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ANALYTIC FUNCTIONS DEFINED BY A PRODUCT
OF EXPRESSIONS HAVING GEOMETRIC MEANING

F. M. JIMOH AND K. O. BABALOLA

Abstract. We define a new class, _#,%(B), of analytic functions by a product of certain expres-
sions having geometric meaning. We establish univalence of the new class, obtain its integral
representations, sufficient inclusion conditions and coefficient inequalities. Examples are given.

1. Introduction

Let A be the class of functions of the form
f2) =z+a+--
which are analytic in the unit disk E = |z| < 1. Denote by P, the class of functions
PR =1+piz+pZ +ps+...

analytic in E and satisfying Re p(z) > 0, and by P(f3) if Re p(z) > B for some real
number 0 < B < 1.

In [7], Singh investigated a subclass Bi(c) of univalent Bazilevic maps (of type
o) which consists of functions f satisfying

fR)*'f(z)

Re
701

>0, zeE.
The parameter o > 0 is real. Thus the case oo = 0 coincides with the class S* of
starlike maps of the disk E, defined by Re zf”(z)/f(z) > 0.

Abdulhalim [1] generalized the class By (o) to B,(ct) consisting of functions sat-
isfying

n o
Re m >0, z€FE
Za

where D" is the Salagean derivative [6] defined by
D'f(z) = D(Dnilf(z)) = Z[Dnilf(z)]z neNy= {Ov 1,2,.. }

with D°f(z) = f(z). Powers mean principal determinations only. He proved that
By+1(at) C By(or) which implies that for n > 1, the class contains only univalent maps
of the unit disk.
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A further generalization, T*(f3), was done by Opoola [5] (and slightly modified

in [3]) which consists of functions satisfying
D"f(z)*
Re =i =P

where [ is a real number such that 0 < 8 < 1, o > 0 is real and D" is the Salagean
derivative, and powers also mean principal determinations only. He established the
univalence of functions in this class for n > 1 by proving the inclusion 7,%  (B) C
T (B)-

In this article, we say:

DEFINITION 1. A function f € A is said to be in the class _#,*(f3) if and only if

. an(z)oc Dn'Hf(Z)a

R
oz an+lza

> B. (1)

All parameters have their usual definitions and specifications.

REMARK 1. The new class of functions interestingly includes many well known
ones as special cases. For instance, of note are the following particular cases defining
families of univalent maps of the disk.

(a) If n =0 and oo = 0 we have the class of starlike functions of order . The
admissibility of the case oo = 0 (though for n = 0 only) is a striking feature of
the new class, a departure from its restriction in 7,%(f)! Univalence in this case
is well known.

(b) If n=0 and o = 1, the class _#*(B) reduces to the class of functions with
bounded turning of order 3.

(c) If n=0 and o =1 we have the class of functions satisfying

TR

which consists of univalent Bazilevic maps of type 2.

(d) If n=1 and o = 1 then we have the class of analytic functions satisfying
Re f'(f'(z) +2f"(2)) > B.
Furthermore, the geometric condition (1) can also be written as

DUDFRY?)

Re — Jnria B @)

which shall be employed interchangeably with (1) depending on convenience.
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2. Preliminary lemmas

In our investigation, the following lemmas will be useful.

LEMMA 1. [3] Let u = uj +uzi, v=vy+vyi and y(u,v) a complex valued
function satisfying:

(a) w(u,v) is continuous in a domain Q of C?,
(b) (1,0) € Q and Re y(1,0) >0,

(¢) Rey(&+ (1—8)uzi,vi) < & when (§+ (1 —8)upi,vy) € Q and 2v) < —(1 —
O)(1+ud) forreal 0 < ¢ < 1.

If p € P such that (p(z),zp'(z)) € Q and Re w(p(z),zp'(z)) > ¢ for z € E. Then
Rep(z) > ¢ in E.

LEMMA 2. [2] Let p(z) be analytic in E with p(0) = 1. Suppose that

7' (z) 31
Re <1—|— p(z))> B z€E.

_1 1
Then Re p(z) > 278 , % < B <1, z€ E and the constant 2'7F s the best possible.

We shall also require the well known Caratheodory inequality |pi| < 2, k =
1,2,3..., together with one of its consequences, which is the following lemma.

LEMMA 3. [4] Let p € P. Then for any real or complex number &, we have sharp
inequalities

»

'pg - 071 <2max{l,|1 —o]}.

3. Main results

The main results of this paper are presented as follows.
THEOREM 1. Z%(B) C T,*(B), a>0.

Proof. Let
plo)= 2T

anZOC
Then from (2) we have

Re <p(z>z+1p(1)p’(1)) - B

o
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Now define u
o(u,v) =u*+ - ©>0

Then ¢@(u,v) clearly satisfies the conditions (a) and (b) of Lemma 1. Furthermore
whenever 2v; < —(1—f)(1+u3), we have

B(1—B)(1+d)
e Y

Hence by Lemma 1 we have Re p(z) > . That is Re D"f(z)%/(a"z%) > B which
proves the result. [

Re @(B + (1 — Blusi,vi) = B> = (1 = B)’uz —

COROLLARY 1. Forn> 1, theclass 7% (B) consists of univalent functions only.
In particular, the class of functions defined by Re f'(f' +zf"(z)) > B in Remark 1
(d) also consists of univalent functions only.

THEOREM 2. Let f € #%(B). Then f(z) has the integral representation

= (1 e [ ) ;>é

The integral, I,, is the anti-derivative of D" also defined by Salagean [6] as
L f(t
=1 1f@) = [ O
with Ipf(z) = f(z) and such that 1,(D" f(z)) = D"(I,f(z)) = f(z). Now the proof is as

follows.

Proof. Since f e _#%(B) there exists p € P(3) such that from (2)

D((D"f(x)*)?) _

Do2ntiRe (2)

and 1

D'f(z)* = (2052"“/0Zt2°“1p(t)dt> .

Applying the integral operator I, on the last equation, we have

1

f(Z)a =1, <2a2n+l /Oztz"‘lp(t)dt) 2

and so

as required. [



PRODUCT OF EXPRESSIONS HAVING GEOMETRIC MEANING

THEOREM 3. If f € A satisfies

Re (DnJrlf(Z)a +Dn+2f(z)a> - 4OCﬂ +ﬂ—1.

DfR)* | DIf()° 2B
Then ? B .
D"f(z)* D" f(2)* -1 1
Re oz an+lza >2 'Ba §<ﬁ<1, z€E.
Proof. Let

an OchJrlf o
() = (22n+lz2a = :

Then we obtain . 5
'@ DY | D)

pz) — DfR)* T DHfRF
By the hypothesis of the theorem,
(@) _ D ()" | D) 31
Re (1+558) =re (1+ St + g —2¢) >
which is equivalent to
D% | D" _ 4B+
Re (Sstor ) > e

1
B, L <P <1, which proves the result. O]

20.

Thus by Lemma 2, Re p(z) >2'~

_1
COROLLARY 2. If f € A satisfies the condition (3), then f € 7 (21 B).

By putting n =0, o« = 1 and 3 = 1/2, we have

COROLLARY 3. Suppose
zf"(2) Zf’(Z)>
e(f@'*ﬂa g

1
5
Then ,
@) 1
Z 2
If n=0a=0 and B =1/2, we have the following.

COROLLARY 4. Suppose

zf"(z) 2@ .
e(ﬂ@ ﬂd>>

3
.

Then
zf'(2) -

1
Re f(z) E .

That is f is starlike of order %

43

3)
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If n=0and a=1/2, we have

COROLLARY 5. Suppose

z2f"(2) 31
Re <1+ f’(z))> B

Then
1 —

==

Re f'(z) > 2

If B = 1/2 in the last corollary, we have

COROLLARY 6. Suppose

e (L9 01)-L

Then
Re f'(z) >

THEOREM 4. Let f € #%(B). Then

20(1-B)
a2l < (a+1)"(20c+1)

|Cl3|< an(l_ﬁ)
~

mmax{l,\l —Gl‘}

where
20(1 = B)[(ax+ 1)2” —o (1 - o)(o+2)"

[
! (e+ 1) 12a+1)?

Proof. For f e #%(B), there exists p € P such that

(D" f(2)%)%) =202 1297 (B + (1= B)p(2)) )
Expanding the right hand side of (4) in series form we have
(D" f(2)*)Y) = 20212271 (B + (1~ B)p(2))

:2a2n+lz2a71+2a2n+1(l_ﬂ)pl(z)z2a+2a2n+l(l_ﬂ)pz(z)z2a+l+.“
4

Then integrating we have

(an(z)a)2 _ a2nz2(x + 2a2n+1(1 _ﬁ)pl 200+1 + a2n+1(l _ﬁ)p2 2(o+1)

200+1 o+1 T
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so that

an+l(1 _ﬂ)Pl 70+

20+ 1
@ (1= )20+ 12 — 21— BR(@t D g
2(a+1)20+1)2

an(Z)O( — anza+

+...

+

Applying the integral operator I, on the above, we obtain

o_ o o (1=B)p1
f2)%=z +—(a+1)"(2a+1)z i
a"“(l—[3)(2a+1)2p2—a"+2(1—ﬁ)z(aJrl)p%ZaH

+ 200+ 1) (e +2)" 20+ 1)2

+...

Hence we have

(=B o, a'(1-P) (m_mp_%);+
1)+,

M= o 7 )° * 3at s 27

20(1—B)[(+ 1) — o (1 — &) (o +2)"]
(a+ 121200+ 1)2 '
Comparing the coefficients of both sides of the last equation we have

o"(1-B)p
CEDIET

o] =

(6)

a) =

Thus applying the Caratheodory inequality, |pi| < 2, to ap we obtain the desired bound.

Next we have (1-p) 5
B o"(1— n
“ T2+ D(a+2) (”2 “ z)' ™

2
Taking ¢ = 0] in Lemma 3 we have ‘pg—m%’ < 2max{l,|1 — o;]} so that

|Cl3|< (Xn(l—B)
~

mmax{l,\l —Gl‘}

as desired. This completes the proof of the theorem. [J

THEOREM 5. Let f € #%(B). Then for any real or complex number A

__ ({1=B)a"
laz — Aa3| = mmax{l, |1 — 02}
where
- 20(1—B) Ao+ (o + 1) 4 (o — 1) (a+ 1) (o +2) "]
2= .

(+1)2"(2a+1)2
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Proof. From Theorem 4 using equations (6) and (7) we obtain

o (I=p)o” -~ &

a5 A = o 2 et 2) ‘p 2

where
- 20(1=B) Ao '+ (o + 1) (o — 1) (a+ 1) (o +2) 0!
2:

(e +1)2"(2a+1)2
Thus taking 6 = 0, in Lemma 3, we have

(1-B)o”

mmax{L |1—o0|}

las — la%| =

as required. [

Finally if we define

B+(1—B)(1+2),if j=1,
D@ D ) g gy i =2,

(xnza an+lZO¢ -
B+(1-B)=,  if j=3.

Then right hand sides of the above equations are all functions in P(f3) so that the
following functions f;(z) j=1,2,3 given by:

o'(1-B) 5  (1=B)o o' (1-a)(a+2)" — (a+1)*] 4
)" 2at1)’ 200112 (0 2)" 200+ 1) ot

f(z) = {In <(x z 1+225+11_Z }
o'(1-f) (- —B)?a o (1—a) (a+2)" — (a+1)*] 5
~ (a+1) (2a+1) (Oc+1)2"((x+2) (20+1)?

=z+

f@) =4k (20‘2”“/02%@7

_20M(1-B)

2o+ D)(a+1)"

+(1-B (a+1)" 1 2a(o+1)(14B)+1]+20" (1-B) (1) (0+2)"
(1-B) o0+ 1)2 (20112 (0t 2)"

=z+

z3+...

are examples of functions in the class _Z,*(jB)
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