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THEORETICAL ANALYSIS OF A CLASS OF NONLOCAL ¢-CAPUTO
FRACTIONAL NONLINEAR EVOLUTION EQUATIONS USING
THE MEASURE OF NON-COMPACTNESS IN BANACH SPACES

NAJAT CHEFNAJ, ABDELLAH TAQBIBT*,
KHALID HILAL AND M’HAMED ELOMARI

(Communicated by Y.-K. Chang)

Abstract. This study explores the existence of solutions for nonlocal fractional differential evo-
lution equations through the concept of the measure of non-compactness. Our approach in-
corporates probability density functions, operator semigroup theory, and the Monch fixed point
theorem. To demonstrate the practical significance of our findings, we conclude with an appli-
cation.

1. Introduction

In recent years, fractional calculus has garnered increasing attention within the
scientific community, leading to a surge in applications across various fields such as
biophysics, physics, viscoelasticity, electrochemistry, biomedicine, control theory, and
signal processing. Fractional differential equations, in particular, have proven to be
valuable tools for modeling a wide range of phenomena in science and engineering,
reflecting the significant advancements made in this area, see the monographs of Kilbas
et al. [6], Podlubny [13], Zhou [15], the papers [4, 9, 10, 14, 16] and the references
therein.

Melliani et al. [11] have investigated a comprehensive class of periodic boundary
value problems for nonlinear impulsive evolution equations in Banach spaces, described
by the system

V(1) :Av(t)+f(t,v(t),p(t))—h%’(t)c(t), t € (siytiv1], i=0,1,2,...,m,c € Uy,
1)=Tt—1)gi(t,v(), te€,s], i=0,1,2,....m,
0)=v(b) €X,

v

v

where {T'(¢),r > 0} is a strongly continuous semigroup on X, a Banach space with
norm ||.||, and the operator A : D(A) — X is its infinitesimal generator. The fixed points
t; and s;, satisfying 0 =59 <t <51 <t <... <ty <8y < tyg1 = b are pre-specified
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numbers. The function f : [0,b] x X X X — X is continuous, g; : [t;,s] X X — X is
continuous for every i = 1,2,...,m, and p : [0,b] — [0,b] is continuous.

Malar et al. [8], have studied the existence results of abstract impulsive integro-
differential problems with noncompactnes smeasure

V(1) :Av(t)-l—f(t,v(t),/otp(t,s)O'(t,s,v(s))ds)7 1€ (sistiv1], i=0,1,2,...,m,
V(1) =gi(t,v(t), 1€ (tys], i=0,1,2,....m,
v(0) =vo+D(v),

where {7'(¢),t > 0} is a Cp-semigroup of bounded linear operator on X, a Banach
space with norm ||.||, and the operator A : D(A) — X is its infinitesimal generator. The
fixed points #; and s; satisfying O =1ty =s0 <t; <51 <t < ... <t, <, <ty =b
are pre-specified numbers, and vy € X . The function g; : [#;,s;] x X — X is continuous
forevery i=1,2,....m, f:[0,b] x X xX =X, ®:X - X, 6 € €(A,R"), A=
{(t,s) /1,5 €[0,b],t > s} and p :[0,6] — [0,5] is continuous.

In this paper, we explore the existence of a solution for a nonlinear fractional
evolution problem with nonlocal conditions

CDgf)v(t) = Av(t) —l—f(t,v(t),/otp(t,s)O'(t,s,v(s))ds) +AB(t)c(t), t €Z,c € Uy,

v(0) = vy + D(v),
ey
where X = [0,5], CDgf’ is the ¢ -Caputo fractional derivative operator of order y €
(0,1), {T(z),t >0} is an analytic semigroup of bounded linear operators on X, a Ba-
nach space with norm ||.||, and the operator A : D(A) — X is its infinitesimal generator.
vo € X, B:[0,b] - L(Y,X), fisafunction f:[0,p] xX xX =X, P:X - X,
oc €€ (ART), A={(t,s) /t,5€[0,b],1 > s} and p : [0,b] — [0,D] is continuous.
This paper is structured as follows: In Section 2, we review some notations and
key existing results. Section 3 presents our main findings on the existence of solutions
to the aforementioned problem. Finally, in Section 4, we provide an application to
illustrate our main results.

2. Preliminaries

In this section, we will present some notations, definitions and we will also state
some results that will be used in this work.

Let X be a Banach space equipped with the norm ||.||, and let €' (2,X) be the Ba-
nach space of continuous functions defined on 2 and taking values in X, characterized
by the norm

[[V[leo = supl|v(z)].
tex

Consider a separable reflexive Banach space Y, wherein the controls ¢ are valued. Let
Py (y) represent a collection of nonempty, convex, nd subsets of Y. We assume that the



NONLOCAL ¢ -CAPUTO FRACTIONAL NONLINEAR EVOLUTION EQUATIONS 119

multi-valued mapping w : [0,7] — P¢(y) is measurable, such that w(z) is a subset of
E, abounded set in Y. The admissible control set is defined as

Uy ={c € LP(E): c(s) ew(s), ae.},

where p > 1. Additionally, we denote by B, = {v € €(£,X) : ||v[|~ < r} and A =
{(t,s):1,5€[0,b],t >s}.

DEFINITION 1. [1] Let y >0, g€ L'(Z,R) and ¢ € 6"(Z,R) such that ¢’(¢) >
0 for all + € 2. The fractional integral of order y in the sense of the ¢-Riemann-
Liouville for the function g is defined by

80 = Fs [ 0/0)(00) = 0(5) (o). @

REMARK 1. Observe that when ¢(¢) =1 and ¢(¢) = log(¢), the equation (2) sim-
plifies to the Riemann-Liouville and Hadamard fractional integrals, respectively.

DEFINITION 2. [1] Let y >0, g € C" !(£,R) and ¢ € €"(Z,R) such that
¢'(t) > 0 for all £ € £. The fractional derivative of order y in the sense of the ¢-
Caputo for the function g is defined by

1

“Dys(r) = Ty

[ o660 -0 G

where g[ ]( )= ( ¢,1(S 43)"¢(s), n=[y]+1 and [y] denotes the integer part of y. In
partlcular if y €]0, 1], then

ﬁ /Ot(q)(t) —9(5))77g/(s)ds and DI g (1) = 1. " <§/((tt)) )

“Ds(t) =

REMARK 2. Specifically, note that when ¢(r) =7 and ¢(¢) =log(), the equation
(3) reduces to the Caputo fractional derivative and the Caputo-Hadamard fractional
derivative, respectively.

PROPOSITION. [1] Let y be a strictly positive real number, and g € C"~'(Z,R).
Then, we have

1) DRI g(t) = g(0).

n (K] _ k
2) IY¢ CDyfg() g(t) 21g¢ ( )(¢(]z3 ¢(0)) ‘

k=0

3) Ig’f is linear operator and bounded defined on €' (2,R) to € (Z,R).
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PROPOSITION. [1] Let y be a strictly positive real number, and B € R where
B > n, with n=[y]+1, then

T(B)(9(r) — ¢(0))" P!
L(y+p) ‘

2) DI (9(t) — 9(0) =0, foralln>keN.

T(B)(¢(t) — 9(0))r P!
L(B—vy) '

D I (e(r) - 9(0)P! =

3) CDEL(o(r) — 9(0))P ! =

DEFINITION 3. [5] The generalized Laplace transform of the function v: X — X
is defined by

L {0}s) =7 = [ 0O Oy(ryar
DEFINITION 4. [5] Let f and g be two functions that are piecewise continuous

with exponential order on X. We define the generalized ¢ -convolution of f and f as
follows

/f o(1)+¢(0) — 9(5))]9' (s)ds.

LEMMA 1. (See [5]) Let y be a strictly positive real number, and let v be a
piecewise continuous function on the interval [0,t] and ¢ (t)-exponential order. Then,

1 )0 ="

2. L{CDFv(0)}(s) = 5T [ Ly {v(r)} — Els*kﬂv(k) (0)], such that n=[y]+1.
k=

DEFINITION 5. (See [7]) Let p be a positive real number. The one-sided stable
probability density is given by

- o1 L(yn+1 el
3 (-1 20D 5p) — g(0)) 7 sin(uey).
LEMMA 2. [7] The Laplace transform of the function wy(t) is given as follows
/ T OO0y (1)g! (1)t = e
0

LEMMA 3. [2] Let X be a real Banach space and C, B be bounded subsetsof X ,
the following properties are satisfied

1. u(C) =0 ifand only if C is pre-compact,
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2. u(C)=u(C) = u(convC), where C and convC represent the closure and convex
hull of C, respectively,

3. u(C) < u(B) when C is subset of B,

4. u(C+B) < u(C)+ u(B), where C+B={z+x,z€C,x € B},
5. u(CUB) < max{u(C),u(B)},

6. wW(AB) = |A|u(B) forany A €R,

7. If the map & : D(.Z) C X — Y is Lipschitz continuous with constant k. Then,
W(FC) < ku(C), for each bounded subset C C D(.F), where Y be a Banach
space.

8. We have

u(C) = inf{d(C,B),B C X be pre-compact}
= inf{d(C,B),B C X be finite valued},

where d(C,B) denote the symmetric ( or nonsymmetric ) Hausdor{f distance be-
tween C and B in X.

9. If {B,} =1 is a decreasing sequence of closed, bounded, nonempty subsets of
X and lim u(B,) =0, then N;;_, By is nonempty and compact in X .
n—oo

LEMMA 4. [1211f {v,};_, C LY(0,K,X) is uniformly integrable. Then, u({v,}:_,)
is measurable and

M({/Ot va(s)ds}_y) < 2/()tu({vn(s)};°:1)ds

LEMMA 5. 1 If B, is bounded, then for any strictly positive real number €,
there exists a sequence {va} | C B, with

w(Br) <2u({vat,=1) +€

THEOREM 1. [12] Let H be a convex and closed subset of X, a Banach space
with 0 € H. Suppose that the map & : H — X is continuous and satisfies Monch’s
condition, meaning that if D C H is countable, then D C co({0} U 22 (D)) implies that
D is compact. Under these conditions, & possesses a fixed point in H.

3. Main results

In this section, we use the ¢ -Laplace transform to construct the integral solution
for the fractional evolution equation (1). To achieve this, it is necessary to prove the
following lemma.
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LEMMA 6. The problem (1) is equivalent to the equation given below

v(t) =vo+P(v) +Ig"+¢ [Av(t) +f(t,v(t)7 /Otp(t,s)c(t,sm(s))ds) + %(I)C(I)L (@)

forallteJ.

Proof. Let v be a solution of the system (1). By applying the ¢ -fractional integral
operator Igf’ to both sides of (1), we can get the following

Igf’ CDgZ?v(t) = Igf’ [Av(t) + f (t,v(t),/(:p(t,s)()'(t,s,v(s))ds) +B(t)c(t)],

and by applying Proposition 2, we derive

V(1) = (0) = I IAVO) + 11v(0), [ p(1,9)0(0,5,9(5))ds) + B(0e(0)
since v(0) = vy + @(v), this implies that
v(t) =vo+D(v)
s [ 0600 =0 () + 5 (5:v06), [ (5,000 (57 v(0)a)
I(y) Jo e T o
+ B(s)c(s)] ds.

Hence, the integral equation (4) holds.

Conversely, through direct computation, it is evident that if v satisfies the integral
equation (4), then the equation (1) is fulfilled. which completes the proof. [

LEMMA 7. Ifthe fractional equation (4) is satisfied, then we have
v(t) = Sye(t)(vo+P(v))
¢(t)—9(0) s
[ R0 = 0N (5:v(9). [ plsi ) mv(e))ar)
+ B(s)c(s)] ds.
Where,
Syo(t) =1'""Ry 4 (1)

and

~+oo

Hro)= | oy(P)T (W (0(p)~ $(0))) 179 (p)dp.
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Proof. Let A be a strictly positive real number. Applying generalized Laplace
transforms to the fractional equation (4) and employing Lemma 1, we derive

3) = 3 (0 + @) + 73 (AT(A) + F(3) + Be(2)),

where 7(A) = [ ¢'(1)e 00Oy (1)ar,

oo
~

FA)= [ ¢'(1)e OO0 £ (r y(r), /0 [p(t,s)()'(t,s,v(s))ds)dt,

0
and
()= [ 9/ OO Be)c(o)an,
It implies that
BA) = AT AT = A) " (v + () + (AT — A) " (F(A) + Be(A)).
Thus,

) = AT / AT (5) (v + D(v)ds + / AT () (F2) + Be(h)) ds.
0 0
Choosing s =tV with 7= ¢(z) — ¢(0), we get
v(A) = yAYr! / ” e AT (1Y) (v + D (v))dT
0

+y /0 +°° L= AT (27) (F(A) + Be(A))dt

+oo  ptoo
=yar! / [ OO0 () ()
)
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oo e
:M,,l/o {e—/l((b(t)ftb(o))/o (ywy(,o)

Y . y—1
) ((q)qj(zz))_q);o()o)))y (VO+‘I’(V))¢/(P)dp>¢/(t)]dt

¢(t) = ¢(0)))(vo + @(v)),

= ATy (R

and
A0 -00) = [ [ro(p)
—1
< T < (P(t) —(P(O) )Y ((P(t) - (P(O))Y (V0+®(V))¢/(p):|d,0

¢(p)—0(0)) (¢(p)—9(0))
We can write %y, (1) = 0+°° oy (P)T (1" (9(p) — 9(0)))1" ¢/ (p)dp, such that

#(p) = (0(6) =00 Foy [0 (5 Tgs) +000)) .

On other hand, we have .% (%) (A) =AY"!. Then,

_ -V
1 =2y (P2 k() )0+ 00)

=L (I'" "Ry 9 (1)) (vo + @ ()).
Let ¢F = ¢(7)+ ¢ (t) — ¢(0), and let us calculate I, we have

L= /Owe‘“("’(’)“”((’))T((q)(t) —0(0))(F(2) +Be(2))¢' (1)t

Then,
L= / / - [e—mw(r)—mo»e—a<¢(s>—¢<o>>T((¢(,) —$(0)))
0
< f(sv(9) /0 p(5,7)0 (s, 7,(2))d) ' (5)9' (1) | dsds
i / / - {ewww—mo»e—x<¢<s)—¢<0))
0
xT((¢(t) — ¢(0)))B(S)C(S)¢’(S)¢’(t)} dsdt
_ / / - [V(W) — $(0))1 e O —0(0))7 A (9(5)-0(0)
0
< T((0(0) = 0(0))") £ (5:905), [ pls,0)0 (s, 70(0)dT) ' (5)9' (1) drds
n / / - [Y((p(,) — $(0))7 e AOW0=0(0))" =2 (9(5)-0(0))
0

xT((o(r) - ¢(0))V)B(S)C(S)W(S)q)'(t)} dsdt
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_ / / /0 - [V(W) — 9(0))7 e HO0-9(0)(4(0)0(0)) (600N gy ()
< T((6() = 0(0)))1 (556, | pls.1)0(s2.0(2)dT) ' (0)0' (510" (1) dpdiss
i / / / - [y((p(,) — $(0))7 ' e HON=9O)@(P)=0(0) =0 (5)=0(0) ¢y ()
0
X T (0()— 6(0))" B(s)e ()9 (0)9 (5)9' (1) dpdsat.

which implies that,

X
~
/N
©
<
—
2
o\h
k=)
~—
2
ﬂ
~—
Q
—~
o
A
<
~—~
ﬂ
~—"
N~—
QU
(-.]
N———
<
/-:
=)
~—
(=} <
o
~—
<
=
QL
ko)
QU
72}
QU
=

[ reoeronzony (£O=00 ) e YON" " (o)
x B(S)C(S)W(D)(I)/(s)qb/(t)] dpdsdt.

So,

L= ///0“’ l}/el((p(r)q)(o))T < ¢(1) —¢(0) )y (‘P(Z))— 9(0)"! o, (p)

¢(p) —9(0)
o @ mte @ [T oo 07,9007 (07), Tr()ar)

x ¢'<p>¢’<r>¢'<x>] dpddi
o —1
+///O [ye—x(d)(r)—m))T ( ¢(t) — 9(0) )y (¢(Z))— $(0))" o,(0)

< B9~ (¢7))c (07 (0)) ¢’(P)¢/(T)¢’(I)] dpdtdt.

And thus,

] e ooy (90— 0(0) ) (0() — 9(0))"
n= ] lye WW(O»T(mm—mm) ERECORA

)
(07 e 0. [T oo @) E)t0 ! 07 £ v(E))ae)

x ¢’<p>¢’<r>¢'<x>] dpdrdt
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“ [ htot-oony (90~ 00) \ (6(0) ~ 6(0))"-
I [” oo (S sty o)

xB (¢~ (¢7)c (07 (7)) ¢'(0)9'(7)¢' (1)dpdrdr.

Hence,
Y )Y 1
7)) o (p)

B[ e </ /”@; o
£)

-
(o)

xf(s,v<s>, [ o206 d&)q»’(p 9'(s) dpds) o' (z)dr
T
o

+ /Owe—ww—mo»( [ /O“}T(q)( )_M))Y CGELION N

(9(p) —0(0))" 7
< B(s)e(s)¢’ (0)9 (s)dp ds) o'(v)dr.

It follows that,
WA) =% (11‘V=¢Ry,¢<r>>

e[ [ (Gse) ey
< f (s,v<s>, [t s,r>o<s,r,v<r>>dr) 0'(0)9'(s)dp ds] o' (0)ds
e T () ey =

< B(s)e(s)¢' (0)9" (s)dp ds] o'(0)dr.

By applying the inverse Laplace transform, we derive
!
vt = 1T Ry o () (v0 + @) + [ Ryg(0() = 0(6)
x[fsv /ps’L’ o(s,T,v(t dT>—|—B ]
= 510000+ 00) + [ Rro(0()—0(5)

X[fsv /ps‘c (s,T,v(T dT)—I—B ]
Which complets the proof. [

Throughout the paper, we assume the following about A.

H(A): A is an infinitesimal generator of a strongly continuous semigroup {7'(s) : s >0}
in X, and there is a real constant M > 1 with

sup {‘T(s)|L(X)} M.
$€[0,00)
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PROPOSITION. We assume that (H(A)) holds, then

1. For a fixed strictly positive real number t, the operators {Ry ¢(t)}i~0 and
{Sy.0(t) }i>0 are linear.

2. the operators {Ry(t)}i>0 and {Sy(t)}i>0 are strongly continuous.

Y=
3. For y € X, then | Ry (0)y < £ FIvll and [ISy,o ()1 < 5 1yl-

T(+y)
P Si - "(p)d Th
. Since ) = . Then,
roof. | YPer(p)9(p)dp Ty
M
R <—| x|
| Rro@x | < o<1
From the above inequality it follows that
[0 (0() = 0| = | Ry0(00) — 0013
MI"70(9(1) — (0))"! bl
N T(1+7y)
MT(y)
< —|yll-
yHyII

Which implies that [|Sy.4(2)y| < %Hy” Moreover, let x € Xp and 0 < 1] < tp <

T, from a simple calculation, it follows that tlintl ‘ o(t)y _Ry.,d)(tZ)YH =0 and
1102

lim
11—t

Sy(p(ll)x SY¢ 1‘2 yH—O O
Now, we introduce the following hypotheses:

(H1) @ : X — X is continuous and there exist two positive real constants K and d
such that ||®(v) — @ (u)|| < K|lv—ul| and | ®(v)| < K||v||+d, forevery v € €.

(H2) The function f:[0,b] x X x X — X is of Carathéodory type, meaning that f(z,.,.)
is continuous for almost every ¢ € [0,5] and f(.,v,Gv) is measurable for every
velX.

(H3) (i) There is a non-decreasing continuous function @y : X — X and my €
%€ ([0,b],X) such that || f(t,u,v)|| < mes(||v|| + |Jul|), for every u,v € X
almost every 7 € [0,5].
(i) There exists an integrable function 1 : [0,b] — [0, +o0) with u(f(z,Cy,C2) <
n(#)[ sup w(Ci(0)+u(Cy)] foralmostevery ¢ € [0,b] and each bounded

—00<H<0

subsets C1,C, C X, u is the Hausdorff noncompactness measure and

/Otn(s)ds< K
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(H4) (i) of(t,s,.): X — X is continuous function for any (¢,s) € A, and for every

veX, o(.,.,v):A— X is measurable function. Moreover, there is a func-
t

tion u: A — R such that sup [ u(t,s)ds:=u* <eo and |o(t,s,v)| <
1€[0,6] /0
u(t,s)|v||, ve X.

(ii) Forevery C;, bounded subset of X and 0 <s <t < b, thereisa ¢ : A — R™

!
such that u(o(z,s,Cy)) < @(s,1)u(Cy) where sup [ @(s,f)ds:=@".
1€[0,b] /0

(H5) For any ¢ € [0,b], the function p(z,.) is measurable on [0,7] and sup{|p(z,s)|,
0< s<rt}=4() is bounded on [0,b].

THEOREM 2. Under the conditions (H1)—(H5) and (H(A)), the problem (1)
admits at least one mild solution, provided that

K 2" *
M<? i1y 00001+ 21 ) <1.

Proof. We define a mapping I' : 4 — € by
Pv(0) = 850000+ + [ [Rro(0(6) — 9(5)
X (f(s,v(s), /0 p(s,r)a(s,r,v(r))dr) +B(s)c(s))}¢’(s)ds.

The proof consists of several steps.

Step 1: We will show that the operator I" is continuous. Let {v,} be a sequence
such that v, converge to v in €. Then, by (H2), when n — o we have

£(s9005), [ PG00 7a(2)ar) = £ (s.065), [ plsim)ols. rv(m)ar).

for every s € [0,b]. To simplify the expressions, we pose that

Ky, = (500, [ pls0)0(s. 7a(0))dr).
Ky = (5.6 [ pls. )05, mv())dr).
For any 7 € [0,b], we know that
|0vae) = Dv(o)]
= 1550(0) 00+ @) = Sy () 0+ €0 + [ Ry 0 (010) — 0(5)

x [ Ky, + B(s)els) = Ky = B(s)e(s)] ¢'(s)ds]|



NONLOCAL ¢ -CAPUTO FRACTIONAL NONLINEAR EVOLUTION EQUATIONS 129

||Sy¢<><c1>< D)= ()|
+ [ IRyo(00) = 0(6)) 10" 5) K7, ~ Kyl

MK M 4
< — v +7/ 1) — 1o K: —K:||ds.
y [[vn = sy AGORIO) ¢'(9) 1Ky, — Krll
Thus, we infer that ||[I"'v,, — ['v||.c — 0 as n — oo, which implies that the mapping I" is
continuous on % ([0,5],X).

Step 2: T is a bounded operator. We claim that I'(B,) C B, for every v € B,, for
each ¢ € [0,b], we know that

IP(6)] < ol Kbl +) + 5 [ (00 =005

F(l%—y 0
[nf(s,v(sx | pls.m10 6z (0)ar) |+ [B)e(s)]¢'(s)ds
(Ivoll +KIv]| +d)

M(¢(b) —¢(0))"
I(l+vy)

(Ivoll + Kr+d) +

*IE x

[y (Ivl+1 [ uts. el + el

L M(9(6) —9(0))"

T ) [mf(pfr(l—f—lu )+||Bc||L1]

"*Ii +

N

Step 3: I'(B,) is equicontinuous. For any 7, 71, € [0,b] such that 7| < 7,
have

ITv(z2) = Tv(@)|| < 11Sy.0(22) = Spo () [ (Ivoll + K1V +)
/ * Ry (0(72) = 0(5)) — Ry (6(11) — 0())

<[ (sovton | (s, 7)0 (s, 7,v(1))dx) + Bls)e(s)] 0'()ds
+ " Ryoto(m) - 0(6)

§

x [f(s,v(s)7 /O “p(s, r)a(m,v(r))dr) +B(s)c(s)] Yo' (s)ds] .

Then,
[Tv(72) = Tv(T)[| < [[Sy,0(72) = Sy0 (7)) [ ([Ivoll + K[Iv]| + @)

+ [ IR (9(22) — 009) ~ Ryol0(1) 0 (5)]
x [my@ur(1+ 1) + |Bel |6 (s)ds

+ IR (0(22) = 06D [y (1-+1u) 4 B ] o' (s
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Step 4: The Monch condition is satisfied. Suppose that V C B, is a countable set
and V is subset of conv({0} UI'(V)). We aim to demonstrate that pu(V) = 0 where u
denotes the Hausdorff denotes the Hausdorff noncompactness measure. Without loss
of generality, we may suppose V = {u}7_,, and it can be easily verified that V is both
bounded and equicontinuous. For every ¢ € [0,b], we have the following

Pv(0) = 800 (0 +00)) + [ Ryo0() = (5)
X [f(s,v(s), /O “ps, T)G(s,'t,v(f))df) +B(s)c(s)} o' (s)ds
— [v() + Bv(0),

where Iv(r) = Sy 4 (t)(vo+@(v)) and

1) = [ Reo0()=6(5)
X [f(s,v(s), /O “p(s, T)O'(s,f,v(f))dr)+B(s)c(s) 0'(s)ds.

Moreover, I : V — €([0,b],X) is Lipschitz continuous with constant KM, due to the
hypothesis (H1). In fact v and u two elements of V, we have the following

ITv(r) = Liu(@)]| < sup [y, (@)[[[|P(v) — @)
1€[0,b]
< —lv—ul

So, from Lemmas 3, 4 and 5 and hypotheses (H3)(ii), (H4)(ii), we have

w{Tvatizy) < p({va i) + w({Bva i)
< ZRuvi) +( [ Rro0-0()

< [Flsts), [ 005, 7)0 (5, 7,v(1))d7) + Bls)e(s)| o' (5)ds )
< S un) + ey (6000

X [f(s,v(s)7 /O " p(s,7)0(s, 7, v(7))d) +B(s)c(s))q)/(s)]ds.

So,

BT < SRR+ s 00 -0 )

[ o w(Dia(o) + o JA 005, 7)0(s, 7, v}y (2)d7) | ds

<s<b
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MK 2M ! _

< Su()i)+ (Hy)/wm—msw n(s)
<[ sup p(fun}ia(s) +21 [ ol el b (o) ds
0<s<b

MK 2M ! _
SR (lﬂ)/O(«p(r)—«p(s))Y n(s)

%[ sup p({va}ia () + 210" (v} ()] ds
0<s<b

MK 2M«*

7#({vn}k 1)+ (0(b) — 9(0))"[1+21¢7]

x sup pc(V(s))

0<s<b

L(1+7y)

2K*

Y
v T(+y)

(9(6) — 0(0))"[1+219"]) sup ue(V(s).

0<s<b

From above, we have

ue (T (v)) <M[§+ F(Zl’iy)

<o eV,

(0(6) = 0(0))7[1 +210"] | e (V)

where @ = M{% + 72 (0(b) — 0(0)) 1+ ZZ(p*]} . Thus

te (V) < pie((com{0} U (V) = ue(I'(V)) < @ e (V),

which leads to the conclusion that uc(V) = 0. Therefore, by applying Theorem 1,
there exists a fixed point v of the mapping I" in B, which serves as a solution to the
fractional problem (1). [

4. Application

In this section, we consider ¥ = L?([0,7],R) and A is an operator defined by
Av =v” with the domain

D(A)={yeY: v’ €Y, v(n)=v(0) =0}.

It is widely recognized that A is the bounded linear operator of {7'(¢),# > 0}, a com-
pact semigroup on Y with ||T(7)|| < e”" for every ¢ > 0. Let’s consider a nonlocal
differential problem given below

t
DI v(r,w) = aa—zzv(t,w)—f—/ o (t,5,v(s,w))ds + P (1,v(t,w)) +c(t,w),
W 0

v(0,w) 4+ Zlcju(tj7w) =v(w), wel0,m].
j=

with 0=19 <t; <tp..... <t, < b are fixed real numbers, vo €Y, &2 € €([a,b] x R,R).
To represent the problem (5) in the abstract form problem (1), we suppose that

(&)
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() F:]0,5] x ¥ — ¥ defined by f(t,v)(w) = /Ot()'(t,s,v(s,w))ds—k,@(t,v(t,w),)
for 7 € [0,b] and w € [0,7].

(ii) The function @ : € ([0,b],Y) — Y is continuous and defined by @(v)(w) =
n
vo(w)— Y cju(tj,w), t €[0,b], w € [0, 7], where v(z)(w) = v(t,w), forall >0
.':1
and w € [0,7].

Now, we say that v € €(Y) is a mild solution of the problem (5) if v(.) is a mild
solution of the associated abstract problem (1).
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