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SOME PROPERTIES AND INEQUALITIES FOR
h-GEOMETRICALLY CONVEX FUNCTIONS

B0O ZHANG, BO-YAN X1 AND FENG QI

Abstract. In the paper, the definition of i-geometrically convex functions is introduced, some
properties of h-geometrically convex functions are studied, and several integral inequality for
the newly defined functions are established.

1. Introduction

Throughout this paper, we use the following notations:
R= (_°°7°°)a Ro = [O7°°)a and R+ = (0’00)
We first recite some definitions of various convex functions.

DEFINITION 1.1. A function f: I C R — R is said to be convex if

Jflx+ (1 =1)y) <tf(x)+(1=1)f(y) (1.1)
holds for all x,y € I and ¢ € [0, 1].
DEFINITION 1.2. A function f:1 CR; — R, issaid to be geometrically convex
if
FEYT) <@ (1.2)
holds for all x,y € I and ¢ € [0, 1].

DEFINITION 1.3. ([14, Definition 1.9]) A function f: 1 C Ry — R, is said to
be s-geometrically convex if

FEYT) <F@F ) (1.3)
for some s € (0, 1], where x,y € [ and 7 € [0,1].
DEFINITION 1.4. ([6, Definition 4]) Let I,J C R beintervals, (0,1) CJ, h:J —

R be a non-negative function, and & # 0. A function f : I — Ry is called h-convex,
or say, f belongs to the class SX(h,I), if f is non-negative and

flex+(1=1)y) <h(t) f(x) +h(1—1)f(y) (1.4)
forall x,y €I and t € [0,1].
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DEFINITION 1.5. ([6, Section 3]) Let & be a function defined on an interval J C
R. It is said to be super-multiplicative on J if

h(xy) = h(x)h(y) (1.5)

is valid for all x,y € J. If the inequality (1.5) reverses, then f is said to be a sub-
multiplicative function on J.

For more information on notions of various convex functions and their Hermite-
Hadamard type inequalities, please refer to recently published articles [1, 2, 3, 4, 5, 7,
8,9, 10,11, 12,13, 15] and closely related references therein.

In this paper, we will introduce a new notion “A-geometrically convex function”,
study some basic properties of this kind of functions, and establish several inequalities
of the newly introduced functions.

2. A new notion

We now introduce a new notion “%-geometrically convex function” as follows.

DEFINITION 2.1. Let &:[0,1] - Ry and 2 # 0. A function f: I C Ry — R, is
called h-geometrically convex, or say, f belongs to the class HGX(h,1), if

FEYT) SO L) 2.1

for all x,y €I and ¢ € [0,1]. If the inequality (2.1) is reversed, then f is called h-
geometrically concave and denoted by f € HGV(h,1).

REMARK 2.1. Itis clear that

1. when A(z) =¢* on [0,1], the h-geometrically convex functions become the s-
geometrically convex functions;

2. when h(t) =t on [0,1], the h-geometrically convex functions become the geo-
metrically convex functions.

REMARK 2.2. Itis easy to show that the inequality (2.1) is equivalent to
In f (/MUY < h(e)In f (™) + (1 —1) Inf () (2.2)

forall x,y € I and 7 € [0,1].

REMARK 2.3. The above Definition 2.1 was also independently introduced in the
preprint [4, Definition 9].
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3. Properties

We now discuss some properties of the s-geometrically convex functions.

THEOREM 3.1. Let h:[0,1] = Rg and f:1 CR4 — [1,e). Then f € HGX(h,I)
if and only if In f(e*) € SX(h,InI), where InI = {Inx: x € I}.

Proof. This follows from the inequality (2.2). [

THEOREM 3.2. Let h:[0,1] — Ry and f:1C R, — R,. Then f € HGX(h,I)
if and only if % € HGV(h,I).

Proof. If f € HGX(h,I), we have

FEY) U@

for x,y € I and € [0,1], so

@Y = o)) 0

forall x,y € I and ¢ € [0,1], namely, lf € HGV(h,I).
Similarly, if % € HGV(h,I), then f € HGX(h,I). Theorem 3.2 is proved. [

THEOREM 3.3. Let h:[0,1] =Ry, f:ICRy - Ry, and ¢ :JCR —o@(J)CI.

1. If f € HGX(h,I) is an increasing (or decreasing respectively) function on I
and @ is geometrically convex (or concave respectively) function on J, then
foee HGX(h,J).

2. If f € HGV(h,I) is an increasing (or decreasing respectively) function on I
and @ is geometrically convex (or concave respectively) function on J, then
foe e HGV(h,J).

Proof. We only prove the case that f € HGX(k,1) is an decreasing function on 1
and ¢ is a geometrically concave function on J.

Since ¢ is a geometrically concave function on J, for all x,y € J and 7 € [0,1],
we have

Py ) = ()] ()] .
Since f is an decreasing and /& -geometrically convex function on 7, we have

Floy' ) < flo@)]) [ ™) < [F (@) (o))"~

for all x,y €J and r € [0,1], and then fo¢@ € HGX(h,J). Theorem 3.3 is thus
proved. [
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THEOREM 3.4. Let h;: [0,1] = R fori=1,2 and f: 1 CRy =R, . If
1. either hy(t) = hy(t) fort €[0,1], f: 1 CRy — (0,1], and f € HGX (ha,1),
2. or hp(t) < hy(t) fort €[0,1], f: I CRy —[1,0), and f € HGX(hy,I),
then f € HGX(hy,I).

Proof. This is an easy consequence of Definition 2.1. [

COROLLARY 3.1. Let hj: [0,1] = Ry fori=1,2,...,nand f: 1 C Ry — Ry.
If
1. either h(t) = min{h;(t),1 <i<n} fort €[0,1] and f: I TRy — (0,1],
2. or h(r) =max{h;(t),l <i<n} fort€[0,1] and f:1 CRy — [1,00),
then f € HGX(h,I).

Proof. This follows from utilizing Theorem 3.4 and induction. [

THEOREM 3.5. Let h:[0,1] — Ry and f € HGX(h,I).
L Ifh(t)+h(1—1t) > 1 for t € [0,1], then f(x) =1 for x€l;
2. Ifh(t)+h(1 —1) < 1 for t €[0,1], then f(x) <1 for x 1.

Proof. Since f € HGX(h,I), we have

FO) = fET) S [FEPO[FO) = [ OO,
which can be rearranged as
[f(x)}h(t)+h(1—t)—l > 1.

By the property of the exponential function, Theorem 3.5 follows. [

4. Inequalities
THEOREM 4.1. Let h:[0,1] — Ry and f € HGX(h,I) such that 1 € 1. If
1. either h is a sub-multiplicative function on [0,1] and f: 1 — (0,1],
2. or h is a super-multiplicative function on [0,1] and f:1— [1,00),
then, for all o, >0 and x,y € I, with oo+ =y < 1, we have
f(xayﬁ) < [FOTH O£ )]BI (1)) =01 +hBA=1)/7), 4.1)
Specially, if f(1) =1, then
FEP) < LML) P 4.2)
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Proof. If h:[0,1] — Ry is a sub-multiplicative function and f : 1 — (0,1], let
A= %, then

FE0P) = FAYIT) < [P B[

AU @O OP ) Oy
< [FOAD [ )= (1) HAN+R(A=2)(1=7)
[f(x)}h(a)[f(y)}h(ﬁ)[f(l)}h(a(l )/7)+h(B( /7

for x,y € I. Specially, if (1) =1, we can obtain the inequality (4.2) easily. The proof
of Theorem 4.1 is complete. [

THEOREM 4.2. Let h:[0,1] — Ry, f € HGX(h,I), and A; >0 with ¥ A =1.
If

1. either h is a sub-multiplicative function on [0,1] and f:1— (0,1],
2. or h is a super-multiplicative function on [0,1] and f: 1 — [1,00),

then, forall x; € I and i =1,2,...,n, we have
n 2’ n i }L
ST ) < TG, (4.3)
i=1 i=1

Proof. When n =2, from Definition 2.1, we have

FOMN2) < TF (o)) [f ()1 32)

for x1,x; € I. So the inequality (4.3) holds for n =2.
Suppose that the inequality (4.3) holds for n =k, i.e.,

k k
f(]j[le’) < H[f(x )]H3)

forx; €l and i=1,2,... k. By this hypothesis, it follows that, when n = k+ 1, putting
=31 A gives

)-(o)- o))

k . h(Ag) X
< [f ()12 | £ Hxl."/A" = [ Gt 1)) T o) ).

i=1 =1

Since 4 is a sub-multiplicative function on [0,1] and f: 1 — (0,1], or & is a super-
multiplicative function on [0,1] and f: I — [1,c0), we have

kt1 k k1
(Hx ) F(xs1)] A1) H h(Ai/ Ag)h(Ag) <H (x;)] h(2;)

i=1
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for x; €I and i =1,2,...,n. Equivalently speaking, when n = k+ 1, the inequal-
ity (4.3) holds. By induction, the proof of Theorem 4.2 is complete. [

THEOREM 4.3. Let h:[0,1] = Rg and f:1 CRy — Ry satisfying f € HGX(hy,
[a,b]) and f € L(|a,b]), where a,b € I with 0 < a <b. If
1. either h(t) >t for t € [0,1] and f: [a,b] — (0,1],

2. or h(r) <t fort €(0,1] and f:[a,b] — [1,0),

then
1 b
e [T <@, 1) @4
and
1 b
[ 0 dx < Liaf (), br ), @)
where L(u,v) is the logarithmic mean defined by
u—v
L(u,v) = { Inu—1Inv’ U v; (4.6)
u, u=mw

Proof. Let x =a'~"b' for 0 <t < 1. Using the h-geometric convexity of f on
[a,b], either utilizing h(z) >t for t € [0,1] and f:1 C Ry — (0,1], or employing
h(r) <t forte€[0,1] and f:1 CR; — [l,e0), we obtain

lnbilna /ah fE:C) dx = /Olf(alfzbt) dr < /Ol[f(a)]h(p;) [f(b)]h(t)dt
1
< [ U@ @) dr = Lis(a).£(0))

and

1
< [ W Uf@)] ) dr = Liaf (@) b ().
The proof of Theorem 4.3 is complete. [

COROLLARY 4.1. Under conditions of Theorem 4.3, if h(t) =t, then

b X
Inb i lna/a fi ) dx < L(f(a),f(b)) 4.7)

and

1 b
W/ f(0)dx < Laf(a),bf (b)) 4.8)
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THEOREM 4.4. Let h;: [0,1] =R for i=1,2 and f,g:1 CR — R satisfying
f € HGX(hy,|a,b]), g € HGX(hy,[a,b)), and fg € L(|a,b]), where a,b € I with 0 <

a<b.If
1. either min{hy(t),ha(t)} >t fort €[0,1] and f,g: [a,b] — (0,1],
2. or max{h;(t),hy(t)} <t fort €[0,1] and f.g: [a,b] — [1,e0),

then

bf(x
e [T an < artagta). r0)g0)
and
1 b
i, 100800 dx < Liaf(@s(a).bf b)3(0).
where L(u,v) is defined as in (4.6).

COROLLARY 4.2. Under conditions of Theorem 4.4, if h(t) =t, then

b f(x
ot [T ar < L@t r0)g(0)

and

1 b
Bz?ﬁ;éf@kwﬂx<LWﬂ@d@¢ﬂwaw>
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