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LEGENDRE-TYPE RELATIONS FOR
GENERALIZED COMPLETE ELLIPTIC INTEGRALS

SHINGO TAKEUCHI

Dedicated to Professor Shigeru Sakaguchi
for the occasion of his 60th birthday

Abstract. Legendre’s relation for the complete elliptic integrals of the first and second kinds is
generalized. The proof depends on an application of the generalized trigonometric functions and
is alternative to the proof for Elliott’s identity.

1. Introduction

Let k € [0,1). The complete elliptic integrals of the first kind

1 dt
k(b = /0 1_2)(1_k22)

and of the second kind

play important roles in classical analysis (see for instance [11]).
In this paper, we consider generalizations of K (k) and E (k) as

P 1 dt
par( )'_/0 (1 —1a)V/P(1 — kaga) L/

L(1—kara)/r
Epq.r(k) -:/0 md%

where p € P* := (—o0,0)U(1,0] and ¢, r € (1,00). Incase p=qg=r=2, K, 4 (k)
and E, 4 (k) are reduced to the classical K(k) and E(k), respectively. For p = o we
regard K, and E), , , as

and

! dt
Kearl®)= || Gy
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and |
Eeo (k) := / (1— k%" ar.
0

Let s* be the number such that 1/s+41/s* =1 for s. Under the convention that
1/eo =0 and 1/0 = e, we should note that s € P* if and only if s* € (0,e0), particu-
larly, oo™ = 1.

There is a lot of literature about the generalized complete elliptic integrals. K 4 »
is introduced in [12] with a generalization of the Jacobian elliptic function with a pe-
riod of 4K, ; , to study a bifurcation problem of a bistable reaction-diffusion equation
involving p-Laplacian. Relationship between K, , , and E, , , has been observed in
[3, 16]. Regarding K, ;4 »+, another generalization of Jacobian elliptic function with a
period of K}, 4, is given and the basis properties for the family of these functions are
shown in [13]. Moreover, K, ;4 »+ is also applied to a problem on Bhatia-Li’s mean and
a curious relation between K, 4 ,+ and E, 4, is given in [9].

It is well known that K (k) and E (k) satisfy the famous Legendre’s relation (see,
for example, [2, 4, 6]):

EMRKK)+KWEK) ~ KK (K) = 7, (M
where K = /1 —k?. Our purpose in the present paper is to generalize Legendre’s
relation (1) to the generalized complete elliptic integrals above.

To state the results, we will give some notations. For p € P* and g € (1,00), let

L 2 /11
T ;:2/7:_3 S ),
i o (I—r)l/r ¢ (q p*)

where B denotes the beta function. In particular, 7., = 2 for any g € (1,%0). We
write Ky g :=Kp g Epq:=Epgq for peP* and g € (1,00); K, :=K,,  p+, Epp :=
Eppps Tp:=Tpp for p € (1,e0).

THEOREM 1. Let p € P*, g, r € (1,) and k € (0,1). Then

Tp,qTs.r

Epqgr(K)Kprg(K) + Kpgr (KEprq(K) — Kpgr (K)Kprg(K) = i @
where kK == (1—k9)V/" and 1/s=1/p—1/q.
COROLLARY 1. (Case g=r) Let pcP*, g€ (l,00) and k € (0,1). Then
Epq(k)Kp.q (k/) +K177q(k)Ep7q(k/) - vaq(k)Kp,q(k/) = %a (3)
where k' == (1—k9)"4 and 1/s=1/p—1/q.
COROLLARY 2. ([14],Case p=qg=r) Let p € (1,00) and k € (0,1). Then
Ep (KK, (K) + K () Ep (K) — Ky (K, () = 22, @

where k' = (1 —kP)!/?.
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REMARK 1. Using (4), the author establishes computation formulas of 7, for
p=23in[14]; for p=4 in[15].

In fact, (2) is equivalent to Elliott’s identity (5) below. The advantage of our re-
sult lies in the facts that it is understandable without acknowledge of hypergeometric
functions and that its proof gives an alternative proof for Elliott’s identity with straight-
forward calculations.

2. Proof of Theorem 1

The following property immediately follows from the definitions of K, and
Epgr

PROPOSITION 1. Let p € P*, g, r € (1,00). Then, K, 4,(k) is increasing on [0,1)
and

T
Kp,q.,r(o) = 24 ’

2
oo if 1 1/r>1,
lim Kpq(k) = r1/pr /e
k—1-0 % Tug/2 M/u=1/p+1/r) ifl/p+1/r<1;
and E, 4 (k) is decreasing on [0,1] and
Ty, m,
Epq,(0) = %7 Epgr(l)= ;q (1/v=1/p=1/r).

For p € P* and g € (1,%0), the generalized trigonometric function sin, 4x is the
inverse function of

x dt
O ifp Ao
sin) Lx:= /0 (1 —ra)l/p itp7

X if p=co.

Clearly, sin, 4x is increasing function from [0, 7, ,/2] onto [0,1].

For p =g =2, siny 4,0 and m,, = 2sin, , 1 are identical to the classical sin6
and 7, respectively. Moreover, sin, ;6 and 7, , play important roles to express the
solutions (A ,u) of inhomogeneous eigenvalue problem of p-Laplacian —(|u/|P~2u') =
AMul972u, p, q € (1,%), with a boundary condition (see [5, 10, 12] and the references
given there).

For p # oo and x € (0,7, 4/2), we also define cos, 4x := (sin, 4x) . It is easy to
check that for x € (0,7,4/2),

P in? x— ' 9 it xcos2 P
cosh ,x+sinf x=1, (cos,4x) = psm xcos, [ x.

q P9 Pq

Now, we apply the generalized trigonometric function to the generalized complete
elliptic integrals. For p € P* and ¢, r € (1,e°), using sin, 4,0 and 7, ,, we can express
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Kp7q7r(k) and Ep.,q.’r(k) as follows.

Tp.q/2 de
K r k) = B ’
par(t) /0 (1—k4sing ,0)\/r

TTp.g/2
E,W(k)z/o " (1= ksing 0)'/7 d6.

Then, we see that the functions K, ; (k) and E, , (k) satisfy a system of linear
differential equations.

PROPOSITION 2. Let p € P*, g, r € (1,0). Then,

dEpqr 4(Epgr—Kpgr)

dk rk ’
dKpgr _ aEpgr—(a—k)Kpqr
dk k(1 —k9) ’

where a:=14q/r—q/p.

Proof. We consider the case p # oo. Differentiating E, , (k) we have

do =
(1 —kasing 0)!/" rk

_19—1¢ing
q Tp,q/2 k9~ sin . 0 6]
pqr / 2 (qur Kp7q7r*)~

Next, for K, 4. (k)

dKI, q - q /”P a/2 ka1 sin?w 0
1 _

- —do.
kasing  6)1+1/

Here we see that

d —coshly 6 q(l—k‘f)sing;ilecos},qp/’
do \ (1—kasind 0)1/7 |~ r(1—kdsind 0)1+1/7 7

lim cosZ;1 6= lim (l-— singq 9)1/1’* =0;
0—mpq/2 ’ 0—mpq/2 ’
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so that we use integration by parts as

R T N A R
dk = l_kq‘/o E (l—quIquO)l/’* Slnp7q9C0Sp7q ede

p.q/2

ka1 l —sin,,0cosh,' O ] il
- i 1/r

1—k4 | (1—kdsing  6)!/r o

K71 mal2 coshl 6 i (q/r—q/p)sin} ,0
/ : o 97\ a0

+ - | co
1—k4 Jo 1 —kasing  6)!/7 S cost/ @

k=1 mpq/2 cosh 0 —(q/r— sin? , 6
_ /m pa®—(a/r—a/p)sin} 0

1— k4 Jo (l—kqsingﬂe)l/’*
k! /EM/Z(1+61/V—6]/P)(1_quin%,qe)_(l+q/r_q/p_kq)
T ka(1 —kasing , 6)1/"

_(U+a/r=a/p)Epgr—(1+4/r—q/p—K)Kpgr
k(1 — k9) '

do

The case p = oo is proved similarly. Indeed,

7(17 _4q / —ki1-1pa q

1 — kq@q l/r do = % (E°<’-,q.,r - Koo7q7r*)

and

dKegr  q /1 k14
dk r*Jo (1—kag9)t+1/r*

k=l rloq 1—09 \'/"
- = et R _an\/r
l—kq/o d@( <l—k‘19‘1) )9(1 o%)""do
okt [ (169 7!
-k | (1—ka@9)l/r

kit 1—ee \VT , r)64
+1—k‘1/o (1-1«194) <(1_9,1)1/ _(1(3/92)1#*)‘19
ka1 /11—6‘1—(q/r)6‘1
1—k4Jo (1—kaga)l/r
k=1 U (14 q/r) (1 — k909) — (14 q/r — k9)
- l—kq/o ka(1—ka09)1/r
_ (1+Q/r)E°°,q,r (1+q/r—k)K oo,q,r*

k(1 — k) '

do

This completes the proof.
Proposition 2 now yields Theorem 1.
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Proof. [Proof of Theorem 1] Let k' := (1 —k9)'/", E,, (k) i= Epq(K') and
K, (k) :=Kp g (K'). As dk' [dk = —(q/r)k?" /(K')"~", Proposition 2 gives

dEpqr 4(Epgr—Kpgr)

dk rk ’
dKp g.r _ akpqr—(a—k)Kp 4
dk k(k")" ’
—1
dEl/an _ k1 (_E[IJ,I’,L] +K1/7,r,q*)
dk (k")r ’
!/ N\Nr !
dKzlwq* _ q(—bEp7,7q+(b— (k) )Kpm*)
dk rk(k')" ’

where a:=1+¢q/r—q/pand b:=1+r/q—r/p.

We denote the left-hand side of (2) by L(k). A direct computation shows that

d
—L(k
_4(Epgr—Kpgr) K AE,q, 4(—bEp rq+ (b~ (K))K} )
rk Dirq P-4q,r rk(k’)’
-1
akpqr—(a—k)Kpq.r E 4Ky ke (_E;mq +K1/77r7q*)
k(k/)r pirq paqr (k/)r
= @K e APt O WK, y)
k(k/)r 12 P rk(k/)r

g qb-—(K)) a /
== - EpqrK, o
(rk + rk(k')" k(k')" Par T porg

g k' a—k? q(b—(K)) /
_ - Kyor K. .
- ( Ty TRy T ey ) e B

gb a /
(5o * i) oo

a—ki k97! b
+<_ - + ! )KIM{J*E/

k(k/)r (k/)r rk(k/)r prq
gb—ra
= k(K (EpgrKp g = Kpar Ky g = EparEp g+ KpgrEp,g)-

Since gb — ra=0, we see that dL/dk = 0. Thus L(k) is a constant C.
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We will evaluate C as follows. Since

‘(KI%‘N’* - EPJN‘)K;/an* ‘

Tpq/2 1
= —(1—k7sin?_0)'/" ) do
/0 ((l—kqsingﬁqe)l/r* (1 —Kisin7,; 0) )
Tpr/2 de
X
/0 (1= (K)rsin), )1/

Tp.g/2 kisinf , 6 p,r/2 do
:/ k4 si 11/ 0 1/r* de/ 4 0+ kisin” . 6O 1/q*
0 (1 —kasin%  6) 0 (cosp,r 0 +kisinj, . 0)

1 7y,
ka—1 2
LkK (k)

< quPJIJ’* (k) :

”p7

we obtain limkHJro(KI,?q?,* —Epqr)K!

prgt = 0. Therefore, from Proposition 1

n N 7TS.r
o hm K, qr*Eprq KP:‘I:"*(O)EPJ?!I(I) = pz‘. —

where 1/s=1/p—1/q. Thus, we conclude the assertion.

Finally, we will give a remark for Theorem 1. From the series expansion and the
termwise integration, it is possible to express the generalized complete elliptic integrals
by Gaussian hypergeometric functions

T 111
Ky qr(k) = ;%( S =+ - k‘1>

q'r’'pt q
n 1 11 1
Epq.r(k) = %F (5,—;;1? + g;kq) )

By these expressions and letting 1/p=1/2—b, 1/g=1/2+a, 1/r=1/2—c and
k9 = x in (2), we obtain Elliott’s identity (see Elliott [7]; see also [1], [2, Theorem
3.2.8] and [8, (13) p. 85]):

- <1/2+a,—1/2—c;x)F(1/2—a71/2+c;1_x)

a+b+1 b+c+1
F 1/2+a71/2—c;x F —l/2—a,1/2+c;1_x
a+b+1 b+c+1
L 1/2—|—a,1/2—c;x F 1/2—a,1/2+c;1_x
a+b+1 b+c+1
Clatb+ Ulbtetl) o
- T(a+b+c+3/2)[(b+1/2)

for |a|, |c|] < 1/2 and b € (—1/2,00), where T denotes the gamma function. Also,
letting 1/p=2—c—a and 1/g =1—a in (3) of Corollary 1, we have the identity of
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[1, Corollary 3.13 (5)] for a € (0, 1) and ¢ € (1 —a, o). A series of Vuorinen’s works on
Elliott’s identity with his coauthors starting from [ 1] deals with the concavity/convexity
properties of certain related functions to the left-hand side of (5).
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