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ON THE QUASI MONOTONE AND GENERALIZED POWER
INCREASING SEQUENCES AND THEIR NEW APPLICATIONS

HUSEYIN BOR

Abstract. In this paper, we prove a general theorem dealing with | C,a,y,B;0 |, summability
factors by using a general class of power increasing sequences instead of an almost increasing
sequence. This theorem also includes several known and new results.

1. Introduction

A sequence (Bj,) is said to be 8 -quasi-monotone, if B, — 0, B, > 0 ultimately
and AB, > —9,, where AB, =B, — B, and 8 = (§,) is a sequence of positive
numbers (see [2]). A positive sequence (b,) is said to be almost increasing if there
exists a positive increasing sequence (c¢,) and two positive constants M and N such
that Mc, < b, < Nc¢, (see [1]. A positive sequence X = (X,,) is said to be a quasi-f-
power increasing sequence, if there exists a constant K = K(X, f) such that Kf, X, >
X forall n > m > 1, where f = (f,) = {nT(logn)*, Kk >0, 0<n <1} (see
[11]). If we take k=0, then we get a quasi-n -power increasing sequence. It is also
known that every almost increasing sequence is a quasi- 1 -power increasing sequence
for any nonnegative 1, but the converse is not true for 1 > 0 (see [10]). Let Y a, be
a given infinite series. We denote by 7. P the nth Cesaro mean of order (o, B), with
o+ B > —1, of the sequence (nay,), that is (see [6])

%P — Mﬁ ZAO‘ 'ABya,, (1)

where
AP =0 ), AT =1 and A%P=0 for wz0.

The series Y ay, is said to be summable |C, o, y,;0 |, k=1, 0 >0 and 7y is a real
number, if (see [4])
2 n’)/(O'k-‘rk—l)—k | trllLﬁ ‘k< oo, (3)
n=1
If we take y=1 and 0 =0, then | C,,7, ;0 |, summability reduces to | C, o, 3 |,
summability (see [7]). If we take B = 0, then we have | C, @, ¥;0 |, summability (see
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[12]). Also if we take y=1, B =0 and o =0, then we get | C, ot |, summability (see
[8]). Furthermore if we take y =1 and B = 0, then we get | C, ;0 |, summability
(see [9]). In [5], Bor and Ozarslan have proved the following theorem dealing with
|C,a,y,B;0 |, summability factors.

THEOREM A. Let (X,) be an almost increasing sequence such that | AX, |=
O(%) and let A, — 0 as n— . Suppose that there exists a sequence of num-
bers (By) such that it is O -quasi-monotone with ¥ nX,8, < o, > B,X, is convergent

and | ALy, |<| By | for all n. If the sequence (Of’ﬁ) defined by

tV(lX.p7 azl,ﬁ>—l
6,7 = 4)
maxi<y<n t\?.p s O<a<1,ﬁ>—l
satisfies the condition
nH IO = O(X) s m—en 5)
n=1

then the series Y ayAy is summable | C, o, Y, 3;0
—y(ok+k—1>1 and y is a real number.

pk=1,0<0o<a<l, (a+p+1)k

2. The main result

The aim of this paper is to extend Theorem A by using a quasi-f-power increasing
sequence instead of an almost increasing sequence.
Now we shall prove the following general theorem.

THEOREM. Let (X,) be a quasi-f-power increasing sequence and let A, — 0
as n — oo. Suppose that there exists a sequence of numbers (B,) such that it is § -
quasi-monotone with AB, < 0,, Y.nX,0, < e, Y B,X, is convergent and | AL, |<
| B, | for all n. If the condition (5) is satisfied, then the series Y ayA, is summable
|C.a,7. B0 |4, k21, 0<o<oa<l, (a+B+1)k—y(ck+k—1)>1and yisa
real number.

We need the following lemmas for the proof of our theorem.

LEMMA 1. 3] If O< o<1, B>—1and 1 <v<n,then
24 m
| E()A,?:;Agap < max | ZOA,%? bay|. (6)
p= p=

LEMMA 2. Under the conditions regarding (A,) and (X, ) of the theorem, we
have

[ 2, | X, =0(1) as n— oo, (7
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Proof. Since A, —0 as n— oo, we have that
|2 | X =X | 2 AM <X Y, | AL IS X X0 | AL [ D X0| By | < oo
v=n v=n v=n v=1

This completes the proof of Lemma 2. [

LEMMA 3. Let (X,) be a quasi-f-power increasing sequence. If (By) is a 8-
quasi-monotone sequence with AB, < 8, and Yn8,X, < oo, then

=

Y nX, | AB, |< o, 8)
n=1
nB,X, =0(1) as n— eo. 9)

Proof. Since (X,,) is a positive sequence and |AB,| < §,, we have that

= oo

D VX |AB,| < Y vX, 6, < oo

v=1 v=1
Also, since (n"(logn)*X,) is non-decreasing and B, — 0, we have that

nX,B, = n'""(logn) *n" (logn)*X,| ¥ AB,|

v=n

< n'(logn) *n" (logn)*X, Y, |AB, |

v=n

“M(logn)~ Zv” (logv)*X,|AB, |

v=n

N
DM
<

=1 (logv) %y (logv)* X, |AB, |

<
1l
=

Il
Ms

XIABI— o(1).

<
||

This completes the proof of Lemma 3. [J

3. Proof of the theorem

Let (T;) P ) be the nth (C, o, ) mean of the sequence (na,A,). Then, by (1), we
have

T“ﬁ = — ZAO‘ 1Aﬁva,,)L
An
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Applying Abel’s transformation first and then using Lemma 1, we have that

x{ n
— 1 n —1
T*P = Mﬁ ZM ZAO‘ 2AP pa, + 2oP Z,lAff,vAgvaw
=

728 | < Mﬁzmxvuzﬂ safpay | 40| S Al ava, |
An v=1 p= n v=1
1 n—1
< Jar EAS‘AEef‘vﬁ\A/lV\JrMn\efvﬁ
—T"‘ﬁ+T°"3.

To complete the proof of the theorem, by Minkowski’s inequality, it is sufficient to show
that

)

Y nrlokt=l ok Tn‘f‘;ﬁ k<o,  for r=1,2.

n=1

Whenever k > 1, we can apply Holder’s inequality with indices k and k', where % +
% =1, we get that

m+1 k1) —k aB ik m+1 k1) —k 1 n—1 ‘

Zzny(cwr—)— |T k< Zzny(cwr—)— | a+ﬁ ZAS‘AE@;’“’WLV\

n= n= —
m+1 1

— k. Bk
_0(1)242 (o+B+1)k—y(ck+k—1) {Zva b |B | 90:[3)}

k—1
n—1
X {2 | B, }
v=1

m m+-1 1
_ ) Bk
- O(I)VZIIV ’ ‘ B, ‘ (0‘? ) n:gjrl nloa+B+Dk—y(ok+k—1)
UL © dx
_ +B)k Bk
- 0(1);‘}(& ) ‘BV ‘ (e‘f‘ ) /v x(o+B+Dk—y(ck+k—1)
_ 0(1) 2 v | B, | vy(okJrkfl)fk(e‘fx,ﬁ)k
v=1
m—1
= 0(1)' S AW [ B, ) 3 pHoH 1K (gh)
v=1 p=1

_|_0( )m|Bm ‘ Zvy (ok+k—1)— (eaﬁ)
v=1
m—1
= 0(1) X, [A(W [ By )| Xy +O(1)m | By | X

v=1
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m—1
0(1) X | (v+1)A|By | = | By [| Xy +O(1)m| By | Xon
v=1

m—1 m—1
0(1) Y, v|AB, | X,+0(1) ¥ | By X,
v=1 v=1
+O(1)m| By |Xn =0(1) as m— oo,

in view of hypotheses of the theorem and Lemma 3. Similarly, we have that

i pV(Oktk—1)—k | Tntgﬁ |k =0(1) i Mn|ny(ok+k71)fk(9r§x,ﬁ)k

n=1 n=1

m—1 n
=0(1) X, A|A) X, v D=4 (6P )k
n=1 v=1

FO(1) [A| 3, vk QB

v=1
m—1
=0(1) Y |Akn| X+ O(1) | A | Xin
n=1
m—1

=0(1) Y | Bu| Xu+O(1) | Am| Xon
n=1
=0(1) as m— oo,

by virtue of hypotheses of the theorem and Lemma 2. This completes the proof of
the theorem. If we take B =0 and y = 1, then we get a new result for |C,a;0 |,
summability. Also, if we take y =1, then we have a new result for | C,a,f3;0 |,.
Furthermore, if we take y=1, § =0, a =1 and o = 0, then we obtain a result for
| C,1 |, summability factors. If we take (X,) as an almost increasing sequence such
that | AX, |= O(Z2), then we get Theorem A, in this case condition *AB, < §,” is not
needed. Finally, if take (X,) as a quasi- 1 -power increasing sequence, then we have a
new result.
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