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EMBEDDINGS IN RIEMANN-LIOUVILLE
FRACTIONAL SOBOLEV SPACES AND APPLICATIONS

SAADI ABDERACHID* AND BENLATRACHE KENZA

(Communicated by H. Lopushanska)

Abstract. In this work, we present results on the embeddings of fractional Riemann-Liouville
Sobolev spaces, using an important relationship between Riemann-Liouville Sobolev spaces and
ordinary Sobolev spaces. This relationship allows us to prove compact embeddings after es-
tablishing continuous embeddings based on the continuity of the Riemann-Liouville fractional
integral operators between Lebesgue spaces under certain conditions. We provide an example
of a boundary problem where existence and uniqueness are addressed using two methods: the
fixed point method and the Faedo-Galerkin method. Both methods require specific fractional
type embeddings.

1. Introduction

In the late 20th century, research on fractional-order differentiation of the Riemann-
Liouville type and other types increased significantly. The research focused on the
properties of this type of differentiation and extended to differential equations and
boundary value problems of the fractional-order type. Initially, the research revolved
around strong solutions and has recently extended to weak solutions as well.

It is known that classical Sobolev spaces provide a suitable framework for weak
solutions of differential equations and partial differential equations (see, for example,
[3]). Therefore, it is appropriate to search for similar spaces that can provide a suitable
framework for this new type of equations related to fractional-order differentiation.
Research began by finding variational formulations related to these problems and then
finding appropriate spaces that include weak solutions.

In [6, 7], the authors used the variational method to prove the existence of solutions
for nonlinear Dirichlet boundary value problems of the Riemann-Liouville type on a
bounded real interval [0,7]. For this purpose, a new space denoted by Eg‘ POo<a<
1, 1 < p <o) was introduced, defined as the closure of the space C;"(0,T) with respect

to the norm , ,
o= ([ Wolrar-+ [ lobiautoar)
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which is a norm in a Banach space later identified as a fractional-order Sobolev space
of the Riemann-Liouville type. This space is a reflexive and separable Banach space,
where the subscript O indicates the vanishing of the function on the boundary, implying
the Caputo derivative in particular. A Poincaré-type inequality was proven, as well
as a continuous embedding in the space L*(0,7) and a compact embedding in the
space C[0,T] for o > L L. Bourdin [2] denoted this space by E*P and provided an
equivalent definition (see, for example, [8, 10, 13]).

A comprehensive definition of fractional Sobolev spaces of the Riemann-Liouville
type was introduced by Idczak et al. [5] and denoted by W:ip O<oa<l, I1<p<
o), following the method used to introduce ordinary spaces (see, for example, [1, 3]).
Two equivalent norms were presented, and it was proven that these spaces are Banach,
reflexive, and separable under the same conditions that p satisfies in ordinary spaces.
Several types of embeddings for these spaces were provided, including continuous and
compact embeddings in the spaces L, presented briefly based on [15, Lemma 1.1].

The authors of [4] defined a Sobolev space of order 0 < & < 1 on an interval I as
the space of functions f from L?(I) such that the Riemann-Liouville derivative of order
1 — o of f belongs to the ordinary Sobolev space W!?(I), which is equivalent to the
definition provided in [5]. The norm presented in [4] is also equivalent to the norms
presented in [5]. The authors also provided some embeddings of fractional Sobolev
spaces in L"(I) spaces where r is a real number greater than 1 and satisfies specific
conditions.

The authors of [11] also introduced right fractional spaces Ef (a,b) and left frac-
tional spaces Ef*(a,b) where a,b € R for p =2. It should be noted that the space
coincides with the space Waoi’z presented in [5], and the norm is equivalent to one of the

norms. The subspace Eg 2 was introduced under the symbol E go’ and some properties
related to it were proven, whether concerning the traces of functions belonging to this
space on the boundary of (a,b) or concerning continuous and compact embeddings
of these subspaces in L(a,b) spaces under specific conditions that the real number
1 < g < o satisfies, as well as Holder spaces.

In our paper, we established a relationship between ordinary Sobolev spaces
W'P(a,b) and fractional Sobolev spaces ®EW ' (a,b), thereby proving continuous
and compact embeddings that generalize those found in [3, Theorem 8.8] in detail,
considering the conditions that p and o must satisfy, similar to the conditions of the
Rellich-Kondrachov theorem (see, for example, [3, Theorem 9.16]).

We also proved continuous and compact embeddings for subspaces of fractional
Sobolev spaces, which satisfy specific boundary conditions. These spaces play a sig-
nificant role in certain fractional-order boundary value problems.

Finally, we presented an example of a nonlinear fractional boundary value problem
of the form:

DY (D% u)(x) = fx0) ¢ in (a.b).
I'>%u(a) = u(b) =0,

where we proved the existence and uniqueness under certain conditions satisfied by the
function f using two methods: the fixed-point method and the Faedo-Galerkin method.
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We divided this work as follows: In the second section, we presented some basic
principles of fractional-order calculus of the Riemann-Liouville type. The third section
was dedicated to fractional Sobolev spaces. The fourth section dealt with continuous
and compact embeddings of the fractional-order space RLW:ip (a,b) and the subspace
§LW:Q” (a,b) in the spaces LP(a,b) as well as the space C([a,b]). Finally, we studied
the above-mentioned boundary value problem using the fixed-point method and the
Faedo-Galerkin method.

2. Preliminaries

Consider the parameters 1 < p < +e0, 0 < ot < 1,and —eo < a,b < +eo. LP(a,b)
is the usual Lebesgue space with norm ||.||z». The Euler Gamma function is denoted
by I'(.). ACP(a,b) denotes the space og all measurable functions f such there exist

c€R and ¢ € LP(a,b) satisfying f(x) = c+/ o(t)dt, for all x € [a,b].

a
We give some definitions and properties related to fractional calculus.

DEFINITION 1. [9, 17] The Riemann-Liouville Fractional integral I, f and I}* f
of order o and a function f € L”(a,b) are defined by:

U0 = Frgy [ 6= Wt (a<x<b),

o 1 b o—1
U5 1)) = gy . (=" S0 @< x <)

THEOREM 1. [17, p. 48] The Riemann-Liouville integral I, f and I}’ f are well
defined for all f € LP(a,b). Moreover, we have:

o (b—a)®

1155 fllr < mﬂf\\m (1
o (b—a)®

1= fllr < m”ﬂhm 2)

DEFINITION 2. [9, 17] The Riemann-Liouville Fractional derivatives DY, f and
Dy f of order a of the function f € AC?(a,b) are defined by:

(DLW = SUNE) (@ <r<h),

(DY 1)) =~ P)x) (a<x<b),
1 d

b
= _ma/x (t—x)"%f(r)dr. 4)
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THEOREM 2. [17, p. 34] Let f € LP(a,b) and g € L9(a,b) such that 3+ <
1+ . Then, we have:

b b
| ren siae= [ gt rxjax. )

DEFINITION 3. [5] We introduce the following spaces
i) AC'5P(a,b), the set of all functions f : [a,b] — R such that:

I %u(a)

o) (x—a)* '+ 1% D% f(x), x€ [a,b], (6)

flx) =

ii) AC;""(a,b) the set of all functions g : [a,b] — R such that:

I~ %u(b)

e (b—x)* "+ I D¥ g(x), 1€ [a,b]. (7

g(x) =

THEOREM 3. [5] Let f € AC.:"(a,b), g € AC,""(a,b) and ¢ € C'([a,b]) such
that ¢(a) = @(b) = 0. Then,

b b
| r0f ) wdx = [ o) (Df 1), ®)

[ s )= [ o0 g)war ©

COROLLARY 1. The above results remain true if we replace ¢ € C'(|a,b]),
¢(a) = @(b) =0 with ¢ € Cy(a,b), the space of infinitely differentiable functions,
with compact support included in (a,b), which is important in definitions of fractional
Sobolev spaces.

THEOREM 4. Assume that p > L, then for all u € LP(a,b) we have I%uc

Co’afé((a,b]) and I u € Co’afé([a,b)). Therefore, 1% u € C((a,b]) and I[*u €
C([a,b)).

o (I) denotes the Holder’s space of order (o — ;) on the interval I.

Proof. We will adapt the proof from [2, Property 4]. Let u € L”(a,b), with p >
éand a <y <x<b. Putting,

Ge,y)| = g u(x) = Ighu(y)]

/:(x—t)aflu(t)dz—/uy(y—z)aflu(z)dt .
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So,
|G(x,y)] < ﬁ /uy[(x—t)a_l—(y—t)a_l]u(t)dt
+I“;a) /yx(x—t)“‘lu(t)dt

p—1

B ([r7)”

il (2
INo) \ap—1

p—1

=l -
ap—1 ap—1 ap—1\ 5=
)T (0-aF 0¥ 1 a-nFT) 7

p—1
s [ p=1\F e
— P
oy \op=1) 7Y
2 u 1\ 1 N
— P op— oap— T
B (27 oo o)’

ap—1

22\\ulle ( p—1 Y\ 7 ap-1
_ 2
T \apm1) &Y
-

el ( p—1 N7, e
+I“(oc) op—1 (=) 7
p—1
p — v ap—
Pl (p=1\T e
INo) \ap—1

p—1

1427\l [ p—1\ 7 ap-1
+ (0] (x—y) 7

ap—1

p—1

2 ully (p=1\'T e

= (x—y)"7
INa) op—1

p+l _ el
<Xl (2L e,
INo) op—1

1
Hence, 1% u € C*“"7 ((a,b]). Therefore I%u € C((a,b]).
Using the same reasoning for ;> u. [
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3. Fractional Sobolev spaces
Let0<a<1,1<p<eanda,becR.
DEFINITION 4. [5] We introduce the spaces
u€lP(a,b),3g, € LP(a,b),Yo € C(a,b) :

/abu(X)Dgfﬁo(X)dx = /abga(x)(p(x)dx

u€LP(a,b),3g, € L (a,b),Vo € CZ(a,b):

/ u(x) a+(P dx—/gh

The function g,,a; given above will be called the weak left and right fractional deriva-
tives of order o of u, let us denote them by D2‘+u7 DZ‘, u

We denote by *-H (a,b), *“H{" (a,b) the space RLWaOi’z(a,b), RLWhOf’z (a,b).

W (a,b) =

RLWbOf’p(a, b) =

THEOREM 5. [5] For 1 < p <o we have:

Riw %P = ACP (a,b) ML (a,b),
Rl P = AC)"P (a,b) NLP(a,b).

It follows that

COROLLARY 2. If u € ®EW %P (a,b), v e R*EW, 2 (a,b) then,

_ Ialjau(a) a—1 (04
M()C) = W(X (1) +1 +Da+u( ) (10)
(b
v(x) = %(b—x)“l + I DY v(x). (11)

REMARK 1. It follows from Corollary 2 that
L. If p < {1 then, ACYF (a,b), AC;"" (a,b) C LP.
So, RLWjiP(a,b) =AC)" (a,b), *EW, P (a,b) = AC," (a,b).

2. If p> 1o then, *EW P (a,b) is the set of all functions belonging to AC;” (a,b),
satisfy the condition / i “u(a) =0.

THEOREM 6. (Poincaré inequality) Let u € RLWaOi’p (a,b), ve RLWbOi’p (a,b). Then,

(b—a)*
S T(a+1)

1D ullzr, (12)
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1'=%(a) o
u— brw(b —x) !

In particular, iflijau(a) = Igfav(b) =0 we get

(b—a)*

< —— D% . 13
» F(Oﬂ—f—l)H b VHL’ ( )

(b—a)”

< - 7
lellzr T(o+1)

[Dg-uller, (14)
(b—a)*

< -
||VHLP ~ F(a+1)

1Dy v|Lr. (15)

Proof. From (6), we have

(x— @) 1% u(a)

u(x) — (@)

= Iaa+ Dgar u.
So, from (1) we obtain

B I;jau(a)

“T T

(x—a)*! = |13 D ul|

LP

(b—a)"

V=Y ipa i, O
F(a+1)|| il

S

DEFINITION 5. [5] We consider in the space *:W %" (a,b) two norms !|.[|;ep
at

and 2[|.||,yer given by:
at

==

1

ellyyer = (lullzy + DG ullZ0)7, (16)
2 - 1

lullyyecr = (= *u(@)|? + || DGeullZ,) 7 (17)

In the same way, we define in the space ®“W, %" (a,b) two norms !||. ”Wbaf and 2. ”Wbaf
given by:

==

lHuHW;f = (lullzy + IDy-ullZp)7, (18)

1
2l = (=) + D5 ulf)?. (19)

THEOREM 7. [5] The norm l”.HWin is equivalent to the norm 2H”HW°‘+~P-
a a

Likewise, the norm '||.||yer is equivalent to the norm * ||ul|yo.r
b~ b~

THEOREM 8. [5] The spaces ®-W %" (a,b) and ®“W, " (a,b) are Banach spaces,
reflexives for 1 < p < e and separable for 1 < p < co.
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REMARK 2. The spaces ®H% (a,b), ®FH{ (a,b) are reflexive and separable
Hilbert spaces, with the inner products

b b
(u,v) o, = / u(x)v(x)dx+/ D% u(x). DA v(x)dx u,v €M HE (a,b),
a a a

b b
<”7V>Hb°‘, :/a u(x)v(x)dx—f—/a D u(x).Dy P v(x)dx u,v e’ HY (a,b).

The following theorem gives a version of integration by parts in Riemann-Liouville
fractional Sobolev spaces.

THEOREM 9. [5] Let p,q < 1 such that %—!—é = 1. Then, forall u e RLWaOi’p(a,b),
ve REW P (a,b) we have

/hu(x) (Df-v) (x)dx = (Ialjau) (a)v(a) —u(b) ( I1 %y +/ (D%.u) (x)v(x)dx.
’ 20)

Now, we present a relationship between the fractional and classical Sobolev spaces.
For this, we introduce the following operator

T WP (a,b) — WP (a,b)
u — v =T%u) =1 %
where W'P(a,b) is the usual Sobolev space on (a,b).
We have the following theorem.
THEOREM 10. The operator T* is an isomorphism:
i) from REWP (a,b) to WP (a,b) if p < 15,
ii) from RLWaOi’p(a,b) to {ve WiP(a,b):v(a) =0} if p > ﬁ.

Proof. The proof is conducted in sequential steps

e The operator T,* is well defined and injective.
Let u € REW®P(a,b), set v(x) =I'; “u(x). Then,

IVl tap) + 1V 2@y = 1y %ullr + DG w2
(b—a)

S TR2-a)

< C.1||u||W:+~,p < oo,

el 2 (a,5) + 1 DGl o ap)

So, vE RLWalf(a,b).

X
Moreover, u € KerT* if and only if I!=u =0, i.e. / u(t)dt =1%0=0, which
leads to u = 0. ‘

Then, 17 is injective.
a
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e The operator T is surjective:
i) from *W 7P (a,b) to WP (a,b) if p < 15,
ii) from RLWaOi'p(a,b) to {ve WP (a,b):v(a) =0} if p > (X
Let u € REW %P (a,b). Then, v =1I'; “u if and only if u = dila‘" y=D!"%.
Note that

Lo
%y = W/ (= )% (r)dr
=L (R ] ety
-y ([ 0) [ oa)
_ (x—a)® L oy
= S v(a)+ar(a)/a (r— 1)/ (1)d.
So,
d o
u(x) = alﬁv
 (x—a)! 1
1 X0 ,
+—a1“( )/ B [(x=1)*V(1)] dt
_ ! L a1
— WV(CZ)+WL (x—0)* "1 (¢)dr
_ ! a
F(Ot) (a)+la+ ()
We debusses two cases
1. if p < 12 then, %v(a) € L7(a,b) and I%V € LP(a,b).
So, u € *EW % (a,b). Therefore, T* RE W (a,b) — Walf (a,b) is sur-
jective.
2. if p > 15 then, v(a) =17 “u(a) =0, u=1%V € LP(a,b) and D% u =
Vv e U’(a b)

So, & : RLw P —, {v € Wal;p(a,b) 2v(a) = O} is surjective.

e The operator 7, is an isomorphism.
Let u € WP (a,b) . From the first step, we have

1
T2 ullyer < €M ulyer.

Then, T;* is continuous.
Now, let v € WP (a,b).
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: 1
1. if P < 1o then,

II(Tu“)_IVIIW:f = (T "Vl +IDF (1)~ Ve

(x_a)oc—l o ./ a nl-o
= || —=—v(@) + I3V (x)|| 4+ DD %
I'(a) " Lp Tt
1 _
< m|v(0)|~||(x—a)a e + 118V ()2
+HD2‘+D2I:OCVHLI’
(x_a)(OC—l)"r%

- (@) + 1%V )l + [
(o~ Dp+ 1T (@)

From the continuous embedding of W' (a,b) into L™ (a,b), we obtain:

1 1
(x_a)(CXle»; (X—a)(a71)+7
T v(a)| < T V]l < Cilvllwrp-
[(e—1)p+1]rT(a) [(e—=1)p+1]rI'(a)
So,
] (b-a)"
I(ZL") 1V||W;1f’ < Gilivllwrr + mllvl\\u’ + [Vl

< Gpvllyre-
2. If p> ﬁ we have v(a) = 0. Then,
H(Taa)_1VHW<¢p = 155 o + DGV ||

= 15V [ + Ve

(b—a)”
STl +a)
< G|vl[wrp-

IV llLr + 1Dl

Therefore, (T,%*)~! is an isomorphism. [
Using similar arguments, we prove the following theorem

THEOREM 11. The operator

T2 WP (a,b) — WP (a,b)
u — v =T"(u) :I;fau,

is an isomorphism:
i) from ®EW,P (a,b) to WP (a,b) if p < 15,

ii) from RLWbOi’p(a,b) to {ve WP (a,b):v(b) =0} if p > ﬁ.
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4. Embeddings in Riemann-Liouville fractional Sobolev spaces

LetO<a<l1l,1<p<~andabelR.

The following theorem ensure the continuous and compact embeddings of Rie-
mann-Liouville fractional Sobolev spaces into L7(a,b) and C([a,b]).

We will only prove the embeddings of RLW:&” (a,b). The proofs of the embed-

dings of ®“W ™" (a,b) are done in the same way.

Setting p% = 1—pap

THEOREM 12. Assume that o0 < % Then, we have the following embeddings
1. If 1< p< i then, "*W7P (a,b), *EW, AP (a,b) — Li(a,b) forall g € [1,15).
2. If 5 < p < & then, *W%P (a,b), REW,P (a,b) — L(a,b) forall q € [1,p%].
3 Ifp= é then, RLWaOi’p(a,b), RLWbOfp(a,b) — Li(a,b) forall g € [1,+e0).

4. If p> L then, "W (a,b), REW, 2P (a,b) < L9(a,b) for all q € [1,+<9].
In particular, ®*W % (a,b), ®EW, 0P (a,b) — C([a, b]).

Proof. Since a < 5, we deduce that 1 < L and 1 < p%.
Let u €®t W7 (a,b). We know according to (6) that

I;jau(a)

o) (x—a)* '+ 1% D% u(x).

u(x) =

L, u(a) , : ) !
Note that “I‘T(x—a)o"1 € LP(a,b) if only if p < =5 or I " “u(a) =0.
So, for g > 1 we have
I %u(a)
[(e)
_ 1 ufa)
)

lJul| e = (x—a)* '+ 1% D% u

L4
1Ge= @)yl o + (1255 DZ ] -

1 If 1< p< i then I <p<i.Since D% ueLP(a,b),from[12, Theorem0.2]
there exists ¢ > 0 such that ||I% D° +uHLq <c.|[D* uHLp, for all g € [1,p%].

On the other hand, (x —a)*~! € L4(a,b) if only if ¢ < m . In this case we get

(b _ a)l—OH-al

[(e).[(1 - a)g+1]7

|1 “u(a)l

o 11 “u(a)].

H(x_a)a_lnm <
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Hence, for g € [1, 25) N [1,p%] =[1, 1) there exists M >0 such that
1
ullze <M (|17 %u(a)|” + || D% ul|},)” =M [[ullaycr

So, RLWQOiP <_>Lf1(a,b) forall g € [Lﬁ)-

=g <p<yg L then, Il+ %“u(a) = 0. Therefore, from [12, Theorem 0.2] there

ex1sts ¢> 0 such that for all q € [1,p%] we have

lulleo = [|25% DG ul| g

N

CHDa+”HLP
= cllullyer -
Then, RLW;i” = L9(a,b) forall g € [1,pf].

If p= - then, Il+0‘u(a) = 0. So, from [12, Theorem 0.3] there exists ¢ > 0
such that forall g € [1,0) we have

lullza = (|1 DZul|
< c[|DGeull,

= clluflyer-
a

So, REW %P L9(a,b) forall g € [1,e0).

LI p > é then, Ij;au(a) = 0. So, from [12, Theorem 0.4] there exists ¢ > 0

such that for all g € [p, o] we have

leellze < ¢ ullyyece -

So, REW P L9(a,b) forall g € [p,°s].

In particular, since p > é, using same arguments as in Theorem 4, we deduce
that u € C([a,b]). So

leelleasy = llulle= < etllullyer -
Hence, ®EW %" — C([a,b]). O
In the same context, we can prove the following theorems

THEOREM 13. Assume that o« > % Then, we have the following embeddings.

L If1<p< é then, REWP (a,b) REW, P (a,b) — L1(a,b) forall q € [1, {15).

2. If < p < =g then, RLWap(a D), RLWap(a b)— Li(a,b) forall g € [l,ﬁ).
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3. If p> 15 then, RLw %P (a,b) REW, 2P (a,b) — Li(a,b) for all q € [p,+o2].
In particular, RLWain(a,b),RLWhof’p(a,b) — C([a,b]).

THEOREM 14. Assume that o0 = % Then, we have the following embeddings
1 1
1. If 1 < p <2 then, RLWai’p(mb)7RLWb2,’p(a,b) — L(a,b) forall g €[1,2).
1 1
2. If p=2 then, ®*H? (a,b), *:H? (a,b) — L%(a,b) for all q € [1,4-°).
1 1
3. If p>2 then, RLWgﬂ’%(a,b), RLWb{’%(a,b) — Li(a,b) forall q € [p,+o9).

1 1
In particular, RLWai’f;(a,b), RLWb{’Z)(a,b) — C([a,b]).

Now, we will present the conditions concerning the compactness of the previous
embeddings.

THEOREM 15. If the embeddings RLWaOi’p(a,b), RLWaOi’p(a,b) — Li(a,b) (¢ <
+oo) are satisfied, then they are compacts.

Proof. Let (uy,) be a bounded sequence in ®*“W %" (a,b). Then, (v,) = (T %uy) is
bounded in W' (a,b). So, we can extract a subsequence (v,,) weakly convergence to
v=T% in WP (a,b).

From usually Sobolev embeddings, we can extract a subsequence (v,;) conver-
gence to T,%u in LY(a,b), i.e, ||vux — v||ze — 0.

Now, we have

it — e = ITE) ™ o= ) s
_ (x_a)oc—l o (. /
- |t — v+t
< @) =@y ety 1 ) as.

h (o)
From (1), we obtain
(b—a)®
F(a+1)
< M|yl —O.

1755 (Ve = V) lle < Ve =V lles
o If I;;“u(a) =0, then we obtain directly the convergence of (u,;) to u in L%(a,b).
o If I;:O‘u(a) #0and g < ﬁ then, we have

i — ul| s < Crl[vuk = vl|z= + Co | L% (Vi — V)20
< C (Vi = vllwro + % vig =) |lza) — 0.

So, the convergence of (uy;) to u in LY(a,b).
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Thus, the compactness of the embedding. [J

THEOREM 16. If max{L } < p < oo then, the embedding RLW “Pa,b) —

C([a,D]) is compact.

oc’la

Proof. Since RLWaOi'p (a,b) is reflexive, we only have to prove that for all sequence
(un) C ®EW?P(a,b), weakly converges to u in ®-W?7(a,b), we obtain that (u,) is
strongly converge to u in C([a,b]),i.e |u, —ul|;- — 0.

Let (uy) C ®EW?P(a,b), be a sequence weakly converge to u in *W " (a,b).
Since ®W %" (a,b) — C([a,b]), (up) weakly converges to u in C([a,b]). Moreover,
(uy) is bounded in ®EW % (a,b).

Hence, there exists a constant C > 0 such that ||D% u,||r <C.

Since p > = a, we obtain / ;+ “u(a)=0. So, u= I(f&DZ@u. Hence, from Theorem
4 we get for all x,y € [a,b] :

u(x) —u(y)| = |1a+Du+”( )— Ia+Da+”( )l

p—1

2p+1 D o 7)
< H MHLP p l P ‘x_y‘a—ﬁ
F(Ot) op—1

pl

planvel 1
< _ _
Q) (ap—1> Sl

1
= Mlx—y[*?

Hence, is uniformly Lipschitz on [a,b]. From Ascoli’s theorem, (u,) is relatively com-
pact in C([a,b]). Consequently, there exists a subsequence (u,;) of (u,) converging
strongly in C([a,b]) to u by uniqueness of the weak limit. [J

In the following, we give injections of subspaces play an important role in the
study in some boundary problems of fractional order.

DEFINITION 6. The subspaces §*W " (a,b) and §-W,"(a,b) are the sets de-
fined by
6 WP (a,b) = {u € WL (a,b) I “u(a) = u(b) =0},

gLWbOf’p(a,b) ={ueW?i"(a,b):u(a)= Igfau(b) =0}.
Setting: §°H (a,b) = K'W®?(a,b), RFHE (a,b) = K'WS*(a,b).

REMARK 3. According to Poincaré-inequality, the quantities [D% u|r» and
D ul|z» define norms on §“W %" (a,b) and §*W,""(a,b), equivalent to norms !|.{|
and 2||.||. These norms are denoted by ||. ||0W:+p and II. HoW,fip

THEOREM 17. We have the following embeddings.

LIfl<p<-= then, RLWap(a b), RLWbOf’p(a,b) — L4(a,b) forall q € [1,p?].
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2. If p=1 then, §*W07P(a,b), "W, (a,b) — L1(a,b) for all q € [1,+).
3 Ifp> l then, RLWaOi’p(a b), gLWbOf’p(a,b) — Li(a,b) forall g € [1,+ee].
In particular, OLWaap(a b), RLWhOf’p(a,b) — C([a,b]).
Proof. Let u € Waa P(a,b). According to (6) we have
u(x) = I3 Dy u(x).

So, for g > 1 we have
l[ulla = ||[1% D ul| , -

.LIf1<p< é, from [12, Theorem 0.2] there exists ¢ > 0 such that for all g €
[1,p%] we have

lullzs = (|15 Dl < 1D etr = .| Difa] e
So, gLWQOiP PN LtI(a7b) forall g € [l,l?*a]

2. If p= é then, from [12, Theorem 0.3] there exists ¢ > 0 such that for all g €
[1,4+e0) we have
Julles = (12 D% ],
e[,

= CHHHOW‘{%P .

N

So, RLOWap — L4(a,b) forall g € [1,o0).

3.If p> a then, from [12, Theorem 0.4] there exists ¢ > 0 such that for all g €
[p,+e°] we have

[|aa]| <CH”||OWH‘1P'
SO, gLWaOi,p SN LQ(a’b) for all qc [P;°°]

In particular, since p > é , using same arguments as in Theorem 16, we deduce
that u € C([a,b]). So,

lulleapny = Nl < ellull gy -
Hence, KW — C([a,b]). O

Arguing as in Theorem 15 and Theorem 16, we can prove the following compact
embeddings

THEOREM 18. If the embeddings gLWaOi’p(a,b), §LWhOf’p(a,b) — Li(a,b) (¢ <
+oo) are satisfied, then they are compacts.

THEOREM 19. If p > max{a, = a} then, the embeddings gLWaOi’p(a,b),
SEw, 2P (a,b) — C([a,b]) are compacts.
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5. Application

Assume that 0 < @ < 1 andlet f: (a,b) x R — R be a Carathéodory function, i.e

f(.,u) is measurable on (a,b),forall u € R, 21
f(x,.) is continuous on R,a.e x € (a,b).
Consider the following problem
Dgchngu(x) :f(x7u) tin (aab)a
1-o (22)
1, %u(a) = u(b) = 0.

Taking into consideration that each weak solution of (22) belongs to §“H% (a,b).
To find the variational formulation it is necessary to follow the following steps:

o We multiply the first equation of (22) by a test function v smooth enough, we get
Dy D% u(x)v(x) = f(x,u)v(x).

e We apply the integration by parts (20), we obtain
/ D% u(x)D%v(x)dx + 11 *v(a).D% u(a) —v(b)I'; *D% u(b) = /b S, u)v(x)dx
a
e Assume that v € §“H% (a,b), we obtain the variational formulation of (22)
/ D% u(x)D% v(x)dx = /ahf(x,u)vdx, v e §FHE (a,b). (23)

We need to make sure that the above formulation (23) is well defined.

THEOREM 20. Assume that there exists i € L*(a,b), A € L(a,b) such that

[f (o)l S u(x) +A()[u(x)], a.e x € (a,b). (24)
Then, the problem (23) is well defined.

Proof. Let u,v € §“H% (a,b). First, we have

b
‘/ D uDY, vdx| <
a

Then, the left side of (23) is well defined.
Moreover, we have

1DG: ull 21DG: vl 2 < ee.

b
; S, u)v(x)dx

<llzlvllzz + 2 e lall 211l 2 < o

Therefore, the right side of (23) is well defined. O

The following theorem ensure the existence of a solution of the problem (23).
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THEOREM 21. Assume that f is a Carathéodory function, satisfying the condi-
tion (24). If
(a+1) = A =(b—a)** > 0. (25)

Then, the problem (23) admits at least one solution.

Proof. To prove this theorem, we apply two methods.

Fixed point method
We will demonstrate this through the following steps.
e Linearization of the problem:

Let w € §EH% (a,b). Consider the following linear problem

/D+uD vdx—/ S, w)vdx, VVE Héﬁ(a,b). (26)

Putting:
b b
Au,v) = / DY uDZ, vdx, Lv) = / S (x,w)vdx.
A is continuous: Let u,v €§* H% (a,b). Then,

(u,v)| = ‘/ DY u(x)D% v(x)dx

/\D ‘u|[D%, v|dx

(/ D¢ u|2dx) (/ D¢ v2dx>

= el [Vl
So, A is continuous.

A is coercive: Let u € RLH * . Then,

So, A coercive.
¢ is continuous: Let v € RLHaO‘ (a,b). Then, from (24) we get

V)| = /f(mw)v(x)dx

< el vl + A el 2 V]2
(b—a)”
F(a+1)

<

S

(lellzz + 1A = wll2) Ve, -
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So, ¢ is continuous.

Consequently, from lax-Milgram theorem the linear problem (26) admits a unique
solution in §*H® (a,b).

Let T the operator given as

T:L*(a,b) — §-H® (a,b),

W U,

where u is the unique solution of linear problem (26).
Let K = B(0,R) be a ball from §-H% (a,b). For w € K, we have
2 2
1702 = IDET ()2

= HDZCMHiz
b
= / S(x,T(w))udx.
Using the inequalities (1) and (24), we obtain

IT ) lme, < el TO) 2+ 141117 ()17

_ lulet-a® A= (b — a2

< T .
Tarn) 1EMlee +—mg T

2
1700 e
So,

A ]2 (b — a)* ][ (b —a)®
(1 - W) ||T(W)H§H:+ < W

1700) s,
which can be written
(T2 (a4 1) = [All= (b = @)**) T ) [5ec. < [1allp2(b—a)*.T (@4 DIIT (w)llore,

Thus, from (1) we obtain

4t z2 (b —a)®
T(a+1) = [|A]l=(b—a)**

IT00)le, <

442 (b —a)®

So, for R = )
L(a+1) = [[A][z=(b—a)**

we can write

T :B(0,R) — B(0,R),

where B(0,R) = {w € §LH5+ (a,b): HWHOH;‘+ < R}'

K is convex (Ball).
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K is closed in L*(a,b):
Let (w,) C K converge to w in L?(a,b), we will prove that v € K.

Since (wy) is a bounded sequence then, from the compactness embedding of
KLH (a,b) into L*(a,b), we can extract a subsequence (wy;) weakly conver-
gence to v. Hence,

||VH0H3+ (ab) S i&ﬂ?ﬁ“"nk“ﬁﬁ <R.

Therefore, v € K.

o T is continuous:

Consider the sequence (w,) C K, converge to w in L?(a,b). We denote u, =
T (wy). So,
lunll =T (wa)ll g, <R

Therefore, (uy) is bounded in ¢H% (a,b), which is reflexive space. Then, we can
extract a subsequence u,; — 1. From the compactness embedding of gLH;i (a,b)
into L*(a,b), we have u,; — u in L*(a,b).

Hence, forall v € §*H% (a,b) we have

b
/ D (D v(x)dx = [l )v(x)ds,
weakly convergence  Lebesgue theorem,

Lol
b
/D+uDa+v )dx=/ S, w)v(x)dx.

Then, u = T'(w), which deduce that 7' (K) is relative compact.

From the all above, T admits a fixed point, a solution of the problem (23).

Faedo-Galerkin’s method

We will demonstrate Theorem 21 through the following steps.

e Approximation of the space OLH;‘+ (a,b):

Since §FH® (a,b) is a separable Hilbert space, there exists a countable basis

{Vin}pm_1 such that V,, = Vect {v j};.": and §CH (a,b) = U Vi -

Using the dot product

b
<v,-,vj>:/ vividx, vi,v; €V C V.
a
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e Approximate problem: For u, € V,, we consider the following approximate
problem

b b
/ D% u,D% v dx = / F O um)v dx, Vv € V. 27
a a
Let P, () be the function from V,, to V,,, given by
(P(um),v / DY, uyuD\ v dx — / SO um)vdx, Vv e V.

So, if uy, is a solution of (27) then, P,,(uy,) =0.

From previous, P is continuous and we have
<Pm(um)7um> = / ‘D um‘ dx — / f X um)um dx

= ||DZ um||L2 / SO, ) u, dx
2
HD ”m”LZ | all 2 Nt || 12 — H)LHL‘”H”mHL%

Using the Poincaré inequality (14), we obtain

Bulin)i) > [0~ PO
A o,
= MOt (1D~ ).
where
o Tt —p-aP e Tt Do—alule
Carn T PG a e

So, for u belongs to the sphere of radius r, we get (P, (up),um) = 0.
From [14, Theorem 2.7], there exists u € §-H% such that ||um||OHa < r and

Pu(uy) =0, i.e uy, is a solution of the problem (27).

e Prior estimate: We have

||”mH§H;‘ HD ”mHL2

—/ D% 1| dx
z/ SOt )y, dx

2
< [lellz2 lfumll g2+ 1A ][l 72

_ (b—a)|ule
S T(a+1)

I Gt B 15

D%

||D(,{Jr mHLZ'
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0= lulle
So. Milunlime. < gy Il

Hence, |[uml|opme, <.
Therefore, (u,,) is bounded in {*H® (a,b).

Passage to limit:

Since (u) is bounded in §*H% (a,b), there exists a subsequence (i) such
that

Uk — U in gLHaO‘+ (a,b), and DY\t — DY u in L*(a,b).
Therefore, for m > j we obtain
b b
forall v;: / DY\ uyy D\ v dx — / DY uD{. v dx.
a a
Using the fact that §*H% (a,b) < L?(a,b) with compactness, we get
Uk — U in L*(a,b).
Hence, from [16, Proposition 3], we obtain
SO upp) — f(x,u) in Lz(a7b).

So,
f(x’umk) - f(x’u) in L2(a,b),

which lead to . .
/ S tmi)v; dx—>/ flx,u)v; dx.
Hence,
b b
/ D% uDY. v dx:/ flx,u)vjdx, Vvj.
a a

Setting W = U v;, then each w € W can be written w =Y ajv;.

m=1 m=1
Therefore,
b b -
/ DY uD w dxz/ flu)wdx, Ywe [ Jv;.
¢ ¢ m=1
o0
Taking into account that | J V,, = §FH® (a,b), we obtain
m=1

b b
/ DY uD% v dxz/ flxu)vdx, Ve §EHE (a,b).

So, u is a solution of problem (23). [
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The following theorem give the condition for the uniqueness of solution of prob-
lem (23).

THEOREM 22. Further the assumptions of Theorem 21, if f is nonincreasing
then, the solution to problem (23) is unique.

Proof. Let u; and uy be two solutions of (23). Then, for v € §:H% (a,b) we have

b b
/a (D% uy(x) — D% up(x)) - D& v(x)dx :/a [f (e u1) — f(x,u2)]v(x)dx.

Setting v =u; — uy, we get

b 2 b
/a (D% 11 (x) — D% uy(x))° (x)dlx = / £ G u1) — £ (2] (11 — ) ()l

So,

b 2
(D% uy (x) — DS uz(x))” (x)dx

b

[ Ceyur) = f (3 u2) ] (ur — ) (x)dx

2 _
Jut — 0, =

Il
S5~

N

Hence, |ju; — 142||§HU¢+ =0, which deduce that u1 =u,. O
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