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ON CAPUTO TEMPERED FRACTIONAL COUPLED
SYSTEMS WITH THREE POINTS BOUNDARY CONDITIONS

HALIMA KADARI, ABDELKRIM SALIM™*, SALIM KRIM
AND MOUFFAK BENCHOHRA

(Communicated by S. K. Ntouyas)

Abstract. In this paper, we investigate the existence, uniqueness, and Ulam stability of solutions
to systems of Caputo-tempered fractional differential equations subject to three-point boundary
conditions. The analysis is grounded in an extended version of Perov’s fixed point theorem and
a Krasnoselskii-type approach. By integrating these methods with techniques involving vector-
valued metrics and matrix sequences that converge to zero, we establish their primary theoretical
results. To further elucidate the findings, illustrative examples are provided in the final section
of the paper.

1. Introduction

Fractional differential equations generalize ordinary differential equations to non-
integer orders, offering a powerful framework for modeling and understanding a wide
range of phenomena in science and engineering, such as electrochemistry, control sys-
tems, porous media, and electromagnetism [4, 7, 8, 10, 37, 39,40, 44]. In recent years,
the study of boundary value problems for fractional differential equations has attracted
significant attention from mathematicians, leading to substantial advancements in the
field [3,5-7].

Tempered fractional calculus has recently emerged as a significant extension of
fractional calculus operators, generalizing various forms and providing analytic ker-
nels that effectively capture the transition between normal and anomalous diffusion.
The concept of tempered fractional derivatives extends beyond the conventional frame-
work of fractional derivatives to accommodate functions characterized by exponen-
tially decaying tails. In the pioneering work by Buschman [13], the initial definitions
of fractional integration involving weak singular and exponential kernels were intro-
duced. Demonstrated to be a valuable tool, this extension holds particular significance
in applications where memory effects are crucial, such as in viscoelastic materials,
nonlocal models in physics, and fractional-order control systems [15,24,25]. The tem-
pered fractional derivative enables a more precise depiction of underlying dynamics,
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encompassing both long-range memory and rapidly decaying behaviors. For a more
comprehensive exploration of this subject, additional insights can be found in refer-
ences [22,23,26,27,35,36].

Ulam-Hyers stability is a concept in functional equation theory, originating from
Ulam’s 1940 question about the conditions for an approximately additive function to be
close to an exact additive function, see [41]. Hyers provided a partial answer in 1941,
proving that if a function approximates an additive condition, there is an exact additive
function close to the approximate one, see [16]. This concept has been extended to
various functional equations and mathematical settings, significantly influencing their
study and applications in various fields. Further elaboration on this topic can be found
in [1,32,33,43].

Coupled systems involving fractional differential equations are of interest in vari-
ous scientific and engineering fields. These systems generally comprise multiple equa-
tions, which can be interconnected through their derivatives or the variables they de-
scribe. For more information, see publications [2, 10—12] and the references therein.
Such systems are used to model fractional-order dynamics in contexts like viscoelastic
materials, biological processes, and complex networks. The Ulam stability of ordinary
and fractional differential equations has recently been studied in [9, 17, 18,29-33].

In [35], the authors investigated the following class of Caputo tempered fractional
differential equation:

{ (§F) 0 =7 (1), (§2F) 1) 1 €7 =[x,
iv(x1) + jy(k2) = §3(m) +p,

where 0 < { <1, w >0, %DE s the Caputo tempered fractional derivative,
[ J xR xR isacontinuous function, k; <1 < Ky < 4o, i, j,0,¢ are real constants.

As a continuation of previous results, in this paper, we study existence, uniqueness
and Ulam stability results for the fractional differential equation involving the Caputo
tempered fractional derivative:

O yi(1) = ity () ;). 1€d:=[0,B],
§OR (1) = ity () (@), 1€d:=[0,B],
01y1(0) +Biy1(b) = niy1(m) + b1,
02y2(0) + Boy2(b) = Yay2(m2) + &2,

ey

where 0< {1, 5 <1, 0,0, >0, fi:JxRxR—R, fori=1,2, {5 i=1,2,
are the Caputo tempered fractional derivatives of order §;, i = 1,2, oy, B, v, &, for
i = 1,2 are positive constants, n; € [0,b] for i =1,2.

We begin by presenting some preliminary results and introducing the concept of
matrices that converge to zero. In Section 3, we provide sufficient conditions for the ex-
istence of solutions to system (1), using an application of the Krasnoselskii fixed point
theorem. In Section 4, we employ a Perov-type fixed point theorem to derive existence
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and uniqueness results. In Section 5, establish the Ulam stability of the system. Both
methods rely on the use of convergent matrices and vector norms. In Section 5, several
examples are provided to illustrate the main results.

2. Preliminaries

In this section, we recall some basic notations, definitions, and lemmas and the
necessary notation needed in the remainder of the paper.

Let C(J,R) be the Banach space of all continuous functions from J to R, with
the norm

Iyllc == sup |y(z)]-

1€[0,0]

Then, C(J,R) x C(J,R) is the generalized Banach space equipped the norm
T
1oy llexe = (Ivilles [Iy2lle)” -

DEFINITION 1. (The Riemann-Liouville tempered fractional integral [22, 34, 38])
Suppose that the function ¥ € C([0,5],R), @ > 0. Then, the Riemann-Liouville tem-
pered fractional integral of order { is defined by

w —wt wt 1 ! 7w(lir)‘P
oS () = e oI (e Y0) = 15 /0 e(t_ﬂl(f)dr, @)

where OI,C denotes the Riemann-Liouville fractional integral [19], defined by

oy
OIE‘I’(t):F(C)/O (t_gzcdr. 3)

Obviously, the tempered fractional integral (2) reduces to the Riemann-Liouville frac-

tional integral (3) if w = 0.

DEFINITION 2. (The Riemann-Liouville tempered fractional derivative [22,34])
Forn—1<{ <n;neN", w>0. The Riemann-Liouville tempered fractional deriva-
tive is defined by

(o —ot ~C (ot e a /t e’ (1)
0; (t)=e "0D; (e (t)) TC(n—C)di" Jo (1 — )il %

where 0@5 denotes the Riemann-Liouville fractional derivative [19], given by

& L ()
DY) = g (077 H0)) = r(n—c)ﬁ/o (it

DEFINITION 3. (The Caputo tempered fractional derivative [22,38]) For n—1 <
{ <n;neN", w>0. The Caputo tempered fractional derivative is defined as

COEOW() = e $DE (W (1)) = - / — L e ar
0~r 0~t T(n—23)Jo (t—T)€*"+1 dt" ’
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where S’D,C “ denotes the Caputo fractional derivative [19], given by

C _ 1 t 1 dn
§o/¥ () = =g /0 e g Y

LEMMA 1. ([22]) Fora constant C,

005 °C=Ce ¥ yDf e, §DFUC=Ce ™ §Df e,

Obviously, O@E@(C) # chtgw (C). And, Elgf’w(C) is no longer equal to zero, being
different from D% (C) = 0.

LEMMA 2. ([22,38]) Let ¥ € C"([0,b],R), @ >0 and n—1< { < n. Then the
Caputo tempered fractional derivative and the Riemann-Liouville tempered fractional
integral have the following composite properties:

tO:l ,

Lo [Coylogn] 'O o (10 [k (e (1))
n It [62f ‘P<z>]—‘v<z>—k§0e o [ o

and
§OF [ Ow ()| =¥ (). for £ e (0,1).

DEFINITION 4. ([14]) Let X be a nonempty set. By a vector-valued metric on X
we mean a map d : X x X — R" with the following properties:

(i) d(u,v) >0 forall u, ve X, and if d(u,v) =0, then u = v;
(ii) d(u,v) =d(v,u) forall u, ve X;
(iii) d(u,v) <d(u,w)+d(w,v) forall u, v, weX.

A set X with a vector-valued metric d is called a generalized metric space. In
this space, the notions of Cauchy sequence, convergence, completeness, and open and
closed sets are similar to those in usual metric spaces. Here, if x,y € R", where x =
(x1,%2,--+,x,) and y = (y1,v2,--,yn), by x <y we mean x; < y; for i =1,2,--- n.
The pair (X,d) is a generalized metric space with

dy (x,y)
d(x’y) =
dy(x,y)

Notice that d is a generalized metric on X if and only if d;, i = 1,2,---,n, are metrics
on X.

Similarly, a vector valued norm on a linear space X is a mapping |- | : X — R%
with ||x|| =0 only for x =0, ||Ax|| = |A||jx]| for x € X and A € R, and ||x+y| <
||lx|| + |ly]| for every x, y € X. Associated to a vector valued norm || - || is a vector
valued metric d(x,y) := ||x — y||, and we say that (X,||-||) is a generalized Banach
space if X is complete with respect to d.

Next, we define what is meant by a matrix that is convergent to zero [28].
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DEFINITION 5. ([14]) A square matrix with real entries is said to be convergent
to zero if and only if its spectral radius p(M) is strictly less than 1. In other words, all
the eigenvalues of M are in the open unit disc |A| < 1 for every A € C with det(M —
AI) =0, where I denotes the identity matrix in ., (R).

The following result gives some characterizations of a matrix that converges to
Zero.

THEOREM 1. ([14]) Let M € Myxn(R.); the following assertions are equiva-
lent:

(a) M is convergent to zero;
(b) M*— 0 as k— oo;
(¢) The matrix (I —M) is nonsingular and

(I-M)"'=T4+M+M>+- M.

(d) The matrix (I —M) is nonsingular and (I — M)~ has nonnegative elements.

Some examples of matrices that are convergent to zero include:

i) A= (ZZ),where a,beR; and a+b< 1;
(i) A= (ZZ),where a,beR; and a+b< 1;

a —a

(iii) A= (b _b>,where a,b,ceRy and l[a—b|<1,a>1,b>0.
Before we state Perov’s fixed point theorem we must define a contractive operator.

DEFINITION 6. ([14]) Let (X,d) be a generalized metric space. An operator
N : X — X is called contractive associated with a generalized metric d on X, if there
exists a convergent to zero matrix M such that

d(T(x),T(y)) < Md(x,y), forall x,y€X.

Next, we give Perov’s fixed point theorem and Krasnoselskii’s fixed point theorem
for a sum of two operators.

THEOREM 2. ([14] (Perov’s fixed point theorem)) Let (X,d) be a complete gen-
eralized metric space and T : X — X be a contractive operator with matrix M. Then
T has a unique fixed point u, and for each ug € X,

d(T*(ug),u) < M*(I—M)~'d(uo, T (1)) where k € N.
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THEOREM 3. (Krasnoselskii’s fixed point theorem [14]) Let (X,||-||) be a gen-
eralized Banach space. Suppose that ¥ and X are two operators X — X such that
(1) ¥ completely continuous operator,
() Z be a continuous and M -contraction operator,

(A) the matrix I — M has the absolute property if

B = {y€X| /l‘{’(y)—l—/lZ(%) —yAe (0,1)},

is bounded.

Then the equation
y=Y+Z0), yeX,

has at least one fixed point.

For our discussion of the existence and uniqueness of the solutions and stability to
our problem, we also need the following concepts and results.

LEMMA 3. Let 0< {1 <1, Ay =0y +PBre P —y1e M £ 0 and hy : J — R is
a continuous functions. Then the problem

ocgf“wlyl = hl(t); red:= [O,b]7 4)

a1y1(0) + Biy1(b) = yiy1(m) + 61, (5)

has a unique solution defined by

n
yi(t) = i + n / 1(m —s)Cl*lefwl(m*S)hl(s)ds
0

AL AT(G)
b
A1£(1C1) /0 (1 —S)CI_le_wl(b_S)hl(s)ds
+ ﬁ /(:(t —5)olem =) (5)ds.

Proof. Applying the Riemann-Liouville tempered fractional integral of order &
to both sides the equation (4), and by using Lemma 2 and if t € J, we get

1

yi(t) —e My (0) = ) /Ot e~ =) (1 — 5)51 7 (s)ds.

From the condition (5), we get

a1y1(0) + B ()’1(0) + ﬁ /Oh(b —S)gle“’l(”“')hl(s)ds>
-1

m
:Ylyl(OH%rp(lgl) /0 (M1 — )5 Lem M= (5)ds + &y.
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Then

n
(on +Bre™ ™ — e M)y 0) = & + =1 /1(771—S)gl_le_wl(m_s)hl(s)ds
(&) Jo

_ Ffél) /ob(b —s5)f 7 lem @ 0= (5)ds.

By dividing, we have

o m
y1(0) = All +A1§€1)/ (m — )5 Le @M=, (s)dsds

B [ a1 o=
+A1F(C1)/O(b 5)°1 Lem =) p, (5)ds.

(6)

Substituting the values of y;(0) in (6), we obtain:

51 n n Si—1 ,—wi(n—s)
yi(t) = A1+A1F(Cl)/ (1 — )5 e hi(s)ds

Br_ [P bt o)
+A1F(C1)/O (t —s5)51 e =) (5)ds
L ga o)
F(Cl)/o(t 5)%1 e hi(s)ds. O

Using Lemma 3, the solution (y;,y2) € C(J,R) x C(J,R) of the system (1) is
given by

yi(t) = éJr z /Onl(nl — )81 et M=9) £, (5,y1(5),¥2(5))ds
(r— )57 e =) £ (5,y1 (s),y2(s) )ds
+% t(t—s)él Lem @10 £y (s,y1(s),y2(s))ds,

and

()= 2 s [ ) e (9,920

b
Azﬁizgz)/o (r—5)27 e 27 £ (5,31 (s), 2 (s) )ds

@ /ot(l —5)27 e 207 £ (5,91 (5), y2(5) )ds.
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3. Existence result

The existence result is based on Krasnoselskii’s fixed point theorem. Let us intro-
duce the following hypotheses:

(Hi) The functions fi, f> : J x R xR — R are continuous and there exist a}, a3, a3,
ay > 0 such that:

‘fl(tuylayz)_fl(tayl’y2)| gCl’lk‘.))l _)71|+a§‘y2_)72|’

and
‘fZ(tuylayz)_fZ(tayl’y2)| ga;‘yl —_)71|+(12Hy2—_)72|,

forany (y1,y2), (y1,y2) €ERxR.

(Hy) Define the square matrix with spectral radius is less than one

o a’le aEY’l
x= a§Y2 aZYz ’

where the entries in ) are defined by

G
1 B nn
Y= — & <1+_> + 1 ,
1 r<cl+1>< AT 1A

and | 4 5
b reeny (l’g (14 aa1) 3 ) |
Also, let
W) = m (ﬁlbcl +Y1nfl> )
and |
Wy = IS eE)] (széfz +an§2> .

THEOREM 4. Assume that (H,), (H,) are satisfied, if the matrix

* *
M— (alzm azwl) 7

a§ (0] aj (0]

converges to 0, then the problem (1) has at least one solution.

Proof. Let
D:C(J,R)xC(J,R) — C(J,R) x C(J,R),

be the operator defined by

D(y1,y2) =¥Y(1,y2) +Z201,y2),  (1,52) € C(J,R) x C(J,R),
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where
ly(ylvy2) = (‘{Il(y17y2)7‘{’2(y1»y2))»
Z(yl7y2) = (Zl(y17y2)722(y17y2))7

101(0)0200) = 7 [ 0=95 e A 531 (0320

201(0)9200) = 7 | 0=95 e o ()32 (0

E1010)32(0)) = 3+ g [ (=) e 531 5) )

b
+ AJL?(IQ) /0 (b—s5) " e 1) £ (s,y1(5), 2 (s))ds,

and

Za010)020) = g+ s [ =) e 15,26

b
+ Azﬁ(zgz) /o (b—s5)2 e 209 13 (5,91(5),v2(5))ds.

In order to show that the conditions of Theorem 3 are satisfied, we will proceed in
several steps.

Step 1: X is a generalized contraction.
Let (y1,y2),(y1,y2) € C(J,R) x C(J,R), using the assumption (H;), we deduce that

210 (0),32() = 2151 (0).520))|
< [ = 1 (0).32(6) = 1551 9) a9 s

‘A1|F(C)/ (b— )7 1e ™| £ (5,y1 (5),y2(5)) — 1(5.51 (5), V2 (s)) | ds

IAl\F (&) / (M =)= i (s,31():32(5)) = f1 (5,31 (5),32(5)) | ds

Bi b - B )
+m/o (b—5)57 (5,01 (5),32(5)) — fi(5.51 (5), 52 (5)) | ds

1
< 7o @l =yille +azlly2 = yalle

X (ﬁl /()b(b—5)€'71d5+)’1 /m(m —S)glds)

a*
<oy (0% ) b
AT+ 1) Bi +7ng lvi —=villc
a

! m(ﬁlb +1nf ) 2 3l
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Thus,
1Z1(v1,52) =21 (V1:32) e < @1 (@] |lyi —yille +a3lly2 — yalle) ®)

where
1

TN G )

(6117‘5l +%nf‘) :

Similarly, we have
a3

1Z2(y1(2),y2(1)) = Z2(y1(2),y2(1))] < [AT(L+1)

(B:6% +1on ) 1 = ille
o (g% ) vz - sl
A2 (& + 1)
Thus,
121 (v1,32) = 211, 32)lle < @2 (a5 ]lyr —yille +aally2 — valle) ©)

where
1

NG+ 1)
From (8) and (9), we obtain

(21()’1,)’2)—21(YE,}§)||C> <M()’1—y:1c)
122 (y1,32) — Z2071,32) |l ly2—2llc /)’

@ (ﬁzbc2 + anzé;z) .

with
* *
M— a,w) a,w; )
a§wQ aij
Since M converge to zero, this implies that X is a contraction operator.

Step 2: ® is completely continuous operator.
The continuity of (fi, f>) implies that the operator ¥ (y1,y2) = (W1 (y1,v2), ¥2(y1,¥2))
is continuous.

We want to show that ¥ maps bounded sets into relatively compact sets, so let
D be a bounded subset of C(J,R). Then there exists ¢ > 0 such that ||y;|¢ < g1 and

[y2llc < g2 forall (yi,y2) € D. Let (y1,y2) € D.
Then for each ¢ € J, we have

W1 (1(1),y2(1))] < F(ICl) /ot(f_s)Cl_le_W‘(t_S”fl (5,71(8),y2(5))|ds
< FET =9 (1 6)32(0) ~ A0.0) s
1 ! _ o lemwlt=s)| £ ( s
+F@OA@ ) |/1(5,0,0)|d
< ﬁ/o (t =) e ™10 (af |y (s)] + a3ly2(s)] + b7 ) ds
bs

< =———(ajq1 +a5q2 + D7),
F(Cl+1)( 141 242 l)
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which implies that

¥ 721)& b
) < “q" +by),
I¥1(v1,y2)lle F(Cl—H)(a q 1)

where a* = max{aj,a}}, ¢* = max{qi,q>} and b} = sup|fi(z,0,0)|.
teJ

Similarly, we have that

b4 721]@2 b
< ~k % *
|| 2(y17y2)||C X F(C2+1)(a q + 2)7

where @* = max{a3,as}, ¢* = max{qi,q>} and b5 = sup|f>(¢,0,0)|.
teJ

Therefore, ¥ maps bounded sets in C(J,R) into bounded sets in C(J,R). More-
over, forany r € J and 11,7, € J with 71 < 75, we have

W1 (y1,2)(%2) = P11, v2) ()]

1 7 ‘ o
< F(Cl)/o (1y —5)51 e ™1 (=) _ (1) — )5 L1 (B9 £ (5,31 (5), y2 (5))|ds
1 © .
v F(co/ (72— 5)5 e @) £y (5,v1(s),2(5)) s
T
T <(72 —S)Cl_le_wl(fz—f) _ (Tl _ S)Cl—le—wl(fl_s)>
< (a*q+0; / )
o 0 (&) s
(m—m)t !
(¢ +1)
Similarly, we have
|‘P2(y1’y2>(f2)—‘I’z(y1,yz)(r1)|
1 gl
s m/o ((72 —s)2 e 2 (1, —S)Cz_le‘wz(ﬁ—f)> | f2(s,y1(5),¥2(5))|ds
! * Ci—1 ,—wa(12—s)
+@/r (2 —s)" e f2(s,y1(5),¥2(s))|ds
1
7} o (m - s)clileiwzwzis) — (7 —S)élfle*wz(‘rrx)
< (@"q+b5 / .
e (&)
(m—m)>!
r(&L+1) |

which is not dependent on the pair (y;,y>) and the quantity (7;,7,) — 0 which ensures
that W(D) is equicontinuous. So, W¥(D) is relatively compact on C(J,R).
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Step 3. To show that the set
% ={(31,32) € CUR) x CUR): A¥(1.32) + A2 (2. 2) A e (0,1)}

is bounded, let (y;,y2) € 4. Then,

00 = g [ =) I (5,26

b
Alr[?(ICl) /0 (1 =) e =) £ (5,31 (s),y2(s) )ds

and
yalt) = fi*Aﬁcz) / (12— )2 e 2029 £ (5,3, (5), v (5)) s
b [ =9 e s ()2 (9)ds
57 ) =95 o (9.2,
So,
0| < o+ e (bﬁ( +§—1|)+%111Cl>(aﬂ|>’1C+a§||>’2c+bik),
and

L&) TG+l

This implies

52 1 B2 Yz”lpm * * *
2 (1)) < + ) (bcz (1 +M + \Alz\ (a3ly1llc +ailly2llc +b3) -

S
[yillc < —F(Cl1) + Y107 +ar Y|y llc +axYi|[yillc,

and

& .
[y2llc < 3] +b3Y2 4+ a3 X2 ||y1|lc 4+ as X2 ||y1]lc.

Thus, we have

S
—— 4+ Y10}
(1_a>;n a0y )<Y1||C>< re)
@Yy 1-ailo) \Ialle) ~| &y,
(&) ?
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Therefore,
01
—— + bt
balle) S| &
(&) :

Since y is matrix converge then I — x is invertible (I — x)~! has a positive elements,
we have

Oy
(I21e) <0 rg)
Iyallc) S 5 r

(@)

Thus, by the Theorem 3, there exists at least one fixed point of @ which in turn is a
solution of problem (1). O

4. Uniqueness result

In this section, we study the uniqueness result for the problem (1). The result is
based on Perov’s fixed point theorem.

THEOREM 5. Ifthe assumptions (Hy)—(H,) and (7) are satisfied, then system (1)
has a unique solution (y},y3).

Proof. Forany (y1,y2),(y1,¥2) € C(J,R) x C(J,R), we obtain:
@1 (y1,2) (1) = @1 (y1,32) (1)]
1

m /Ot(t — S)Cl_le_wl(t—s) ‘fl (S,YI (s),yz(s)) - fi (S,y_l (5),y5(5))|ds
B

b
+ m/o (b—5)5 e | £ (5,91 (5),v2(5)) — f1 (5,51 (5),¥2(s)) |ds

_n M _ )b ,mwi(m—s) B _ _
+|A1|F(C1)/O (M=) e "M £y (5,51(5),y2(5)) — f1(5,52(5),¥2(5)) |ds
1 g
< (aT||y1—y_chJraEHyz—y_zllc)m/o (1 — )5 \ds

+ (aillyr =yille + aally2 = y2llc)

b 1
ul B Yl”llCl B
< m (b <1+A_|)+ |A1‘ ) Hyl_yl”c

* §1

) ﬁl) Vi ~
bt (P51 )+ —
mg+n< ( A1l mu)W2y2C

<Yy (@illyr —ville +azlly2 = y2lle)
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_¥ & ﬂ %nlcl
NG ( (i) g )

@1 (y1,y2) = P1(V1,¥2) |le < Y1 (Arlyr —=yille +Azlly2 = Palle) - (1D)

Similarly, one can find that

where

Thus,

| P2(y1,y2) — P2 (y1,32) le < Y2 (As]lyr —yillc+ Adlly2 — y2llc) s (12)
where
1 g B> Yz”lng
o= ——— [ b2 1+ 15 ) + 252
27T ) ( |Az> 1A,

Thus it follows from (11) and (12), that

(”q)l(}’la}Q)_q)l(y_lay_Z)”C)< (Hﬂ-ﬁc)
[@2(y1,y2) — P2(y1,32) e ly2—y2llc)’

= A Yy AzYl)
A3Yp AgYo )
By (7), @ is a contraction operator. As a consequence of Perov’s fixed point

theorem (Theorem 2), we deduce that @ has a unique fixed point (y},y;) which is the
unique solution of the problem (1) on [0,5]. O

where

5. Ulam stability result
Now, we consider the stability result of our system.

DEFINITION 7. ([42]) Let (X,d) be a metric space and let @1, @ : X xX — X
be two operators. Then the operational equations system

- ¢ 9 9
yi=®1(y1,y2) (13)
y2 =Dy (y1,y2),

is said to be Ulam-Hyers stable if there exist ¢y, c2,c3,c4 > 0 such that for each €;,& >
0 and each pair (y},y5) € X x X
[y = ®1(v1,32)llc < e,
[¥2 = ®2(v1,32) e < &2,

and there exists a solution (yj,y3) € X x X of (13) such that

I = ville < cre1 + 282,
v = y2lle < c3€1 + 2.
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THEOREM 6. If the requirements of Theorem 5 are satisfied, then system (1) is
Ulam-Hyers stable.

Proof. Let (yi,y3) € C(J,R) x C(J,R) is a solution of following system:

SOy (1) = filt,yi(0),y3(0),  1€J:=[0,b],
SOy (1) = folt,yi(0),y5(0),  1€J:=[0,b],
ayi(0) + Biyi(b) = niyi(m

2y5(0) + Bay5(b) = vay5 (M2

(14)

with o,u € C(J,R) x C(J,R) two functions depend upon y;,y, two functions such
that

lo(t)| <& and |u(r)| <& for telJ.
Then, in view of Lemma 3, the solution of (14) is given by
Yi(r) = @1(v7,33) (1) + g Jot — 5)1 e =) 6 (s5)ds

+A1F o) (’}/1 fO (Th _S)Cl_le_wl(m_s)O'(S)dS—f—ﬁl fé’(l _S)Cl—le—wl(b—s)c(s)ds> 7

Y3(1) = D2 (v}, 33) (1) + gy o 1 = )27 e 2o (s)ds

+ ity (R =98l o (s)ds+ By [0 - )% e u(5)ds).
15)

From the first equation of the system (15), we have
* K% 1 ! Gi—1 ,—w(t—s)
yi(#) = P11, v2) ()] < m/o (t—s)"""e jo(s)|ds

1 m
- G- —o ()
+mmgxn4<m 58 1e |6 (s)|ds
b
B [ (=)Ao (s)las)
0

1 B ying'
<ng+n<b<Lﬂm>+m|)

HyT_q)l(yT7y§)||C<Y1£17 (16)

where Y| defined in first part of proof.
Similarly, by the second equation of the system (15), we have

From which, we have

[y5 = @1(y],¥3)llc < Yago, (17)
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where Y, defined in first part of proof.
Using (16), (17), (11) and (12), we obtain

<yik—y1||c> _ <||y1 q’l(yl,yz)c)
[¥5 = y2llc ly3 = @2(y1,y2)llc
< (HyT @ (y 1»y2)c) + <||<I>1(y’[*7y§*)—<I>1(y17y2)||c>
||y2 q)2(y1»y2)HC ||(I)2(y1,y2)—q)2(y17y2||c

€l A3 —y1||c>
< + .
) (82) * <y; —yalle
Since x is matrix converge then I — y is invertible (I — x)~! has a positive ele-
ments, we immediately obtain

<yl _ylc) < (1_1)7187

12 =2l

cic .
! 2) , then we obtain
C3 C4

where € = (?) . If we denote (1 — )~ ! = (
2
Ivi =yille < cie1 + e,
[¥2 = y2llc < c3e1 +ca6r.
Then, the system (1) is Ulam-Hyers stable. [

6. Some examples
In this section we give two examples illustrate usefulness of our main results.

EXAMPLE 1. We consider the following system of Caputo tempered fractional
differential boundary values problem:

§OFN(0) = iy (P () +220)), 1€7=D0,1)
¢ 010 +2(0) red=[0,1],

)

y(t) = (e +e 1) (1+y1(t) +y2(1))) (18)

BN
w

CoF

1 1
y1(0) +y1(1) = y1<2> 3
2 1
¥2(0) +y2(1) = yz() R
hereC—lc—l(x—(x—ﬁ—ﬁ— =1 =1 and —l —%
w 21—21, 2= = r=pP1r=Ph=n=n= 771—2,772—3’
6225,5221.]_46':

1 2
fl(t7yl7y2) = €(t+2) (t +tyl(t)+y2(t))7
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and
e (yy (1) +y2(1))
e+e ) (L+yi(1) +x00))

Forany (y1,y2), (¥1,52) ERxRand 1 € [0,1].

fz(t;)’l;)’Z) = (

|f1(taylay2)_fl(t7.)71?.)72>| <eiz(bll_.)7l|_|_|y2_.)72|)7

and
12t y1,52) = Loty 521 < (Ivi = yil + 2= yal)-

Hence the condition (H) is verified with a} = a5 = ¢~ and a5 =a} = 1.
For this example @ = 1.9263 and @, = 0.6465. Then we have

4 (0230702307
~ \0.6443 0.6443 ) -

Since ¢ > 1 and by the shown examples in the preliminary section, we deduce that the
matrix M converge to zero.

Since all conditions of Theorem 4 are satisfied, our problem (18) has at least a
solution.

EXAMPLE 2. Consider the following system of Caputo tempered fractional dif-
ferential Boundary values problem:

2 .4 2 F
it o @l st 2 VT
0~t yl() ‘yl(l)“"l X (10t+9)2 +SIHY2( )+ 5 + 3 ) c [ vn]a
2 tsiny; (1) 1ly2(1)]
Coily (1) = J1 te:=10
097 ¥2(1) 15(5+32) ' 100(1 + [y2(1)])’ [0, ],
T V2
y1(0) + 5)’1(”) =y (2) + BB
T 5 T
y2(0)+32(m) = T32(3) + 5
(19)
where oq:ﬁz:l,[ﬁ:)@:g,)q:oq:n,f:JszeRisdeﬁnedby
ly1 (1) sin*(7) . 2 7
it y,y2) = ()1 X (10" +9)2 +Sln>’2(1)+§+7,
o inya (1) (1)
tsiny (¢ tlya (t
fl(t7y17y2): l 72

15(54312) 1001+ [y2(2)])
It easy to find that

o 1 _ 1 _
A1) =i 51,591 < gz (=51l b= 521
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and
T

T
ta ) - t7_ 7_ < ( -y -y )a
|f2(t,y1,2) = falt, 51, 75)] 15( ) lyi =il + 100|y2 V2

5+ 3m2

1
forall + € J and (y1,y2),(y1,¥>). Hence the condition (H,) is verified with a} = 102"
&= T gt = T R
207 B 15(5+3m2) 100"
For this example Y| = 11.0964 and Y, = 5.2041, and the matrix

*
and a; =

_{0.1109 0.4794
~10.07320.1583 )’

which has two the eigenvalues |4;| = 0.0549 and A, = 0.3249.
Simple computations show that all conditions of Theorem 5 and Theorem 6 are
satisfied, then system (19) has a unique solution (y},y3;) and is Hyers-Ulam-stable.

7. Conclusion

In this paper, we have made a substantial contribution to the study of certain classes
of fractional differential systems involving the Caputo tempered fractional derivative.
We have investigate qualitative and quantitative results such as the existence, unique-
ness, and Ulam stability of solutions to Caputo-tempered fractional systems subject to
three-point boundary conditions. The methodologies utilized are primarily grounded in
an extended version of Perov’s fixed point theorem and a Krasnoselskii-type approach
combined with some techniques involving vector-valued metrics and matrix sequences
that converge to zero. We have chosen to include illustrative examples demonstrating
that the requirements of the theorems are indeed met. We intentionally reserve the ap-
plication aspect for future papers, as it does not align with the primary focus of this
study. We hope for this study to serve as a cornerstone such future endeavors. In fu-
ture research, we aim to explore additional classes of fractional differential systems
and inclusions, including problems with retarded (delayed) and advanced arguments,
as well as impulsive problems, focusing on both instantaneous and non-instantaneous
impulses.
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