,2,3,4; j = 1,2, . . . ,n), 1 < i � 2 (i = 1,2), Di
y1+ (i = 1,2)

is the Riemann-Liouville fractional derivative of order i and g1,g2 : [y1,y2]×R
2 → R

are continuous functions.

The following assumptions are used in the subsequent results.

(H0) ai j � 0 (i = 1,2,3,4; j = 1,2, . . . ,n), i j � 0 (i, j = 1,2) and  = 1122 −
1221 > 0, where

11 = 1−
n


i=1

a1i(i − y2)1−1

(y2− y1)1−1
, 12 =

n


i=1

a2 j( j − y2)2−1

(y2− y1)2−1
,

21 =
n


i=1

a3i(i − y2)1−1

(y2 − y1)1−1
, 22 = 1−

n


i=1

a4i j( j − y2)2−1

(y2 − y1)2−1
.

(H1) g1,g2 : [y1,y2]×R
2 → R are continuous.

(H2) There exist positive functions p11, p12 ∈C([y1,y2],R) such that

|g1(t,x,y)| � p11(t)|x|+ p12|y|, t ∈ [y1,y2], x,y ∈ R.

(H3) There exist positive functions p21, p22 ∈C([y1,y2],R) such that

|g2(t,x,y)| � p21(t)|x|+ p22|y|, t ∈ [y1,y2], x,y ∈ R.

LEMMA 56. Let 1,2 ∈C([y1,y2],R). Then, (u,v) is a solution of the system⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

D1
y1+u(t)+1(t) = 0, t ∈ (y1,y2),

D2
y1+v(t)+2(t) = 0, t ∈ (y1,y2),

u(y1) = 0, u(y2) =
n


i=1

a1iu(i)+
n


j=1

a2 jv( j),

v(y1) = 0, v(y2) =
n


i=1

a3iu(i)+
n


j=1

a4 jv( j),

(46)

if and only if (u,v) is a solution of the system of integral equations

⎧⎪⎨⎪⎩
u(t) =

∫ y2

y1

G11(t,s)1(s)ds+
∫ y2

y1

G122(s)ds,

v(t) =
∫ y2

y1

G21(t,s)1(s)ds+
∫ y2

y1

G222(s)ds,
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where

G11(t,s) = G1
(t,s)+

(t − y1)1−1

(y2− y1)1−1

n


i=1

(22a1i +12a3i)G1
(i,s),

G12(t,s) =
(t − y1)1−1

(y2− y1)1−1

n


j=1

(22a2 j +12a4 j)G2
( j,s),

G21(t,s) =
(t − y1)2−1

(y2− y1)2−1

n


i=1

(21a1i +11a3i)G1
(i,s),

G22(t,s) = G2
(t,s)+

(t − y1)2−1

(y2− y1)2−1

n


j=1

(21a2 j +11a4 j)G2
( j,s),

and

Gi
(t,s) =

1
(i)

⎧⎪⎪⎨⎪⎪⎩
(t− y1)i−1

(y2 − y1)i−1
(y2− s)1−1− (t− s)1−1, y1 � s � t � y2,

(t− y1)i−1

(y2 − y1)i−1
(y2− s)1−1, y1 � t � s � y2.

LEMMA 57. The Green functions Gi
(t,s) defined in Lemma 56 satisfies the prop-

erties:

(1) Gi
(t,s) � 0 for all t,s ∈ [y1,y2];

(2) maxs∈[y1,y2] Gi
(s,s) = Gi

(s,s),s ∈ [y1,y2];

(3) Gi
(s,s) = Gi

(y1 +b
2

,
y1 +b

2

)
=

1
(i)

(y2− y1

4

)i−1
;

(4) Gi
(t,s) � 1

(i)
(t − y1)i−1

(y2− y1)i−1
(y2 − s)i−1 for all t,s ∈ [y1,y2].

LEMMA 58. For y1 < i < y2, we have

max
s∈[y1,y2]

Gi
(i,s) = Gi

(i,i) =
1

(i)
(i − y2)i−1

(y2 − y1)i−1
(y2− i)i−1.

LEMMA 59. The functions Gi j (i, j = 1,2) defined in Lemma 56 satisfy the prop-
erties:

(i) Gi j(t,s) � i j for all y1 � t,s � y2;
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(ii) Gi j(t,s) � i j(t−y1)i−1(y2−s) j−1 for all y1 � t,s � y2, where i j,i j (i, j =
1,2) are given by

11 =
1

(1)

(y2 −y1

4

)1−1
+

1
(1)

n


i=1

(22a1i +12a3i)(i −y2)1−1

(y2 −y1)1−1
(y2 −i)1−1,

12 =
1

(2)(y2 −y1)1−1

n


j=1

(22a2 j +12a4 j)( j −y2)2−1(y2 − j)2−1,

21 =
1

(1)(y2 −y1)2−1

n


i=1

(21a1i +11a3i)(i −y2)1−1(y2−i)1−1,

22 =
1

(2)

(y2 −y1

4

)2−1
+

1
(2)

n


j=1

(21a2 j +11a4 j)( j −y2)2−1

(y2 −y1)2−1
(y2 − j)2−1,

11 =
22

(1)(y2 −y1)1−1
, 12 =

1

(2)(y2 −y1)1−1
,

21 =
1

(1)(y2 −y1)2−1
, 22 =

11

(2)(y2 −y1)2−1
.

Now we present our main results on Lyapunov-type inequalities for the system
(45).

For pi j ∈C([y1,y2],R) (i, j = 1,2), let

Ji j(p1 j, p2 j) = i1

∫ y2

y1

p1 j(s)ds+i2

∫ y2

y1

p2 j(s)ds, i, j = 1.2.

THEOREM 35. Suppose that (H0)–(H3) are satisfied. If there exists a nontrivial
solution to the problem (45), then

J11(p11, p21)+ J22(p12, p22)

+
√

[J11(p11, p21)− J22(p12, p22)]2 +4J12(p12, p22)J21(p11, p2.1 � 2.

For pi j ∈C([y1,y2],R) (i, j = 1,2), let

Ii j(p1 j, p2 j) = i1

∫ y2

y1

p1 j(s)(y2 − s)1−1(s− y2) j−1ds

+i2

∫ y2

y1

p2 j(s)(y2 − s)2−1(s− y2) j−1ds, i, j = 1.2.

THEOREM 36. Suppose that (H0)–(H3) are satisfied. If the problem (45) has a
nontrivial solution, then

I11(p11, p21)+ I22(p12, p22)

+
√

[I11(p11, p21)− I22(p12, p22)]2 +4I12(p12, p22)I21(p11, p2.1 � 2.
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15. Lyapunov-type inequalities for FBVP involving bi-ordinal
Hilfer fractional derivative

In this section, we present Lyapunov-type inequalities for FBVP with multi-point
boundary conditions in the framework of bi-ordinal Hilfer-Katugampola and  -Hilfer
fractional derivatives.

15.1. Lyapunov-type inequalities for bi-ordinal Hilfer-Katugampola
fractional derivative

DEFINITION 18. [36] Let  > 0, n = [ ]+1 and  > 0. The left-sided Hilfer-

Katugampola fractional derivative D ,
y1+g of order  and type  , 0 �  � 1, of a

function g is defined by

(D ,
y1+g)(t) = ( I (n− )

y1+ (t1−
d
dt

)n  I(1− )(n− )
y1+ g)(t).

DEFINITION 19. [19] Let  > 0, n− 1 <  , � n and  > 0. The bi-ordinal

Hilfer-Katugampola fractional derivative D( , )
y1+ g of order  , and type  , 0 �  �

1, of a function g is defined by

(D( , )
y1+ g)(t) = ( I(n− )

y1+ (t1−
d
dt

)n  I(1−)(n− )
y1+ g)(t).

In [7], Chen et al. established Lyapunov-type inequalities for the multipoint bound-
ary value problems:⎧⎪⎨⎪⎩

D( , )
y1+ z(t)+ r(t)z(t) = 0, 1 <  , < 2,  > 0, y1 < t < y2,

z(y1) = 0, z(y2) =
m−2


i=1

iz(i),
(47)

and ⎧⎪⎨⎪⎩
D( , )

y1+ z(t)+ r(t)z(t) = 0, 1 <  , < 2,  > 0, y1 < t < y2,

z(y1) = 0, t1−
d
dt

z(t)|t=y2 =
m−2


i=1

iz(i),
(48)

where r ∈C([y1,y2],R), D( , )
y1+ is bi-ordinal Hilfer-Katugampola fractional deriva-

tive of order  , and type  (0 �  � 1), i,i � 0, y1 < i,i < y2, i = 1,2, . . . ,m−
2, y1 < 1 < 2 < .. . < m−2 < y2, and y1 < 1 < 2 < .. . < m−2 < y2. Let  =
 + (2− ) and  =  + ( − ).

In the sequel, we assume the following hypotheses:

(A)
m−2


i=1

i(

i − y1 )−1 < (y2 − y1 )−1;



156 S. K. NTOUYAS, B. AHMAD AND J. TARIBOON

(B)
m−2


i=1

i(
i − y1 )−1 < (−1)(y2 − y1 )−2.

LEMMA 60. Assume that (A) holds. A function z ∈C[(y1,y2],R) is a solution to
the FBVP (47) if and only if it satisfies the integral equation

z(t) =
∫ y2

y1

G(t,s)r(s)z(s)ds+M(t)
m−2


i=1

i

∫ y2

y1

G(i,s)r(s)z(s)ds, t ∈ [y1,y2],

where

M(t) =
(t − y1 )−1

(y2 − y1 )−1 −m−2
i=1 i(


i − y1 )−1

, t ∈ [y1,y2],

and the Green’s function G(t,s) is given by

G(t,s) =
1− s−1

( )(y2 − y1 )−1

{
g1(t,s), y1 � s � t � y2,

g2(t,s), y1 � t � s � y2,

with

g1(t,s) = (t − y1 )−1(y2 − s)−1 − (y2 − y1 )−1(t − s)−1,

g2(t,s) = (t − y1 )−1(y2 − s)−1.

LEMMA 61. Assume that (B) holds. A function z ∈C[(y1,y2],R) is a solution to
the FBVP (48) if and only if

z(t) =
∫ y2

y1

z(t,s)r(s)z(s)ds+L(t)
m−2


i=1

i

∫ y2

y1

Y (i,s)r(s)z(s)ds, t ∈ [y1,y2],

where

L(t) =
(t − y1 )−1

(−1)(y2 − y1 )−2 −m−2
i=1 i(


i − y1 )−1

, t ∈ [y1,y2],

and the Green’s function Y (t,s) is given by

Y (t,s) =
(y2 − s)−21− s−1

(−1)( )

{
h1(t,s), y1 � s � t � y2,

h2(t,s), y1 � t � s � y2,

with

h1(t,s) = ( −1)(y2 − y1 )2− (t − y1 )−1 − (−1)
(t − s)−1

(y2 − s)−2
,

h2(t,s) = ( −1)(y2 − y1 )2− (t − y1 )−1.
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LEMMA 62. The Green’s functions G(t,s) and Y (t,s) defined in Lemmas 60 and
61, respectively, satisfy the properties:

(i) G(t,s) and Y (t,s) are two continuous functions for any (t,s) ∈ [y1,y2]× [y1,y2];

(ii) for any (t,s) ∈ [y1,y2]× [y1,y2],

|G(t,s)| � (−1)−1( −1)−1

( )( + −2)+−2
1− s−1(y2 − y1 )−1;

(iii) for any (t,s) ∈ [y1,y2]× [y1,y2],

|Y (t,s)| � 1− s−1(y2 − s)−2

( )( −1)
max{−  , −1}.

We are now in a position to state the Lyapunov-type inequalities for the boundary
value problems (47) and (48).

THEOREM 37. Let (A) hold and r ∈C([y1,y2],R) . If z is a nontrivial continuous
solution to the FBVP (47), then∫ y2

y1

|r(s)|ds � ( )−1( + −2)+−2

1[1+M(y2)m−2
i=1 i]max{y−1

1 ,y−1
2 }

,

where
1 = (−1)−1( −1)−1(y2 − yi )−1.

Theorem 37 with  =  ,  =  + (2−  ) and  =  reduces to the following
corollary (see [55, Theorem 4.1]).

COROLLARY 18. Consider the following Hilfer-Katugampola fractional m-point
boundary value problem⎧⎪⎨⎪⎩

D ,
y1+z(t)+ r(t)z(t) = 0, 1 <  < 2,  > 0, y1 < t < y2,

z(y1) = 0, z(y2) =
m−2


i=1

iz(i),
(49)

where r ∈C([y1,y2],R) and D
y1+ denotes the Hilfer-Katugampola fractional deriva-

tive of order  and type  ,0 �  � 1. If the problem (49) has a nontrivial continuous
solution, then∫ y2

y1

|r(s)|ds � [2( −1)+ (2−  )]2(−1)+(2− )( )−1

1[1+M(y2)m−2
i=1 i]max{y−1

1 ,y−1
2 }

.

Theorem 37 with  =  and  → 1 can be expressed in the form of the following
corollary ([51, Theorem 3.1]).
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COROLLARY 19. Consider the following Hilfer fractional m-point boundary value
problem ⎧⎪⎨⎪⎩

D ,
y1+z(t)+ r(t)z(t) = 0, y1 < t < y2, 1 <  � 2, 0 �  � 1,

z(y1) = 0, z(y2) =
m−2


i=1

iz(i),
(50)

where r ∈ C([y1,y2],R) and D ,
y1+ denotes the Hilfer fractional derivative of order 

and type  . If the problem (50) has a nontrivial continuous solution, then∫ y2

y1

|r(s)|ds � ( )
1

1

1+
m−2


i=1

iT (y2)

,

where

1 =
( −1)−1( −1+2− )−1+2−(y2− y1)−1

(2 −2+2− )2−2+2− ,

T (y2) =
(y2 − y1)1−(2− )(1−)

(y2− y1)1−(2− )(1−)−
m−2


i=1

i(i − y1)1−(2− )(1−)

.

The next corollary is obtained from Theorem 37 by taking  =  ,  = 0 and
i = 0 ([28, Theorem 5]).

COROLLARY 20. Consider the following Katugampola fractional Dirichlet bound-
ary value problem:{

D
y1+z(t)+ r(t)z(t) = 0, y1 < t < y2, 1 <  � 2,

z(y1) = 0, z(y2) = 0,
(51)

where r ∈C([y1,y2],R) and D
y1+ denotes the Katugampola fractional derivative of

order  . If the problem (51) has a nontrivial continuous solution, then∫ y2

y1

|r(s)|ds � ( )

max{y−1
1 ,y−1

2 }
( 4

y2 − y1

)−1
.

Theorem 37 with  =  ,  = 1 and  → 0+ reduces to the subsequent corollary
([52, Theorem 3.7]).

COROLLARY 21. Consider the following Caputo-Hadamard fractional m-point
boundary value problem:⎧⎪⎨⎪⎩

C
HD

y1+z(t)+ r(t)z(t) = 0, y1 < t < y2, 1 <  < 2,

z(y1) = 0, z(y2) =
m−2


i=1

iz(i),
(52)
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where r ∈C([y1,y2],R) and C
HD

y1+ denotes the Caputo-Hadamard fractional deriva-
tive of order  . If the problem (52) has a nontrivial continuous solution, then

∫ y2

y1

|r(s)|ds � y1( )
[( −1)(lny2 − lny1)]−1

·
ln y2

y1
−m−2

i=1 i ln
i
y1

ln y2
y1

+m−2
i=1 i ln

i
y1

.

Finally, Theorem 37 with  =  ,  = 0, i = 0 and  → 0+ takes the form of
the following corollary ([25, Theorem 2]).

COROLLARY 22. Consider the following Hadamard fractional Dirichlet bound-
ary value problem:{

HD
y1+z(t)+ r(t)z(t) = 0, y1 < t < y2, 1 <  < 2,

z(y1) = 0, z(y2) = 0,
(53)

where r ∈ C([y1,y2],R) and HD
y1+ denotes the Hadamard fractional derivative of

order  . If the problem (53) has a nontrivial continuous solution, then∫ y2

y1

|r(s)|ds � 4(−1)y1( )
(

ln
y2

y1

)1−
.

THEOREM 38. Let (B) hold and r ∈C([y1,y2],R) . If z is a nontrivial continuous
solution to the FBVP (48), then∫ y2

y1

(y2 − s)−2|r(s)|ds � (−1)−1( )

2[1+L(y2)
m−2


i=1

i]

,

where
2 = (y2 − y1 )max{−  , −1}max{y−1

1 ,y−1
2 }.

Theorem 38 with  =  and  = 0 reduces to the following corollaries ([56,
Theorem 4.2] and [56, Theorem 4.5] respectively).

COROLLARY 23. Consider the Hilfer-Katugampola fractional m-point boundary
value problem:⎧⎪⎨⎪⎩

D ,
y1+z(t)+ r(t)z(t) = 0, y1 < t < y2, 1 <  < 2,  > 0,

z(y1) = 0, t1−
d
dt

z(t)|t=y2 =
m−2


i=1

iz(i),
(54)

where r ∈C([y1,y2],R) and D ,
y1+ denotes the Hilfer-Katugampola fractional deriva-

tive of order  and type  . If the problem (54) has a nontrivial continuous solution,
then ∫ y2

y1

(y2 − s)−2|r(s)|ds � [1− (2−  )(1− )]−1( )
2[1+R(y2)m−2

i=1 i]
,
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where

2 = (y2 − y1 )max{(2−  ), −1}max{y−1
1 ,y−1

2 },

R(y2) =
(y2 − y1 )1−(2− )(1−)

[1− (2−  )(1− )](y2 − y1 )−(2− )(1−)−
m−2


i=1

i(
i − y2 )[1−(2− )(1−)]

.

COROLLARY 24. Consider the Katugampola fractional m-point boundary value
problem: ⎧⎪⎨⎪⎩

D
y1+z(t)+ r(t)z(t) = 0, y1 < t < y2, 1 <  < 2,  > 0,

z(y1) = 0, t1−
d
dt

z(t)|t=y2 =
m−2


i=1

iz(i),
(55)

where r ∈C([y1,y2],R) and D
y1+ denotes the Katugampola fractional derivative of

order  . If the problem (55) has a nontrivial continuous solution, then∫ y2

y1

(y2 − s)−2|r(s)|ds � −1( )

3(1+H(y2)
m−2


i=1

i)

,

where

3 = (y2 − y1 )max{y−1
1 ,y−1

2 },

H(y2) =
(y2 − y1 )−1

( −1)(y2 − y1 )−2−
m−2


i=1

i(
i − y1 )−1

.

15.2. Lyapunov-type inequalities for FBVP involving bi-ordinal  -Hilfer
fractional derivative

DEFINITION 20. ([53]) Let n−1 <  , � n with n ∈ N, I = [y1,y2] be the in-
terval such that −� y1 < y2 � and x, ∈Cn([y1,y2],R) , where  is an increasing
function such that  ′(t) �= 0, for all t ∈ I. The bi-ordinal  -Hilfer fractional derivative

(left-sided) HD( , ),
y1+ x of order ( , ) and type  (0 �  � 1) is defined by

(HD( , ),
y1+ x)(t) = (I(n− ),

y1+

( 1
 ′(t)

d
dt

)n
I(1−)(n− ),
y1+ x)(t).

In 2023, Wang et al. [53] considered the bi-ordinal  -Hilfer boundary value prob-
lems with m-point boundary conditions:⎧⎪⎨⎪⎩

(HD( , ),
y1+ z)(t)+ r(t)z(t) = 0, y1 < t < y2,

z(y1) = 0, z(y2) =
m−2


i=1

iz(i),
(56)
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and ⎧⎪⎨⎪⎩
(HD( , ),

y1+ z)(t)+ r(t)z(t) = 0, y1 < t < y2,

z(y1) = 0,
1

 ′(t)
d
dt

z(t)|t=y2 =
m−2


i=1

iz(i),
(57)

where r ∈ C([y1,y2],R),  ∈ C2([y1,y2],R),  ′(t) > 0, HD( , ),
y1+ is bi-ordinal  -

Hilfer fractional derivative operator of order ( ,  ) , 1 <  < 2, 0 �  � 1 and type
 , 0 �  � 1, i,i � 0, y1 < i,i < y2, i = 1,2, . . . ,m−2 for y1 < 1 < 2 < .. . <
m−2 < y2, y1 < 1 < 2 < m−2 < y2.

LEMMA 63. Assume that:

(C1) ((y2)−(y1))−1 >
m−2


i=1

i((i)−(y1))−1.

The function z ∈C([y1,y2],R) is the solution of the FBVP (56) if and only if it satisfies
the integral equation

z(t) =
∫ y2

y1

H(t,s) ′(s)r(s)z(s)ds+R(t)
m−2


i=1

i

∫ y2

y1

H(i,s) ′(s)r(s)z(s)ds, (58)

where

R(t) =
((t)−(y1))−1

((y2)−(y1))−1 −
m−2


i=1

i((i)−(y1))−1

,

and the Green’s function H(t,s) is given by

H(t,s) =
1

( )
((y2)−(y1))−1

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

((t)−(y1))−1((y2)−(y1))−1

−((y2)−(y1))−1((t)−(y1))−1,

y1 � s � t � y2,

((t)−(y1))−1((y2)−(y1))−1,

y1 � t � s � y2,

with  =  + ( − ).

LEMMA 64. Assume that:

(C2) (−1)((y2)−(y1))−2 >
m−2


i=1

i((i)−(y1))−1.

The function z ∈C([y1,y2],R) is the solution of the FBVP (57) if and only if it satisfies
the integral equation

z(t) =
∫ y2

y1

G(t,s) ′(s)r(s)z(s)ds+Q(t)
m−2


i=1

i

∫ y2

y1

G(i,s) ′(s)r(s)z(s)ds, (59)
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where

Q(t) =
((t)−(y1))−1

(−1)((y2)−(y1))−2−
m−2


i=1

i((i)−(y1))−1

,

and the Green’s function G(t,s) is given by

G(t,s) =
(y2)−(y1))−2

( )(−1)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

( −1)((y2)−(y1))2−((t)−(y1))−1

−(−1)
((t)−(s))−1

((y2)−(s))−2
,

y1 � s � t � y2,

( −1)((y2)−(y1))2−((t)−(y1))−1,

y1 � t � s � y2,

with  =  + ( − ).

LEMMA 65. The Green’s functions H(t,s) and G(t,s) defined in Lemmas 63 and
64 respectively, satisfy the properties:

(i) H(t,s) and G(t,s) are continuous functions in [y1,y2]× [y1,y2];

(ii) For any (t,s) ∈ [y1,y2]× [y1,y2], we have

|H(t,s)| � ( −1)−1(−1)−1((y2)−(y1))−1

( )( +  −2)+−2
;

(iii) For any (t,s) ∈ [y1,y2]× [y1,y2], we have

|G(t,s)| � ((y2)−(s))−2((y2)−(y1))
(−1)( )

max{−  , −1}.

Now, we present the Lyapunov-type inequalities for problems (56) and (57).

THEOREM 39. If the FBVP (56) has a nontrivial solution in C([y1,y2],R) and
r ∈C([y1,y2],R) is a real and continuous function, then∫ y2

y1

 ′(s)|r(s)|ds � ( )( +−2)+−2[
1+R(y2)

m−2


i=1

i

]
( −1)−1(−1)−1((y2)−(y1))−1

.

THEOREM 40. If the FBVP (57) has a nontrivial solution in C([y1,y2],R) and
r ∈C([y1,y2],R) is a real and continuous function, then∫ y2

y1

((y2)−(s))−2 ′(s)|r(s)|ds

� (−1)( )

((y2)−(y1))max{−  , −1}
[
1+Q(y2)

m−2


i=1

i

] .
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16. Lyapunov-type inequalities for discrete FBVP

In this section, we present Lyapunov-type inequalities for a discrete FBVP. We
start this section with some basic definitions. The falling factorial function is defined as

t =
(t +1)

(t +1−  )
,

for any t and  for which the right hand side is defined. Conventionally, if t +1− is
pole of the Gamma function and t +1 is not a pole, then t = 0.

DEFINITION 21. [11] The  -th order fractional sum of a function g defined on
Ny1 := {y1,y1 +1,y1 +2, . . .} , y1 ∈ R and for  > 0, is defined as

−
y1

g(t) =
1

( )

t−


s=y1

(t − s−1)−1g(s), t ∈ Ny1+ .

In [1], the authors studied the discrete FBVP of fractional difference equations:{
− z(t) = h(t +  −1)g(z(t +  −1)), t ∈ [0,y2]N0 ,

z( −2) = 0, z( −2) = z( + y2−1),
(60)

where g : [0,) → [0,) is continuous and non-decreasing, h : [ − 1, + n]N0 →
[0,), 1 <  � 2, and  is a positive parameter.

LEMMA 66. The function z is a solution to the FBVP (60) if and only if

z(t) = − 
( )

y2


s=0

G(t,s)h(s+  −1)g(z(s+  −1)),

where

G(t,s) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
t−1(y1 + y2− s−2)−2

( −1)− ( + y2−1)−2
+(t− s−1)−1, 0 � s < t−  � y2,

t−1(y1 + y2− s−2)−2

( −1)− ( + y2−1)−2
, 0 � t−  < s � y2.

LEMMA 67. The Green’s function G(t,s) given in Lemma 66 satisfies the prop-
erties:

(1) G(t,s) > 0 for all t ∈ [ −2, +b]N−2
and s ∈ [0,y2]N0 ;

(2) maxt∈[−2,+y2]N−2
G(t,s) = G(s+  −2,s), s ∈ [0,y2]N0 ;

(3) The function G(s+  −2,s) has a unique maximum given by

max
s∈[0,y2]N0

G(s+  −2,s) =
(y2 +  −1)( −1)(y2 +2)

(y2)[( −1)(y2 +2)−( + y2)]
.
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The Lyapunov-type inequality for the discrete FBVP (60) is given in the following
result.

THEOREM 41. Let h : [ − 1, + y2]N−1
→ [0,) be a nontrivial function. As-

sume that g ∈C(R+,R+) is a nondecreasing function. If the discrete FBVP (60) has a
nontrivial solution, then

y2


s=0

|h(s+  −1)|� ( )(y2)[( −1)(y2 +2)−( + y2)]
(y2 +  −1)( −1)(y2 +2)g()

,

where  = max[−1,+y2]N−1
z(s+  −1).

In [35], Oguz et al. considered the higher-order discrete FBVP⎧⎪⎪⎨⎪⎪⎩
−n0

z(t)+ r(t)z(t +  −1), t ∈ N
y2+m0
0 ,

iz( −n0) = 0, i ∈ N
n0−2
0 ,

−n0
z(y2 +m0 +  − ) = 0,

(61)

where r is a real valued continuous function defined on N
y2+m0
0 , y2,n0,m0 ∈ N, n0 −

1 <  � n0, m0−1 <  � m0 and 1 �  <  when  � 2 and  = 1 when 1 <  < 2.

LEMMA 68. If g is defined on N
y2+m0
0 , then the solution of the discrete FBVP⎧⎪⎪⎨⎪⎪⎩

−−n0
z(t) = g(t), t ∈ N

y2+m0
0 ,

iz( −n0) = 0, i ∈ N
n0−2
0 ,

−n0
z(y2 +m0 +  − ) = 0,

can be represented by

z(t) =
y2+m0


s=0

G(t,s)g(s), t ∈ N
y2+m0+
−n0

,

where

G(t,s) =
1

( )

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[y2 +m0 +  − − s−1]−−1

(y2 +m0 +  − )−−1
t−1,

0 � t− +1 � s � y2 +m0,

[y2 +m0 +  − − s−1]−−1

(y2 +m0 +  − )−−1
t−1− [t− s−1]−1,

0 � s � t−  � y2 +m0,

0,  −n0 � t �  −2,0 � s � y2 +m0.
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LEMMA 69. The Green’s function G(t,s) given in Lemma 68 satisfies the in-
equality:

G(t,s)� 1
( )

[y2+m0+−−s−1]−−1
{
(y2+m0+ ) − [y2+m0+−s−s]

}
,

for (t,s) ∈ N
y2+m0+
−n0

×N
y2+m0
0 .

Now, we state the Lyapunov-type inequality for the discrete FBVP (61).

THEOREM 42. Let z be a nontrivial solution to the discrete FBVP (61). If z(t +
 −1) �= 0 for t ∈ N

y2+m0
0 , then the following inequality holds:

y2+m0


s=0

|r(s)| � 1
M0

( − )
[ (y2 +m0 +  )y2+m0−1

(y2 +m0 +  − )y2+m0+1 −1
]−1

,

where

M0 = max
{
( − ),

(y2 +m0 +  − )
(y2 +m0 +1)

}
.

COROLLARY 25. Let  = n0 ∈ N2 and  = 1. If z is a nontrivial solution to the
discrete FBVP (61) and z(t +n0 −1) �= 0 for t ∈ N

y2+1
0 , then the following inequality

holds:
y2+1


s=0

|r(s)| � (n0−1)!
y2 +2

n0−1


p=2

(p+ y2)−1.

In 2023, Vianny et al. [49] discussed the discrete fractional order boundary value
problem: {

RL z(t)+ r(t +  −1)z(t +  −1) = 0, t ∈ N
�
0,

z( −3) = 0, z( −3) = 0, z( + �) = 0,
(62)

where r : N
+�−2
−2 → [0,), RL is the Riemann-Liouville fractional differential oper-

ator of order  ∈ (2,3] and �∈N2. An integral inequality of Lyapunov-type is obtained
for the problem (62).

LEMMA 70. Let 2 <  � 3. Then the discrete FBVP (70) has a unique solution

z(t) =
1

( )

�


s=0

G(t,s)r(s+  −1)z(s+  −1),

where G(t,s) : N
+�
−3×N

�
0 → R is defined by

G(t,s) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
( + �− s−1)−1

( + �)−1
t−1− (t− s−1)−1, 0 � s < t− +1 � �,

( + �− s−1)−1

( + �)−1
t−1, 0 � t− +1 � s � �.
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LEMMA 71. The Green’s function G(t,s) given in Lemma 70 satisfies the prop-
erties:

(1) G(t,s) > 0 for all t ∈ N
+�
−3 and s ∈ N

�
0;

(2) max
t∈N

+�
−3

G(t,s) = G(s+  −1,s), s ∈ N
�
0;

(3) The function G(s+  −1,s) has a unique maximum given by

max
s∈N�

0

G(s+  −1,s) =
( )( + �)

(�+1)( + �)−1
.

Now, we present the Lyapunov-type inequality for the discrete FBVP (62).

THEOREM 43. Let r : N
+�−2
−2 → [0,) be a nonzero function. If the discrete

FBVP (62) has a nontrivial solution, then

�


s=0

|r(s+  −1)|� (�+1)
( + �)

( + �)−1.

17. Conclusions

In this paper, we presented an extensive review of the most recent results on
Lyapunov-type inequalities for FBVP involving a variety of fractional derivative op-
erators and boundary conditions. Fractional derivative operators include Riemann–
Liouville, Caputo, mixed Riemann–Liouville and Caputo, Riesz-Caputo,  -Caputo,
Hadamard, Katugampola, Hilfer,  -Hilfer, proportional, variable order Hadamard,
partial, systems of Riemann-Liouville, bi-ordinal Hilfer-Katugampola and  -Hilfer.
In each section/subsection of the present paper, we first described the fractional integral
operators, related to the results collected for Lyapunov-type fractional integral inequal-
ities. We provided comprehensive details (without proof), for the convenience of the
reader, of all Lyapunov-type inequalities presented in this survey. This survey paper
together with the published survey papers [31]–[33] serves as an excellent platform for
the researchers who wish to initiate/develop new work on such inequalities.
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