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(Communicated by B. Ahmad)

Abstract. In this paper, we consider the following abstract  -Hilfer fractional differential equa-
tion

D, ;
0+ u(t) = Au(t)+ f (t,u(t)) , 0 <  < 1, 0 <  < 1; t � 0 (1)

where A is the infinitesimal generator of a strongly continuous semigroup {T ( )}>=0 on a
Banach space X such that there exist positive constants M, � 0 with

‖T ( )‖X � Me− ,  � 0. (2)

We use the Banach fixed point principle to prove the existence and uniqueness of ( ,c) -
asymptotically periodic mild solutions to equation (1). Further, Ulam-Hyers stability results are
established.

1. Introduction

Fractional differential equations have attracted a growing interest, particularly
in modeling complex physical phenomena with memory effects. The existence and
uniqueness of periodic solutions for certain fractional differential equations have at-
tracted several researchers. In 2020, G. Mophou and G. M. N’Guérékata [30] studied an
existence result of ( ,c)-periodic mild solutions to some fractional differential equa-
tions. In 2021 M. Kéré , G. M. N’Guérékata and E. R. Oueama studied an existence
result of (w,c)-almost periodic mild solutions to some fractional differential equations.
For more results of periodic functions, (see [1, 4, 5, 6, 8, 10, 16, 21, 23, 26, 27, 32, 34,
35]).

It was in 2018 that E. Alvaraz et al. [6] have introduced the concept of ( ,c)-
periodic functions which includes the class of periodic, antiperiodic and Bloch periodic
functions. The following year, i.e. in 2019, E. Alvarez, M. Pinto and S. Castillo [7]
extended the concept of ( ,c)-periodic functions to a new class of functions so-called
( ,c)-asymptotically periodic functions. A continuous function f is said to be ( ,c)-
asymptotically periodic if it can be written as f = f1 + f2 where f1 is a ( ,c)-periodic
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function and f2 is c-asymptotic function. Following this, several authors became in-
terested in this class of functions.

J. Larrouy and G. M. N’Guérékata [26] studied the existence and uniqueness
of ( ,c)-periodic and asymptotically ( ,c)-periodic mild solutions to the following
semilinear fractional differential equations:{

CD
t u(t) = Au(t)+ CD−1

t f (t,u(t)) , 1 <  < 2, t ∈ R

u(0) = 0

and {
CD

t u(t) = Au(t)+ CD−1
t f (t,u(t−h)) , 1 <  < 2, t ∈ R+

u(0) = 0

where CD
t (.) stands for the Caputo derivative and A is a linear densely defined oper-

ator of sectorial type on a complex Banach space X .
In 2023, R. G. Foko Tiomela, G. M. N’Guérékata [18] consider the following

fractional evolution equation:

CD
t u(t) = Au(t)+ f (t) , t ∈ R

where CD
t (.) denotes the Caputo fractional derivative of order 0 <  � 1. They

proved that, mild solution of this equation are ( ,c)-asymptotically periodic and they
established an existence and uniqueness result for optimal ( ,c)-asymptotically peri-
odic mild solution.

Recently, in 2018, J. Vanterler da C. Sousa, E. C. de Oliveira [38], introduced a
new fractional derivative with respect to another function the so-called  -Hilfer frac-
tional derivative. The same year, J. Vanterler da C. Sousa, K. D. Kucche, E. C. de
Oliveira [39] published an article entitled: On the Ulam-Hyers stabilities of the solu-
tions of  -Hilfer fractional differential equation with abstract Volterra operator. In this
paper, they proved the existence, uniqueness and established Ulam-Hyers stability of
the solution.

This new fractional derivative attracted several authors. In 2021, F. Norouzi, G. M.
N’Guérékata [33], in their paper, considered the following  -Hilfer fractional neutral
fractional differential equations with infinite delays:{

HD , ;
0+ [x(t)−h(t,xt)] = Ax(t)+ f (t,x(t) ,xt) , t ∈ [0,b], b > 0

x(t) = (t) , t ∈ (−,0]

where HD , ;
0+ (.) is the  -Hilfer fractional derivative of order 0 < � 1, with respect

to function  ∈ L ([0,b],X) and type 0 �  � 1. They proved the existence and
uniqueness of solution by using the Banach contraction mapping principle and Leray-
Schauder alternative theorem. For more informations refer to [2, 3, 12, 22, 24, 29].

Motivated by all of the above, we consider the following equation

D , ;
0+ u(t) = Au(t)+ f (t,u(t)), 0 <  < 1, 0 <  < 1; t � 0
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where D , ;
0+ (.) denotes the  -Hilfer fractional derivative of order  and type  .

The main purpose is to study the existence and uniqueness of ( ,c)-asymptotically
periodic mild solution. For this, we use the well known Banach fixed point principle.
We also establish Ulam-Hyers stability. The rest of our paper is organized as follows: In
Section 2 we present some preliminary results that are useful in this paper to prove the
results. In Section 3, we first obtain the Volterra integral equivalent equation and pro-
pose the mild solution of equation (1). Further, we prove the existence and uniqueness
of solution. Finally , in Section 4, we establish ulam-Hyers stability of the solution.

2. Preliminaries

Throughout this paper, we assume that (X,‖.‖) is a complex Banach space and
we will denote by C(R,X) the collection of all continuous functions from R into X ,
and BC(R,X) the collection of all bounded continuous functions from R into X , and
we set

C0(X) :=
{

h ∈C(R+,X) : lim
t→

h(t) = 0
}
.

In this section, we give some notations, definitions and results on  -Hilfer frac-
tional derivative and ( ,c)-asymptotically periodic functions.

DEFINITION 1. The Euler’s Gamma function is given by:

() =
∫ 

0
t−1e−tdt for  > 0.

Futhermore, (1) = 1 and ( +1) = () for any  > 0.

DEFINITION 2. The Laplace transform of a function g is denoted and defined by:

L {g(t)}(s) = G(s) =
∫ 

0
g(t)e−stdt for s > 0.

DEFINITION 3. [36] The two-parameter Mittag-Leffler function is defined by the
series expansions:

E , (z) =



k=0

zk

(k+ )
, for  > 0,  > 0, z ∈ C,

where (t) is the gamma function.

LEMMA 1. [36, 42] Let 0 <  < 2 , and  ∈ R be arbitrary. We suppose that 
is such that 

2 <  < min{ ,} . Then there exists a constant C = C(, ,) > 0
such that

|E , (z)| � C
1+ |z| ,  � |arg(z)| �  .
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PROPOSITION 1. [18] Let t ∈ R and 0 <  � 1 . Then the following holds:

E ,1(t) > 0, E ,(t) > 0, and E ′
 ,(t) > 0. (3)

Moreover,
lim
t→

E ,1(t) = , lim
t→−E ,1(t) = 0. (4)

LEMMA 2. [37] Given  > 0 , and 0 < < 2 . Then the following identities hold:

tE ,1 (− t) = − t−1E , (− t) , (5)

and
t
(
t−1E , (− t)

)
= t−2E ,−1(− t), for all t > 0. (6)

DEFINITION 4. The left sided fractional integral of a function f of order  with
respect to  is

I ;
0+ f (x) =

1
()

∫ x

0
 ′(t)((x)−(t))−1 f (t)dt.

DEFINITION 5. The left sided Hilfer fractional derivative of a function f of order
 and type  is

D ,
0+ f (x) = I−0+

d
dx

(
I1−
0+

)
f (x)

where  =  (1−)+ .

DEFINITION 6. The left sided with respect to  -Hilfer fractional derivative of a
function f of order  and type  is

D , ;
0+ f (x) = I(−);

0+

(
1

 ′ (x)
d
dx

)(
I1−;
0+

)
f (x) .

THEOREM 1. [38] If f ∈C1 (R,X) , then

I ;
0+ D , ;

0+ f (x) = f (x)− ((x)−(0))−1

()
I(1−);0+ f (0)

and
D , ;

0+ I ;
0+ f (x) = f (x).

THEOREM 2. [38] Let f , g ∈C1 (R,X) ,  > 0 and 0 <  < 1 . Then

D , ;
0+ f (x) = D , ;

0+ g(x) ⇐⇒ f (x) = g(x)+ c((x)−(0))−1 , c ∈ R.

In what follows, we will recall some definitions and properties of both of ( ,c)-
periodic and ( ,c)-asymptotically periodic functions.
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DEFINITION 7. [6, 30] A function f ∈ C(R,X) is said to be ( ,c)-periodic if
there exist c ∈ C\ {0} and w > 0 such that

f (t +) = c f (t), ∀t ∈ R.

 is called the c-period of f .
We denote by Pc(X) the collection of all functions f ∈C(R,X) which are ( ,c)-

periodic . When c = 1 (c =−1 resp.) we recover the  -periodic (resp.  -antiperiodic)
case.

THEOREM 3. [30] (Theorem 2.4) Suppose f ∈C1(R,X)∩Pc(R,X) . Then f ′ ∈
Pc(R,X) .

DEFINITION 8. [7] A function h∈C(R,X) is called c-asymptotic if c∧(−t)h(t)∈
C0(X) , that is,

lim
t→

c∧(−t)h(t) = 0

where c∧(−t) = c−t/ . The collection of those functions will be denoted by C0,c(X) .

DEFINITION 9. [7] A function f ∈ C(R,X) is said to be ( ,c)-asymptotically
periodic if f = g+ h where g ∈ P,c(R,X) and h ∈C0,c(X) . The collection of those
functions(with the same c-period  for the first component)will be denoted by APc(X) .

LEMMA 3. [7] Let  ∈ C . Then

1. ( f +g) ∈ APc(X) and h ∈ AP,c(X) whenever f ,g,h ∈ APc(X) .

2. If  � 0 is constant, then f(t) := f (t + ) ∈ AP,c(X) whenever f ∈ APc(X) .

3. Let g ∈ P,c(X) and h ∈C0,c(X) such that g,h ∈C1(R,X) . Then the derivative
of ( f = g+h) ∈ APc(X) belongs to AP,c(X) .

THEOREM 4. [7] Let f (t,x) := g(t,x)+h(t,x) where g(t + ,cx) = cg(t,x) and
h ∈C0,c(X,X) .

Let us assume the following conditions:

(1) ht(z) = c∧(−t)h(c∧(t)z) is uniformly continuous for z in any bounded subset of
X uniformly for t � d and ht(z) → 0 as t →  uniformly in z.

(2) There exists v ∈ BC(R+,R+) such that

‖ f (t,u1)− f (t,u2)‖ � v(t)‖u1−u2‖, ∀ u1, u2 ∈ X, t ∈ R+.

If u ∈ APc(X) , then f (.,u(.)) ∈ APc(X) .

THEOREM 5. [7] APc([d,)×X,X) is a Banach space with the norm

‖ f‖ac := sup
t�d

‖|c|∧(−t) f (t)‖.



182 P. V. OUENA, M. KÉRÉ AND G. M. N’GUÉRÉKATA

For the uniqueness result, we will need the following theorem.

THEOREM 6. [12] (Contraction Mapping Principle) Let X be a Banach space,
D ⊂ X be a closed and A : D → D a contraction mapping (i.e., ‖Ax−Ay‖ � k‖x− y‖
for some k ∈ (0,1)) and for x,y ∈ D. Then, A has a unique fixed point.

In what follows, we will consider t ∈ R+ . Therefore we will use ‖ f‖ac as

‖ f‖ac := sup
t�0

‖|c|∧(−t) f (t)‖.

3. Existence and uniqueness of the mild solution

We suppose that  is an increasing and positive function, having a continuous
derivative  ′ and such that  (0) = 0, lim

t−→+
 (t) = +, and  ∈C1 (R,X)∩P (X) .

We assume also that there exist positive constants  , p � 0 such that (t) � t p.

LEMMA 4. The equation (1) is equivalent to the Volterra integral equation

u(t) =
((t))−1

()
I(1−);0+ u(0)+

A
()

∫ t

0
 ′()((t)−())−1 u()d

+
1

()

∫ t

0
 ′()((t)−())−1 f (,u())d. (7)

Proof. Applying the operator I ;
0+ to the both sides of equation (1) , we get

I ;
0+ D , ;

0+ u(t) = AI ;
0+ u(t)+ I ;

0+ f (t,u(t)). (8)

From Theorem 1 the left hand side of (8) becomes

I ;
0+ D , ;

0+ u(t) = u(t)− ((t))−1

()
I(1−);0+ u(0) .

So, it follows that

u(t) =
((t))−1

()
I(1−);0+ u(0)+

A
()

∫ t

0
 ′()((t)−())−1 u()d

+
1

()

∫ t

0
 ′()((t)−())−1 f (,u())d.

Conversely, if u satisfies (7) then,

u(t)− ((t))−1

()
I(1−);0+ u(0) = AI ,

0+ u(t)+ I ;
0+ f (t,u(t)),

we deduce that
I ;
0+ D , ;

0+ u(t) = AI ,
0+ u(t)+ I ;

0+ f (t,u(t)). (9)
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Applying the operator D , ;
0+ to both sides of equation (9) while taking into

account Theorem 1 and Theorem 2, we obtain

D , ;
0+ u(t) = D , ;

0+

[
AI ;

0+ u(t)+ I ;
0+ f (t,u(t))

]
= AD , ;

0+ .I ;
0+ u(t)+D , ;

0+ .I ;
0+ f (t,u(t))

= Au(t)+ f (t,u(t)). �

LEMMA 5. Suppose that (7) is fulfilled, then we have the following integral equa-
tion:

u(x) =
∫ x

0
 ′ () ( (x)− ())−2

(∫ +

0
T

((
 ()


))
 ()d

)
u0d

+
∫ x

0
 ′ ()R( (x)− ()) f ( ,u())d

where

R() =
∫ +

0
T ( )−1

−1
 

(
−1/

)
d

and
u0 = I(1−);0+ u(0) .

Proof. Let us set x = (t) and make the change of variable  = () . Then,
d =  ′()d and (7) becomes

u
(
−1 (x)

)
=

x−1

()
I(1−);0+ u(0)+

A
()

∫ x

0
(x−)−1 u(−1 ())d (10)

+
1

()

∫ x

0
(x−)−1 f (−1 () ,u(−1 ()))d .

If we set u0 = I(1−);0+ u(0) , z(x)= u
(
−1 (x)

)
and g(x)= f (−1 (x) ,u(−1 (x))) ,

then (10) becomes

z(x) =
x−1

()
u0 +

A
()

∫ x

0
(x−)−1 z()d +

1
()

∫ x

0
(x−)−1 g()d .

(11)
Applying the Laplace transform on the both sides of (11) , we have

Z (s) = s−u0 + s−AZ (s)+ s−G(s) .

Which implies that (
s I−A

s

)
Z (s) = s−u0 + s−G(s) .

Therefore

Z (s) = s− (s I−A)−1 u0 +(s I−A)−1 G(s) (12)
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where Z (s) = L [z(t)](s) and G(s) = L [g(t)] (s) are the Laplace transforms of z and
g respectively. Because of L [T (t)] (s) = (s I−A)−1 , then it follows from (12) that

Z (s) = s−L [T ()](s)u0 +L [T ()](s)G(s)

= s−u0

∫ +

0
e−sT ()d +

∫ +

0
e−sT ()d

∫ +

0
e−sg()d . (13)

Considering the following change of variable  =  , equation (13) gives

Z (s) = s−u0

∫ +

0
e−(s )T ( )−1d

+
∫ +

0
e−(s )T ()−1d

∫ +

0
e−sg()d

= s1−u0

∫ +

0
T ( )(s )−1 e−(s ) d

+
∫ +

0

(∫ +

0
T ()−1e−(s ) e−sg()d

)
d

= s1−u0

∫ +

0
T ( )

d
d

(−1
s

e−(s )
)

d

+
∫ +

0

(∫ +

0
T ()−1e−(s ) e−sg()d

)
d .

Because of ∫ +

0
e−s ()d = e−s

then

Z (s) = −s−u0

∫ +

0
T ()

d
d

(∫ +

0
e−s ()d

)
d

+
∫ +

0

(∫ +

0
T ( )−1

(∫ +

0
e−s ()d

)
e−sg()d

)
d

= s1−u0

∫ +

0

(∫ +

0
T ()e−s ()d

)
d

+
∫ +

0

(∫ +

0

(∫ +

0
T ()−1e−sg()e−s ()d

)
d
)

d .

(14)

Now, we make the change of variable  =  =⇒ d = d . Equation (14)
becomes

Z (s) = s1−u0

∫ +

0

(∫ +

0
T

((



))
e−s ()d

)
d

+
∫ +

0

(∫ +

0

(∫ +

0
T

((



)) −1

 e−sg()e−s ()d
)

d
)

d .

(15)
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With the following change of variable  + = t =⇒ d = dt , the second term of
right hand side of (15) becomes


∫ +

0

(∫ +

0

(∫ +

0
T

((



)) −1

 e−sg()e−s ()d
)

d
)

d

= 
∫ +

0

(∫ +

0

(∫ t

0
T

(
(t− )


) (t− )−1

 e−stg() ()d

)
d

)
dt

=
∫ +

0
e−st

(

∫ +

0

(∫ t

0
T

(
(t− )


) (t − )−1

 g() ()d

)
d

)
dt

= L [h(t)] (s)

where

h(t) = 
∫ +

0

(∫ t

0
T

(
(t− )


) (t− )−1

 g() ()d

)
d .

If we make the change of variable  = − =⇒ d = −1
 

−1
 −1d , we obtain

h(t) = 
∫ +

0

(∫ t

0
T
(
 (t− )

)
(t− )−1g()

(
−1/

)
d
)(

1



−1
 −1d

)
=
∫ +

0

(∫ t

0
T
(
 (t− )

)
(t− )−1 

−1
 g()

(
−1/

)
d
)

d

=
∫ t

0

(∫ +

0

(
T
(
 (t− )

)
(t− )−1

−1
 g()

(
−1/

)
d
))

d

=
∫ t

0
R(t − )g()d

= R∗ g(t)

where

R() =
∫ +

0
T ()−1

−1
 

(
−1/

)
d .

In the other hand we have

s1−u0

∫ +

0

(∫ +

0
T

((



))
e−s ()d

)
d

= s1−u0

∫ +

0
e−s

(∫ +

0
T

((



))
 ()d

)
d

=
(
L
[
−2](s))(L

[∫ +

0
T

((



))
u0 ()d

]
(s)
)

= L [i(t)](s)L [ j (t)](s)
= L [i∗ j (t)](s)
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where

i(t) = t−2 and j (t) =
∫ +

0
T

((
t


))
 ()d .

Thus, (15) becomes

Z (s) = L [i∗ j (t)u0 +R∗ g(t)] (s) ,

therefore
z(t) = i∗ j (t)u0 +R∗ g(t) . (16)

Since z(t) = u
(
−1 (t)

)
and g(t) = f

(
−1 (t) ,u(−1 (t))

)
, then (16) becomes

u
(
−1 (t)

)
= i∗ j (t)u0 +R∗ f

(
−1 (t)

)
=
∫ t

0
i(t− ) j ()u0d +

∫ t

0
R(t− )g()d.

If we set x = −1 (t) , then

u(x) =
∫ (x)

0
i( (x)− ) j ()u0d +

∫ (x)

0
R( (x)− )g()d .

The change of variable  =  () =⇒ d =  ′ ()d allowed us to writte

u(x) =
∫ x

0
i( (x)− ()) j ( ())u0 ′ ()d

+
∫ x

0
R( (x)− ())g( ()) ′ ()d

u(x) =
∫ x

0
 ′ () ( (x)− ())−2

(∫ +

0
T

((
 ()


))
 ()d

)
u0d

+
∫ x

0
 ′ ()R( (x)− ()) f ( ,u())d . �

DEFINITION 10. A function u is said to be a mild solution to the problem (1) if
u verifies

u(t) =
∫ t

0
 ′ ()( (t)− ())−2 Q()u0d

+
∫ t

0
 ′ ()R( (t)− ()) f ( ,u())d , (17)

where

Q() =
∫ +

0
T

((
 ()


))
 ()d , (18)

R() =
∫ +

0
 ( )T ()−1d , (19)
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and

 ( ) =
1

− 1

 −1
(
−1/

)
, (20)

with  is a probability density function, i.e.:

 ( ) � 0 for all  � 0,∫ +

0
 ( )d = 1.

PROPOSITION 2. [18] Let 0 <  � 1 . Considering the probability density 
defined by (20), the following hold:

(i)
∫+
0  ( )e−zd = E ,1(−z), z ∈ C .

(ii)
∫+
0  ( )e−zd = E ,(−z), z ∈ C .

Based on Proposition 2, we obtain the following proposition.

PROPOSITION 3. The following results hold:

(i) ‖Q()‖X � ME ,1
(− (())

)
,  � 0 ,

(ii) ‖R()‖X � M−1E , (−) ,  � 0 ,

where Q() and R() are respectively defined by (18) and (19), M, two positive
constants satisfying (2).

Proof. Let  � 0, we have

‖Q()‖X = ‖
∫ +

0
T

((
 ()


))
 ()d‖X

�
∫ +

0
‖T
((

 ()


))
‖X ()d .

Using (2), we obtain

‖Q()‖X � M
∫ +

0
e
−
((

()


))
 ()d

� M
∫ +

0
e− (())−

 ()d .

Considering the change of variable  = − , we have  = − 1
 and d =

− 1
 

− 1
−1d .

Therefore

‖Q()‖X � M
∫ +

0

1


(
− 1


)
− 1

 −1e− (())d

� M
∫ +

0
 ( )e− (())d .
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From the equality (i) in Proposition 2, we have:

‖Q()‖X � ME ,1
(− (())

)
,  � 0.

According to (2) and the equality (ii) in Proposition 2, we have:

‖R()‖X = ‖
∫ +

0
 ( )T ()−1d‖X

�
∫ +

0
 ( )‖T ()‖X−1d

� M−1
∫ +

0
 ( )e−

d

� M−1E , (−) ,  � 0. �

PROPOSITION 4. Let c ∈ C\ {0} and  > 0 . Then the function u define by:

u(t) =
∫ t

0
 ′ ()( (t)− ())−2 Q()u0d

belongs to APc (X) if |c| � 1 .

Proof. Let t � 0,c ∈ C\ {0} ,  > 0 such that |c| � 1 and u ∈ X , we have:

‖c∧(−t)u(t)‖X = ‖c−t/
∫ t

0
 ′ () ( (t)− ())−2 Q()u0d‖X

�
∫ t

0
|c|−t/ ′ ()( (t)− ())−2 ‖Q()‖X‖u0‖Xd .

From the equality (i) in Proposition 3, we have:

‖c∧(−t)u(t)‖X � M‖u0‖X

∫ t

0
|c|−t/ ′ () ( (t)− ())−2 E ,1

(− (())
)
d

� M‖u0‖X

∫ t

0
|c|−t/ ′ () (t p)−2 E ,1

(− (())
)
d

� M−2‖u0‖Xt p(−2)
∫ t

0
|c|−t/ ′ ()E ,1

(− (())
)
d .

Take  =  () , we have d = 1
 ′()d, since |c| � 1, then |c|−t/ � 1.

Therefore, using Lemma 1, we have

‖c∧(−t)u(t)‖X � M−2‖u0‖Xt p(−2)
∫ (t)

0
E ,1 (−)d

� MC−2‖u0‖Xt p(−2)
∫ (t)

0

1
1+

d.
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Setting v =  , we get

‖c∧(−t)u(t)‖X � MC−2‖u0‖X


t p(−2)

∫ (t)

0

v
1
−1

1+v
dv.

Take z = v , we have

‖c∧(−t)u(t)‖X � MC−2‖u0‖X


1


t p(−2)
∫ (t)

0

z
1
−1

1+ z
dz

� MC−2‖u0‖X


1


t p(−2)
∫ +

0

z
1
−1

1+ z
dz

� MC−2‖u0‖X


1


t p(−2)B

(
1


,1− 1


)
� MC−2‖u0‖X


1


t p(−2)
(

1


)

(

1− 1


)
�

MC 
 

−2‖u0‖X


1
 sin

( 

) t p(−2).

As −2 = −(1−)(1− )−1< 0, then

lim
t→

t p(−2) = 0.

Hence
lim
t→

c∧(−t)u(t) = 0,

therefore u ∈C0,c (X) ⊆ APc (X) .
Finally u ∈ APc (X) if |c| � 1. �

PROPOSITION 5. Let f ∈ Pc (X) . Then the function u defined by:

u(t) =
∫ t

−
 ′ ()R( (t)− ()) f ()d

belongs to Pc (X) .

Proof. Let  > 0, we have:

u(t +) =
∫ t+

−
 ′ ()R( (t +)− ()) f ()d .

Making the change of variable  =  − , we obtain

u(t +) =
∫ t

−
 ′ ( +)R( (t +)− ( +)) f ( +)d .
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Since  ∈C1 (X)∩P (X) and using Theorem 3, then

 (t +) =  (t)

and
 ′ ( +) =  ′ ( ) .

We have also f ∈ Pc (X) , so

f ( +) = c f ( ) .

Thus

u(t +) = c
∫ t

−
 ′ ( )R( (t)− ( )) f ( )d

= cu(t) .

Consequently u ∈ Pc (X) . �

PROPOSITION 6. Let f ∈C0,c (X) , and define the function u by:

u(t) =
∫ t

−
 ′ ()R( (t)− ()) f ()d .

Then u belongs to C0,c (X) if |c| � 1 .

Proof. We have:

‖c∧(−t)u(t)‖X = ‖c−t/
∫ t

−
 ′ ()R( (t)− ()) f ()d‖X

= ‖
∫ t

−
c−(t−)/ ′ ()R( (t)− ())c−/ f ()d‖X

�
∫ t

−
|c|−(t−)/ ′ ()‖R( (t)− ())‖X‖c−/ f ()‖Xd

�

⎛⎝ sup
∈
(
−,t
]{‖c−/ f ()‖X

}⎞⎠
×
∫ t

−
|c|−(t−)/ ′ ()‖R( (t)− ())‖Xd

Using the equality (ii) in Proposition 3, we obtain

‖c∧(−t)u(t)‖X

� M

⎛⎝ sup
∈
(
−,t
]{‖c−/ f ()‖X

}⎞⎠
×
∫ t

−
|c|−(t−)/ ′ ()( (t)− ())−1 E ,

(− ( (t)− ())
)
d .
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As |c| � 1 and t− � 0 implies that |c|−(t−)/ � 1.
Thus

‖c∧(−t)u(t)‖X � M

⎛⎝ sup
∈
(
−,t
]{‖c−/ f ()‖X

}⎞⎠
×
∫ t

−
 ′ ()( (t)− ())−1 E ,

(− ( (t)− ())
)
d .

Let us consider the integral

J =
∫ t

−
 ′ ()( (t)− ())−1 E ,

(− ( (t)− ())
)
d .

Making the change of variable x =  (t)− () , we have d = − 1
 ′()dx .

Further,  is an increasing and positive function, and (0)= 0, then lim
−→− ()

= 0.
The above integral becomes

J = −
∫ 0

(t)
x−1E , (−x)dx.

According to (5), we have

x−1E , (−x) = − 1

xE ,1 (−x) (21)

and so

J =
1


∫ 0

(t)
xE ,1 (−x)dx

=
1

[
E ,1 (−x)

]0
(t)

=
1


(
E ,1 (0)−E ,1

(− ( (t))
))

.

Since
lim
t→

 (t) = ,

we deduce from Proposition 1 that

lim
t→

E ,1
(− ( (t))

)
= 0.

Since E ,1 (0) = 1, we finally get

lim
t→

J =
1


.
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Moreover, we know that f ∈C0,c (X) , then

lim
t→

sup
∈
(
−,t
]{‖c−/ f ()‖X

}
= 0.

Since

‖c∧(−t)u(t)‖X � M

⎛⎝ sup
∈
(
−,t
]{‖c−/ f ()‖X

}⎞⎠× J,

therefore
lim
t→

c∧(−t)u(t) = 0.

Consequently u ∈C0,c (X) .
This ends the proof of the proposition. �

PROPOSITION 7. Let f ∈ APc (X) . Then the function u defined by:

u(t) =
∫ t

−
 ′ ()R( (t)− ()) f ()d

belongs to APc (X) if |c| � 1 .

Proof. Since f ∈ APc (X) , then there exist f1 ∈ Pc (X) and f2 ∈C0,c (X) such
that f = f1 + f2 .

It follows that

u(t) =
∫ t

−
 ′ ()R( (t)− ())( f1 ()+ f2 ())d

=
∫ t

−
 ′ ()R( (t)− ()) f1 ()d +

∫ t

−
 ′ ()R( (t)− ()) f2 ()d

= u1 (t)+u2 (t)

with

u1 (t) =
∫ t

−
 ′ ()R( (t)− ()) f1 ()d ,

and

u2 (t) =
∫ t

−
 ′ ()R( (t)− ()) f2 ()d .

From Proposition 5 and Proposition 6, we can say that u1 ∈ Pc (X) and u2 ∈
C0,c (X) .

Consequently u ∈ APc (X) . �

PROPOSITION 8. Let f ∈ APc (X) and define u by:

u(t) =
∫ t

0
 ′ ()R( (t)− ()) f ()d .

Then u belongs to APc (X) if |c| � 1 .
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Proof. Since f ∈ APc (X) , then there exist f1 ∈ Pc (X) and f2 ∈C0,c (X) such
that f = f1 + f2 .

We have

u(t) =
∫ t

0
 ′ ()R( (t)− ())( f1 ()+ f2 ())d

=
∫ t

0
 ′ ()R( (t)− ()) f1 ()d +

∫ t

0
 ′ ()R( (t)− ()) f2 ()d

=
∫ t

−
 ′ ()R( (t)− ()) f1 ()d −

∫ 0

−
 ′ ()R( (t)− ()) f1 ()d

+
∫ t

0
 ′ ()R( (t)− ()) f2 ()d

=
∫ t

−
 ′ ()R( (t)− ()) f1 ()d +

∫ t

0
 ′ ()R( (t)− ()) f2 ()d

= u1 (t)+u2 (t)

where

u1 (t) =
∫ t

−
 ′ ()R( (t)− ()) f1 ()d

and

u2 (t) =
∫ t

0
 ′ ()R( (t)− ()) f2 ()d .

According to Proposition 5, u1 ∈ Pc (X) .
Now, let us show that u2 ∈C0,c (X) .
Let  > 0. As f2 ∈C0,c (X) , then there exists T > 0 such that for all  > T ,

‖c−/ f2 ()‖X < . (22)

In order to show that u2 ∈C0,c (X) , we consider: t > T , hence

u2 (t) =
∫ T

0
 ′ ()R( (t)− ()) f2 ()d +

∫ t

T
 ′ ()R( (t)− ()) f2 ()d ,

and

‖c∧(−t)u2 (t)‖X �
2


i=1

Ii (t) ,

where

I1 (t) = ‖c∧(−t)
∫ T

0
 ′ ()R( (t)− ()) f2 ()d‖X;

I2 (t) = ‖c∧(−t)
∫ t

T
 ′ ()R( (t)− ()) f2 ()d‖X.
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We have:

I1 (t) = ‖c∧(−t)
∫ T

0
 ′ ()R( (t)− ()) f2 ()d‖X

�
∫ T

0
|c|−(t−)/ ′ ()‖R( (t)− ())‖X‖c−/ f2 ()‖Xd .

We know that t > T and 0 �  � T , therefore −(t−) � 0. If |c|� 1, it implies
that |c|−(t−)/ � 1.

According to the equality (ii) in Proposition 3, we have also

‖R( (t)− ())‖X � M ( (t)− ())−1 E ,
(− ( (t)− ())

)
. (23)

Hence

I1 (t) � M

(
sup

0��T

{
‖c−/ f2 ()‖X

})∫ T

0
 ′ ()( (t)− ())−1

×E ,
(− ( (t)− ())

)
d .

Making the change of variable  =  (t)− () and using (21), we obtain

I1 (t) � −M

(
sup

0��T

{
‖c−/ f2 ()‖X

})∫ (t)−(T )

(t)
−1E , (−)d

� M


(
sup

0��T

{
‖c−/ f2 ()‖X

})∫ (t)−(T )

(t)
E ,1 (−)d

=
M


(
sup

0��T

{
‖c−/ f2 ()‖X

})[
E ,1 (−)

](t)−(T )

(t)

=
M


(
sup

0��T

{
‖c−/ f2 ()‖X

})
×
(
E ,1

(− ( (t)− (T ))
)−E ,1

(− ( (t))
))

.

We know that
lim
t→

E ,1
(− ( (t)− (T ))

)
= 0

and
lim
t→

E ,1
(− ( (t))

)
= 0

because
lim

t→−E ,1 (t) = 0,

then
lim
t→

E ,1
(− ( (t)− (T ))

)−E ,1
(− ( (t))

)
= 0.

Since f2 ∈C0,c (X) , therefore

sup
0��T

{
‖c−/ f2 ()‖X

}
< .
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Consequently

lim
t→

I1 (t) = 0.

We have

I2 (t) = ‖c∧(−t)
∫ t

T
 ′ ()R( (t)− ()) f2 ()d‖X

�
∫ t

T
|c|−(t−)/ ′ ()‖R( (t)− ())‖X‖c−/ f2 ()‖Xd .

According to (22) and (23), and consider the change of variable  = (t)− () ,
we obtain

I2 (t) � M
∫ t

T
|c|−(t−)/ ′ () ( (t)− ())−1 E ,

(− ( (t)− ())
)
d

� −M
∫ 0

(t)−(T )
|c|−(t−)/−1E , (−)d .

We note that T �  � t implies that −(t−) � 0. Then, if |c| � 1, we have
|c|−(t−)/ � 1.

According to (21), the above inequality becomes:

I2 (t) � M


∫ 0

(t)−(T )
E ,1 (−)d

=
M


[
E ,1 (−)

]0
(t)−(T )

=
M


(
E ,1 (0)−E ,1

(− ( (t)− (T ))
))

.

As

lim
t→

E ,1
(− ( (t)− (T ))

)
= 0

and

E ,1 (0) = 1

then

I2 (t) � M


.

Hence

lim
t→

I2 (t) = 0.

Hence, u2 ∈C0,c (X) if |c| � 1. Finally, u ∈ APc (X) if |c| � 1.
The proof is complete. �
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In the following result, we need the following assumption:

(H1) h(z) = c∧(−t)h(c∧(t)z) is uniformly continuous for z in any bounded subset of
X uniformly for t � d and h(z) → 0 as t →  uniformly in z .

(H2) f ∈ APc(R+ ×X,X) and there exists a constant Lf > 0 such that:

‖ f (t,x)− f (t,y)‖ � Lf ‖x− y‖, for all t ∈ R+, x,y ∈ X.

(H3) The inequality (2) hold.

Now, we present our first result for the problem (1) which relies on the Banach
fixed point principle.

THEOREM 7. Under the previous assumptions, if we assume that |c| � 1 , (H1)–
(H3) hold. Then there exists a unique ( ,c)-asymptotically periodic mild solution to
equation (1), provided that there is a constant

 :=
Lf M


< 1.

Proof. Consider the operator  : APc(R+×X,X)→ APc(R+×X,X) such that

u(t) :=
∫ t

0
 ′ () ( (t)− ())−2 Q()u0d

+
∫ t

0
 ′ ()R( (t)− ()) f ( ,u())d . (24)

In view of Theorem 4, Proposition 4 and 8, and Lemma 3,  is well-defined.
Let u,v ∈ APc(X) , then

‖u(t)−v(t)‖ac

= ‖
∫ t

0
 ′ ()R( (t)− ())( f ( ,u())− f ( ,v()))d‖ac

= sup
t�0

{
‖|c|−t/

∫ t

0
 ′ ()R( (t)− ())( f ( ,u())− f ( ,v()))d‖ac

}
� sup

t�0

{∫ t

0
|c|−t/ ′ ()‖R( (t)− ())‖X‖ f ( ,u())− f ( ,v())‖Xd

}
� Lf sup

t�0

{∫ t

0
|c|−t/ ′ ()‖R( (t)− ())‖X‖u()− v()‖Xd

}
� Lf sup

t�0

{∫ t

0
|c|−(t−)/ ′ ()‖R( (t)− ())‖X‖c−/ (u()− v())‖Xd

}
� Lf M sup

t�0

{∫ t

0
|c|−(t−)/ ′ ()( (t)− ())−1

×E ,
(− ( (t)− ())

)
d
}
‖u− v‖ac.
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As |c| � 1 and t − � 0, then |c|−(t−)/ � 1. In addition, making the change
of variable  =  (t)− () , we obtain:

‖u(t)−v(t)‖ac � Lf M sup
t�0

{∫ (t)

0
−1E , (−)d

}
‖u− v‖ac.

Using (21), we have

‖u(t)−v(t)‖ac � −Lf M


sup
t�0

{∫ (t)

0
E ,1 (−)d

}
‖u− v‖ac

� Lf M


sup
t�0

[
E ,1 (−)

]0
(t)

‖u− v‖ac

� Lf M


sup
t�0

{
E ,1 (0)−E ,1

(− ( (t))
)}‖u− v‖ac

=
Lf M


sup
t�0

{
1−E ,1

(− ( (t))
)}‖u− v‖ac.

It is clear that
sup
t�0

{
1−E ,1

(− ( (t))
)}

= 1,

setting  = Lf M
 , we get

‖u(t)−v(t)‖ac � ‖u− v‖ac.

When  < 1, we deduce by the Banach contraction principle that  has a unique
fixed point u ∈ APc(X) , solution of equation (1).

Finally, equation (1) has a unique ( ,c)-asymptotically periodicmild solution. �

4. Ulam-Hyers stability

In what follows, we discuss the Ulam-Hyers stability of the solution to the equation
(1).

DEFINITION 11. The equation (1) is Ulam-Hyers stable if there exists a real num-
ber C such that, for each  > 0 and for each solution ũ ∈ APc(X) of inequality:∣∣∣D , ;

0+ ũ(t)−Aũ(t)− f (t, ũ(t))
∣∣∣� , (25)

there exists some u ∈ APc(X) satisfying{
D , ;

0+ u(t) = Au(t)+ f (t,u(t)) , 0 <  < 1, 0 <  < 1; t � 0

I(1−);0+ u(0) = u0,  =  (1−)+
(26)

with ∣∣∣ũ(t)−u(t)
∣∣∣� C, t � 0.
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DEFINITION 12. The equation (1) is generalized Ulam-Hyers stable if there exists
 ∈C (R+,R+) , (0) = 0 such that, for each  > 0 and for each solution ũ∈ APc(X)
of inequality: ∣∣∣D , ;

0+ ũ(t)−Aũ(t)− f (t, ũ(t))
∣∣∣� ,

there exists some u ∈ APc(X) satisfying{
D , ;

0+ u(t) = Au(t)+ f (t,u(t)) , 0 <  < 1, 0 <  < 1; t � 0

I(1−);0+ u(0) = u0,  =  (1−)+

with ∣∣∣ũ(t)−u(t)
∣∣∣�  () , t � 0.

THEOREM 8. Assume that the hypotheses (H2)–(H3) and Theorem 7 hold. Sup-

pose also that C := sup
t�0

{
‖c−t/ ( (t)) ‖X

}
<  . Then the equation (1) is Ulam-

Hyers stable.

Proof. Let  > 0 and let ũ ∈ APc(X) be a solution of the inequaty (25). In view
of Theorem 7, let u ∈ APc(X) be the unique solution of equation (1), we have

u(t) = Fu +
∫ t

0
 ′ ()R( (t)− ()) f ( ,u())d

with

Fu =
∫ t

0
 ′ ()( (t)− ())−2 Q()u0d .

On the one hand, if I(1−)0+ u(0) = I(1−)0+ ũ(0) , then u0 = ũ0 it follows that Fu = Fũ .
Hence

u(t) = Fũ +
∫ t

0
 ′ ()R( (t)− ()) f ( ,u())d .

On the other hand, using (25), we have∣∣∣I ;
0+

(
D ; ;

0+ ũ(t)−Aũ(t)− f (t, ũ(t))
)∣∣∣� I ;

0+ (1).

So ∣∣∣ũ(t)−Fũ−
∫ t

0
 ′ ()R( (t)− ()) f ( , ũ())d

∣∣∣
� 

()

∫ t

0
 ′ ()( (t)− ())−1 d

� 
()

( (t))

� 
( +1)

( (t)) .
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From the above, we have∣∣∣ũ(t)−u(t)
∣∣∣= ∣∣∣ũ(t)−Fũ−

∫ t

0
 ′ ()R( (t)− ()) f ( ,u())d

∣∣∣
=
∣∣∣ũ(t)−Fũ−

∫ t

0
 ′ ()R( (t)− ()) f ( , ũ())d

+
∫ t

0
 ′ ()R( (t)− ()) ( f ( , ũ())− f ( ,u()))d

∣∣∣
�
∣∣∣ũ(t)−Fũ−

∫ t

0
 ′ ()R( (t)− ()) f ( , ũ())d

∣∣∣
+
∣∣∣∫ t

0
 ′ ()R( (t)− ())( f ( , ũ())− f ( ,u()))d

∣∣∣∣∣∣ũ(t)−u(t)
∣∣∣� 

( +1)
( (t))

+
∣∣∣∫ t

0
 ′ ()R( (t)− ())( f ( , ũ())− f ( ,u()))d

∣∣∣
⇒‖ũ−u‖ac

� sup
t�0

{
‖ 
(+1)

c−t/ ( (t)) ‖X

}
+ sup

t�0

{
‖c−t/

∫ t

0
 ′ ()R( (t)− ())( f ( , ũ())− f ( ,u()))d‖X

}
� 

( +1)
sup
t�0

{
‖c−t/ ( (t)) ‖X

}
+Lf sup

t�0

{∫ t

0
|c|−t/ ′ ()‖R( (t)− ())‖X‖ũ()−u()‖Xd

}
� C

( +1)
+Lf M sup

t�0

{∫ t

0
|c|−(t−)/ ′ () ( (t)− ())−1

×E ,
(− ( (t)− ())

)‖c−/ (ũ()−u())‖Xd
}

� C
( +1)

+Lf M sup
t�0

{∫ t

0
 ′ ()( (t)− ())−1

×E ,
(− ( (t)− ())

)
d
}
‖ũ−u‖ac.

We know that

Lf M sup
t�0

{∫ t

0
 ′ () ( (t)− ())−1 E ,

(− ( (t)− ())
)
d
}

=
Lf M


sup
t�0

{
1−E ,1

(− ( (t))
)}
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and, as

sup
t�0

{
1−E ,1

(− ( (t))
)}

= 1

then

‖ũ−u‖ac � C
( +1)

+
Lf M


‖ũ−u‖ac

⇒
(

1− Lf M



)
‖ũ−u‖ac � C

( +1)


⇒‖ũ−u‖ac � C(
1− Lf M



)
( +1)

.

Take

C =
C(

1− Lf M


)
( +1)

it follows that

‖ũ−u‖ac � C.

Finally, equation (1) solution is Ulam-Hyers stable. �

THEOREM 9. Let the conditions of Theorem 8 hold. If there exists  ∈C(R+,R+) ,
(0) = 0 , then the equation (1) has generalized Ulam-Hyers stability.

Proof. In a similar arguments of Theorem 8, with putting  ()=C and (0)=
0, we obtain

‖ũ−u‖ac �  () .

Therefore, equation (1) solution is Ulam-Hyers generalized stable. �

Conclusions

In this paper, we proved the existence and uniqueness of ( ,c)-asymptotically
periodic mild solutions to some  -Hilfer fractional evolution equations of the form:

D , ,
t u(t) = Au(t)+ f (t,u(t)), 0 <  < 1, 0 <  < 1; t � 0

using Banach fixed point theorem. Futhermore, we discuss the stability analysis of the
proposed problem.
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