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APPROXIMATION OF PERIODIC FUNCTIONS
BY ZYGMUND MEANS IN ORLICZ SPACES

SADULLA Z. JAFAROV

Abstract. In the present work we investigate the approximation of the functions by Zygmund
means in the Orlicz spaces Ly (T) in the terms of the best approximation E,(f)y and modulus
of smoothness @y (-, f)um-

1. Introduction and Main Results

Let M(u) be a continuous increasing convex function on [0, ) such that M (u)/u —
0if u— 0, and M(u)/u — o if u — oo. We denote by N the complementary of M in
Young’s sense, i.e. N(u) = max{uv—M(v):v >0} if u > 0. We will say that M sat-
isfies the Ay — condition if M(2u) < ¢M(u) for any u > up > 0 with some constant c,
independent of u.

Let T denote the interval [—7, 7|, C the complex plane, and L,(T), 1 < p < oo,
the Lebesgue space of measurable complex-valued functions on T.

For a given Young function M, let Ly (T) denote the set of all Lebesgue measur-
able functions f: T — C for which

[mseo)dr <.
T

Let N be the complementary Young function of M. It is well-known [21, p. 69],
[34, pp. 52-68] that the linear span of Ly (T) equipped with the Orlicz norm

7 leyry = sup3 [ 1 0s)ldr: g €Lv(D). [N (lstoar <1y,
T T

or with the Luxemburg norm

. (@)
7z = int $ k>0 [ M<T dx< 1
T
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becomes a Banach space. This space is denoted by Ly (T) and is called an Orlicz space
[21, p. 26]. The Orlicz spaces are known as the generalizations of the Lebesgue spaces
L,(T), 1 < p < eo. The Luxemburg and Orlicz norms are equivalent since [21, p. 80]

1 Ny < Wllzpyemy < 202y (ry > f € Lu(T).

If we choose M(u) = u?/p (1 < p <o) then the complementary function is
N(u) = u?/q with 5+ 7 =1 and we have the relation

P P lull omy = el 7y my < Nty omy < @79 1l gy »

1/p
where [[ul|, ) = < qu‘ |lu(x)|” dx denotes the usual norm of the L,(T) space.

The Orlicz space Ly (T) is reflexive if and only if the N—function M and its
complementary function N both satisfy the A,— condition [34, p. 113].

Note that the detailed information about properties of the Orlicz spaces can be
found in [6], [7], [21], [27], [28] and [29].

Let Ly/(T) be an Orlicz space. Suppose that x,/ are real, and let us take into
account the sum

k

B = X0 () £l v, FeLu(m), ker,

v=0

where

v v!

(k) . k(k—1)...(k—v+1)

The function

ou(f, 8y = e HAﬁf(x)HLM(T), §>0

is called k —th modulus of smoothness of f € Ly(T).
It can easily be shown that @y (f,0),, is a continuous, non-negative and non-
decreasing function satisfying the conditions

5128+wk(f’6)M:0’ wk(f"_ga)M < wk(fa')M"_wk(ga')Ma

for f,g € Ly (T).
Let

%+2mwﬁ (1)
k=1

be the Fourier series of the function f € Li(T), where Ag(x, f) := (ax (f) coskx + by (f) sinkx) ,
ax(f) and by(f) are Fourier coefficients of the function f € L;(T).
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The n — th partial sums, Zygmund means of order k (k € N) of the series (1) are
defined, respectively as [10], [40]

S"(x7f) =

QMﬁ=%+iU—___

It is clear that ao
So(x, f) = Zox(x,f) = ER

We denote by E,(f)u the best approximation of f € Ly (T) by trigonometric
polynomials of degree not exceeding n, i.e.,

E,(f)u =inf{|| f =T, HLM(T): T, € T, }

where I, denotes the class of trigonometric polynomials of degree at most n.

The approximation problems by trigonometric polynomials in nonweighted and
weighted Orlicz spaces have been investigated by several authors (see, for example,
[1]-[4]1, [9], [10], [13], [15]-18], [23], [31], [32], [35], [42]). The approximation of
the functions by the means of Fourier trigonometric series in different spaces were
studied in [5], [11], [12], [19], [24]-[26], [36]-[41] and [43]. In the present paper, we
investigate the deviation of functions from their Zygmund means in the terms of the
best approximation E,(f)y and modulus of smoothness @y (f,-)y of these functions
in the Orlicz spaces Ly (T). Note that in the proof of the main results we use the methot
in the [40] and [11].

Our main results are the following.

THEOREM 1. Let Ly(T) be a reflexive Orlicz space and k € N. Then for every
f € Lu(T) the inequality

C](M,k)
(n+ 1)k

(v+DE(f), 2)

M=

1f = Zn k(- ) lzpg(m) <

v=0

holds.

THEOREM 2. Let Ly (T) be a reflexive Orlicz space and k € N. Then for every
f € Lu(T) the inequality

= Zuseo ) Ny m) < c2(M K0k (£, s ©)
holds.

Note that Theorems 1 and 2 in the Lebesgue spaces L,(T), p > 1 were obtained
in [40] and [11] respectively.
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2. Proofs of the Results

Proof of Theorem 1. We consider the trigonometric polynomial

n

Tu(x) = Y, (0w cos vx+ By sinvx).
v=0

The following inequality holds:

k

1F = Zuk G|y my = |1~ 20— ——

A '7f
v=0 (n+1)k) o)
Ly (T)
n vk
<N =Tllgym + | T— 2 [ 1 - - | (o cosvx+ By sinvx)
v=0 (n+l) Ly (T)
il & A(f)i( Bysinvax) [ 1 vt
+ - o f)— oy cos Vx + By sin vx -
v=0 (n + l)k Y v=0 ' ! (n + l)k
Ly (T)
n vk
=f = Tall gy + | T — 2 | 1= - | (o cosvx+ By sinvx)
- (n+1) L (T)
1 k
+||= {f(x+9) x+9}{ 2( )cosv@}d@
7 Jo n—l—l)k Ly (T)
< =Tallpyy ) T Kn lfC+0) = Ta(- + 1)1, 0m)
n vk
+ TH—E 1 — ——— ] (o cosvx+ Bysinvx)
v=0 (n+l) Ly (T)
S (U+Ka) 1f = Tall (1) + Ru(T) “4)
where
2 T
K, = E/o Elv JcosvO|d
vk
) =1— —— k=1,2,..
v(n) (n+ 1)
n vk
Ry(T)m = T"_E 1 ————— | (0t cos vx+ By sinvx)
v=0 (n+l) Ly (T)

Let f € Ly(T) andlet T, €1, (n=0,1,2,

...) be the polynomial of best approxima-
tionto f, i. e.

Ey(flm=f— Tn“LM(’]I‘)
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Then using (4) we obtain

1 = Zuk o )|y

< (1 +K)E.(f)m + 5)

1 n
m Z Vk(av COoSVx + ﬁ\/ sin V)C)
v=1

Ly (T)

Note that according to [20] K, < c3. Then the inequality (5) we write the following
form:

1 = ZusCs )|y )

n
> vE(ay cosvx+ Bysin vx)
v=1

< aE(f)m+ (6)

1
1 k
(n+1) Ly (T)

We suppose that & is even and the number m € N satisfies condition 2" < n < 21,
Then we have

£ = Zuk G Oy my
< En(f)m + ﬁ Y HLM<T)
<c4En(f)M+ : k{HT;k)_ HLM(T)
+Z 7ot = 1y [ o] "

Since T, is the polynomial best approximation we obtain

T

1 Tyve1 = Fll gy ory T 1 = Tov iy (my

Epvir () + Exv (f)m < 2E2v (f)m (8)

Using (8) and Bernstein inequality for trigonometric polynomial in the Orlicz spaces
[22], [14] we have

<
<

(v+1)k _
H vl T L (T) < 652 [ Tyv+1 Tzv”LM(T)
< c62VTUREy (). )
Consideration of (7)and (9) gives us
£ = Znal: HLM

< osEq(f)m+

ot l)k{HTz = Tollp,, ()

+ 3 2V Ey () + | T — Tyms Iy ry ¥ (10

v=1
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The inequality
2‘/
2R e (<2 Y mf T En(f)u (11)
m=2V="141
holds. Really,
< k—1 v—1\k=15v—1 _ Hk(v—1)
Y w2 2vl=2 :
m=2v=141

Since E,(f)m is monotonically decreasing, we conclude that

2V
2V EDREy (f)y < 2% S W Eu(f)u.

Now, as done in [14], we use the inequality (11) in (10) to obtain

Hf _Zn,k('af) HLM(T)

m 2V
< esEn(flu+ —= {Eo(f)M+22k2< > mklEm(f)M>}

k
(n+ 1) v=1 \m=2v-141

2m
€10 2% k—1
1) {Eo(f)m+2 mz:,zm En(f)m}

<G SV B

< ook, (f)M +

Consequently, if k& is even the inequality (2) is proved. Now let k > 3 be a odd.
Then

Rn(Tn)M
1 _ n
- A (1 - nLH) vE1 (0, cos vx + By sin vx) .(12)
(l’l+ 1) v=0 Ly (T)
According [18] we have
c nl _
Ru(T)m < ﬁ 3 E(TE ) (13)
n v=0

Note that by [23] and [3] the inequality

v=n+1

En<f<’<>>M<c13{nkEn<f>M+ i v"—lEva} (14)
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holds. Using properties of sequence {E,(f)u} and (14) we find that

n—1
2 Ev(Tn(k—l)
v=0

|
—_

n

< cui {(V + 1) E(T)u +n§ (s+ 1)k2Es(Tn)M}

v=0 s=V
n—1 n—1 i1

<cs 3 (VD T EW(T)m <cie 3 (v D T EV(f)u. (15)
v=0 v=0

Use of (15), (13) and (6) gives us inequality (2). Theorem 1 is proved.
Proof of Theorem 2. Let f € Ly/(T). Then the following inequality holds:

_g (. k|l kg (.
1 = Zso Dy < 1 =0 DLy + ot D Vv
= U, +UY. (16)
It is well known from [33], [14] that
U = [f =Su(s )l 1y ) < €170M)En(f)m- (17)
By [32] and [2] we have
Ea(Pur < erslk M (f, . (18)
Then by (17) and (18) we get
Ut = 1f = S$us )y m) < 19k M@, . (19)

‘We note that if & is even
> VA (e f) = (D280 (x, ),
v=1

if & is odd
ZVkA (e f) = (-1 325, 9, ),

where g(x) is the function that is trigonometricaly conjugate to g(x).Then

(n+l

H —even
Ul = H (20)

(n+1)~ , k—odd.
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If k is even, by inequalities (2.11), (3.1) of [4] and (20) we have

v = e s,
< eaoln+ 17270k AL S0 7f>HLM(m
R T e KA
<c22(M,k){f—Sn( Ny +HAW HLM@)}
< en(M R0, D ey
Considering [33], [14] we have
o )] 22)

If & is odd, consideration of (20), (22) and (21) gives us

(k)

t&=m+wk$<¢w

Ly(T)

< es5(n+ 1)_k) H < c6(M, k) ax(f, Z)M~ (23)

Taking into account the realizations (6), (19), (21) and (23) we obtain the inequality
(3). Theorem 2 is completely proved.
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