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A NEW APPLICATION OF CONVEX SEQUENCES

HUSEYIN BOR

Abstract. In this paper, an application of convex sequences dealing with | C, o | summability has
been generalized to the | C,a,f ;0 |, summability. Some new results have also been obtained.

1. Introduction

B and

Let Y a, be a given infinite series with partial sums (s,). We denote by u,
1%P the n-th Cesaro means of order (a,B). with a+ B > —1, of the sequence (s,)

and (na,), respectively, i.e., (see [3])
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where
AP — 0Py, AYP =1 ana A"IP =0 for n>o. 3)

The series Y.a, is said to be summable |C, o, B |, k > 1, if (see [5])
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The series Y, a, is said to be summable |C,c,3 ;0 |,, k> 1 and 0 > 0, if (see
(2D
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If we take § =0, then | C, ¢, ;0 |, summability reduces to | C,o, 3 |, summabil-
ity. Also, if we take B =0, then we get | C,a;6 |, summability (see [7]). Further-
more, if we take B =0 and 6 =0, then | C, ., ;0 |, summability reducesto | C, ot |,
summability (see [6]). It should be noted that obviously the (C,c,0) mean is the
same as the (C,a) mean. A sequence (A,) is said to be convex if A’A, > 0, where
A Xy = ANy — Adyiy.

In [8], Pati has proved the following theorem dealing with |C,a | summability
factors.
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THEOREM A. If (A,) is a convex sequence such that the series ¥ n~'2, is con-
vergent and the sequence (6%) defined by

6}’?:|t}’?‘7 o=1 (6)
o __ o
en_lrgvaén\tv , O<oa<l1 (7)
satisfies the condition
6, =0(1)(C,1), (8)

then the series Y anAy is summable | C,a | for 0 < o < 1.

2. The main result
The aim of this paper is to generalize Theorem A to the | C, o, 3 ;8 |, summabil-
ity. We shall prove the following theorem.

THEOREM. If (A,) is a convex sequence such that the series ¥ n~'4, is conver-
gent and the sequence (6, B ) defined by

OXP =[P, a=1 B>-1 )
0%P = max [t%P|, 0<a<1, B>-1 (10)
1<v<n
satisfies the condition
026P) = o()(c.1), (11)

then the series Y. anAy is summable |C,o., ;6 |, 0<o <1, B>—-1,k>1,6>0
and oo+ B — 6 > 0. It should be noted that if we take 6 =0, B =0 and k=1, then we
get Theorem A.

We need the following lemmas for the proof of our theorem.

LEMMA 1. ([4]) If (A,) is a convex sequence such that the series Yn='A, is
convergent, then

nAA, — 0

=

Z (}’l + I)Azln

n=1
is convergent.

LEMMA 2. ([1D) If0< o<1, B>—1and 1 <v<n,then

v m
| E()A,?:;Agap < max | ZOA,%? bay|. (12)
P= P=
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3. Proof of the theorem

Let (T, P ) be the nth (C, o, ) mean of the sequence (na,A,). Then, by (2), we
have that

| O
T;;x’ﬁ = W ‘;A;ZX_VIAE Vavlv.
First applying Abel’s transformation and then using Lemma 2, we have that

TP — +ﬁ EA)L ZA,? “3ABpa, + a+ﬁ ZA JAPya,,

| TP | <

AOH'ﬁ z'l Akl 2A§,pA€pap | + oc+/3 | ZAa Aﬁ"av ‘
n V= =

n—1
< o XAVATONP [ AL |+ A | 670 =T, L3P+ TP, say.
n v=1

To complete the proof of the theorem, by Minkowski’s inequality, it is sufficient to show
that

DI Tn‘?‘,’ﬁ K<oo,  for r=1,2.
n=1

Whenever k > 1, we can apply Holder’s inequality with indices k and k', where % +
% =1, we get that
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in view of the hypotheses of the theorem and Lemma 1.
Similarly, we have that

" (n® Pk

M=
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> % 6P [ = o(1)
n=1 1
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n=1 v=1
m—1 m—1 z/ i1
=0(1) Y AL +0(1) Y 2=+ 0(1)An
n=1 n:l’l+—l
nl zfn-&-l
=0(1)(A1—2Am)+0(1) Y +0(1)A,
S+l

=0(1) as m— oo,

This completes the proof of the theorem. If we take = 0, then we get a new result for
| C, ;6 |, summability factors. Also, if we take 8 =0 and § =0, then we get a result
for | C, o |, summability.
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