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INTEGRAL REPRESENTATIONS OF PRODUCTS OF AIRY

FUNCTIONS RELATED TO FRACTIONAL CALCULUS

LEILA MOSLEHI AND ALIREZA ANSARI

Abstract. In this paper, using the inverse Laplace transform of multi-valued functions we show
new identities for the powers of Airy functions in terms of the Riemann-Liouville and Weyl
fractional integrals of order α . In this sense, we get new integral representations for the special
functions including trigonometric functions in terms of the M-Wright function and Hilbert trans-
form. Also, we get the Hadamard fractional integrals of Airy functions in terms of the Widder
potential and Mellin transforms of the Volterra functions.

1. Introduction

The Airy functions of first and second kinds are given as the two linear independent
solutions of differential equation y′′ − xy = 0, [5, 6, 30]

Ai(x) =
1
π

∫ ∞

0
cos
(
xt +

t3

3

)
dt, (1.1)

Bi(x) =
1
π

∫ ∞

0

(
ext− t3

3 + sin
(
xt +

t3

3

))
dt. (1.2)

The problem of determining integral representations for the products of Airy functions
was stated by Reid in his papers [22], [23], [24]. He used the associated differential
equations of these products and applied the Laplace integrals (along with their asymp-
totic analysis) to show the integral representations for quadratic, cubic and quartic prod-
ucts of Airy functions in terms of the Bessel functions of first and second kinds Jν and
Yν

Ai2(x) =
1

2π
3
2

∫ ∞

0
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12
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dt, (1.3)
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1

(18π3)
1
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Ai4(x)=− 1
16π2

(
3
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0
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(1.5)
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Ai(x)Bi(x) =
1
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∫ ∞
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2

(6π3)
1
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Ai3(x)Bi(x) =
1

8π2

∫ ∞

0
J0

( 1
32

t3
)

cos
( 5

96
t3 + xt

)
dt. (1.8)

Later, using the integral representations for products of Airy functions, Varlamov ob-
tained the Riesz fractional derivative of Airy functions and established some relations
for conservation laws of KdV-type equations such as Ostrovsky equation [31, 32, 33,
34, 35]. See also [28], [29].

From another general point of view, in this paper we intend to motivate our inves-
tigation of new integral representations of products of Airy functions related to the frac-
tional calculus. The theory of fractional calculus (integral and derivative of fractional
orders) has been distinguished in different fields of applied mathematics and many in-
vestigations have been stated as modeling, existence of solutions and various methods
for solving fractional differential equations [13], [17], [20], [25]. We concern with the
Riemann-Liouville, Weyl and Hadamard fractional integrals of functions Ain(x) and
Ain(x)Bi(x) in terms of the Bessel and Struve functions [7].

For this purpose, in Section 2 we state a fundamental theorem for the inverse
Laplace transform of functions involving expression (s2 +a2)α , 0 < α < 1, and show
different integral representations for this inversion on interval (0,∞) . These inversions
are written in terms of the Fourier sine and cosine transforms to construct new integral
representations for special functions including trigonometric functions.

In Section 3, we show the functions Ain(x) , n = 1,2,3,4, and Ain(x)Bi(x) , n =
1,2,3, in terms of the Abel integral equations (or the associated Riemann-Liouville
and Weyl fractional integrals) and obtain the corresponding integral representations
for these functions in terms of the Bessel functions. Also, we divide the functions
Ain(x)Bi(x) by Ain(x) to get new identities for the ratio of Airy functions and the frac-
tional powers of Airy functions. Moreover, for showing the flexibility of proposed
method, we get the Riemann-Liouville and Weyl fractional integrals of the generalized
Airy functions and Levy stable functions.

In Section 4, we extend our method to obtain other integral representations for
Airy functions in terms of the M-Wright function and Hilbert transform.

In Section 5, as a complementary work on fractional calculus of Airy functions, we
get the Hadamard fractional integrals of Airy functions. Finally, the main conclusions
are set.

First, we recall the required definitions in fractional calculus.

DEFINITION 1. For n−1 < α < n , n∈N and f ∈L1(a,b), the Riemann-Liouville
fractional integral and derivative are defined as [13, 20]

(Iα
a+ f )(x) =

1
Γ(α)

∫ x

a
(x− s)α−1 f (s)ds, (1.9)
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(Dα
a+ f )(x) = Dn(In−α

a+ f )(x), (1.10)

where D = d
dx . In similar way, for n− 1 < α < n , n ∈ N and f ∈ L1(R), the Weyl

fractional integral and derivative are defined as

(Iα
+ f )(x) =

1
Γ(α)

∫ ∞

x
(x− s)α−1 f (s)ds, (1.11)

(Wα
+ f )(x) = Dn(In−α

+ f )(x). (1.12)

Also, the Hadamard fractional integral and fractional derivative of order α are defined
as [13]

(J α
− f )(x) =

1
Γ(α)

∫ ∞

x

1
s

lnα−1
( s

x

)
f (s)ds, (1.13)

(Dα
− f )(x) =

(− xD
)n(J n−α

− f )(x). (1.14)

2. Main theorem

THEOREM 1. Let F(s) be an analytic function for ℜ(s) > c and has two con-
jugate branch points ±ai on the imaginary axis. Furthermore, on the real negative
semi-axis we have F(re−iπ) = F(reiπ ) , and the following properties are held for any
sector |arg(s)| < π −η where 0 < η < π , [18]

F(s) = O(1), |s| → ∞,

F(s) = O

(
1
|s|
)

, |s| → 0.

Then, the inverse Laplace transform of F(s) can be written as two different integral
representations in the forms

f (t) = L −1{F(s);t} = − 2
π

∫ ∞

a
sin(rt)ℑ(F(rei π

2 ))dr, t > 0, (2.1)

f (t) = L −1{F(s);t} =
2
π

∫ a

0
cos(rt)ℜ(F(rei π

2 ))dr. (2.2)

COROLLARY 1. In view of the Hilbert transform

H { f (x);y} =
1
π

P.V.
∫ ∞

−∞

f (x)
x− y

dx, (2.3)

of trigonometric functions, i.e., H {sin(ax);y} = cos(ay) and H {cos(ax);y} =
−sin(ay), and using the relations (2.1) and (2.2), we get new integral representation
as follows

H {sgn(t) f (|t|);y} = − 2
π

∫ ∞

a
cos(ry)ℑ(F(rei π

2 ))dr, (2.4)

H { f (|t|);y} = − 2
π

∫ a

0
sin(ry)ℜ(F(rei π

2 ))dr. (2.5)
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EXAMPLE 1. Using the fact that [21]

L {tνJν(at);s} =
(2a)νΓ(ν + 1

2)
√

π(s2 +a2)ν+ 1
2

, ℜ(ν) > −1
2
, (2.6)

for the Bessel function of first kind and zero order, we have the following integral
representations for − 1

2 < ℜ(ν) < 1
2 , [12]

Jν(at) =
2aν( t

2)−ν
√

πΓ( 1
2 −ν)

∫ ∞

a

sin(rt)

(r2−a2)ν+ 1
2

dr, t > 0, (2.7)

Jν(at) =
2( t

2a)ν
√

πΓ( 1
2 + ν)

∫ a

0
cos(rt)(a2 − r2)

ν− 1
2 dr. (2.8)

Also, using the relations (2.4) and (2.5), we have the following integral representations
for the Neumann and Struve functions

Yν(ay) = − 2aν( y
2 )−ν

√
πΓ( 1

2 −ν)

∫ ∞

a

cos(ry)

(r2 −a2)ν+ 1
2

dr, y > 0, (2.9)

Hν(ay) =
2( y

2a)ν
√

πΓ( 1
2 + ν)

∫ a

0
sin(ry)(a2 − r2)

ν− 1
2 dr, (2.10)

where the Struve function of order ν is given by [1]

Hν(z) =
∞

∑
k=0

(−1)k( z
2 )2k+ν+1

Γ(k+ 3
2)Γ(k+ ν + 3

2 )
. (2.11)

3. The Riemann-Liouville and Weyl fractional integrals of Airy functions

In this section, we intend to show new integral representations for the Airy func-
tions Ain(x) and Ain(x)Bi(x) on interval (0,∞) , or in general view, for the special
functions which are expressed by the trigonometric functions. The main approach is
constructed to the relations (2.1) and (2.2) and their Hilbert transforms (the relations
(2.4) and (2.5)). The proofs of the stated propositions are similar and only we consider
a proof of one case. Other proofs have the same procedures and are omitted.

3.1. Fractional integrals of Ain(x) , n = 1,2,3,4

THEOREM 2. For 0 < ℜ(α) < 1 and x > 0 , the following Riemann-Liouville
fractional integrals and derivatives hold for the powers of Airy functions

fn(
√

x)=
Γ(1−α)

2
I1−α
0

Ain(
√

x)√
x

, Ain(
√

x)=
2
√

x
Γ(1−α)

D1−α
0 fn(

√
x), n = 1,2,3,4,

(3.1)
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where

f1(x) =
Γ(1−α)

√
π2α+ 1

2 x
1
2−α

∫ ∞

0

(
ξ α− 1

2 J 1
2−α(ξ x)cos

(ξ 3

3

)

−ξ α− 1
2 H 1

2−α(ξ x)sin
(ξ 3

3

))
dξ , (3.2)

f2(x) =
Γ(1−α)

π2α+2x
1
2−α

∫ ∞

0
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(
J 1

2−α(ξ x)
(

cos
(ξ 3

12

)
− sin

(ξ 3

12

))

−H 1
2−α(ξ x)

(
cos
(ξ 3

12

)
+ sin

(ξ 3

12

)))
dξ , (3.3)

f3(x) =
Γ(1−α)

3
√

2π2α+ 1
2 x

1
2−α

∫ ∞

0
ξ α
(

J 1
2−α(ξ x)J− 1

6

( 4
27

ξ 3
)

cos
(5ξ 3

27

)

−H 1
2−α(ξ x)J− 1

6

( 4
27

ξ 3
)

sin
(5ξ 3

27

))
dξ

− Γ(1−α)

3
√

2π2α+ 1
2 x

1
2−α

∫ ∞

0
ξ α
(

J 1
2−α(ξ x)J 1

6

( 4
27

ξ 3
)

sin
(5ξ 3

27

)

+H 1
2−α(ξ x)J 1

6

( 4
27

ξ 3
)

cos
(5ξ 3

27

))
dξ , (3.4)

f4(x) = − Γ(1−α)

16π
3
2 2α+ 1

2 x
1
2−α

∫ ∞

0
3ξ α− 1

2

(
J 1

2−α(ξ x)J0

( 1
32

ξ 3
)

sin
(5ξ 3

96

)

+H 1
2−α(ξ x)J0

( 1
32

ξ 3
)

cos
(5ξ 3

96

))
dξ

− Γ(1−α)

16π
3
2 2α+ 1

2 x
1
2−α

∫ ∞

0
ξ α− 1

2

(
J 1

2−α(ξ x)Y0

( 1
32

ξ 3
)

cos
(5ξ 3

96

)

−H 1
2−α(ξ x)Y0

( 1
32

ξ 3
)

sin
(5ξ 3

96

))
dξ . (3.5)

Proof. We use the relations (2.8) and (2.10) to construct the Airy function Ai(x)
in terms of its addition formula in integral (1.1), i.e.,

Ai(x) =
1
π

∫ ∞

0
cos(xt)cos

( t3

3

)
dt− 1

π

∫ ∞

0
sin(xt)sin

( t3

3

)
dt. (3.6)

After a little algebra and setting α = 1
2 −ν , we get the following Abel integral equation

∫ ∞

0
ξ α− 1

2

(
J 1

2−α(ξ x)cos
(ξ 3

3

)
−H 1

2−α(ξ x)sin
(ξ 3

3

))
dξ

=
2α+ 1

2 xα− 1
2√

πΓ(1−α)

∫ x

0

Ai(ξ )
(ξ 2− x2)α dξ ,

(3.7)

which by applying a suitable change of variables, we obtain the relation (3.1) for n = 1.
In the same procedures, we can show other representations for Ain(x) , n = 2,3,4. �
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THEOREM 3. For 0 < ℜ(α) < 1 and x > 0 , the following Weyl fractional inte-
grals and derivatives hold for the powers of Airy functions

gn(
√

x)=
Γ(1−α)

2
I1−α
+

Ain(
√

x)√
x

, Ain(
√

x)=
2
√

x
Γ(1−α)

W 1−α
+ gn(

√
x), n = 1,2,3,4,

(3.8)
where 0 < ℜ(α) < 1 and

g1(x) = − Γ(1−α)
√

π2α+ 1
2 xα− 1

2

∫ ∞

0

(
ξ α− 1

2Yα− 1
2
(ξ x)cos

(ξ 3

3

)

+ξ α− 1
2 Jα− 1

2
(ξ x)sin

(ξ 3

3

))
dξ , (3.9)

g2(x) =
Γ(1−α)

π2α+1xα− 1
2

∫ ∞

0
ξ α−1

(
Yα− 1

2
(ξ x)

(
sin
(ξ 3

12

)
− cos

(ξ 3

12

))

−Jα− 1
2
(ξ x)

(
cos
(ξ 3

12

)
+ sin

(ξ 3

12

)))
dξ , (3.10)

g3(x) = − Γ(1−α)

3π2α+1xα− 1
2

∫ ∞

0
ξ α
(

Jα− 1
2
(ξ x)J− 1

6

( 4
27

ξ 3
)

sin
(5ξ 3

27

)

+Yα− 1
2
(ξ x)J− 1

6

( 4
27

ξ 3
)

cos
(5ξ 3

27

))
dξ

− Γ(1−α)

3π2α+1xα− 1
2

∫ ∞

0
ξ α
(

Jα− 1
2
(ξ x)J 1

6

( 4
27

ξ 3
)

cos
(5ξ 3

27

)

−Yα− 1
2
(ξ x)J 1

6

( 4
27

ξ 3
)

sin
(5ξ 3

27

))
dξ , (3.11)

g4(x) = − Γ(1−α)

16π 3
2 2α+ 1

2 xα− 1
2

∫ ∞

0
3ξ α− 1

2

(
Jα− 1

2
(ξ x)J0

( 1
32

ξ 3
)

cos
(5ξ 3

96

)

−Yα− 1
2
(ξ x)J0

( 1
32

ξ 3
)

sin
(5ξ 3

96

))
dξ

+
Γ(1−α)

16π
3
2 2α+ 1

2 xα− 1
2

∫ ∞

0
ξ α− 1

2

(
Jα− 1

2
(ξ x)Y0v

( 1
32

ξ 3
)

sin
(5ξ 3

96

)

+Yα− 1
2
(ξ x)Y0

( 1
32

ξ 3
)

cos
(5ξ 3

96

))
dξ . (3.12)

3.2. Fractional integrals of Ain(x)Bi(x) , n = 1,2,3

THEOREM 4. For 0 < ℜ(α) < 1 and x > 0 , the following Riemann-Liouville
fractional integrals and derivatives hold for the products of Airy functions

pn(
√

x) =
Γ(1−α)

2
I1−α
0

Ain(
√

x)Bi(
√

x)√
x

, Ain(
√

x)Bi(
√

x) =
2
√

x
Γ(1−α)

D1−α
0 pn(

√
x),

n = 1,2,3, (3.13)
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where

p1(x) =
Γ(1−α)

2π2α+ 1
2 x

1
2−α

∫ ∞

0
ξ α−1

(
J 1

2−α(ξ x)
(

cos
(ξ 3

12

)
+ sin

(ξ 3

12

))

+H 1
2−α(ξ x)

(
cos
(ξ 3

12

)
− sin

(ξ 3

12

)))
dξ , (3.14)

p2(x) =
2Γ(1−α)√
6π2α+ 1

2 x
1
2−α

∫ ∞

0
ξ α
(

J 1
2−α(ξ x)J− 1

6

( 4
27

ξ 3
)

cos
(5ξ 3

27

)

−H 1
2−α(ξ x)J− 1

6

( 4
27

ξ 3
)

sin
(5ξ 3

27

))
dξ

+
2Γ(1−α)√
6π2α+ 1

2 x
1
2−α

∫ ∞

0
ξ α
(

J 1
2−α(ξ x)J 1

6

( 4
27

ξ 3
)

sin
(5ξ 3

27

)

+H 1
2−α(ξ x)J 1

6

( 4
27

ξ 3
)

cos
(5ξ 3

27

))
dξ , (3.15)

p3(x) =
Γ(1−α)

8π
3
2 2α+ 1

2 x
1
2−α

∫ ∞

0
ξ α− 1

2

(
J 1

2−α(ξ x)J0

( 1
32

ξ 3
)

cos
(5ξ 3

96

)

+H 1
2−α(ξ x)J0

( 1
32

ξ 3
)

sin
(5ξ 3

96

))
dξ . (3.16)

THEOREM 5. For 0 < ℜ(α) < 1 and x > 0 , the following Weyl fractional integral
and derivative hold for the products of Airy functions

qn(
√

x) =
Γ(1−α)

2
I1−α
+

Ain(
√

x)Bi(
√

x)√
x

, Ain(
√

x)Bi(
√

x) =
2
√

x
Γ(1−α)

W 1−α
+ qn(

√
x),

n = 1,2,3, (3.17)

where

q1(x) = − Γ(1−α)

π2α+2xα− 1
2

∫ ∞

0
ξ α−1

(
Yα− 1

2
(ξ x)

(
sin
(ξ 3

12

)
+ cos

(ξ 3

12

))

−Jα− 1
2
(ξ x)

(
cos
(ξ 3

12

)
− sin

(ξ 3

12

)))
dξ , (3.18)

q2(x) = − 2Γ(1−α)√
6π2α+ 1

2 xα− 1
2

∫ ∞

0
ξ α
(

Jα− 1
2
(ξ x)J− 1

6

( 4
27

ξ 3
)

sin
(5ξ 3

27

)

+Yα− 1
2
(ξ x)J− 1

6

( 4
27

ξ 3
)

cos
(5ξ 3

27

))
dξ

+
2Γ(1−α)√
6π2α+ 1

2 xα− 1
2

∫ ∞

0
ξ α
(

Jα− 1
2
(ξ x)J 1

6

( 4
27

ξ 3
)

cos
(5ξ 3

27

)

−Yα− 1
2
(ξ x)J 1

6

( 4
27

ξ 3
)

sin
(5ξ 3

27

))
dξ , (3.19)
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q3(x) = − Γ(1−α)

8π
3
2 2α+ 1

2 xα− 1
2

∫ ∞

0
ξ α− 1

2

(
Jα− 1

2
(ξ x)J0

( 1
32

ξ 3
)

sin
(5ξ 3

96

)

−Yα− 1
2
(ξ x)J0

( 1
32

ξ 3
)

cos
(5ξ 3

96

))
dξ . (3.20)

3.3. Identities for Aiγ(x) and Biγ (x) , γ > 0

THEOREM 6. For γ > 0 , the following identities hold for the fractional powers of
Airy functions and their ratios

Aiγ (
√

x) =

(
D1−α

0 fn+1(
√

x)
D1−α

0 fn(
√

x)

)γ

, Aiγ(
√

x) =

(
W 1−α

+ gn+1(
√

x)
W 1−α

+ gn(
√

x)

)γ

, n = 1,2,3,

(3.21)

Biγ(
√

x) =

(
D1−α

0 pn(
√

x)
D1−α

0 fn(
√

x)

)γ

, Biγ(
√

x) =

(
W 1−α

+ qn(
√

x)
W 1−α

+ gn(
√

x)

)γ

, n = 1,2,3,

(3.22)

Biγ(
√

x)
Aiγ(

√
x)

=

(
D1−α

0 pn(
√

x)
D1−α

0 fn+1(
√

x)

)γ

,
Biγ(

√
x)

Aiγ(
√

x)
=

(
W 1−α

+ qn(
√

x)
W 1−α

+ gn+1(
√

x)

)γ

, n = 2,3.

(3.23)

3.4. Fractional integrals of generalized Airy and Levy stable functions

In this section, we intend to obtain the Riemann-Liouville and Weyl fractional
integrals of functions which can be written in terms of the trigonometric functions.
Here, we choose the generalized Airy functions

A2m+1(x) =
1
π

∫ ∞

0
cos

(
tx+(−1)m+1 t2m+1

2m+1

)
dt, m = 1,2, · · · , (3.24)

and Levy stable functions

Lm(x) =
1
π

∫ ∞

0
cos(tx)e−t2m

dt, m = 1,2, · · · , (3.25)

which are considered as the fundamental solutions of the generalized heat equation
∂u
∂ t = km

∂mu
∂xm , km = ±1, with initial condition u(x,0) = δ (x) . For more details in prop-

erties of these functions, see [4], [11], [19] and references therein.

THEOREM 7. For 0 < ℜ(α) < 1 and x > 0 , the following Riemann-Liouville and
Weyl fractional integrals and derivatives hold for the generalized Airy functions

fm(
√

x) =
Γ(1−α)

2
I1−α
0

A2m+1(
√

x)√
x

, A2m+1(
√

x) =
2
√

x
Γ(1−α)

D1−α
0 fm(

√
x),

m = 1,2, · · · , (3.26)
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gm(
√

x) =
Γ(1−α)

2
I1−α
+

A2m+1(
√

x)√
x

, A2m+1(
√

x) =
2
√

x
Γ(1−α)

W 1−α
+ gm(

√
x),

m = 1,2, · · · , (3.27)

where

fm(x) =
Γ(1−α)

√
π2α+ 1

2 x
1
2−α

∫ ∞

0
ξ α− 1

2

(
H 1

2−α(ξ x)sin
(
(−1)m+1 ξ 2m+1

2m+1

)

−J 1
2−α(ξ x)cos

(
(−1)m+1 ξ 2m+1

2m+1

))
dξ , (3.28)

gm(x) = − Γ(1−α)
√

π2α+ 1
2 xα− 1

2

∫ ∞

0
ξ α− 1

2

(
Yα− 1

2
(ξ x)cos

(
(−1)m+1 ξ 2m+1

2m+1

)

+Jα− 1
2
(ξ x)sin

(
(−1)m+1 ξ 2m+1

2m+1

))
dξ . (3.29)

THEOREM 8. For 0 < ℜ(α) < 1 and x > 0 , the following Riemann-Liouville and
Weyl fractional integrals and derivatives hold for the Levy stable functions

fm(
√

x)=
Γ(1−α)

2
I1−α
0

Lm(
√

x)√
x

, Lm(
√

x)=
2
√

x
Γ(1−α)

D1−α
0 fm(

√
x), m = 1,2, · · · ,

(3.30)

gm(
√

x)=
Γ(1−α)

2
I1−α
+

Lm(
√

x)√
x

, Lm(
√

x)=
2
√

x
Γ(1−α)

W 1−α
+ gm(

√
x), m = 1,2, · · · ,

(3.31)
where

fm(x) =
Γ(1−α)

√
π2α+ 1

2 x
1
2−α

∫ ∞

0
e−ξ 2m

ξ α− 1
2 J 1

2−α(ξ x)dξ , (3.32)

gm(x) = − Γ(1−α)
√

π2α+ 1
2 xα− 1

2

∫ ∞

0
e−ξ 2m

ξ α− 1
2Yα− 1

2
(ξ x)dξ . (3.33)

4. Other integral representations

In this section, we extend the previous results to obtain general classes of integral
representations for the combinations of Airy functions. First, we state a theorem for
the inverse Laplace transform of functions F((s2 +a2)α) , 0 < α < 1, using the inverse

Laplace transform of F((s2 +a2)
1
2 ) .

LEMMA 1. Let L −1{F(s);x} = f (x) , then, the inverse Laplace transform of

F((s2 +a2)
1
2 ) is given by

L −1{F((s2 +a2)
1
2 );x} = f (x)−a

∫ x

0
u
J1(a

√
x2−u2)√

x2 −u2
f (u)du, ℜ(s) > |ℑ(a)|.

(4.1)
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Proof. We begin with the well-known Sonine integral for |arg(z)| < π
2 , [12]

∫ ∞

0
xν+1Jν(ax)

Kμ(s
√

x2 + z2)

(x2 + z2)
μ
2

dx =
(a

s

)ν (s2 +a2)
μ−ν−1

2

zμ−ν−1 Kμ−ν−1(z
√

s2 +a2),

a,s > 0, ℜ(ν) > −1, (4.2)

which in special case ν = 0,μ = 1
2 is reduced to

∫ ∞

0
xJ0(ax)

e−s
√

x2+z2

(x2 + z2)
1
2

dx =
e−z

√
s2+a2

(s2 +a2)
1
2

. (4.3)

At this point, using the suitable change of variables and the Leibniz integral rule we get

e−sz−a
∫ ∞

z
ze−su J1(a

√
u2− z2)√

u2− z2
du = e−z

√
s2+a2

. (4.4)

Now, by the definition of F((s2 +a2)
1
2 ) in terms of the Laplace transform

F((s2 +a2)
1
2 ) =

∫ ∞

0
e−z

√
s2+a2

f (z)dz, (4.5)

and replacing the exponential function by relation (4.4), we obtain the result.
At this point, using the well-known M-Wright function Mα (x) in fractional calcu-

lus [16]

Mα(x) =
∞

∑
k=0

(−x)k

k!Γ(−αk+1−α)
, (4.6)

we intend to get the inverse Laplace transform of function F((s2 +a2)
α
2 ) , 0 < α < 1.

This function is a fundamental function in the theory of fractional diffusion equation
[14, 15], and in the theory of the coupled Langevin equations in presence of one-sided
stable Levy noises [8, 9, 26]. �

THEOREM 9. Let L −1{F(s);x} = f (x) , then, the inverse Laplace transform of
F((s2 +a2)

α
2 ) , 0 < α < 1, is given by

f ∗(x) = L −1{F((s2 +a2)
α
2 );x} (4.7)

=
α

xα+1

∫ ∞

0
u f (u)

(
Mα(ux−α)−a

∫ ∞

u
τMα (τx−α)

J1(a
√

τ2−u2)√
τ2 −u2

dτ

)
du.

Proof. Using the Schouten-Vanderpol theorem for the Laplace transform [10]

g(x) = L −1{F(φ(s));x} =
∫ ∞

0
f (τ)L −1{e−τφ(s);x} dτ, (4.8)

in terms of the M-Wright function (case φ(s) = sα )

ατ
xα+1 Mα(τx−α) = L −1{e−τsα

;x}, (4.9)

and combining with the relation (4.1), we get the result. �
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THEOREM 10. The following integral representations hold for the Airy function∫ ∞

0

(
H {sgn(x) f ∗(|x|);t}cos

( t3

3

)
− f ∗(t)sin

( t3

3

))
dt (4.10)

= − 2
π

∫ ∞

a
Ai(r)ℑ(F(i(r2 −a2))

α
2 )dr,

∫ ∞

0

(
H { f ∗(|x|); t}sin

( t3

3

)
+ f ∗(t)cos

( t3

3

))
dt =

2
π

∫ a

0
Ai(r)ℜ(F((a2 − r2)

α
2 ))dr,

(4.11)
where f ∗(t) is given by the relation (4.7).

5. The Hadamard fractional integrals of Airy functions

In this section, we intend to get the Hadamard fractional integrals of Airy func-
tions. For this purpose, we recall the definitions of Volterra function ν [2, 3]

ν(z,α) =
∫ ∞

0

zu+α

Γ(u+ α +1)
du, (5.1)

and Widder potential and Mellin transforms

P{ f (x);y} =
∫ ∞

0

x f (x)
x2 + y2 dx, (5.2)

M { f (x);y} =
∫ ∞

0
xy−1 f (x)dx. (5.3)

The Volterra function (5.1) can be applied in representation of the mean square dis-
placement of a free particle which dynamics is governed by the generalized Langevin
equation with distributed order noise [27]. In order to avoid much computations, we
mention that some Hadamard fractional integrals of Airy functions are shown. Other
Hadamard fractional integrals of products of Airy functions, can be obtained in similar
manner.

THEOREM 11. For 0 < ℜ(α) < 1 and x > 0 , the following Hadamard fractional
integrals hold for the Airy functions, where the notations P and M are the Widder
potential and Mellin transforms, respectively

J α
− Ai(x)

=
1

πΓ(α)Γ(−α)

∫ ∞

0
cos
(ξ 3

3

)
cos(xξ )P[M (ν(s,y)e−s,y →−α),s → x2ξ 2]dξ

− x
πΓ(α)Γ(−α)

∫ ∞

0
ξ cos

(ξ 3

3

)
sin(xξ )P

[
M
(

ν(s,y)
e−s

s
,−α

)
,x2ξ 2

]
dξ

− 1
πΓ(α)Γ(−α)

∫ ∞

0
sin
(ξ 3

3

)
sin(xξ )P[M (ν(s,y)e−sdξ ,−α),x2ξ 2]dξ

− x
πΓ(α)Γ(−α)

∫ ∞

0
ξ sin

(ξ 3

3

)
cos(xξ )P

[
M
(

ν(s,y)
e−s

s
dξ ,−α

)
,x2ξ 2

]
dξ , (5.4)
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J α
− Ai2(x)

=
√

2

4π
3
2 Γ(α)Γ(−α)

∫ ∞

0
ξ

−1
2 cos

(ξ 3

12

)
cos(xξ )P[M (ν(s,y)e−s,−α),x2ξ 2]dξ

−
√

2x

4π
3
2 Γ(α)Γ(−α)

∫ ∞

0
ξ

1
2 cos

(ξ 3

12

)
sin(xξ )P

[
M
(

ν(s,y)
e−s

s
dξ ,−α

)
,x2ξ 2

]
dξ

−
√

2

4π
3
2 Γ(α)Γ(−α)

∫ ∞

0
ξ

−1
2 cos

(ξ 3

12

)
sin(xξ )P[M (ν(s,y)e−s,−α),x2ξ 2]dξ

−
√

2x

4π 3
2 Γ(α)Γ(−α)

∫ ∞

0
ξ

1
2 cos

(ξ 3

12

)
cos(xξ )P

[
M
(

ν(s,y)
e−s

s
,−α

)
,x2ξ 2

]
dξ

−
√

2

4π
3
2 Γ(α)Γ(−α)

∫ ∞

0
ξ

−1
2 sin

(ξ 3

12

)
sin(xξ )P[M (ν(s,y)e−s,−α),x2ξ 2]dξ

−
√

2x

4π
3
2 Γ(α)Γ(−α)

∫ ∞

0
ξ

1
2 sin

(ξ 3

12

)
cos(xξ )P

[
M
(

ν(s,y)
e−s

s
,−α

)
,x2ξ 2

]
dξ

−
√

2

4π 3
2 Γ(α)Γ(−α)

∫ ∞

0
ξ

−1
2 sin

(ξ 3

12

)
cos(xξ )P[M (ν(s,y)e−s,−α),x2ξ 2]dξ

+
√

2x

4π
3
2 Γ(α)Γ(−α)

∫ ∞

0
ξ

1
2 sin

(ξ 3

12

)
sin(xξ )P

[
M
(

ν(s,y)
e−s

s
,−α

)
,x2ξ 2

]
dξ .

(5.5)

Proof. Using the following integral representation for logarithmic function in terms
of the Volterra function (5.1), [2, page 162]

∫ ∞

0

∫ ∞

0
e−pxyq−1ν(x,y)dxdy =

Γ(q)
p lnq+1(p)

, ℜ(p) > −1, ℜ(q) > −1, (5.6)

and applying the Hadamard fractional integral (1.13) to the Airy function

J α
− Ai(x) =

1
πΓ(α)

∫ ∞

x
lnα−1

( t
x

)∫ ∞

0
cos
(
tξ +

ξ 3

3

)
dξ

dt
t

, (5.7)

we can get the relation (5.4). In this sense, we used the definitions of the Widder poten-
tial and Mellin transforms (5.2) and (5.3), and the following relations for simplification

∫ ∞

x
e−ct cos(tξ )dt = e−cx ccos(xξ )− ξ sin(xξ )

ξ 2 + c2 , c > 0, (5.8)

∫ ∞

x
e−ct sin(tξ )dt = e−cx csin(xξ )+ ξ cos(xξ )

ξ 2 + c2 , c > 0. (5.9)

In the same procedure, we can obtain the relation (5.5). �
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6. Concluding remarks

This paper provides new results in the inverse Laplace transform of multi-valued
functions involving two conjugate branch points. These results enabled us to construct
the Riemann-Liouville and Weyl fractional integrals of Airy functions and their prod-
ucts. Using the proposed method, we obtained different representations for the inver-
sion of a suitable multi-valued function. Applying these inversions, we could show
many integral representations and identities for functions including the trigonometric
functions.
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