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DIRECT AND INVERSE PROBLEMS FOR A FRACTIONAL
PARABOLIC EQUATION WITH MULTIPLE INVOLUTION

BATIRKHAN TURMETOV *, MAIRA KOSHANOVA,
MOLDIR MURATBEKOVA AND ISABEK ORAZOV

(Communicated by R. Ashurov)

Abstract. In this paper, the concept of a nonlocal analogue of the Laplace operator is introduced.
For the nonlocal parabolic equation with a fractional derivative in a cylindrical domain, the
solvability of direct and inverse problems is studied. The problems are solved using the Fourier
method. Theorems on the existence and uniqueness of solutions to the studied problems are
proved.

1. Introduction

Inverse problems in the theory of equations of mathematical physics are the prob-
lems in which, along with the solution of the equation, it is required to find the right
side or coefficients of the equation, initial or boundary functions. Applications of in-
verse problems in modern science are described in detail in [12, 13]. Various versions of
inverse problems for the classical equations of mathematical physics have been studied
in the works of numerous authors [5, 24, 28].

Recently, the attention of researchers has been turned to the study of direct and
inverse problems for differential equations with involution [1, 2, 3, 4, 15, 21, 22, 26].
Note that in these papers, the case of one spatial variable was mainly studied. Inverse
problems in the case of two spatial variables are studied in [9, 15, 20]. It should be
noted that in these papers, the problems under consideration were studied for classical
equations, i.e., for equations without involutive transformations.

In the case of many spatial variables, we can note the works [0, 7, 18, 19, 27],
where inverse problems on finding the right side depending on the spatial and temporal
variables were studied. In this paper, differential equations with involutively trans-
formed arguments are considered in the multidimensional case. For such equations,
direct problems with initial-boundary conditions and inverse problems of finding the
right side depending on the spatial variable are studied.

Let us consider the problem statement. Let Q = Q x (0,7), Q is a unit ball
in R", n>2, dQ is a unit sphere. Let §1,S,,...,5;, [ < n, also be a set of real
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symmetric commutative matrices S;S; = §;S; such that S% =1. Asan example, consider
the mapping matrix Sjx = (—xj,x2,...,%,). If we consider all possible products of
mappings S;, 1 < j <[, then the total number of such mappings, taking into account
the mapping Sox = x, will be 2/ . To enumerate these mappings, we will use the notation
of an integer in the binary system. If i is the index, then in addition to the usual notation,
we will also use the notation of this number in the binary system i = (i;...i;),, where
ir =0 or iy = 1. Then we can consider mappings of the form S;l ...Slllx. Let us
introduce the operator

2l—1

Lv(x) =Y aiAv <S;’ . .Si‘x).
i=0
Let 0 < or < 1 and let us denote the derivative of order o in the Riemann-Liouville

sense as D%u(t), i.e.

t

1 d
Do‘tzi—/t— ¢ dt, 0 1
u(r) F(l—oc)dto (t—1) “u(r)dr, 0<a<
and J
t
9%u(t) = D [u(r) —u(0)], 0< <1, d%u(t) = ZE )
derivative of order ¢ in Caputo’s sense.
In the domain Q we can consider the equation
0 u(t,x) = Lwu(t,x) + F(t,x), (,x)€Q, (D
with the initial B
u(0,x) = ¢(x), xeQ, 2)
and boundary condition
u(t,x) =0,0<t <T, x€dQ. 3)

Here F(t,x),@(x) are prescribed functions.

A solution to problem (1)—(3) is a function u(¢,x) continuous in a closed domain
0, having derivatives of all orders in equation (1), which are continuous in Q, and
satisfying conditions (1)—(3) in the classical sense.

Let F(x,t) = f(x)g(z). Along with problem (1)—(3), we will also study the inverse
problem of determining the right-hand side of equation (1).

Inverse problem. Find a pair of functions {u(z,x), f(x)} that satisfies conditions (1)—
(3) and the additional condition
u(to,x) =w(x), 0<tp<T, x€dQ, %)

where g(7) and y(x) are prescribed functions. In case of inverse problem, we will seek
for a solution in the class of functions:

f(x)6C<Q>7 u(t,x)eC(Q), aau(t,x)€C<Q>7 Lm(t,x)eC(Q).
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It should be noted that the problems considered in this paper were studied for the
case n =2 of an integer and fractional parabolic equation in a rectangular domain in
[10, 25] and for an equation with involution in [29]. We especially note the work [8],
where similar problems were studied in an arbitrary bounded domain for the subdiffu-
sion equation with the Caputo operator.

2. Auxiliary statements

This section provides information about the convergence of Fourier series with
respect to the system of eigenfunctions of the Dirichlet problem for the operator L.

Let us assume that wy,(x) and w,, m = 1,2,...., respectively, are eigenfunctions
and eigenvalues of the classical Dirichlet problem

Aw(x)+uw(x) =0, x€Q, w(x) =0, x € IQ. 3)
Let k€ {0,1,...,2' —1}. Let us introduce the functions

1 2l—-1
W (x) = v(k’ i) (x)== 2 (—1)k®qwm (S;” .. .Si“x) , (6)
q=0

where k@ q=kiq1 +koqgr+ ...+ kq;.

Obviously, if x € 0Q, then for any 0< g<2'—1 points S/'...S'x also belong
to dQ. Therefore, the condition V¥, } 29 = 0 is satisfied. Moreover, from the equality
(=A) wi (ST ST%) = pwwm (ST i ..87'x), x € Q it follows that

1 201
—AV( =5 2 k®q A) W (S;” .. .S’f‘x)

s 2=
= —rl" Z (— 1"y, (ST ST'x) = v, ().
q=0

Therefore, vk (x) is also an eigenfunction of the Dirichlet problem (5). On the
other hand, for a system of functions v (x) the following assertion was proved [30].

LEMMA 1. The elements of the system {v],‘n(x)}::(), 0< k<2 —1 are eigen-
functions of the problem

Lv(x)+Av(x) =0, x€Q, v(x) =0, x€dQ, (7)

and their eigenvalues are determined by the formula

21 , 2l-1 _
A= w, D (—D)*a; = wpe, &= Yy (1),
i=0 i=0
Moreover, {vf; (x) }::1 , k=0,1,...,2! —1 is a complete and orthonormal system

in the space Ly (Q).
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201

In what follows, we will assume that the inequalities & = Y (—1)k®iai > 0 are
i=0

valid for all k € {0,1,...,2' —1}.
Let us express the eigenfunctions v£ (x) and eigenvalues A as follows

k
v21m—k(x) =51 2 (_1) ®L‘{WZlm—k (S;]l o ‘Siilx) )

Dot &= Eklbot, 1, m=1,2,.... k=0,1,....,2' — 1.

EXAMPLE 1. Let n > 2 and mapping S1x = —x is given. Then / =1 and

1 1
VZm(X) = 5 [W2m (x) +Wom—1 (_x)] , V2m—1(x) = 5 [Wzm_1 (X) — Wom—1 (—x)] ,
Ao = (ao+ar) hom,  Aam—1 = (a0 — ar) Pom—1-

EXAMPLE 2. Let n =2 and Sjx = (—x1,x2), Sox = (x1,—x2). Then [ = 2 and

3
Vam (x 2 O®qW4m (83257'x)

4>~ .|>|»—

— [Wam (%) + W (1) + Wa (S2X) + Wapn (S281%)] ,

— Wam—1 (x) = Wam—1 (S1x) + Wam—1 (S2X) — Wam—1 (S281x)] ,

— Wam—3 (x) = Wam—3 (S1x) — Wam—3 (S2X) + Wam—3 (S251x)] .

Let us present some assertions about eigenfunctions wy,(x) and eigenvalues w,,
proved by V. A. II’in [11].
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LEMMA 2. ([11], Lemma 1) Forthe system {wp(x)},._, the following statements
are valid:
~([5]+1) >

1) the series Y, U w2 (x) converges uniformly in a closed domain Q;
m=1

o (2142 2 oo (2143 2 2

2) series Y, Mm([zh )[%} and Y, u,n([2]+ ){%} converge uniformly
m=1 m=1 e

in an arbitrary closed subdomain Q located strictly inside Q.

LEMMA 3. ([11], Lemma 5) Let the function g(x) satisfy the conditions
— gy

1) g(x) €CP(Q), S5 €L (Q), pr+...+pa=p+1, p>1,

1 0Xn

2) g()lgo = Ag(¥)|go="- = A[g}g(x) 0 0-

Then the number series Y, g%,u,f + converges, where g = (g, wy).
k=1

LEMMA 4. ([11], Lemma 7) Let the function f(t,x) satisfy the conditions:
0,|5]+1 / = P f(t, n
1) f(t,x) GCt,x[Z} <Q>, ﬁ €Ly (Q), p=(P1,P25--,Pn), P= [E] +2;

2
2) f(t.9)laax0r) = Af(E,X) gaxpn == Al ]f(t,x))
Then the series

sox0T]

converges uniformly in a closed cylinder Q, where fu,(t) = (f,wp).

As {vyi,_(x)} . k=0,1,...,2" — 1, are eigenfunctions of problem (5) and
form a complete orthonormal system in L, (Q), then Lemma 2 implies the following
assertions.

COROLLARY 1. For the system {vy,, ,(x)}"
ing statements are valid:

k=0,1,...,2" — 1 the follow-

m=1"

21 e (241
1) the series Y, “2’1([2}* )v%nmik(x) converges uniformly in a closed domain

m—k
o k=0 m=1
Q;
C oSt = ([3]42) [vm 2 250 2 ([3]43) [02vmnm (]2
2) series kzo Zlﬂzn,(n[fll )[7% 'a");"(x)} and kZO Zluzn,&[i,l )[7‘;2&'32()()}

converges uniformly in an arbitrary strictly closed subdomain Qg located inside Q.

i=0
such that the estimates hold

2l—1 .
By assumption | (—1)k®’ai> > 0, and then there exist constants C; and C,

Cillyty—k < Aoty < Collytyy i ®)

Hence, we obtain the following assertion.
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COROLLARY 2. For the system {vyu,_i(x)},_, k=0,1,.. 2! —1 the following
statements are valid:
o 201 n
1) the series 'y, Y, )LG([z] Vw1 (X) converges uniformly in a closed domain
m=1 k=0

Q;

o 20— n o 2/ n 2 2

2) series E 2 lzn([Z] )[9V2ng;k(x)] and 2 E /‘{2’1([2] )[8 Vaz)’:rg;k(x)}
m=1 k=0 ! m=1 k=0 e

converge uniformly in an arbitrary strictly closed subdomain Qg of the domain Q.

COROLLARY 3. Let the function g(x )satisfy the conditions of Lemma 3 with p >
Al o
1. Then the number series Z Z | 8ol k} ,u2, , converges.

COROLLARY 4. Let the function f(t,x) satisfy the conditions of Lemma 2.4. Then

the series
o 201
2 2 f2’m—k(t) 'v2lm—k(x)

m=1 k=0

converges uniformly in a closed cylinder Q.

3. Direct problem

According to the Fourier method, we seek the function u(#,x) as a formal series

= i 2 Ut (1) Va1 () ()]
m=1 k=0
Here the functions u,:,, () are a solution of the Cauchy problem
0%ty (1) + A jttgtyy i (1) = foty i (1), 0 <1 <T, (10)
Uty 1(0) = Oty (1)

where f2’m—k(t) = <f’ v2’m—k>’ (p2lm—k = <(p’v2’m—k>'
In [14], Th 4.3, 231 p. it is proved that if £, ,(7) € C[0,T], problem (10)—(11)
has a unique solution, which can be written as:

t

u21m—k(t) = (I)Zlm—kEOC’1 (_AZIm—ktoc) +/ (t - T)OC_IEOQOC ( A2’m k( )a)fZIm—k(T)dT'
0

In this case the functions u,,, ,(t) and d%uy,, ,(t) belong to the class C[0,T].

m—k

Here E, g (z) = '20 Wiﬁ) is a Mittag-Leffler type function.
Jj=
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Thus, the formal solution to problem (1)—(3) has the form:

I/l(t7x) = 2 q)2’mkaO€,1 (_lzlmikta) V2lmik(.x) (12)
m=1 k=0
o 201 | ¢
+3 / (1= 1) s (~ iy 10— 7)) a1 (DT | vaty ().
m=1 k=0

0

Here we use the notation:

o 201
)C) = Z 2 (p2lm—kEO‘71 (_)L’2lm—kta) v2lm—k(x)7 (13)
m=1 k=0
o 201
us(t,x) = 2 2 Ety 1)Vt 4 (%), (14)
m=1 k=0

where
t

Fy (1) = /(t — )" Eaa (~ Aoty it = 0)%) foipi (D).
0

Let us estimate the series representing the functions u;(r,x), d%u;(t,x) and
Leuj(t,x), j=1,2. In what follows, the symbol C will denote a pos1t1ve constant,
not necessarily the same one.

To do this, we use the following property of the function E, g (z):

1) for a € (0,2), y < |argz| < 7, B €R, y € (mra/2;min{m;wa}) satisfies the
estimate (see, for example, [23], 35 p.),

X T . g < . 15
[Eap@| < e M<lamg@l <7 (15)

2)if Re(ar) >0, B ¢ —Ny, then (see, for example, [17], 274 p.),

Eoor () = o (2) - ﬁ (16)

Using estimate (15), as well as the Cauchy-Bunyakovsky inequalities for the func-
tion u; (¢,x), we obtain

o 201

|u1 tx CZ 2 }‘Pz’m kHv21m k |
m=1 k=0

o 201

[4]+1
<C 2 2 ’(lem k’ﬂzzm X zm_2 ) |v2[m—k(x)|
m=1 k=0

002[1 °°2[1 n

<o\l 3 o LullEE s s B,

m=1 k=0 m=1 k=0
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Further, as the function |—A,1,,_E,, i (— Ay, )] is limited in the domain

0<8<t<T,xeQ,then in this domain for the function 9%u;(t,x) we get:

o 201
10w (t,x)] = |- 2 2 2t 1Pt Eert (— gty 1) Va4 (%)
m=1 k=0
|
< 2 2 = |‘P2’m7k| }_lﬂmfktaEa,l (_)L21m7kta)} |v2lm7k(x)|
m=1 k=0
w 201 +1) w 201 ,, 2
<C 2 2 }(p2lm k} nuglm k 2 2 2’m k |v2m k( )| .
m=1 k=0 m=1 k=0

Now, if the function @(x) satisfies the conditions of Lemma 3 with the exponent

o 21 1
p = [4]. then according to Corollary 3 the number series ¥, Z | @21, k’ “21 ]+ )
m=1 k=
o 21 _([n
converges. In addition, according to Corollary 1 the series 2 2 2,51[ 2]1 ’VZIm— k(x)|

converges uniformly in a closed domain Q. Then, the series representlng the function
uy(t,x)converges uniformly in the closed domain Q, and the series representing the
function d*u, (¢,x) converges uniformly in any closed subdomain Qg of the domain
0s. Hence, uy (1,x) € C (Q) and 9%, (1,x) € C(Q). The inclusion Lyui (,x) € C(Q)
is proved in a similar way.

Further, we consider the smoothness of the function u,(z,x).

Let us assume that the function f(z,x) belongs to the class Cto P (Q) for some

p > 1. Then, f5,, (7)€ C[0,T] and, hence, d*F,,, ,(t) exists and belongs to the
class C[0,T]. Denote

| Fotic(tar) | = 1}1taxT|f21 (O], e €10,7T].

Then, the function F,;,, () satisfies the following estimate
}F2’m7k(t)| < }f2’m7k(tM)}taEa7a+1 (_lﬂmfkta) 17
Hence, as the function 1%Eq, 41 (— Ay, 4%) is limited, for uy(z,x) we get

w 21| ¢

)<Y ¥ / ) B (At 1t =0)) -0 47 | [yt

m=1 k=0
As 0%Fot,,_1 (1) = oty (1) = Aty Foty_ie (1), then for 0%us(z,x) we obtain
o 2/—1 o 2l

0% (1, x) Z 2 |f21m k()i (x )|+ Z Z )L2lm—k’F2’m—k(t)v2’m—k(x)|'

m=1 k= m=1 k=0
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From estimates (15) and (17) for the second series in the last expression, for all
0<d<r<T, xeQ we get

w 21—
Z > 21m7k}F2lm7k(t)v2’m7k(x)|

0
2
Z ’fzfm—k(fM)’fa/lz'm—kEomaH (_)Lzlm—k’a) ’V2lm—k(x)’

||M8

._.O

HMS

2 }f2lm7k(tM) } |V2lm7k(x) |

Similarly, for the function Lyu,(z,x) we get

o 201 o 201
|Liup(t,x)| = Z 2 At kBt () Vol (X <CZ Z |f2'm x(tm H"zlm X ’
m=1 k= m=1 k=0

e 2]
Thus, the series ¥ ¥ | foru_i(t)| |varm_i (x)| is majorant with respect to series
m=1 k=0

representing functions u(¢,x), d%us(z,x) and Lyuy(z,x).
If the function f(r,x) satisfies the conditions of Lemma 4, then from Corollary 4
we obtain that the series

o 201
Z 2 |f2lm—k(t)| ’v2’m—k(x)’
m=1 k=0

converges uniformly in a closed cylinder Q. Then the series (14) also converges uni-
formly in a closed cylinder, and the series

“up(t,x) 2 2 [lem k() = gty szlm—k(’)] Vol (%),

m=1 k=0

o 201

L uQ(t X 2 2 A2[m kF2’m k( )v2[m k( )
m=1 k=0
converge uniformly in any closed subdomain Qg of the domain Q. Hence, us(t,x) €
C (Q) , and functions d%u,(z,x) and Lyu;(t,x) belong to class C(Q).

Let us investigate the uniqueness of the solution. Assume the opposite, i.e. let
problem (1)—(3) have two solutions u(#,x) and up(¢,x). Let us prove that u(r,x) =
ui(t,x) —up(t,x) = 0. As the problem is linear, for u(z,x) we get a homogeneous
problem (1)—(3). By definition of the solution, the function u(#,x) has the following

properties: u(r,x) € C<Q>, d%u(t,x) € C(Q) and Lyu(r,x) € C(Q). Then due to
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continuity, the function u,:,,, (t) = (u(t,x),v,1,,_(x)) satisfies the homogeneous con-
dition (11). If § is an arbitrary small number, then according to the condition d*u(z,x),

Lyu(t,x) €C (Q5> Qs C Q forall t > § > 0, the equality

0%ty () + Mg jttal,y, 4 (1) =0 (18)

is satisfied. As & is an arbitrary number, equation (18) is satisfied in the domain 0 <7 <
T . Thus, the function u,1,, (t) = (u(t,x),v,1,,_(x)) is a solution to the homogeneous
problem (10), (11). Then, due to the uniqueness of the solution to this problem, we
get (u(t,x),vy,,_;(x)) =0, ie. the function u(t,x) is orthogonal to all elements of
the system {v,,, ,(x)}. Therefore, u(¢,x) =0 for almost all 7 € [0,T]. As u(t,x) €

C(0). then u(t,x) =0, (1,x) € 0.
Thus, we proved the following assertion.

THEOREM 1. Let the coefficients a;, 0 <i <2 —1 in Problem (1)—(3) be such
21 .
that the conditions €, = Y, (—1)k®’a,- >0, k=0,1,...,2" — 1 are satisfied, the func-
i=0
tion @(x) satisfies the conditions of Lemma 3 with the exponent p = [%] and the
function f(t,x) satisfies the conditions of Lemma 4 with the exponent p = [5] +1.

Then a solution to Problem (1)—(3) exists, is unique, and can be represented as (12).

4. Inverse problem for the case g(r) = |

In this section, the inverse problem is studied. Let us first consider the problem for
the case of g(¢) = 1. The following assertion is valid.

THEOREM 2. Let the conditions & >0, i =1,2...,2' —1, g(t) = 1 be satisfied
and functions @(x) and y(x) satisfy the conditions of Lemma 3 with the exponent
p= [g] + 2. Then the solution to Problem (1)—(4) exists, is unique, and is represented
in the form of series

ol

o 20— o _)le_ o
Fl) = z ; ll_Em(l )%]mik_ Eg1 (A ktO)a)(lemk]

m=1 Ml i 16 1 —Eq, (_)L2’m7kt0
X MgtV 2tm—i (%), (19)

ol EOC 1 ( )‘211’” kt ) EOC71 (_A‘2lm7kt86)

Ori,p
L= Eq 1 (=2t 418 ek

1—Eq 1 (= Ay t®)
1—Eq 1 (=t 41§) Vaim

u(t,x) = i

1
m=1 k=0

Vol (X). (20)
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Proof. Suppose that the function u(z,x) is a solution to Problem (1)—(4) for g(¢) =
1. Consider the functions

Uty (1) = /u(t,x)vzzm_k(x)dx, k=0,1,....2' —1.
Q
Using the conditions of Problem (1)—(4) for the function u,:,, ,(f), we obtain

Dty 1) = [ DFult, vy ()= [ [Lut.5)+ £(0)] v, ()
Q Q

= /u(t,x)vazm_k(x)dx—F/f(x)vzzm_k(x)dx
Q Q

= _A2Im7k/u(tvx)v2lm7k(x)dx+f2’m7k = — At iV2lm—k (%) + Fotm—ps
o

Where /12Im7k = gkuzlmik.
Further, from conditions (3) and (4) for the function u,:,, () we get

Uty (0) = /”(07X)V21m7k(x)dx = /‘q)(x)vﬂmfk(x)dx = Qoly—i>
Q Q

gty (10) = /”(107X)V21m7k(x)dx = /‘P(X)Vﬂmfk(x)dx = Walm—k-
Q Q
Thus, the function uy,, ,(f) satisfies the conditions of the following problem

D?”Z’m—k(t) +A’2’m—ku2’m—k(t) = f21m—k’ 0<r< T’ (21)
u2lm7k(0) = (p2lm7k7 u2lm7k(t0) = u/2lm7k' (22)

The general solution of equation (21) has the form
Uty (1) = Coty - Ecit (=gt 41%) + fotyy it “Eciot1 (— Aoty 32%) 5 (23)

where C,;,,_, are arbitrary constants. Substituting function (23) into conditions (22),
we obtain

Gtk = Pot—is
and
Coti* Ea (gt i6) + Fotmid§ Ecart (=Dt g 18') = Wty
Then we find
Fa o= w2’m—ka_ Pt * Ba (— At 41§') .
1§ Eqat1 (—Agtmil§)

From equality (16) for the function 1§ Eq o1 (—Ay,,_1§) we get

1
o o
16 Bt (Aot i) = —

A’2’m7k [Eoc,l (_)‘2lrn—kt(()x) - 1] .
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Then the coefficients f,,, , and functions u,,, ,(¢) are represented as

Aol Mty rEal (_A2lm7kt(()x)

_ . 24
Tomt 1= Ea1 (=gt il§) Vot Eq1 (—Agiu_itd) Pneie 2D
_ Eq, (2ot 4%) = Eat (<At 418)
u2’m—k(t) - 1 _E(x,l (_)Lzlmfkt(()x) Dotk
1 - EOC71 (_AZ’m—kta) (25)

Yol
1 _EOC71 (_Azlm,ktgc) Zim—k

Note that if under the conditions of Problem (1)—(4) the equalities ¢(x) =0 and
Y (x) =0 are satisfied, then from (24) and (25) it follows that u,:,,, (1) =0, fy,,_; =0
forallm>1,k=0,1,...,2' —1..

Hence, (u,vy,, 1) =0, (f,vy 1) =0, m>=1,k=0,1,....2 — 1. As vy, (%)
is a complete orthonormal system, then f(x) =0, x € Q and u(r,x) =0, x € Q for
almost all 7 € [0,T]. By assumption, u(¢,x) is a continuous function in a closed domain
Q. Then u(t,x) = 0,(r,x) € Q. This implies that Problem (1)—(4) is unique. Indeed,
if there are two solutions {u;(¢,x), f1(x)} and {uy(¢,x), f>(x)}, then for the functions
u(t,x) = up(t,x) —uy(¢,x) and f(x) = fi(x) — f2(x) we obtain Problem (1)-(4) with
homogeneous conditions (3) and (4). Hence, in this case f(x) =0, x € Q and u(r,x) =
0,(t,x) € Q,i.e., u(t,x) =uy(t,x), f1(x) = fo(x).

Let us study the existence of a solution to Problem (1)—(4). Under certain con-
ditions for the functions ¢(x) and y(x) we will show that the function f(x) from
equality (19) and the function u(z,x) from equality (20) are a solution to Problem (1)—
(4). By construction, these functions formally satisfy all the conditions of Problem
(1)—(4). Now we have to investigate smoothness of these functions.

To do this, it suffices to show that the series (19) and (20), respectively, converge
uniformly in the closed domain Q and Q, while the series obtained by applying the
operators D and L, to the series (20) converge in any strictly closed subdomain Q, of
the domain Q. If we denote Ay, =1 — Eq 1 (— Ay, &) . then from the conditions
Ew1(0) =1, Ay,,_; > 0 it follows that there exists such § > 0 that |A| > 6 > 0.
Then the following functions

1
U= Ea 1 (= Aty t§

) ’ EOCJ (_)L2’m7kt(()x)

are bounded for all m € N, k=0,1,...,2! — 1. Therefore, for the series (19), taking
into account estimate (8), we obtain

m=1 k=0

o 201 o 201
Ifx)<C ( DY Atk [ Wt | [Vt ()| + 2—11 126 At | Dot }v2’mk(x)}>

o 201 o 21

< C Z Z ‘u2’m—k |w2lm—k| ’v2’m—k(x)’ +C 2 Z nu2’m—k |(p2lm—k| |v2’m—k(x)|'
m=1 k=0 m=1 k=0
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Let us consider the convergence of the series

o 201

Z 2 Mol }wﬂm—k} |v2’m—k(x)| (26)
m=1 k=0

and

HMz

g Moty —k }(p2lm7k} }v2’m7k(x) } (27)

Using the Bessel inequahty for the series (26), we obtain the following estimates

o 21
2 Moty |w2lm7k| }v21m7k(x)}
m=1 k=0
S 1+ (i)
= 21 “2lm—k(\/“21m—k> ’ ’W2’m—k’ (\/“2’m—k> ’ ’V2’m—k(x)’
m=1 k=0
S |V2lm k }
S 25 ZS “ﬂm k|w7m k| E: E: o
m=1 k=0 m=1 k=0 ‘LL

2mk

According to Lemma 2, the series

)y Z g T vy ()]

m=1 k=0

converges uniformly in a closed domain Q. Further, as the function (x) satisfies the
conditions of Lemma 3 for p = [%] + 2, the numerical series

o 201

) “2lm k|w2lm k|

m=1 k=0

converges. This implies the uniform convergence of the series (26) in the closed domain
Q. The uniform convergence of the series (27) in the closed domain Q is proved in a
similar way. Then the series on the right-hand side of equality (19) converges uniformly

in a closed domain Q and its sum f(x) belongs to the class C <Q> .

le(ZA,l (7},2“”7]([&)
7EQJ<7Aﬂmfﬁg)

are bounded on the interval 0 <7 < T, then we can

Let us study the convergence of the series (20). As the functions

Eqq (_AZIW—ktO‘) —Eq 1 (_)LZlm—ktg)
1-Eq, (7/1
use the estimate

and

o
2l mfkto

o 201
<C 21 kzo (|(p2’m—k’ |v2’m—k(x)| + |w2lm—k’ |v2’m—k(x)|)'
m=1 k=
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As we have already noticed, the series on the right side of the last inequality con-
verge uniformly in a closed domain 2. This implies that the functional series (20)
representing the function u(z,x) converges uniformly in a closed domain Q and there-

fore u(t,x) € C <Q> .
Further, we study the smoothness of the functions D®u(t,x) and Lyu(z,x). For-
mally applying the operators D®u(f,x) and Lyu(t,x) to the function (20), we obtain

= 2 Eo1 (=Pt %)
_ 2 a,l 2m—k _ ,

Eq 1 (—),21m7kt0‘) —Eq1 (_Azlmfkt(f)x) 0y
1- EO!J (_A’Zlm—kt(gx) 2k

1= Eq1 (=gt 12%)
L= Eg1 (At it§) Vatm-

Lxu

||M8

Z 2lm—k

v2’m—k(x)'

Hence, using estimate (17), we have

|D{u(t,x) (i 2‘6 [ Watmei| + }(p2lmk|j|v2’mk(x)> )

oo 20—
|Lou(t,x)| < (2 2 [/lzlm k}(p2lm k}‘“lzlm k}u/ﬂm kH |"2!m e )|>

m=1 k=0

Under the conditions of the theorem, the last two series converge uniformly in a
closed domain Q. Then the series representing the functions Dfu(f,x) and Lyu(t,x)
converge uniformly in a closed domain Q and their sums, i.e. functions D*u(t,x) and

Lyu(t,x) f(x) belong to the class C (Q) . The theorem is proved. [

5. Inverse problem for the case g(r) # 1

Let now the function g() be notidentical to 1 and the function u(z,x) be a solution
to Problem (1)—(4). As in the case g(¢) = 1, consider the function

u2’m—k(t) = /u(tvx)v2lm—k(x)dx'
Q
In this case, with respect to the function u,,, (), we obtain the equation

Dty 1 (1) = =gty gty 1 (8) + 8() foty - (28)

The general solution to equation (28) is written as

u2’m—k(t) = C2lm—kEOC71 (_AZIm—ktoc) +f2lm—kg2’m—k(t>7
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where
t

8otk (1) = / (t —1)% "Eqa (— Ayt — 7)%) g(T)d1. (29)
0

Using the conditions of Problem (1)—(4), we obtain
otk = Uty (0) = Cotpy_gs

WYolm—k = u2’m—k(to) = (p2’m—kEOC~,1 (_)‘2’1n—kt(()x) +f2[m—kg2[m—k(t0>'

Hence,

Dot 82tm—i(t0) = Wty — oty Ear 1 (_lﬂmfkt(gx) . (30)

Further, two cases are possible: g4, ;(t0) # 0 and gy, (o) =0.

If for some values, the condition g,i,, k(to) = 0 is satisfied, then the uniqueness
may be violated. As it is noted in [8], this is due to the variable sign of the function
g(#). Following the results of [8], consider the following example.

EXAMPLE 3. Consider equation (1) with the function F(z,x) = f(x)g(¢) and ho-
mogeneous conditions (2)—(4).

Take any eigenfunction v(x) of the nonlocal Laplace operator obeying homoge-
neous Dirichlet boundary conditions, i.e. Lyv(x)+ Av(x) =0 with v(x)[;o =0 and
set fo =1, g(t) =% (1 —1*), b > 0. In this case, u(t,x) = g(t)v(x) satisfies problem
(2)—(4) with @(x) = w(x) =0, f(x) = v(x) and g(r) =% (1 —¢P). Then, besides the
trivial solution {u(z,x), f(x)} ={0,0} to problem (2)—(4), we also have the following
non-trivial solution u(z,x) = g(t)v(x), f(x) =v(x).

For further investigation, as suggested in [8], we divide the set Nop = NU {0}
into two groups: Ny = Ky UKj ¢, where the number m € N, k € {O, 1,....2l— 1} is
assigned to Ko o, if gy1,,_1(f0) =0, and if g,1,,_,(f0) # 0, then this number is assigned
to Ky . Note that for some #y the set Ky can be empty, then K, = Np. For example,
if g(¢) does not change the sign, then Ky o = Ny for all #,.

Let us establish two-sided estimates for gy, ,(f). First, we suppose that g(r)
does not change sign for the diffusion equation.

LEMMA 5. Let g(t) € C[0,T] and g(t) #0, t € [0,T]. Then there are constants
C1,C > 0, depending on ty, such that forall m>1, k=0,1,...,2l —1:

C C
— < gamilt0)| < — 31)

Moty Moty

Proof. According to the Weierstrass theorem, we have |g,1,,_(¢)| > go = const >
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0. From equality (29), on the basis of the mean value theorem, we have

[}

}g2’m7k(t0)} = /Ta_lEoc,a (Aot T%) g(to — T)d7T
0
fo

= g(ék)/fa_lEoc,a (—AQIm,kTa) dt

0
= lg(&)tg Eaot1 (—Azzm_kt(‘)")
- % [ = Eat (~Ayt6)] s & € [0:10].

From here, using the boundedness of the function 1 — Eq ; (—Ay,, ;&) . inequal-
ities (15) and the estimate | gzlm_k(t)| > go, we obtain (31). The lemma is proved. [

Further, if the condition g4, ,(fo) # 0, is satisfied forallm > 1, k=0,1, ... 20—
1, then for the coefficients f5:,, , and u,,, (1) we get

1

g (o) [Watt = Potp—iEert (—tm_ilo) ] (32)
m—

Jotm—x =

and

8oty (T
Uty (1) = (Eml (—Atygt®) = gijz - :((to)) Eit (=2t 416 )) Pl i
.

+ g21m—k(t)

Yol k- (33)
g2’m—k(t0) Fmk

Using the estimate (31) for the coefficients fy,, ; and u,,, ,(¢) as well as repre-
sentations (32) and (33), we get the following inequalities:

’f2’m—k| < C:u2lm—k [|(p2lm—k| + |u/2lm—k‘] ) (34)
Ul (8) = C [| @31, + Wty 4] 5 (35)
’DtauZIm—k(t)’ < C“Z’m—k U(p2lm—k| + |u/2lm—k|] . (36)

Let us study the main assertion from Problem (1)—(4) for the case g(z) # 0. First,
consider the case when the function does not change its sign. The following assertion
is valid.

THEOREM 3. Let g(t) € C[0,T] and g(t) # 0, functions @(x) and y(x) satisfy

the conditions of Lemma 3 for p = [n/2]+ 2. Then, the solution to Problem (1)—(4)
exists, is unique, and is defined by the series

PR [1,/2, ek~ @ty iEot (—Azlp,kto)] vy, @), G
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o 201
x) = 2 2 [(Ew,l (_)L2’m—kta) ME&I( ’lzlm—kfg))‘/’zlm—k

m=1 k=0 Gtk (t0)

g2’m—k(t) :|
80 vy, (). (38)
g2’m—k(to) Fmk | T2mk

Proof. By construction, the functions f(x) and u(¢,x) from equalities (37) and
(38) formally satisfy all the conditions of Problem (1)—(4). Estimate (34) implies
uniform convergence of the series (37) in a closed domain  and, therefore, f(x) €

C (Q) . Similarly, the estimate (35) implies uniform convergence of the series (38) in

a closed domain Q and, therefore, the sum of this series, i.e. the function u(z,x) will

be continuous in Q. If we apply the operator 9% to the series (38), then from estimate
(36) for d%u(t,x) we obtain

o 201

|0%u(t,x)| < C Z 2 (‘u2’m7k‘(p2lm7k| +:u2lm7k|W2lm7k|) Vot ()]
m=1 k=0

As the series on the right side of the last inequality converges uniformly in the
closed domain Q, the series representing the function d%u(z,x) also converges uni-
formly in a closed domain Q, and therefore d%u(t,x) € C <Q> . The inclusion L,u(t,x)
eC (Q) is proved similarly.

To prove the uniqueness of the solution, we assume the contrary. Let there exist
two different solutions {u;(z,x), fi (x)} and {ux(#,x), f2(x)} satisfying inverse problem
(1)—(4). We must show that u(r,x) = u;(t,x) —uz(t,x) =0, f(t) = fi(x) — falx) =
For {u(,x),f(x)} we have the following problem:

9%u(t,x) — Luu(t,x) = f(x)g(t), (1,x) €0,
u(t,x) =0, x€09Q,

u(0,x)=0, 0<t<T, xeQ

u(tp,x) =0, x€Q, 1€ (0,7]

(39)

Let {u(t,x),f(x)} be a solution to problem (39). Determine the coefficients
gty (1) = (U, Vo101 ) s Fotmi = (f+Vai_x)- Then, using the conditions 9%u(r,x),

u
Lyu(t,x) € C( ) and taking into account that d%u(z,x) — Lyu(t,x) = f(x)g(r) we get

aau2[1n—k(t) = <aau7v2lm—k> = <Lxu7v21m—k> +g(t) <f7 V2[m—k>
= = Rt Vatm) F Fatm 18(0) = = Aty ot i+ fotyy 18(1)-

Thus, for the function u,:,, ,(t) we obtain the following Cauchy problem

aOCMZ’m—k(t) = _AZIm—kuﬂm—k(t) +g(t)f2lm—k7 1>0, u2’m—k(0) =0.
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If f51,,_; is known, then the unique solution to the Cauchy problem has the form

1

Unt i (1) = f2’m7k/ (t— T)ailEa,tx (Aot i (1 = 7)) &(T)dT = foy 18ty (1)
0

Applying the additional condition, we get
Ul (10) = Sotm—i82tm—k (f0) = 0.

It is assumed that g, 4(to) # O for all m € N, k € {0,1,...,2' —1}. Then,
Sotm_i =0 and uy,, (1) =0. By virtue of completeness of the system of eigenfunc-
tions vy, ;(x) in Ly (Q) we obtain that f(x) =0 and u(z,x) = 0. The theorem is
proved. [

Let us consider the case when g(z) changes its sign. In this case, the function
8aim_x(to) can go to zero, and as a result, the set Ky, may turn out to be non-empty.
Therefore, we should consider separately the case of diffusion (ot = 1) and subdiffusion
(0 < a < 1) equations.

The following assertions are proved in the same way as in [8].

LEMMA 6. Let oo =1, g(t) € C'[0,T] and g(ty) # 0. Then there exist numbers
my € N and ko € {O, 1,....2 = 1} such that, starting from the number m > my, the
following estimates

C

P E— (40)
Moty ko

G
< ‘g21m0—k0(t0)) < >
Mol —ko

where constants C1 and C, > 0 depend on mg,ky and ty, are satisfied.
LEMMA 7. Let 0 < e < 1, g(t) € C'[0,T] and g(0) < 0. Then there exist num-

bers mg >0, kg €0, 1,...,21’l and ngy such that, for all ty < ng and m > my, the
following estimates

C

Moty ko

(@)

T — (41
Moty —ko

< ‘g2’m0—k0(t0)) <
where constants C1 and C, > 0 depend on ny and my, are satisfied.

COROLLARY 5. If conditions of Lemma 6 are satisfied, then estimate (40) holds
forall mk € K.

COROLLARY 6. If conditions of Lemma 6 are satisfied, then the set Ky 1 has a
finite number of elements.

COROLLARY 7. If conditions of Lemma 7 are satisfied, then estimate (41) holds
forall tg <ng and m,k € Ko .
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COROLLARY 8. Ifconditions of Lemma 7 are satisfied and t is sufficiently small,
then the set Ko o has a finite number of elements.

THEOREM 4. Let g(t) € C'[0,T)], functions ¢(x) and y(x) satisfy the conditions
of Lemma 3 for p = [n/2]+ 2. Further, let us assume that for oo = 1 the conditions of
Lemma 6 are satisfied, and for 0 < oo < 1 the conditions of Lemma 7 are satisfied and
to is sufficiently small.

1) If the set Ko o is empty, i.e. gy1,,_;(t0) 0 forallmeN, ke {07 1,...,2 - 1},
then there is a unique solution to the inverse problem (1)- (4) which is represented in
the form of series (37) and (38);

2) If the set Ky ¢ is not empty, then for the existence of a solution to the inverse
problem it is necessary and sufficient that the following conditions be satisfied:

Yotk = Potm—iEat (=i idd) , mk € K (42)
If a solution to problem (1)—(4) exists, then it is not unique:

1
flx)= 2 — [w2lm7k — QotyiEat (_)L21m7kt0)] Vol (%)
mkeKy, g2’m—k(to)

+ Z 2f2lm—kv2lm—k (x) ’

m,keKy
o 201
u(t,x) = 2 2 [(lemkaml (_)L21m7kta) +f2’m7kj| Vol (%),
m=1 k=0

where fy,, ., m,k € Ko o are arbitrary real numbers.

Proof. Inthe first case, the theorem is proved in exactly the same way as in the case
of Theorem 2. Let us consider the second case. If m, k € K, then from equality (30)
we get (32) and (33). If m,k € Ko o, i.e. gy1,,_1(t0) =0, then a solution to equation
(30) with respect to f,;,,_; exists if and only if conditions (42) are satisfied. In this
case, the solution to equation (30) can be arbitrary numbers f5,,_;. As shown above
(see Corollaries 6 and 8), under the conditions of the theorem, the set Ko o, o € (0,1]
contains a finite number of elements. The theorem is proved. [J

6. Conclusion

In this paper, the solvability of some inverse problems for a nonlocal analogue of
a parabolic equation is studied. The nonlocal operator is introduced using involutive
mappings.

Unlike the previous works of the authors, in this work the problems are studied in
the n-dimensional case. Solutions to the main problems are constructed in the form of
series using the completeness of the system of eigenfunctions of the nonlocal Laplace
operator. The results of this work can be generalized to the case of high-order equations.



232

B. TURMETOV, M. KOSHANOVA, M. MURATBEKOVA AND I. ORAZOV

Acknowledgements. This research has been funded by the Science Committee of

the Ministry of Science and Higher Education of the Republic of Kazakhstan (grant No.
AP19677926).

[1]
[2]

[3]
[4]
[5]
[6]
[7]
[8]
[9]

[10]

[11]

[12]
[13]

[14]

[15]

[16]
[17]

[18]

[19]
[20]

[21]

[22]

REFERENCES

A. AHMAD, M. ALI AND S. A. MALIK, Inverse Problems for diffusion equation with fractional
Dzherbashian-Nersesian operator Fract. Calc. Appl. Anal., 24, (2021), 1899-1918.

B. AHMAD, A. ALSAEDI, M. KIRANE AND R. G. TAPDIGOGLU, An inverse problem for space
and time fractional evolution equations with an involution perturbation, Quaest. Math., 40, (2017),
151-160.

M. ALIL S. AZIZ AND S. A. MALIK Inverse source problems for a space-time fractional differential
equation, Inverse Problems in Science and Engineering, 28, (2020), 47-68.

N. AL-SALTI, S. KERBAL AND M. KIRANE, Initial-boundary value problems for a time-fractional
differential equation with involution perturbation, Math. Model. Nat. Phenom., 14, (2019), 1-15.
YU. E. ANIKONOV AND B. A. BUBNOV, Existence and uniqueness of the solution of an inverse
problem for a parabolic equation, Dokl. Math., 37, (1988), 130-132.

R. ASHUROV AND O. MUHIDDINOVA, Inverse problem of determining the heat source density for the
subdiffusion equation, Diff. Equat., 56, (2020), 1550-1563.

R. ASHUROV AND Y. FAYZIEV, On the uniqueness of solutions of two inverse problems for the subd-
iffusion equation, Fractional Differential Calculus, 12, (2022), 77-90.

R. R. ASHUROV AND M. D. SHAKAROVA, Inverse problem for the subdiffusion equation with frac-
tional Caputo derivative, Ufa Mathematical Journal, 16, (2024), 111-125.

R. BROCIEK, A. WAJDA AND D. SLOTA, Inverse Problem for a Two-Dimensional Anomalous Dif-
fusion Equation with a Fractional Derivative of the Riemann-Liouville Type, Energies, 14, (2021),
1-17.

D. K. DURDIEV, M. A. SULTANOV, A. A. RAHMONOV AND Y. NURLANULY, Inverse Problems for
a Time-Fractional Diffusion Equation with Unknown Right-Hand Side, Progr. Fract. Differ. Appl., 9,
(2023), 639-653.

V. A. IL’IN, The solvability of mixed problems for hyperbolic and parabolic equations, Russ. Math.
Surv., 15, (1960), 85-142.

V. ISAKOV, Inverse problems for partial dierential equations, Springer, Cham, 2006.

S. I. KABANIKHIN, Inverse and Ill-Posed Problems. Theory and Applications, De Gruyter, Berlin,
2011.

A. A. KILBAS, H. M. SRIVASTAVA AND J. J. TRUJILLO, Theory and applications of fractional
differential equations, Elsevier, Amsterdam, 2006.

M. KIRANE, S. A. MALIK AND M. A. AL-GWAIZ, An inverse source problem for a two dimensional
time fractional diffusion equation with nonlocal boundary conditions, Math. Methods Appl. Sci., 36,
(2013), 1056-1069.

M. KIRANE, M. A. SADYBEKOV AND A. A. SARSENBI, On an inverse problem of reconstructing a
subdiffusion process from nonlocal data, Math. Methods Appl. Sci., 42, (2019), 2043-2052.

A. KOCHUBEI AND Y. LUCHKO, Handbook of Fractional Calculus with Applications. Volume 1.
Basic Theory, Walter de Gruyter GmbH: Berlin, 2019.

A. 1. KozHANOV, U. U. ABULKAYIROV AND G. R. ASHUROVA, Inverse problems of determining
coefficients of time type in a degenerate parabolic equation, Bulletin of the Karaganda University,
Mathematics series, 2, (2022), 128-142.

A. 1. KOZHANOV AND O. I. BZHEUMIKHOVA, Elliptic and Parabolic Equations with Involution and
Degeneration at Higher Derivatives, Mathematics, 10, (2022), 1-10.

S. A. MALIK AND S. AZIZ, An inverse source problem for a two parameter anomalous diffusion
equation with nonlocal boundary conditions, Comput. Math. Appl., 73, (2017), 2548-2560.

E. MUSSIREPOVA, A. A. SARSENBI AND A. M. SARSENBI, The inverse problem for the heat equa-
tion with reflection of the argument and with a complex coefficient, Bound. Value Probl., 2022, (2022),
1-13.

E. MUSSIREPOVA, A. A. SARSENBI AND A. M. SARSENBI, Solvability of mixed problems for the
wave equation with reflection of the argument, Math. Methods Appl. Sci., 45, (2022), 11262-11271.



[23]
[24]

[25]
[26]
[27]
[28]
[29]

[30]

DIRECT AND INVERSE PROBLEMS 233

1. PODLUBNY, Fractional differential equations, Academic Press, NY, 1999.

A. 1. PRILEPKO AND A. B. KOSTIN, On certain inverse problems for parabolic equations with final
and integral observation, Russian Academy Science. Sbornik Mathematics, 75, (1993), 473—490.

K. B. SABITOV AND A. R. ZAINULLOV, Inverse problems for a two-dimensional heat equation with
unknown right-hand side, Russ Math., 65, (2021), 75-88.

M. SADYBEKOV, G. DILDABEK AND M. IVANOVA, Direct and inverse problems for nonlocal heat
equation with boundary conditions of periodic type, Bound. Value Probl., 2022, (2022), 1-24.

S. G. PYATKOV AND V. A. BARANCHUK, On some Inverse Parabolic Problems with Pointwise
Overdetermination J. Sib. Fed. Univ. Math. Phys., 14, (2021), 463-474.

1. V. TIKHONOV, On the connection between inverse problems with final and integral overdetermina-
tion, Russian Mathematical Surveys, 47 (1992), 232-233.

B. KH. TURMETOV AND B. J. KADIRKULOV, An Inverse Problem for a Parabolic Equation with
Involution, Lobachevskii J Math., 42, (2021), 3006-3015.

B. TURMETOV AND V. KARACHIK, On Eigenfunctions and Eigenvalues of a Nonlocal Laplace Op-
erator with Multiple Involution, Symmetry, 13, (2021), 1-20.

(Received January 28, 2024) Batirkhan Turmetov

Department of Mathematics

Khoja Akhmet Yassawi International Kazakh-Turkish University
pr: B. Sattarkhanova, 29, Turkistan, 160200, Kazakhstan
e-mail: batirkhan.turmetov@ayu.edu.kz

Maira Koshanova

Department of Mathematics

Khoja Akhmet Yassawi International Kazakh-Turkish University
pr. B. Sattarkhanova, 29, Turkistan, 160200, Kazakhstan
e-mail: maira.koshanova@ayu.edu.kz

Moldir Muratbekova

Department of Mathematics

Khoja Akhmet Yassawi International Kazakh-Turkish University
pr. B. Sattarkhanova, 29, Turkistan, 160200, Kazakhstan
e-mail: moldir.muratbekova@ayu.edu.kz

Isabek Orazov

Department of Mathematics

Khoja Akhmet Yassawi International Kazakh-Turkish University
pr. B. Sattarkhanova, 29, Turkistan, 160200, Kazakhstan
e-mail: isabek.orazov@ayu.edu.kz

Fractional Differential Calculus
www.ele-math.com

fdc@ele-math.com



