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POLYNOMIAL PROBLEMS OF THE CASAS-ALVERO TYPE

S. YAKUBOVICH

Abstract. We establish necessary and sufficient conditions for an arbitrary polynomial of degree
n, especially with only real roots, to be trivial, i.e. to have the form a(x —5b)". To do this, we
derive new properties of polynomials and their roots. In particular, it concerns new bounds and
genetic sum representations of the Abel-Goncharov interpolation polynomials. Moreover, we
prove the Sz.-Nagy type identities, the Laguerre and Obreshkov-Chebotarev type inequalities for
roots of polynomials and their derivatives. As applications these results are associated with the
known problem, conjectured by Casas-Alvero in 2001, which says, that any complex univariate
polynomial, having a common root with each of its non-constant derivative must be a power of
a linear polynomial. We investigate particular cases of the problem, when the conjecture holds
true or, possibly, is false.

1. Introduction and preliminary results

It is well known from elementary calculus that an arbitrary polynomial f with
complex coefficients (complex polynomial) of degree n € N

f2)=ao +ard" ' +.. . +ap_1z+an, ag#0, (1)

having a root A € C of multiplicity u, 1 < u < n, shares it with each of its derivatives
up to order p — 1, but f(®)(1) 0. When A is a unique root of f, it has the form
f(z) =a(z—A)", u =n and A is the same root of each derivative of f up to order
n— 1. We will call such a polynomial a trivial polynomial. Obviously, as it follows from
the fundamental theorem of algebra, f has at least two distinct roots, i.e. a polynomial
of degree n is non-trivial, if and only if its maximum multiplicity of roots » does not
exceed n—1.

In 2001 Casas-Alvero [1] conjectured that an arbitrary polynomial f degree n > 1
with complex coefficients is of the form f(z) = a(z—b)",a,b € C, if and only if f
shares a root with each of its derivatives f11), f2) . fr=1)

We will call a possible non-trivial polynomial, which has a common root with each
of its non-constant derivatives a CA-polynomial. The conjecture says that there exist
no CA-polynomials. The problem is still open. However, it is proved for small degrees,
for infinitely many degrees, for instance, for all powers n, when # is a prime (see in [2],
[31, [4] ). We observe that such a kind of CA-polynomial of degree n > 2 cannot have
all distinct roots since at least one root is common with its first derivative. Therefore it
has a multiplicity at least 2 and a maximum of possible distinct rootsis n— 1.
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Our main goal here is to derive necessary and sufficient conditions for an arbitrary
polynomial (1) to be trivial. For example, solving a simple differential equation of the
first order, we easily prove that a polynomial is trivial, if and only if it is divisible by its
first derivative. In the sequel we establish other criteria, which will guarantee that an
arbitrary polynomial has a unique joint root.

Without loss of generality one can assume in the sequel that f is a monic polyno-
mial of degree n,i.e. ap =1 in (1). Generally, it has k distinct roots A; of multiplicities
ri, j=1,...,k, 1 <k < n such that

rHtrn+...+r=n (2)

By r we will denote the maximum of multiplicities (2), r = max;<j<(rj), ro =
min;¢j<(r;) and by éém), v =1,...,n—m the zeros of the m-th derivative /") m=
1,...,n— 1. For further needs we specify zeros of the n — 1 st and n — 2nd derivatives,
denoting them by ’g'l("*l) =z,—1 and 52("72)
other zero of the n — 2-nd derivative, which is equal to 51("72) =22,-1—2Zn—2. When
7eros z—1, Zn—2 are real we write, correspondingly, x,_1, x,—>. The value z,_; is
called the centroid. It is a center of gravity of roots and by Gauss-Lucas theorem it is
contained in the convex hull of all non-constant polynomial derivatives (see details in
[5D.

The paper is structured as follows: In Section 2 we study properties of the Abel-
Goncharov interpolation polynomials, including integral and series representations and
upper bounds. Section 3 deals with the Sz.-Nagy type identities and Obreshkov-Che-
botarev type inequalities for roots of polynomials and their derivatives. As applications
new criteria are found for an arbitrary polynomial with only real roots to be trivial.
Section 4 is devoted to the Laguerre type inequalities for polynomials with only real
roots to localize their zeros. The final Section 5 contains applications of these results
towards solution of the Casas-Alvero conjecture and its particular cases.

= 7,2, respectively. It is easy to find an-

2. Abel-Goncharov polynomials, their upper bounds and integral and genetic
sum’s representations

We begin, choosing a sequence of complex numbers (repeated terms are permitted)
205215225+ - Zn—1,n €N, where zo € {41, A2, ..., Ak}, 7m € {él(m), fz(m), . ,é,ET,)n}7 m=
1,2,...,n— 1, satisfying conditions f(’”)(zm) =0, m=0,1,..., n—1 and, clearly
f)(z) = n!. Then we represent f(z) in the form

f2)=7"+P_1(2), (3)

where P,_1(z) is a polynomial of degree at most n— 1. To determine P,_1(z) we
differentiate the latter equality m times, and we calculate the corresponding derivatives
in z;,, to obtain

P(m)l(zm):_i'zn_m» m=0,1,....,n—1. 4)
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But this is the known Abel-Goncharov interpolation problem (see [6]) and the polyno-
mial P,_;(z) can be uniquely determined via the linear system (4) of n equations with
n unknowns and triangular matrix with non-zero determinant. So, following [0], we

derive
n—1

Poi(z) = — z

k=0

n! n—k
(n—k)!zk Gk(Z), (5)

where Gy(z),k =0,1,...,n—1 is the system of the Abel-Goncharov polynomials [6],
[71, [8]. On the other hand it is known that

n—1 !
P (n—k)!

7 Gi(2).

Thus comparing with (3), we find that

Gn(Z) = Gn (Z,ZO,Zl7Z27~~~,Zn71) :f(Z),

and
Gn (Aj,ZO,Zl,Zz,---,Zn—l) Zf(lj) ZO, j= 1,2,...,k.

Plainly, one can relate possible CA-polynomials with the corresponding Abel-Goncharov
polynomials, fixing a sequence {z, }¢ ' such that

z,ne{kl,kL...,?Lk}, m=0,1,..., n—1.

Further, It is known [6] that the Abel-Goncharov polynomial can be represented
as a multiple integral in the complex plane

< 51 Sn—1
Gn(z)zn!/ / / dsy,...ds. (6)
20 Jz1 -1

Moreover, making simple changes of variables in (6), it can be verified that G,(z) is a
homogeneous function of degree n (cf. [7]). Therefore

Gu(0z) = G, (0z, 020,021, -, 0Zp—1) = " Gy(z), a#0. (7)
The following Goncharov upper bound holds for G, (see [9], [6], [7], [11])
n—2 n
1Gu(2)| < | lz— 20l + X, |zsr1 =zl | - (8)
s=0
Let us represent the Abel-Goncharov polynomials G,(z) in a different way. To do this,

we will use the following representation of the Gauss hypergeometric function given
by relation (2.2.6.1) in [12], namely

/b(z —a)* ' (b—2)P Y (z+)dz

—b
= (b—a)*PYa+c)"B(a,B)s2Fy <a7—y;a+ﬁ;z+c) , (9
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where o, 3,7 are positive integers, a,b,c € C and B(c, 3) is the Euler beta-function.
So, our goal will be a representation of the Abel-Goncharov polynomials in terms of
the so-called genetic sums considered, for instance, in [10]. Moreover, this will lead us
to a sharper upper bound for these polynomials, improving the Goncharov bound (8).
Indeed, Gi(z) =z—z0. When n > 2, we use the multiple integral representation (6),
and appealing to the representation (9), we obtain recursively

Z 81 Sp—2
Gn(z)zn!/ / / (Su—1—2zn—1)dsy—1...ds;
20 721 Zn—2

Sn=3 Zn—2 — Sn—-2
—}’l' Zn 2—Zn—1 / / / Sn 2—Zn— 2)2F1 (l —1; 2, —— dsn,z...dsl
20 J21 Zn— Zn—2 — Zn—1

1 Sn—3
=n! Z ( ) (2 —zu—1)'" “// / (Sn_n2—2zn2)Tds, 5 ...dsy.
20 /21 Zn—

J1=0
Hence, employing properties of the Pochhammer symbol and repeating this process,
we find

1 _ 1 Jl
Gu(z) =n! ), (2= mr) 2 / / / (Sn—2 —zn—2) ds,_s...ds|
j 20 721 n-3

1=0 (

X

=n! Z Z (2n—2 = 2n— 1)1_j1(zn,3—zn72)1+j1—jz
A A @R =i a— )

z s Sn—d ,
1+
x// / (Sn—3 —zn—3) "2ds,_3...dsy.
20 721 Zn—4

Continuing to calculate iterated integrals with the use of (9), we arrive finally at the
following genetic sum representation of the Abel-Goncharov polynomials (jo = j, =
0,z.1=2)

1 1+j1 IHjp2 n—1

pend ¥

|
A=0j=0  ju-1=0 s=0 Js+1)!

I+ Jjs—Js+1

(10)

Analogously, we derive the genetic sum representation for the m-th derivative Gﬁ,m) (2),
namely (jo =0)

G\m (z) =n! i El e _(Z — g) Tntom I (7 s — Zag ) TR T
n - . . . . .
J1=0j2=0 Jn—1-m=0 (1 +‘]n717m)! s=0 (l +‘]S_']S+1)!
(11)

where m=0,1,...,n—1.
Meanwhile, the Taylor expansions of G (z) in the neighborhood of points z,
give the formulas

G(m)( )= n! ( g Gi(ﬂn_l)(Zm) (z— )n—m—l+ +G(1+m)( )z —2m)
n \Z)= " Z—Zm 7(n_m_l)!Z m n Im)\Z—7m),

(12)
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where m = O, I,...,n—1. Thus comparing coefficients in front of (z —z,)*, s =
l,....n—m—11in (1 1) and (12), we find the values of derivatives G(Hm)( ) in terms
of Zm,Zm+1,---,2n—1. Precisely, we obtain ( jo =0)
143 ; _
(S+1n 1 1+ +in—3-m (Zm_zm+l)2+1,,,2,m s
Gy Zm =n! Z 2 ; N
J1=0j2=0 Jn727m:0 (24 jn—2-m —3)!
_ I+ji—=Jji+1
% H Zn 2—1 1771,'1) , (13)
(1+ji = jie1)!

where s =1,2,....n—m, m=0,1,....n—1.
Finally, in this section, we will establish a sharper upper bound for the Abel-
Goncharov polynomials. We have

THEOREM 1. Let 7,20,21,22,---,2n—1 € C, n > 1. The following upper bound
holds for the Abel-Goncharov polynomials

‘Gn (Z7ZO7Zla127"'aZn—l)‘

1 2—kgy n—1—ko—ki—...—k,_3 n
<Y Y. Y ( - ) .
~
ko=0k, =0 ky_2=0 k()!kl!...kn,ﬂ (n—ko—lq — ... nfz)!

n—1
< [T lzn-2-s — 214, (14)
s=0

where z_| =z and

n! n! It /
(zozzlz...zmz> Sy ot Aim=n

are multinomial coefficients. This bound is sharper than the Goncharov upper bound

(8).

Proof. In fact, making simple substitutions ks = 1+ js — jo+1, s=0,1,...,n—
1, jo = j» = 0 and writing identity (10) for the Abel-Goncharov polynomials (6), we
estimate their absolute value, coming out immediately with inequality (14). Further-
more, appealing to the multinomial theorem, we estimate the right-hand side of (14) in
the following way

1 2—kgy n—1—ko—ki—...—k,_3 n!
DU 2 kolkr!. . ks (n— ko — ki — ... —kya)! )
ko—0k =0 Ky 2=0 0Kl ... Kp—p 0 1= e n—2)"

n—1
X H |Zn727.\' - anlf.\"k'Y
s=0

<

l()'l] )H|Z}’1 2—s — Zn—1— S‘

lo+l +.. 4+l —1=n <
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n—1 n
= z |Zm71 _Zm‘ s
m=0

where the summation now is taken over all combinations of nonnegative integer indices
lp through [, such that the sum of all /; is n. Thus it yields (8) and completes the
proof.

3. Sz.-Nagy type identities for roots of polynomials and their derivatives

In this section we prove Sz.-Nagy type identities [5] for zeros of monic polyno-
mials with complex coefficients and their derivatives. All notations of roots and their
multiplicities given in Section 1 are involved.

We begin with

LEMMA 1. Let f be a monic polynomial of degree n > 2 with complex coef-
ficients, m = 0,1,...,n—2 and z € C. Then the following Sz.-Nagy type identities,
which relate the roots of [ and its m-th derivative, hold

1 k 1 n—m (m)
anl—Z—;Z,lrj(/lj—Z)—m;(éj -2), (15)

k
(zn-1—Zn2)* = n(nl_ 0 [2 ri(j—2)* —n(zn —2)2]
=1

- (n—m)(nl—m— 1) [nf@;m) —Z)z—(n—m)(znl—Z)Q] , (16)
j=1
(tn1— 2n—2)* = ml Z krjrs(/lj—/ls)2
<J<s<
= 1 > ey, (17)

(n o m)z(n —m- 1) 1< j<s<n—m

Proof. In fact, the first Viéte formula (see [5]) says that the coefficient a; (a9 =1)
in (1) is equal to

—ay =nM+nrni+...+rA.
On the other hand, differentiating (1) n— 1 times, we find z,,_; = —ay /n. Thus in view
of (2) we prove the first identity in (15). The second identity can be done similarly, using
that a centroid is differentiation invariant, see, for instance, [5]. In order to establish the
first identity in (16), we call formula (11) to find
f" @) n(n—1)
= —Zn2)(z 0 —2Z0-1)- 18
n=2)! 5 (@ @2zt a2~ 220-1) (18)

Moreover, as a consequence of the second Viéte formula, the coefficient a; in (1),
which equals

@) n(n-1)
(n—2)! 2

ay = Z4nn—1)z, 1z (19)
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can be expressed as follows

1[& P )
azzz Erlﬁ’/ —521"]&]. (20)
J=1 Jj=1
Hence letting z = 7, in (18), and taking into account (15) with z =0, we deduce

k
2ay =n’z2 | — Y rjlf =2n(n— 1)z, 1202 —n(n—1)z2_,.
J=1
Therefore, using again (15) and (2), we easily come up with the first identity in (16).
The second one can be proven in the same manner, involving roots of derivatives. Fi-
nally, we prove the first identity in (17). Concerning the second identity, see Lemma
6.1.5 in [5]. Indeed, calling the first identity in (16), letting z = z,—; and employing
(15), we derive

k k 2 k k
n(n—=1)(zn1—zn2)> =n . rjdi + (2 rs%) - (Z rs%) ( rj%)
s=1 s=1 j=1

J=1

k k
2 2492 2
=ny ridi — erkj =2 Y rirdds= Y, rirAj—A)*. O
j=1 s=1 1< j<s<k 1< j<s<k
The following result gives an identity, which is associated with zeros of a monic
polynomial and common zeros of its derivatives. Precisely, we have

LEMMA 2. Let f be a monic polynomial of exact degree n > 2, having k distinct
roots of multiplicities (2). Let z,_1 = A be a common root of f of multiplicity ry with
the unique root of its n — 1 st derivative. Let also z,, = én(r,nzn = A, be a common root
of f of multiplicity ry, and its m-th derivative, m € {1,2,...,n—2}. Then, involving

other roots of ™) the following identity holds

n—m—1

Z (zm — és(m))z +

s=1

n—m—2 ry, +ri—n
(n—m)? nn—1)

e Y -t

1<s<t<n—m—1

(n—m)

(n—m)zrkm —(n=r)(n—m+2)

_ _ 2
= l’l(l’l — 1) (Zm anl)
2 m m
I IV IED W CYRS S [ R (21)
n(n )j;éhkm I<s<t<n—m—1

Proof. We begin, appealing to (15) and letting z = 0. We get

S EM = (n—m)z, EM =1z (22)
s=1
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Hence via identities (17) with z = z,, we write the chain of equalities

Y e gy _n<n_1>_ Ton (& = 2-1)°

2
> ri(Aj—z)’

n(n—1) J# Uk
—1)(n—m)?
(n n:l(nl_)(l) ) ko (Zm — Zn—1)°
n—m—1 n—m—1 2
n(n—1) i1k i\l \21 i (SS )
n—m— 2
: n(nl—)(l) : T (= Zn1)
Lo m—1 72 n-m—1 . :
n(n—1) /;élk it = 2m) +,;£krj Z’l (i =)
+2 2 rJ 3 (A A é\ ]
Alhn  s=1
n—m—1)(n—m)?
- n(nl—)(l) ) Vo2 =21’
ot ew-m -1 3 -
n—m—1 n—m—1
+ Z rf( Z () — éf ) Ty Z (Aj_zm)(zm_és(m))]
J#Lkm s=1 j;él km s=1
—1)(n—m)?
- ";ml_)(l) o =21
r;(_nni_l)l l(Z(n—m)—l)' " rJ()L _Zm)2

7&
n—m—1 2
+ Y w( Y (%—éﬁ’”)) —2<n—m>(n—r1>(zm—zn1>2]

SR YH—

+(n—m—1)Bn—m)—2)(z4_1—202)*
1

2

(n=—m—1)(n—r) "~ (m)
+ l’l(l’l—l) \:21 (anl_ S )2
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2 Y Y (- ET) - g,

n(n—1) JA Lk  1<s<t<n—m—1

Applying again (17), (22), we split the right-hand side of the latter identity in (17) in two
parts, selecting the root z,,. Thus in the same manner after straightforward calculations
it becomes

n—m—2 g, —|—r1—n nn-l n—m-—2 (m) _ ¢(m)\2
24— = & =&
(}’l - m)2 }’l - 1 \:21 (I’l - m)2 1<s<t§:7m71( ' )
CemPry——r)-m+2),
o n(n —1) (zn—=21-1)
oo X X e,
;ﬁl km  1<s<t<n—m—1

completing the proof of Lemma 2. [J

REMARK 1. It is easy to verify identity (21) for the least case m =n —2, when
the double sums are empty and 51("_2) = 22,1 — Zp—2 (see above).

COROLLARY 1. A polynomial with only real roots of degree n > 2 is trivial, if
and only if its n — 2nd derivative has a double root.

Proof. Indeed, necessity is obvious. To prove sufficiency we see that since the
n—2nd derivative has a double real root x,_», it is equal to the root x,_; of the n — 1 st
derivative. Therefore letting in (16) z = x,,_, we find that its left-hand side becomes
zero and, correspondingly, all squares in the right-hand side are zeros. This gives the
conclusion that all roots are equal to x,_;. [

COROLLARY 2. Let f be an arbitrary polynomial of degree n > 3 with at least
two distinct roots, whose n— 2nd derivative has a double root. Then it contains at least
one complex root.

Proof. In fact, if all roots are real it is trivial via Corollary 1. [J

Evidently, each derivative up to fU~1) of a polynomial f with only real roots,
where r is the maximal multiplicity, shares a root with f. Moreover, owing to the Rolle
theorem all roots of f' (m), m=rr+1,...,n—1 are simple, we have that a possible
common root with f is simple too (we note, that a number of common roots does not
exceed k— 2, because minimal and maximal roots cannot be zeros of f (’”), m>=r).
This circumstance gives an immediate

COROLLARY 3. There exists no non-trivial polynomial with only real roots, hav-
ing two distinct zeros and sharing a root with at least one of its derivatives, whose order
exceeds r— 1, r = max; < j<(r;).
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Proof. Indeed, in the case of existence of such a polynomial, these two distinct
roots cannot be within zeros of any derivative "), m > r owing to the Rolle theorem.
Moreover, if any of the two roots are in common with roots of f("), its multiplicity is
greater than r, which is impossible.

We extend Corollary 3 to three distinct real roots. Precisely, it leads to

COROLLARY 4. There exists no non-trivial polynomial [ of degree n > 3 with
only real roots, having three distinct zeros and sharing a root with its n— 2nd and
n — 1st derivatives.

Proof. Assume such a polynomial exists and let’s denote its roots A = x,,_1, Ay =
X,_2 and A3 of multiplicities ry, rp, r3, respectively. Hence employing identities (16),
we write for this case

(n2 —n—ry)(x—1 —xn,2)2 =ri(As —xn,l)z.

In the meantime, squaring both sides of the first identity in (15) for this case after simple
modifications , we obtain

r%(xn,l —)cn,z)2 = r%(?tg —xn,l)z.
Hence, comparing with the previous equality, we come out with the relation
(n2 —n—nr)r= r%.
Butn=ri+rn+rs, rj>1,j=1,2,3. Consequently,
r% >nn—1)—r>(n— 1)2—r2 > (r1—|—r2)2—r2 > r%+r2—|—r% > r%,

which is impossible. [

REMARK 2. If we omit the condition for f to have a common root with the n —
2nd derivative in Corollary 4, it becomes false. In fact, this circumstance can be shown
by the counterexample f(x) = x> —x.

The following result deals with the case of 4 distinct roots. We have,

COROLLARY 5. There exists no non-trivial polynomial [ of degree n > 4 with
only real roots, having four distinct zeros and sharing a root with its n — 2nd and
n — 1st derivatives.

Proof. Similarly to the previous corollary, we assume the existence of such a poly-
nomial and call its roots A; = x,_1, A2 = x,—» and A3, A4 of multiplicities r;, j =
1,2,3,4, respectively. Hence the first identity in (16) yields

(n2 —n— rz)(x,,_l — xn_2)2 =r (13 — xn_1)2 + V4(l4 — xn_l)z. (23)
Meanwhile, using the first identity in (15) for this case, we derive in a similar manner

r%(xn—l —xn—2)2 = r%(% —xn—1)2 + VZ(M —xn—1)2 +2r3r4(A3 — Xp—1) (A4 — Xp—1)-
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Thus, after straightforward calculations, we come out with the quadratic equation

A2 +By+C=0

in the variable y = (A3 —x,_1)/(As — x,_1) with coefficients A = r3r3 — r3(n* —n —
1), B==2r3r4(n®> —n—ry), C=rqr3 —r3(n> —n—ry). But, it is easy to verify that

—4AC > 0. Therefore the quadratic equation has two distinct real roots. Writing
Az —xy—1 = y(A4 — x,,—1) and substituting into (23), we obtain

(n2 —n—ry) (-1 —)cn,z)2 = (rgy2 +r4)(Aa —xn,l)z.
At the same time, since y # 0, we have A4 —x, 1 =y (A3 —x,_1) and

y2(n2 —n— r2)(xn71 _xn72)2 = (r3y2 +r4)(7L3 _xn71)2~

Hence,
n2
M=x,_1% 7|xn 1 — Xn— 2‘
r3y2 41y
2
n-—mn—nrn
=X £ 5 -1 —Xn2l.
r3yc 414
Consequently,

n2—n—r2
a—g= |2 - "
b L | +, — 2| (1+[y])
n? — a 1
- — 5 X + — X _
r3y +rq | el Ane 2‘ ‘y‘ r3y +}" ‘ Xn—1 n— 2| ‘y‘ )

which is possible only in the case x, | = x,_2, A3 = A4. Thus we get a contradiction
with Corollary 1 and complete the proof. [
In the same manner we prove

COROLLARY 6. There exists no non-trivial polynomial [ of degree n > 5 with
only real roots, having five distinct zeros and sharing roots with its n —2nd and n — 1 st
derivatives.

Proof. Assuming its existence, it has the roots A; =x,, 1, A =x, 2, A3 =2x,_1—
Xn—2, A4 and As of multiplicities r;, j = 1,2,3,4,5, respectively. Hence

(n2 —n—r— r3)(xn_1 —xn_2)2 = r4(7L4 —xn_1)2—|—r5(7t5 —xn_l)z.

Therefore using similar ideas as in the proof of Corollary 5, we come out again to the
contradiction. [J
For an arbitrary number of distinct zeros we establish the following
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COROLLARY 7. There exists no non-trivial polynomial f of degree n with only
real roots, having k > 2 distinct zeros of multiplicities (2) rj, j=1,...,k and among
them all roots of ' for some m, satisfying the relations

r<m<l<1_l)(n—l), (24)

2 ro

where r, ry are maximum and minimum multiplicities of roots of f.

Proof. In fact, as a consequence of (16) we have the identity

oD 5 = S G —n? (25)
nn—-1) A j=1

for some m, satisfying condition (24). Hence, since m > r, it has n —m < k— 2 and

é;m) = Am;, mj € {1,...,k}, j=1,...,n—m are simple roots of fU  Thus we find

"zr: Tm; (n = rzzr(zn—_lr)n —-y (Ao = Xn-1)?
pe

But, owing to condition (24)

.(n—m)(n—m—l)
i nn—1)

(n—m)(n—m-—1)

—127’0

Indeed, we have from the latter inequality

< 1 n2—n n 1
m<n—=— —
2 ro 4
and, in turn,
1 nf—n 1 2(1—ry M (n? —n)
"o i
70 2n—1+ /42 —n)ry' +1
(I—rgH(m?—n) 1 1
>— > —(1—— —1).
m—1 72 o) =D
Therefore A; = x,—1, j = 1,...,k and this contradicts to the fact that all roots are
distinct. [

Finally, in this section, we will employ identities (17) to prove an analog of the
Obreshkov- Chebotarev theorem for multiple roots (see [5], Theorem 6.4.3), involving
estimates for smallest and largest of distances between consecutive zeros of polynomi-
als and their derivatives. Namely, it has
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THEOREM 2. Let f be a polynomial of degree n > 2 with only real zeros. De-
note the largest and the smallest of the distances between consecutive zeros of f by A
and 8, respectively. Denoting the corresponding quantities associated with ™, m =
1,2,...,n—2 by A and §m), the following inequalities hold

2 _
5 < ’® \/ k1 (26)

n\l (n—m+1)(n—1)
2_
5 ok il BEERPINCS (27)
n (n—m+1)(n—1)
rok k-1 rk k-1
A~ < —1 7 An— g ~ ) 28
o0 \[ 3=y S P mm SAST 3T (28)

where 1y, r are minimum and maximum multiplicities of roots of f, respectively, and
k > 2 is a number of distinct roots.

Proof. Following similar ideas as in the proof of Theorem 6.4.3 in [5], we assume
distinct roots of f in the increasing order and roots of its m-th derivative in the non-
decreasing order, and taking the second identity in (17), we deduce

(m))2 2
(n_mg(z(n]_m_ l) 2 (S_j)z < % 2 (s_j)2'

1< j<s<n—m n 1< j<s<k

Hence, in view of the value of the sum

> (s—1)= L,

1<j<s<q 12
after simple manipulations we arrive at the inequality (26). In the same manner (cf. [5])

we establish inequalities (27), (28), employing Sz.-Nagy type identities (17). [

4. Laguerre type inequalities

In 1880 Laguerre proved his famous theorem for polynomials with only real roots,
which provides their localization with upper and lower bounds (see details in [5]). Pre-
cisely, we have the following Laguerre inequalities

Xpo1—(n—=1) X1 —xp2| <wj <xy1 4+ (= 1) 1 — x40, j=1,...,n,

where w; are roots of the polynomial f of degree n and x,_1, x,_» are roots of
F0=1 fn=2) "respectively. First we prove an analog of the Laguerre inequalities for
multiple roots.
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LEMMA 3. Let f be a polynomial with only real roots of degree n € N, hav-

ing k distinct roots Aj, j =1, ...,k of multiplicities (2) and x,—1, X,—2 be roots of
F=D - fn=2) " pespectively. Then the following Laguerre type inequalities hold

n—rj)(n—m-—1
Xp—1— \/( il ) |Xn—1 —Xp—2| <A

rj—m

n—rj)n—m—1
<xn1+\/( i) ot —x0al, (29)

rj—m
Wherej:l,“.’k, m:0717...,l"j_1.

Proof. In fact, appealing to the Sz.-Nagy type identities (15), (16) and the Cauchy
-Schwarz inequality, we find

(Xn—1 —Xn—2)? = (n— m)(r: Ep— lnz?(és(’n) —A)? = (n—m) (%1 — A;)*

s=1

2
1 l n—m (m) ' B - - |
>@—mWFWF4)n—q<§xé ‘%0 (= m)(x-1 = 4,)°

rj —m 2
= 1A =0,1,...,r;— 1
) 1) A = 0L L
which yields (29). O
As a corollary we improve the Laguerre inequality (28) for multiple roots.

COROLLARY 8. Let f be a polynomial with only real roots of degree n € N. Then
the multiple zero A; of multiplicity r; > 1, j=1,...,k lies in the interval

lxnl —4/ (:l—J - 1) (n=1) a1 —xn—2],  Xn—1 4/ (% - 1) (n—1)]xu—1 —xnzl :
(30)

(n—r;)(n—m—1)

Proof. Indeed, the fraction attains its minimum value, letting m =0

I’j—ﬂ’l
in (29). O
REMARK 3. When all roots are simple, the latter interval coincides with the one
generated by (28).
A localization of roots of the m-th derivative f M m=0,1,....n—2 is given by

LEMMA 4. Roots of the m-th derivative f(m), m=0,1,...,n—2 satisfy the fol-
lowing Laguerre type inequalities

Yot — (n=m— 1) g — x| <EM <ty +(n—m—1) g —x,0], (31)
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where v=1,...,n—m.

Proof. Similarly to the proof of Lemma 3, we employ the Sz.-Nagy type identities
(15), (16) and the Cauchy -Schwarz inequality to deduce

n—m)(n—m fort

(ot =502 = s [”2”’(55’“’ R CEDCAE

—m 2
1 1 (Z & —éé"”)) () (a1 — EY?

T (n—-m)n—-m—1) [n—m—1 =

1
= g (- 8) =02

Thus we come up with (31) and complete the proof. [
When the root x,,_; = A; be in common with f of multiplicity r;, we have

LEMMA 5. Let f be a polynomial with only real roots of degree n > 2 and x, | =
A1 be a common zero with f of multiplicity r\, having k > 2 distinct roots A; of
multiplicities rj,j = 1,...,k. Then the following Laguerre type inequalities hold

1 1
Xn—1— \/<— - ) (n% = n) X1 — X2 <Ay <X
rs n—r
/(= : (n* —n)| (32)
- = ne—n)|X,—1 —Xp—2|,
rs n—ri ! 2

Proof. In the same manner we involve the first Sz.-Nagy type identity in (15) with
7z = Ay, which can be written in the form

where s=2,... k.

(n—r1)(xp—1 — erl —A)

Hence squaring both sides of the latter equality and appealing to the Cauchy -Schwarz
inequality, we derive by virtue of (16)

2
(n—r1)?(x0_1— A (er Aj—As )

(n—r1— Er,l —A)?

=(n—r —ry) [(n2 — 1) (X1 — Xp—2)* + (n—r1) (X1 — ls)z] )
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Thus after simple calculations we easily arrive at (32). [

REMARK 4. Inequalities (27) are sharper than the corresponding relations, gener-
ated by interval (30).

The following result gives a Laguerre type localization for common roots of a
possible CA-polynomial with only real roots and its m-th derivative.

LEMMA 6. Let [ be a CA-polynomial of degree n > 2 with only real distinct
zeros of multiplicities (2), including common roots x,—1 = A1 of its n— 1st derivative
and Xy, of its m-th derivative, m = r,r+1,...,n—2, where r = maxj<x(r;). Then
the following Laguerre type inequality holds

n—ry—rg,
W (n2 —rt+m—r)(n—m)(n—m-— 2)) (Xp—1 —Xp—2)> = (Xp—1 —xm)>,
(33)
where x,_o is a root of f("’z) and ry,, is the multiplicity of x,, as a root of f.

Proof. Appealing again to Sz.-Nagy type identities (15), (16) with z = x,, in-
equality (31) and the Cauchy-Schwarz inequality, we find

)

1
(xn—1 —xn_2)2 - n(i

ri(Aj—xm)® = (n—r1) (Xp—1 —xm)2]

. 2
(2 ri(4; —xm)> —(n—r)(n—m—1)(x,_1 — x4_2)

- nn—1) [n—r —rj, s

- n—nr n—r
~n(n—1) [n—rl — 7
Hence, making straightforward calculations, we derive (33), completing the proof of
Lemma6. [
Let us denote by d, d (m), D,D(m) the following values

(Xp—1 —xm)? — (n—m—1)*(x,_ —xn_z)z] .

d = miny< j<x|Aj — Xu—1], dm = minlgjg,,,mﬁ}m) — Xn—1], (34)
D= max |2 = x|, D™= max & —xn1l, (35)
and by
span(f) =A% — A,
where

AT = 1‘2?2;{@1')’ A = min < j<i(4;)
are roots of f with multiplicities r*, r,, respectively. Then plmt1) < pm) < D and
(cf. [5]) span(f"+1)) < span(f™)) < span(f), where span(f")) is the span of the m-
th derivative. Moreover, the strict inequalities D) < D, span(f)) < span(f) hold
when m is sufficiently large.
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LEMMA 7. Let x,_1 = A1, X,_2 = Ay be common roots of [ with its n— 1st,
n — 2nd derivatives, respectively, of multiplicities ri,ry as roots of f, and the maxi-
mum distance D (see (35)) be attained at the root Ay, so € {3,....k}, k=3 of f of
multiplicity ry,. Then the following inequalities hold

[n2—n—ry
|xn 1 — Xn— 2‘ D < - ‘xnfl —Xn—-21, (36)
n—rl—r s

2
1 Ty r
g\/n—rl [n—rl—TO (54—?12_7;_0” span(f). (37)

Proof. In order to establish (36), we employ identities (16) and under condition of
the lemma we write

(n2—n—r2)(xn,1—x,, 2 Erj —Xp—1) <(n—r1—r2)D2.

Since n > ry +ry and x,_» # Ay, (otherwise f is trivial, because equalities x,_o =
Asy =A™ or x,_2 = Ay, = A, mean that the maximum multiplicity » > n —2, and we
appeal to Corollary 3), we come up with the lower bound (36) for D. The lower bound
comes immediately from the estimate

k

(n2 —n—ry)(X—1 —xn,2)2 = 2 ri(Aj —xn,l)2 > rsODz.
j=3
Now, since 2D > span(f), we find from (36)
n2—n—r

span(f) <2 [Xn—1 —Xn—2].

Fso

Hence, since D = max (|A* — x,_1|, |A« —x,—1|), the n—2nd derivative has roots x,_»
and 2x,_1 —x,_» and span(f) =D+ A, where A =min (|A* — x,_1], |Ax —x4—1]), we
appeal to the first identity in (16), letting z = A,, and writing it in the form

k
(n—r1)(Xn—1 — Z (A= Ag)? —n(n— 1) (-1 —x-2)*.

Therefore,

5 FsoF2
(n—r)D* < n—r1—1r.vo—m [span(f)]*
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and we establish the upper bound (37) for D. On the other hand span(f) = D+ A. So,

Ty n 2 2
DP<(1-—2 (5 D*+A?+2DA
( 4(n—r1)< +n2—n—r2))( HATE )
and we easily come out with the lower bound (37) for D, completing the proof of
Lemma?7. O

LEMMA 8. Let x,_ 1 = A1,X,_2 = Ay be common roots of [ with its n — 1st,
n — 2nd derivatives of multiplicities ry,r>, 1 +r» < n, respectively. Then we have the
Sollowing lower bound for span(f)

n2—r1
2\ —— |xp—1 —Xn—2|.
span(f) = pP— -1 — X2 (38)

Proof. Indeed, identities (16) with z = x,,_, yield
k
(n* = r1) (Xp—1 — Xpn—2)* Z Aj = Xn—2)?

and we derive
(n* = r1) (vu—1 —Xu—2)*> < (n—r1 — ra)[span(f)]?,

which implies (38). [
Next, we establish an analog of Lemma 5 for roots of derivatives. Precisely, we
have

LEMMA 9. Let x,_1, X,—2 be roots of the n — 1st, n —2nd derivatives of f,
respectively. Then

"™ > \Vn—m—1 |Xn—1 — Xn—2, (39)
where m € {r,r+1,...,n—2}, r = max;< j<k(r;). Besides, if x,_ is a root of £
then we have a stronger inequality

D" > \/n—m |Xn—1 — xn—2]. (40)
Moreover,

n—m—1
and if x,_ is a root of "™, it becomes
- —m—1)+1
2pm > (m)y > (n—m)(n—m pm 42
span 7)) > [ I U Dl 42)

where m € {r,r+1,...,n—3}.

Proof. In fact, since (see (16))

(n—m)(n—m—1)(xy_1 —x,_2)* 2 —xn )2 < (n—m) [D(m)r,
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we get (39). Analogously, we immediately come out with (40), when x,_; is a root
of f (m) , because one element of the sum of squares is zero. In order to prove (41), we
appeal again to (16), letting z = és((;n), soe{l,2,....n—m}, me{rnr+1,...,n—2},
r=max;< jgk(r j) , which is aroot of f (m) , where the maximum D™ is attained. Hence
owing to Laguerre type inequality (31)

(n=m) [P < (n=m = 1)fspan( )P — L[]

which leads to the lower bound for span( flm ) in (41). The upper bound is straightfor-
ward since x,_; belongs to the smallest interval containing roots of ). In the same
manner we establish (42), since in this case

(n—m—1) [D(m)} ’ < (n—m—2)[span(f")]? — e {D(m)} 2. O
n—m-—1
REMARK 5. The case m = n — 2 gives equalities in (39), (41). Letting the same
value of m in (40), we easily get a contradiction, which means that the only trivial
polynomial is within polynomials with only real roots, whose derivatives f (n=2), f (n=1)
have a common root (see Corollary 1).

5. Applications to the Casas-Alvero conjecture

In this final section we will discuss properties of possible CA-polynomials, which
share roots with each of their non-constant derivatives. We will investigate particular
cases of the Casas-Alvero conjecture, especially for polynomials with only real roots,
showing when it holds true or, possibly, is false.

We begin with

PROPOSITION 1. The Casas-Alvero conjecture holds true, if and only if it is true

for common roots {zy }8_1 lying in the unit circle.

Proof. The necessity is trivial. Let’s prove the sufficiency. Let the conjecture be
true for common roots {zv}g_l of a complex polynomial f and its non-constant deriva-
tives, which lie in the unit circle. Associating with f an Abel-Goncharov polynomial
G, (6), one can choose an arbitrary o > 0 such that |zy| < a~!, v=0,1,....n— 1.
Hence owing to (7)

f(aZV) :Gn (az()aaz\hazlwuvaznfl) = anGn(ZV) = anf(Zv) :Oa V:O,l,...,n—l,

and

(v) Sv+1 Sn—1
fa(0z —n'—/ / / si=nlo / / / dsy...dsyiq,
oz J Oz Oz ozy O(Zv+1 OZp—1

we find f,sv)(oczv) =0. Hence azy, v=0,1,...,n— 1 are common roots of v-th
derivatives f V) and f, lying in the unit circle. Consequently, since via assumption
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the Casas-Alvero conjecture is true when common roots are inside the unit circle, we
have that f is trivial and z9p =z, = ... = 7,1 = a is a unique joint root of f of the
multiplicity n. Proposition 1 is proved. [J

The following lemma will be useful in the sequel.

LEMMA 10. Let f be a CA-polynomial with only real roots of degree n > 2 and
{xv}g_1 be a sequence of common roots of f and the corresponding derivatives f 28
Let f5™)(x,)>0,s=1,2,....n—v—1and v=0,1,...,n—1. Then x, is a maximal
root of the derivative f(V).

Proof. Infact, the proofis an immediate consequence of the expansion (12), where
we let G,(x) = f(x). Indeed, f(V)(x,)=0,v=0,1,...,n—1 and when x > x, we have
from (12) f(V)(x) > 0,v=0,1,...,n— 1. So, this means that there are no roots, which
are bigger than x, . This completes the proof of Lemma 10. [l

PROPOSITION 2. Under conditions of Lemma 10 the Casas-Alvero conjecture
holds true for polynomials with only real roots.

Proof. We will show that under conditions of Lemma 10 there exists no CA-
polynomial f with only real roots. Indeed, assuming its existence, we find via con-
ditions of the lemma that the root x¢ is a maximal zero of f(x). This means that
Xxo = x1. On the other hand, the classical theorem of Rolle states that between zeros
Xo, X1 in the case xo > x; there exists at least one zero of the derivative f m(x), say
él(l) , which is bigger than x; . But this is impossible because x; is a maximal zero of the
first derivative. Thus xy = x; > x». Then between x; and x, in the case x; > x» there
exists a zero 52(1) of the first derivative such that x; > 52(1) > x». Hence between x;
and 52(1) there exists at least one zero of the second derivative, which is bigger than x; .
But this is impossible, since x» is a maximal zero of f(2) (x). Therefore xp = x; = x;.
Continuing this process we observe that the sequence {xv}g’l is stationary and f has
a unique joint root, which contradicts the definition of the CA-polynomial. [

COROLLARY 9. There exists no CA-polynomial f with only real roots, having
a non-increasing sequence {xv}g_1 of roots in common with f and its non-constant
derivatives.

Proof. Obviously, via (13) f0+V)(x,) >0, s=1,2,...,n— v —1 and conditions
of Lemma 10 are satisfied. [

COROLLARY 10. There exists no CA-polynomial f with only real roots, such
that each xy in the sequence {xv}g_l is a maximal root of the derivative f\V)(x), v =
0,1,....n—1.

Proof. The proof is similar to the proof of Proposition 2. [
An immediate consequence of Corollaries 3,4,5 is
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COROLLARY 11. The CA-polynomial, if any, with only real roots has at least 5
distinct zeros.

Let us denote by /(m) the number of distinct roots of the m-th derivative f ) =
0,1,...,n—2, which are in common with f and different from A; = x,,_1, whichis a
common root with f"=1)i.e. the m-th derivative f") has I(m) common roots with

f
A./'1""’A.I'I(m) C {12,13,..., Ak}

of multiplicities

Fjys-- rJ[ C{r27r3a ix k}-

For instance, [(0) =k— 1, I(1) =k — 1 —s, where s is a number of simple roots of f.
So, we see that n —m > [(m) > 0 and since f is a CA-polynomial, /(m) = 0 if and
only if x,_; = A; is the only common root of f with f (m)

LEMMA 11. There exists no CA-polynomial with only real roots, having the prop-
erty I(m) =1(m+1) =0 for some m € {r,r+1,...,n—2}, where r = max, < j<(r}).

Proof. In fact, as we saw above, since all roots are real, it follows that all roots of
£ m > r are simple, which contradicts equalities [(m) = [(m+ 1) = 0. Indeed, the
latter equalities yield that x,_; is a multiple root of f (m) Therefore r >rn>m+1>
r+ 1, which is impossible. [J

Further, as in Lemma 7 we involve the root kso of multiplicity ry,, and D =
|Asy — xn—1]| (see (35)). Thus Ay, = A, or Ay, =A™ and, correspondingly, 75, = r or
rs, = . Hence, calling Sz.-Nagy identities (15), we let z = x,,_; and assume without
loss of generality that Ay, = A*. Then we obtain for m > r

k I(m) I(m+1)
re(Xn—1—A) =r'D+ 2 rj(Aj—xp—1) = r"D— pm 2 rj,— plmt1) 2 "
J=2, rjre, vt s=1
I(m) I(m+1)
N U A
s=1 s=1
But x,_; — A, = span(f) — D. Therefore,
[(m+1)

respan(f) +(n—ri —2(r* +r.))D = (D—D™) Y rj + (D — D) 2 .

The right-hand side of the latter inequality is, obviously, greater or equal to
ro (I(m) +1(m+1)) (D —D™),

where 1 < rg = min|¢<(r;). Moreover, since span(f) < 2D, the left-hand side does
not exceed (n—r;) D — r*span(f). Thus we come up with the inequality

ro(I(m) +1(m+1))(D—D")) < (n—r) D — r*span(f)



118 S. YAKUBOVICH

or since D— D™ > (m > r), it becomes

(n—ry) D — r*span(f)
ro(D — D(m) '

I(m)+I(m+1)< (43)

Meanwhile, appealing to (16), we get similarly

k
n(n—1)(xn,1—xn,2)2zr*Dz—I—r*(?L*—xn,l)z—f— Z rj(lj—xn,l)z
J=2, rjF#re r*

) , 2 1(m) . 5 l(m+1)
< D + 7, (Span(f) — D) + |:D(’“)] Z T, + |:D(m+ )i| Z T,
s=1 s=1

s=1

I(m) [(m+1)
+ (n—rl—r*—r*— Norii— Y rlb,> D’
s=1
Therefore, analogously to (43), we arrive at the inequality

(n—r))D? + r. [span(f)]* — n(n — 1)(xu_1 — x4—2)* ~ 2Dr. span(f)

[(m)+1(m+1) < oD~ [D(’“)]z)

PROPOSITION 3. There exists no CA- polynomial with only real roots of degree n
such that
span(f) > () [(n—r —ro)D—I—roD(m)} , M= (44)

Proof. Under condition (44), the right-hand side of (43) is less than one. Thus
I(m)=1(m+1)=0 and Lemma 11 completes the proof. [J
Let m =n—2. Then since I(n — 1) = 0, inequality (43) becomes

(n—r1)D — r*span(f)
I"()(D— ‘xnfl _xn72‘) '

I(n—2)< (45)

PROPOSITION 4. There exists no CA- polynomial with only real roots of degree n
such that

2

n=—r _ |xn—1_xn—2‘

D< |r (46)

n—ry—nmn n—ry—r

Proof. Indeed, employing the lower bound (38) for span(f), we find that under
condition (46) the right-hand side of (45) is strictly less than one. Consequently, /(n —
2) =0 and owing to Corollary 1 f is trivial. If the maximum of multiplicities r >n—2,
f has at most 2 distinct zeros and it is trivial via Corollary 3. [

Finally, we prove
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PROPOSITION 5. Let CA-polynomial with only real roots exist. Then it has the
property
2(n—m—1)

d
DS 20k—1)—1" (47)

where d,D are defined by (34),(35), respectively, and m, m+ 1 belong to the interval
[r, : <1 —%) (n— 1))

Proof. Since m, m+ 1 are chosen from the interval {n : (1 - %) (n— 1)) , con-

dition (24) holds for these values. Hence assuming the existence of the CA-polynomial,
we return to the Sz.-Nagy type identity (25) to have the estimate

(n—m)(n—m—1)
n(n—1)

0> 1(m) (m —1>d2+(k—1—1(m))d2—(n—m—1(m))02

> (k—1)d* — (n—m)D? +1(m)(D* — d?).
Writing the same inequality for m + 1
0> (k—1)d>— (n—m—1)D*+1(m+1)(D*—d?)
and adding two inequalities, we find
0>2(k—1)d*>— (2(n—m) — 1)D*+ (I(m) +I(m+ 1)) (D* — d*),
which means

(2(n—m)—1)D*>—2(k—1)d>
D2 — 2 )

I(m)+1(m+1)<

So, for the existence of the CA-polynomial it is necessary that the right-hand side of
the latter inequality is greater than or equal to 1. Thus we come up with condition (47)
and complete the proof. [l
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