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DOUBLE SUBORDINATION PRESERVING PROPERTIES FOR
GENERALIZED FRACTIONAL DIFFER-INTEGRAL OPERATOR

JUGAL K. PRAJAPAT AND TEODOR BULBOACA

Abstract. We obtain subordination and superordination preserving properties for the Saigo type
generalized fractional differ-integral operator, defined for multivalent functions in the open unit
disk. A differential sandwich-type theorem for these multivalent function, and some conse-
quences are also presented.

1. Introduction

Let 27 (U) represent the space of analytic functions in the open unit disk U =
{zeC:|z7l<1}.Forae C and n € N, let

Hlan)={f €A U): fz) =a+ad" +ap 1" +...}.

We denote by &7 the subclass of the functions f € 5#[a, 1] normalized with the con-
ditions f(0) = f/(0) — 1 = 0. Denote also by #  the subclass of &/ consisting of all
those functions that are convex (univalent) and normalized in U, i.e.

Zf”(Z))
Re<1+f’(z) >0, zeU.

If f and g are two members of #7°(U), then the function f is said to be sub-
ordinate to g, and write f(z) < g(z), if there exists a function w analytic in U with
w(0) =0, and |w(z)| < 1 forall z € U, such that f(z) = g(w(z)), z € U. Furthermore,
if the function g is univalent in U, then we have the following equivalence:

f(z) <g(2) < [f(0) =¢(0) and f(U)Cg(U)]. (1.1)

DEFINITION 1.1. [15] Let y:C? — C and let & be univalent in U. If p is
analytic in U and satisfies the following differential subordination

v(p(2),2p'(2)) < h(z), (1.2)

then p is called a solution of the differential subordination (1.2). A univalent function
q is called a dominant of the solutions of the differential subordination (1.2) or, more
simply, a dominant if p(z) < ¢(z) for all p satisfying (1.2). A dominant g that satisfies
q(z) < q(z) for all dominants g of (1.2) is said to be the best dominant of (1.2).
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Recently, Miller and Mocanu [16] introduced the notion of differential superordi-
nations, as the dual concept of differential subordinations.

DEFINITION 1.2. [16] Let ¢ : C> — C and let & be analytic in U. If p and
0(p(z),zp'(z)) are univalentin U and satisfy the differential superordination

h(z) < ¢(p(z),2p'(2)), (1.3)

then p is called a solution of the differential superordination (1.3). An analytic func-
tion g is called a subordinant of the solutions of the differential superordination (1.3)
or, more simply, a subordinant if ¢(z) < p(z) for all p satisfying (1.3). A univalent
subordinant ¢ that satisfies ¢(z) < ¢(z) for all subordinants g of (1.3) is said to be the
best subordinant of (1.3).

DEFINITION 1.3. [15, Definition 2.2b, p. 21] We denote by 2 the class of func-
tions f that are analytic and injective on U\ E(f), where
B() = { £ € 9Us lim ) = .
—
and are such that f'(§) # 0 for { € JU\ E(f).

Now we recall the following generalized fractional integral and generalized frac-
tional derivative operators due to Srivastava et al. [27] (see also [21]).

DEFINITION 1.4. For the numbers t,n,A € R with A > 0, the Saigo hypergeo-
metric fractional integral operator Ig_f " is defined by

A H

1—‘(2,) /(‘)Z(Z_t)lil 2Fl (x‘f'llh—n;kl—%)f(t)dﬂ

5" f(z) =

where the function f is analytic in a simply-connected region of the complex z—plane
containing the origin, with the order

f@=0(z)  (z—0, e>max{O;u—n}-1),
and the multiplicity of (z—7)*~!
(z—1)>0.

is removed by requiring log(z —7) to be real when

The function > F; is the well-known Gauss hypergeometric function defined by

abz ala+1)-b(b+1)7
Fi(a,b,ci;z) =14+ —— — ...
hilabiez) =1+ ==+ —— T o

& (@)i(b)i 2
e —, a,beC, ceC\{0,-1,-2,...}, (14
g%(dkk! \{ }
where (d)y=d(d+1)...(d+k—1),k>1 and (d)y = 1. The series (1.4) converges
absolutely for z € U, hence it represents an analytic function in U (see [30, Chapter
14]).
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DEFINITION 1.5. Under the assumptions of Definition 1.4, the Saigo hypergeo-
metric fractional derivative operator Jé_’zu " is defined by

rem e o=t oF (W= A =Ml - A1 =) f(r)de,
o2 () = it 0<A <1,
dzn #nf() if n<A<n+1, neNy=NU{0},

-2

where the multiplicity of (z—7)~* is removed as in Definition 1.4.

It may be remarked that

oM f2) =D fz)  (A>0)

and

NI f@) =Dl flm)  (0<A <),

where D7* (A > 0) denotes the fractional integral operator, while D} (0 <4 < 1)
denotes the fractional derivative operator considered by Owa [17].
Let <7, denote the class of functions of the form

fla)=2"+ iap+nzp+" (peN), (1.5)
n=1

which are analytic and p—valent U. Recently, Goyal and Prajapat [7] (see also [22, 24])
introduced the generalized fractional differ-integral operator 5”0 Aot 2 2y — 4y, by

C(l+p—)T(1+p+n—21) Aspm .
M- & o f@),if0<A<n+p+1

N f(2) = (1.6)

C(+p—)I(1+p+n—2) 2, “ n )
Tt < o, f(z), if =0 < 4 <0,

(UMeR, u<p+1, A<n+p+1).
From (1.6) it is easy to see that if the function f has the form (1.5), then

=3

)LIJT] p l+p (1+p+n_”)n p+n 1.7
T f(2) =z +Z Ty oA, " (1.7)

’.Url

From (1.7) it is easy to prove that the operator Y satisfies the recurrence relation

(A @) = (pn=-2) AEI@ - (-2) AP, (1)
Also note that

AN =@, AL =A@ =L,
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of'(2) +221"(2)

2,1,1
yo; f(Z) p2 )

and

TN f(2) = SO f(2) = QR f(2),

where Q?’p is the extended fractional differ-integral operator studied recently by Patel
and Mishra [19] and QQ s the [fractional differ-integral operator (see [23]). Setting

A=—-a, u=0 and n=p-1,

in (1.7), we obtain the following p—valent generalization of multiplier transformation
operator [9], i.e.

Fo P @) = 2571 (2)

()30 e

I(p+B+n) T(p+oa+f) 0
”2 T rarpn Toip) o

(B>-p, a+p>-p).
On the other hand, if we set
A=-1, u=0 and n=p-1,
in (1.7), we obtain the generalized Libera operator g, <), — <, (B > —p) defined
by (cf. [3, 6, 11, 18])
~1,0,8-1 P+l3
Fot @) = Fppf0) = gt [y

p+ﬁ —+n _
P+2p+ﬁ+n apin’ (B> —p). (1.9)

For the choice p = 1, where 8 € N, the operator defined by (1.9) reduces to the
well-known Bernardi integral operator [3]. In particular, Bernardi [3] showed that
the function Zg ;(f) belongs to the classes .#* and %", whenever f belongs to the
classes . and ¢, respectively, which include the results earlier by Libera [11] (here,
* represents the subclass of o7 consisting of all the starlike (univalent) and normal-
ized functions in U). Moreover, for the choice

A=—1, u=0, and n=-1

in (1.7), we have

S1,0,-1 B A f) « P
Zoz f(Z)—/pf(Z)—p/O tdt—Z”+n§,1p+

+n
n Aptn P ,
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and the operator in _Z, is the generalization of the well-known Alexander integral
operator (cf. [25, 26]).

Using of the principle of subordination, Miller and Mocanu [13] obtained differ-
ent subordination-preserving theorems for certain integral operators for analytic func-
tions in U. Moreover, in [4, 5] the author investigated the subordination and superor-
dination preserving properties of integral operators, while some other interesting de-
velopments involving subordination and superordination were considered in [1, 2, 28,
29]. In the present paper, by a sandwich-type theorem we obtained subordination-and
superordination-preserving properties of the differintegral operator Y&é“ M defined by
(1.6).

The following lemmas will be required in our present investigation.

LEMMA 1.1. [15, Theorem 2.3i, p. 35] Suppose that the function H : C* — C

satisfies the condition
ReH (is,t) <0,

for all s,t € R with t < —n(1+5%)/2, where n is a positive integer. If the function
p(z) = 1+ p,"+... is analytic in U and

ReH(p(z),zp'(z)) >0, z€ U,

then Rep(z) >0, ze€ U.

LEMMA 1.2. [12] Let B,y € C with B #0, and let h € 5 (U) with h(0) =c. If
Re[Bh(z)+ 7] > 0 for z € U, then the differential equation

q'(z)
q(z) + Ba@) 7 h(z),

has an analytic solution in U, that satisfies Re[Bq(z)+ 7] >0, z€ U.

q(0) =c,

LEMMA 1.3. [15, Lemma 2.2d, p. 24] Let g € 2 with q(0) = a, and let p(z) =
a+a,?"+ ... be analytic in U with p(z) #Za and n > 1. If p is not subordinate to q,
then there exist the points zo = roe'® € U and §y € JU\E(f), andan m > n > 1 for
which p (Uy) C q(U),

p(z0) =q(&), and zp'(z0) = m&q' (),
where Uy, ={z€ C: |z| <ro}.

A function L(z,7) : U x [0,4+c0) — C is called a subordination (or a Loewner)
chain if L(-,1) is analytic and univalent in U for all 7 > 0, and L(z,s) < L(z,#) when
0<s<rt.

LEMMA 1.4. [16, Theorem 7, p. 822] Let q € #a,l1], let ¢ : C*> — C, and
set ¢(q(z),2q'(z)) = h(z). If L(z,t) = ¢(q(2),tzq'(z)) is a subordination chain and
p € Ha,11NL2, then

h(z) < ¢(p(2),2p' (2))
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implies that
q(z) < p(2).

Furthermore, if the differential equation ¢(q(z),zq'(z)) = h(z) has a univalent solution
q € 2, then q is the best subordinant.

The next well-known lemma gives a sufficient condition so that the L(z,7) function
will be a subordination chain.

LEMMA 1.5. [20, p. 159] Let L(z,t) = a1 (t)z+ax(t)z* + ..., with a;(t) # 0 for
all t >0 and tliI-P |ai(t)] = 4oo. Suppose that L(-,t) is analytic in U for all t > 0,

L(z,-) is continuously differentiable on [0,+o0) for all z € U. If L(z,t) satisfies
L
Re[ dL(z,1)/0z

_— > 0.
Z&L(zﬁ)/&t} >0, zeU, t >0

and
|L(z,0)| < Kolai1(2)], |z|<ro<1, t=0

Sfor some positive constants Ky and ry, then L(z,t) is a subordination chain.

2. Main results
We first prove the following subordination theorem involving the operator YO{LZ’“ o,

THEOREM 2.1. Let A,u,n,vER and p e N, with u <p+1, A <n+p+1,

v < p, and

azw>1. 2.1)
p—V

Let g € a7, and set

o) == P (22)
Suppose that
Re <1+Z‘PU(Z>) > p, zeU 2.3)
0'(2) ’ ’ '
where p =0 if o =1, and
-1
aTa lfl <o < 27
p= 1 . 5 2.4)
m7 lf(X > 2.

If [ € <), then the subordination condition

A+1,u,m A,um
p—vZo, @) v ()
> = T 0(2) (2.5)
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implies
Al A,
yo,z'u "f(2) yo,zli Te(z2) 26
zr1 zr1 ’
Moreover, the function 5”0/1_2’”’”g(z)/zp’1 is the best dominant of (2.5).
Proof. 1If we define the functions F' and G by
A,u.m Au,m
S Z 5% g(z
F(Z) = (Mi_l() and G(Z) = (Mi_l(), (27)
zP zP
then F,G € o/ . We first show that, if the function ¢ is defined by
G//
G'(2) (2.8)

q(z) =1+ )
then
Reg(z) >0, ze€U.

Taking logarithmic differentiation of both sides of the second equation in (2.7) and
using (1.8) for g € «7,, we have

o@(z) = (a—1)G(2) +2G'(), (2.9)

where o is defined by (2.1). Differentiating both sides of (2.9) and using the definition
formula (2.2) we get
zq'(2)

1+ = =q(z)+ PO = h(z). (2.10)

From (2.3) we have
Re[i(z)+o0—1]>0, z€U,

and by using Lemma 1.2 we deduce that the differential equation (2.10) has a solution
q € 7 (U), with g(0) = h(0) = 1.
Let define the function

H(u,v)=u+ +p (2.11)

v

u+o—1

where p is given by (2.4). From (2.3), (2.10), and (2.11) we obtain
ReH (q(z),24'(z)) >0, z€U.

Now we will show that Re H (is,#) <0 forall s € R and ¢ < —(1+s%)/2. From (2.11)
we have

t
ReH(is,t) = Re | is+ ——
eH (is,t) e<1s+is+a_1+p>

a—1)t E (s
:(7).24_ <_¢'27 (2.12)
loe —1+is| 2|oc—1+1is|
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where
Ep(s)=(a—1-2p)s* + (aa—1)[1 —2p(a—1)]. (2.13)

For p given by (2.4), the coefficient of s> in the E,(s) given by (2.13) is positive or
equal to zero, and E, (0) > 0, hence we deduce that E,, (s) > 0 for all s € R. Now, from
(2.12) we see that ReH (is,#) < 0 forall s € R and t < —(1+s?)/2. Thus, by using
Lemma 1.1 we conclude that Reg(z) > 0 for all z € U, i.e. the function G defined by
(2.7) is convex (univalent) in U.

Next we will prove that the subordination condition (2.5) implies

F(z) < G(2), (2.14)

for the functions F and G defined by (2.7). Without loss of generality, we can assume

that G is analytic and univalent on U and G'({) # 0 for |{| = 1. Otherwise, we

replace F and G by F,(z) = F(rz) and G,(z) = G(rz) respectively, where r € (0,1).

These functions satisfy the conditions of the theorem on U, and we need to prove that

F(z) < G,(z) forall r € (0,1), which enables us to obtain (2.14) by letting r — 1~
Let define the function L(z,7) by

1 1+1
L(z,1) = (1_E> G(Z)—I—%zG/(ZL zeU, 1>0. (2.15)
Then,
dL(z,1)) , t t
- 1 — =1 - 2 )
i G0) (1+=) =1+—#0, 120

and this shows that the function L(z,) = a;(r)z+ ... satisfies the conditions a;(r) # 0
forall >0 and tliI-&I-l laj(t)] = +oo.

From the definition (2.15) and using the assumption (2.1), for all 7 > 0 we have
that

IL(z,1)] |(1 ~D)G(2) + %ZG’(Z” - (1-1)1G6@)|+ 1 ‘ZG’(Z)|.

o

@] L 2.16)

Since the function G is convex and normalized in the unit disk, i.e. G € ¥, hence
the following well-known growth and distortion sharp inequalities (see [8]) are true:

r r

< < i < .
T <IG@)I < if /I < (2.17)
1 p 1 .
< ) < —, if |z <r 2.1
e <IGQI < o < @18)

Using the right-hand sides of these inequalities in (2.16), we deduce that

|L(z,2)] o T t—|—1+(a—1)(1—r)< r

~ ~ b < b t>07
a1 ()] S (1—r) ot (1—r) el <

and thus, the second assumption of Lemma 1.5 holds.
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Furthermore,
dL(z,1)/9z 2G"(2)
— o — >
Re [sz(Z’t)/gt] o l+(1+t)Re<l—|— 10 >0, zeU, 1 >0,

and according to Lemma 1.5 the function L(z,7) is a subordination chain. From the
definition of the subordination chain combined with (1.1), we obtain

L(§,t) ¢ L(U,0) = @(U) whenever § €dU, t>0.

Supposing that F is not subordinate to G, then by Lemma 1.3 there exist the
points 7o € U and {y € dU, and the number ¢ > 0, such that

F(z0) =G({) and zoF'(z0) = (141)5G (&)

From these two relations, and by virtue of the subordination condition (2.5), we deduce
that

L) = (1- 5 ) 6@ + - 66/
= <1 — é) F(zo)+ éZOF/(Zo)

A , Al
p—v Tl Mfz0) v St ()

= — + — € o(U),
P b ! p !

which contradicts the above observation L(&y,2) ¢ @(U). Therefore, the subordination
condition (2.5) must imply the subordination given by (2.14). Considering F(z) =
G(z), we see that the function G is the best dominant, which completes the proof of
the theorem. [

We next prove the dual result of Theorem 2.1, in the sense that subordinations are
replaced by superordinations.

THEOREM 2.2. Let A,u,n,veER and pe N, with u <p+1, A<n+p+1,
v < p, and
p(p+n—4)
p—V

o

> 1. (2.19)

Let g € o, and set

A+1,u, A,
p—vA. #ng(Z)Jero,z“ng(Z)

(P(Z) = p : Zp—l -1

p

Suppose that

wwv
Re | 1+ >—p, z€ U,
( 9'(2) P
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where p is given by (2.4). If [ € 4, suppose that the function

pv LT @)y S ()
1 + —
p P

p !

is univalent in U, and yo HNf(2) /2P~ € A1,1)N 2. Then the superordination
condition

A+Lumn wn
p—vZ. @) v )
0(z) < - e +; ZP 1 (2.20)

implies
A, ALu,
Lo e(z) AT ()
zP1 zP1

2.21)
Moreover, the function 7 ’” Tg(z) /2P~ is the best subordinate of (2.20).

Proof. The first part of the proof is similar to that of the previous theorem, and so
we will use the same notations as in the proof of Theorem 2.1.

Let F and G be two functions defined by (2.7). If the function ¢ is defined by
(2.8), similarly as in the proof of Theorem 2.1 we obtain that

o() = (1 - é) G(0)+ 226/(2) = 9(6(2).6'(2). @22)

Using the same method as in the proof of the above theorem, we may prove that
Reg(z) > 0 for all z € U, i.e. the function G defined by (2.7) is convex (univalent)
in U.

Next we prove that the subordination condition (2.20) implies

G(z) < F(2). (2.23)

Considering the function L(z,) defined by

1 t
L(z,t) = (1 - &) G(z)+ EZG/(Z), zeU, t>0, (2.24)
we have 5
L(z,t)) :a—1+tG,(0)_ 1+t7é0 ‘>
dz | o

hence the function L(z,¢) = ay(t)z+ ... satisfies the conditions a;(¢) # 0 forall 7 >0
and ;HIP lai(t)] = +oo.
From the definition (2.24) and the assumption (2.19), for all # > 0 we have

L(z,1)] }(1—$)G(z)+ng’(z)| (1-1)16(z )|+L\ZG’(Z)|.

- —1+¢ o—1+t
jai (7)) Qo bt 2

(2.25)
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Since G is convex and normalized, using the right-hand sides of the inequalities (2.17)
in (2.25), we deduce that

L)l r t(e-D(-r) _ s
lar()] ~ (1—r)? o—1+t S (1=r)?
hence, the second assumption of Lemma 1.5 holds. Moreover,

dL(z,t)/0z 2G"(2)
%Fu@wm o)

lz2] <r, 10,

:|=OC—1+[RC<1+ >>0,zeU,t>O,

and according to Lemma 1.5 the function L(z,#) is a subordination chain. Therefore,
according to Lemma 1.4 we conclude that the superordination condition (2.20) imply
the superordination (2.21). Furthermore, since the differential equation (2.21) has the
univalent solution G, it is the best subordinant of the given differential superordination,
which complete the proof of the theorem. [J

If we combine Theorem 2.1 and Theorem 2.2, then we obtain the following differ-
ential sandwich-type theorem:

THEOREM 2.3. Let A,u,n,veER and pe N, with u <p+1, A<n+p+1,
v < p, and
plp+n—-24)
p—V

o > 1.

Let g € 7, (k=1,2), and set

A+, AL,
p—Vy07z+ ungk(z) V‘yO.zu ngk(z)

(pk(Z) = p zp—1 + ; ’ZP*I
Suppose that
"
Re<1+wf(z)) > p, zeU, (k=1,2) (2.26)
(Pk(z)

where p is given by (2.4). If [ € a7, suppose that the function

pv T @)y ()
+

p 1 p !

is univalent in U, and Y)L HNf(2) /2P~ € A 1,11N 2. Then,

pov L)y ()

01(z) < » pr + ; pr < ¢(2) (2.27)
implies
A AU,
St (@) SEENE) A ()
zl’ ! zl’ ! zP1

Moreover, the functions <5”()7LZ’“’”g1(z)/z1”1 and yoll_z’”’ngg(z)/zp’l are the best subor-
dinant the best dominant of (2.27), respectively.
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The assumptions of Theorem 2.3 that the functions

A, z 1, o
p—v 2GR v A () Lo f(2)
+— and _—

p zP p P 7P

need to be univalent in U, may be replaced by another simple conditions like it will be
shown in the following result.

COROLLARY 2.1. Let A,u,n,veRand pe N, with u <p+1, A<n+p+1,
v < p, and
p(p+n—2)
p—V
Let f,gr € o7, (k=1,2), and let define the function y by

p—vTo () v I £ ()

o > 1.

p - p zl’ !

v(z)

Suppose that the conditions (2.26) are satisfied, and

'@\
<1+ e ) >—p, zeU, (2.28)

where p is given by (2.4). Then,

pv LT @)y S ()

P1 (Z) ) 1 + ; 1 = (P2(Z> (2.29)
implies
0 ’”ngl() ’”nf() 0 ’”ngz()
P! zP1 N

Moreover, the functions Yolz’u’ngl(z)/zp U and S Ao 22(2) /2P~ are the best subor-
dinant the best dominant of (2.29), respectively.

Proof. In order to prove our result, we have to show that the condition (2.28)
implies the univalence of the functions y and F(z) = 7” Tf(z) /2Pt

Since 0 < p < 1/2, the condition (2.28) means that 1// is a close-to-convex func-
tion in U (see [10]), hence y is univalentin U.

Furthermore, by using the same techniques as in the proof of Theorem 2.1, we can
prove the convexity (univalence) of the function F', and so the details may be omitted.
Therefore, by applying Theorem 2.3 we obtain the required result. [

THEOREM 2.4. Let A,u,n,BER and pe N, with u <p+1, A<n+p+1,
and B+p > 1. Let hy € o, (k=1,2), and set

A,
Zoa ()
!

o (2) (2.30)
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Suppose that
Re <1+Z fg(z)) > p, zeU, (k=1,2) 2.31)
a)k(z)
where p is given by
-1
p= 1 B N (2.32)
yp+p>
2B+p-1)

If f € a,, suppose that the function YO%Z’” Mf(z)/zP~" is univalent in U, and
Fo N Zg f(2)/2P" € A(1,1]N 2. Then,

yoﬁ#?nf(z)

S < @) (2.33)

0 (z) <

implies

y#nfjﬁp (){y7#n</[3pf()<y#nfﬁph2()
P! zP1 zP1 ’

Moreover; the functions .7 AR nJﬁ oh1(z)/2P~! and S Z’” nJﬁp 2(z)/z"~! are the
best subordinant the best domlnant of (2.33), respectively.

Proof. Let define the functions F and i (k=1,2) by

Al

yoéun‘/ﬁphk( )
P!

F(z) =

From the definition of integral operator . ,, given by (1.9), it is easy to check that

and Hi(z) = (2.34)

(ST, 0 (2) = (B4 PTG - BA N T, f ) (239)
From (2.35) combined with (2.30) and (2.34), we obtain that
(B +p)ex(z) = (B+p — 1)Hy(z) + 2Hy (2). (2.36)
Setting
2Hy (2)

qk(z):1+ (k:172>7
H;(2)
and differentiating both sides of (2.36), we get

20 (2) — a2 2q,(2)
o) T g@+B+p—1
Now, the remaining part of the proof is similar to that of Theorem 2.3 (a combined
proof of Theorem 2.1 and Theorem 2.2), and is therefore omitted. [J

1+

Using the same reasons and methods as in the proof of Corollary 2.1, from Theo-
rem 2.4 we obtain the following result:
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COROLLARY 2.2. Let A,uu,n,BER and p e N, with u < p+1, A <n+p+1,

and B+p > 1. Let f,gr € o), (k=1,2), and let define the function y by

TN (2)

P!

v(z)

Suppose that the conditions (2.31) are satisfied, and

<1+Z;’j((z))> >-—p, z€U,

where p is given by (2.32). Then,

,lirlf()

o < m(2) (2.37)

0 (z) <

implies

y#nfjﬁp (){y7#n</[3pf()<y#nfﬁph2()
P! zP1 zP1 ’

Moreover, the functions 7, ’”r'/ﬁp 1(z)/2"7" and 7 ’”r’Jﬁ ph2(2) /2P are the
best subordinant the best dommant of (2.37), respectzvely
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