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EVALUATION OF APERY-LIKE SERIES
THROUGH MULTISECTION METHOD

WENCHANG CHU AND FLAVIA LUCIA ESPOSITO

Abstract. By combining the multisection series method with the power series expansion of
arcsin-function, we investigate Apéry-like infinite series involving the central binomial coef-
ficients in denominators. By constructing and resolving systems of linear equations, numerous
remarkable infinite series formulae (generated by using an appropriate computer algebra system)
for 7 and special values of the logarithm function are established, including some recent results
due to Almkvist e al. (2003) and Zheng (2008).

1. Introduction and motivation

In 1979, Apéry [2] (cf. [20] also) proved the irrationality of £(2) and {(3) b
making use of the following formulae

o 1 n—1
2)=3) ——

e e
Since then, much research interests have turned to investigate the Apéry-like series for
values of Riemann zeta function (cf. [5, 7, 8, 9, 14, 25]), Ramanujan-like series for
(cf. [4, 10, 16, 17] and other infinite series involving central binomial coefficients (cf. [6,
11, 15, 21, 23, 22]. Recently, special attention has been paid to find fast convergent
series for evaluating 7 [1, 3, 24]. For example, both Almkvist ez al. [1] and Zheng [24]
found several infinite series expressions of the following type for ©

e

and (3 %i

(2'”")

where o € R and P,,(n) is a polynomial of degree m in n.
For a nonnegative integer n and an indeterminate x, define the falling factorial by

n—1
(x)o:=1 and (x),:=[[(x—k), neN.
k=0

In this paper, we will investigate the following expressions of Apéry-like infinite series
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for  and special values of the logarithm function

© A
Qh(x) = 20—(2,,,"@ ¥, (1)
n= mn—+y

where A, (n) is a polynomial of degree m in n, expressed through the real connection
coefficients {A;}]_, in terms of falling factorials:

Am(n) = M(2mn+27). (2)
k=0

Numerous remarkable multisection series for Q) (x) are expressed in terms of 7
and special values of the logarithm function, constitute several classes of identities for
Apéry-like series. They not only recover, in particular for y = 0, the results obtained
previously by Almkvist et al. [1] and Zheng [24], but also discover numerous infinite
series identities involving the central binomial coefficients (2”1’1"’1‘172/7) covering all the
residue classes of y modulo m. It is remarkable that for these formulae corresponding
to y#£ 0 (mod m), there has not been hitherto even a single example in mathematical
literature.

The rest of the paper will be organized as follows. In the next section, we shall
present, as preliminaries, higher order derivatives of the arcsin-function, the multisec-
tion series method and special values tabulated for the function hyp(y) (see (3) for its
definition). Then in Section 3, we shall transform the Qn (x)-series, for odd m, into a
finite sum associated with a linear system that will be resolved to give six examples of
infinite series identities. A similar approach will be employed in Section 4 to examin-
ing the alternating series that will lead to further fifteen examples of alternating series
for 7 and for special values of the logarithm function. Finally in Section 5, we record
the Mathematica commands that have been utilized by the authors to produce infinite
series identities.

Throughout the paper, we shall utilize the following usual Kronecker symbol &; ;
with §; ;=1 for i=j and &;; =0 for i # j.

2. Preliminary background

As preliminaries, we discuss below higher order derivatives of the function A(x)
(see equation (4) for definition) related to the arcsin-function, multisection series method
and special values of the function hyp(y) defined by

hyp(y) := 2eSn0) 3)

Wi-y
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2.1. Higher order derivatives of /(x)

For the reciprocals of central binomial coefficients, there exists the following in-
teresting generating function [18, eq. (15)]

__arcsin(x) 1 xaresin(x) & (2x)%
A I = N R

n
where |x| < 1. Several variants of this expansion and applications to infinite series

involving reciprocals of central binomial coefficients can be found in [6, 11, 13, 19, 25].

LEMMA 1. For the k-th derivative of the function h(x), there exist polynomials
{P, Ok} such that

ek P (ex) e*Qi(ex)  arcsin(ex)
Dih(ex) = (1— 22T T (1= 221 T 22’ )
where {P.,Q} satisfy the recurrence relations
Pe1(v) =(1 =) B(y) + (2k+ 2)yPu(y) + Q) (6)
Qi1 () =(1 =) Q) + (2K +3)yQ(y); (M
with the initial conditions
R(y)=1, Qo(y)=y. (8)

Proof. This can be done by the induction principle. When k = 0, the statement
of the lemma is true because in this case, the equality (5) is equivalent to the initial
conditions given by (8) in view of (4). Suppose that the statement of the lemma is
valid for k. We have to verify it for k+ 1 by differentiating the right member of (5) as
follows:

P (ex) Qr(ex)  arcsin(ex)
7 h(ex) = —@{'(1 - e];x2)k+l } T -@{ 1= 612{X2)k+1 e }
_ ke (1—e2x?)P|(ex) + (2k + 2)exPi(ex) + Oy (ex)
(1— 22y
St (1—€*x%)Q; (ex) + (2k + 3)exQy(ex) arcsin(ex)
(1— 222 Nk

However, by (6) and (7), one can rewrite the last expression for @f“h(ex) as

_|_

P (ex) N 10k 1 (ex) arcsin(ex)
(1222 " 1—e22) 2 T o2’

which is exactly formula (5) when writing £+ 1 instead of k. This concludes the proof
by induction. [

DX h(ex) =
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2.2. Multisection series

In classical combinatorics, there is the following useful expression of multisection
series for formal power series (cf. Comtet [12, p. 84] for example). Let f(x) be a
formal power series with complex coefficients defined by f(x) := ¥~ ;A,x". Then
for a natural number m and an integer ¥ subject to 0 < y < m, the following formula
holds:

o 1 m
Apn iy X" = =N o ¥ f(xak), 9)
Z mn-+y- m kg’] ( )

n=0

where @, := exp(2mi/m) is the m-th root of unity. It is not hard to check that for an
even function g(x) := X B,x*", there holds similarly the formula

Z By = Z 0y, g (x00h,). (10)

In fact, writing the right-hand side of (10) as a double series and then interchanging the
summation order, we have

m oo
2 o 1 2n  2k(n—7)
2 mZm 8 xw2m _Z 2 ZB"X w2m
k=1n=0
— Z B, x*" z wzm(" Y)
m, 2o k=1

Then the identity (10) follows from the almost trivial sum

i o=y _ Jm n=y (mod m);
k=1 am 07 n ?_é y

(mod m).

In an analogous manner, one can verify that (10) admits the following counterpart

S By = — 2 2Mg(xewk) foranodd meN. (11)
n=0

It should be pointed out that under the replacements g — h and B, — 4"/(*"),
both (10) and (11) remain valid because the & -series defined by (4) represents an even
function.

2.3. Special function values

Recall that QJ,(x) introduced in (1) results in a multisection series related to /-
series given by (4). In order to evaluate Q},(x) for specific integers m, y and a real
number x, it will be necessary for us to know special values of the function hyp(y)
defined in (3). They are tabulated below for our later needs.
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Special values for hyp(x . eie)

o : : :

1 21 I ERVA]

3V3 V3 2

1 x In(2+/3)

V2 V3

V3 4 2 54121

5 % ﬁln +£/7 15\/»{7r+3l1n(2+\/_)}

+ 2 Y 1eV2 m42in(1+v2)
k%) 1+2 V2 212

1 8 V142V2 || v2i :

75 Vieah s e {m+4iln(1+v2)}

1 32 1+ 1442 3—i .
4—\/ﬁ 1+4\/§ 4\/ﬁ W(?‘E—i—lenZ)

These particular values can be realized by routine calculations, or simply by exe-
cuting Mathematica command ‘FunctionExpand’.

3. Summation formulae for m odd

Let y and m be nonnegative integers with m being odd and 0 < y < m. This
section will be devoted to examining the Q-series (1) by determining the A,,(n)-
polynomials (2) so that the series have closed forms in terms of 7 and special values
of the logarithm function. This will be carried out by constructing and then resolving
special systems of linear equations.

Combining (5) with (11), we can reformulate the following series

y 2m k— 2y k (2x) 2mn+ 2y
Q((2x)™") = Z 9 Z (2mn+2
n=0 mn-+y

m lkxk72y m

= 25 0,2 h(xw}
= 4Ym z (x )

(xof, k 2P (xdl)
Z < 47m ; Z xza)%)k“

(x! Y270y (xw!,)  arcsin(xof,)
Z * 47m Z (1 _xzw%)k-H 2o
m

Interchanging the summation order, we get the following equation:

20V 1
04'm (o x*ogf)

m k 2y
QY ( 2x Zm) _ 7Lk z )C(D Pk(xa) )
f—
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m & (x(x)[)H'k 2yQ (xwé)
! 4Ym (1 wr%l/)kJrl

+ Y hyp(xa},)
/=1 k

From the last expression, we may construct the system of linear equations
k 2y

2 2 x2w2[ k+1P (‘xw;ﬁ%

T o/ VA, W
S 4m (1 — X2l )k

(12)
w: xw!), (=1,2,---.m

By resolving this system of equations with m + 1 variables {A;}}",, we derive
the following general identity.

THEOREM 2. Forany given m+-1 constants {Vi}1, let { A}, be the solution
of the linear system (12). Then for an arbitrary odd m € N and a real x subject to |x| <
1, the Q-series (1) determined by the corresponding A-polynomial (2) is evaluated by

m
Q1 ((2x)™") =Vo+ Y, Ve hyp(xash,).
=1
It is not hard to check, by means of D’ Alembert’s test, that the above Q-series is
convergent for all the real x subject to |x| < 1. Observe further that

arcsin(x)

hyp(xw),) =hyp(x) = —=

ypOroy) = hyp(x) = - Nipre

is always real and can be expressed in terms of 7 or special values of the logarithm
function for some properly chosen x. Therefore for the fixed constants V, = &y, with
0 < ¢ < m, the corresponding solution of the last linear system will lead to the evalua-
tion QF,((2x)?™) =V, -hyp(x).

We shall provide six examples for the multisection series Q},(x) with m = 3 and
5, where each example will be derived from Theorem 2 by specifying parameters as
highlighted in its header.

3.1. Formulae corresponding tom=3
According to hyp( 1) = 3 f we can work out the first example.

EXAMPLE 1. (Theorem 2: m=3,x=1/2 and V; = 9,3 for i=0,---,3)

20077:

4 A
07 :2 6}319 where A3 (n) = 2 +29n 4 168n* — 189n°;
81\/§ n= 0(3n+1)
)

(a) — L where A3(n) = —8 + 103n — 273n> + 378n°;

(b)

801 As(n 2 3
c = where A = —56—75n+882n"+ 1701n"°.
(© 813 2 (6n+4) 3(n) =

n=0 \3,42
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Analogously according to hyp(%) = 7, we get the second example.

EXAMPLE 2. (Theorem 2: m =3, x=1/v/2 and V; = §;3 for i =0,---,3)

750 & A
(@) 7”:2 365:1)8", where Az(n) = —162 48501 — 2961n"+ 1638n’;
n=0 (3n)
157 S A
(b) e Z (635’% 8", where A3(n) = 168 + 674n + 1512n* — 14491,
3n+1
S
() < 226(6”(”; 8", where A3(n) = —244 — 564n +21n 4 756n°.
=U 3n+2

Finally according to hyp(~5> Vi e') = 3 \f’ we have the third example.

EXAMPLE 3. (Theorem 2: m =3, x=+/3/2 and V; = §;3 for i =0,---,3)

(a) 1200137 = 2A3( )27"
n=0 (Sn)

where Az (n) = —7668 4 5827n — 1101450 +27306n°;
& A
(b) 240V3z=Y =2 (n) 27",

6n+2
=0 (3n+1)
where Az (n) = 33966 + 117259 + 166104n” — 54279n°;
1607‘!7 ,,
© 2 (6n+4) 27
n=0 \3n+2

where Ag( ) = — 19872 — 465891 — 24778n>+ 120991°.

3.2. Formulae corresponding tom=>5

According to hyp( ) 3 \/— , we can work out the first example.

EXAMPLE 4. (Theorem 2: m=5,x=1/2 and V; = §;5 for i=0,---,5)

7840m & As(n)
@ —==2 o
81 \/§ n=0 (150n )
where As(n) = — 324 +9348n — 79475n°
+33 1250n3 —570625n" + 4262501,
78401 &
(b) 10 2
81 ‘/_ n=0 ( 5:;3 )

where As(n) = — 288 + 8046n + 76925n°
— 3988751 + 818125n* — 213125n°;

61
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2240 &
(©)
TN
where As(n) = — 1224 — 882n + 682751
— 121625n3 —611875n* + 14918751,
2241 i
(d) )
81 \/— n=0 (150nr36)
where As(n) =936+ 5250n + 348951
+ 64150n3 — 196625n* — 426250n°;
8967
(e)

10n 8
81\/— n=0 (5ni4)
where As(n) = — 12096 — 419101 4 255205n°
+ 199652513 + 4197875n* + 277062571°.

Analogously according to hyp(‘j—%) = 7, we get the second example.

EXAMPLE 5. (Theorem 2: m =5, x=1/+/2 and V; = 0i5 for i=0,---,5)

595351 & As(n
@ T3
n=0 ( 5n )
where As(n) = — 104856 4 15454491 — 9968350n°
+ 22046625n3 —26065625n* 4+ 10191250n°;
66157t e
(b) 2 10n+2 3217
n=0 (511+1 )
where As(n) =61296 + 590656n 4 2340075n>
—49775001° + 160931251* — 9513125n°;
9457 & As(n
© 2Ty B
n=0 ( 5n+2 )
where As(n) = — 126648 — 6749731 — 1200250n°
— 2000375n3 —3235625n* + 48050001,
5677t = .
(d) 2 10n+6 32
(Sn+3 )
where As(n) =330816 + 14693801 + 28167551
+27042001° — 1532125n* — 4785625n1°;
189 = A
& —X=Y (1) gon,

32 n=0 (15(:1”148)
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where As(n) = — 187824 — 7032851 — 910170n°
+1253751° 4+ 15926251% + 12012507°.

Finally according to hyp(@e"” )= 3‘% , we have the third example.

EXAMPLE 6. (Theorem 2: m =5, x =+/3/2 and V; = ;5 fori=0,---,5)

oo 35n
@ nE (150n 102876480°
n
where As(n) = — 549773892 + 19215227761 — 407882386251
+ 442304742501 — 951323518751 + 225972587501,

S Asln) 3
®) \/§n=20(1§,,+2) 3810240°

where As(n) =1058881248 + 79674171061 4 235194926751
+152305328751° + 483623593751 — 150591443751,
S As(n) 3%
3 =
(C) \/_TE Z (10n+4) 362880

n=0 \'5
where As(n) = — 2524970232 — 13752921654n — 287055762751
— 319295323750 — 22200688125n1* 4+ 100402431250,

O
@ \/5”:26(15"%) 36288’

where As(n) =2237207688 + 9899119050n 4 174631838151
+ 15225220000;13 +4053902875n* — 3346585000n°;

S As(n) 3"
(e) 2 (10n+8 16128’

where As(n) = — 3361774752 — 12542542170n — 18201581285n°
— 114189397251% — 4709938751 + 22312193751°.

4. Alternating series identities
In this section, we are going to investigate the following alternating series

0p(~ (20" = 3 (1))

(2)6)2’”’1.
n=0 ( mn+y

Analogously, this series converges for all the real x subject to |x| < 1.
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Replacing g by & and x by x/ s, in (10) yields an alternative relation
S (2x)2mn+2)/ 1 & 2y(1-26) 1
2 (_l)n 2mn+2 = % Z w4m h( w4m )
n=0 ( mn+y k=1

Combining this with (5), we have the following expression

m 2mn+2y
2 k—2 k (2x)
Qf (- (2x0)™) = Zx y -@ 2 (2mn+2
mn+y
m Akxk72y m . 201

= 7Y o' heal, )
4')/m X = m

k=0
IR LS
iodmim (1-x2ay, 5!
+i M i (xa2t™ I)HZ? z(xa)i‘; ") arcsin(xaj,” 1)'
mdm o (1-xPay, ) 1 - 202

Interchanging the summation order, we get further the following equation:

m m 20—1\k— 20—1
QY (_ (2x)2m) _ Z 2’k 2 (X(D4m )k 215 gxwétm )
1 — -
imdmim (1-xay, !

20— 1\14+k—2 201
i hyp(xe2t) 2 M (xag, )T ny k(X )
= 4m ~ 4'm (1— 2@ 2y

From the last expression, we may construct the following system of equations

« M < (xwf,i b2 20-1
WO_,ZOW%(l—xz 27— 2)k+1P(xw4m ) .
m sz (xw% 1)1+k 2y
W, = —-4’”—_Q (xaih, (=1,2,--.m
i—o4m (11— 44r€n 2)kt "

Resolving this system of equations will result in the following general identity.

THEOREM 3. For any given m+ 1 constants {W}{", let {4 }}, be the solu-
tion of the linear system (13). Then for an arbitrary m € N and a real subject to |x| < 1,
the Q-series (1) determined by the corresponding A-polynomial (2) is evaluated by

QL (= (207 =Wo+ X W, -hyp(xa2s ).
/=1

It should be pointed out that the last theorem cannot be deduced from Theorem 2
by simply replacing x by x/cy,, because Theorem 3 is valid for all the m € N, instead
of odd m € N.
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When hyp(xwf,ﬁ 1) has a “good” expression in terms of 7 and special values
of the logarithm function given in Subsection 2.3, we may specify the corresponding
W), =1 and the others Wy =0 for ¢ # k. Resolving the corresponding linear system will
give rise to infinite series formulae concerning 7 and special values of the logarithm
function. We record fifteen examples as exemplification.

4.1. Formulae corresponding to m =2

Firstly, by separating 7 from the logarithmic value in

hyp(ie%) ! \/2—1

2
we can work out the following two examples.

{m+3iln(2+V3)} (14)

EXAMPLE 7. (Theorem 3: m =2, x=/3/2 and W} = O, for k=0,1,2)

= A
(@) 36V3r=Y 24(”) (—9)", where Ay(n) = —1341 — 1250n — 4000n%;

n=0 (Zn)
(b) 2V3=m 2

@ H) ", where Az (n) = 423 + 580n + 700n°.

2n+1

EXAMPLE 8. (Theorem 3: m =2, x=+/3/2 and Wy = & for k=0,1,2)

(@) 27V3In(2+V3)= i Aaln) (=9)", where Ay(n) = 153 — 2514 10001,

=0 (50)

& A
(b) 3V3InQ2+V3) =Y 4}2:;) (—9)", where A (n) = —243 — 430n — 325n°.

n=0 (2n+1)

Then by separating = from the logarithmic value in

hyp(%) - %{nﬂiln(u\fz)} (15)

we have similarly the next two examples.

EXAMPLE 9. (Theorem 3: m =2, x=1/v/8 and Wy = & for k=0,1,2)

., where Ay(n) =—65+ 146n — 576n%
n=0 (Zn)
3r

A
(b) 722 ﬁiﬁ (<2)", where  Ag(n) =41+ 68n+ 180n”
n=0 (2n+1)
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EXAMPLE 10. (Theorem 3: m =2, x = 1/+/8 and W, = O, for k=0,1,2)

9ln(1+v2) i Aa(n)
V2 =0 ()

3In(1+v2) i A (n)
2V2 =0 (;Zﬁ)

(a) (=2)", where Ay(n)=—2—79n+72n%

(b)

(=2)", where Ay(n)=—13 —40n —63n°.

4.2. Formulae corresponding to m =3

According to hyp(%) = % In #, we get the following first example.

EXAMPLE 11. (Theorem 3: m=3,x=1/2 and Wy = & for k=0,---,3)

1+V5 & LA (n
(@) 48v5In =
n=0 (3n)
where A3( = —252— 58091 +24291n* — 26910n°;
< (n)
b)) —= 2 6n 2
\/§ n=0 (3nil)
where Az(n) = 222 — 2051 — 1512n% 4 9945n°;
32 1+V5 & As(n)
(¢) —=In :2(_1)11 B
\/5 2 n=0 (3212)

where A3(n) = —208 — 1329n — 4866n° — 5265n1°.

ein/2 ) _ In(2++v/3)

Then according to hyp( '\/5 5o we obtain the next example.

EXAMPLE 12. (Theorem 3: m=3,x=1/v/2 and W, = &, for k=0,---,3)

(a) i% n(2+v3) = ZO (651';)(—8)"7
n= 3n

where Az(n) = —52 — 4520+ 735n° — 1026n°;

in _ < A3(I’l) _Q\n
®) ===l 2+v3) ngo(ézﬁ)( 8)",

where A (n) = 42 + 88n + 48n* +297n°;

5 o M) o
(© mlnmﬁ) —ngo (221‘2‘)( 8)",

where Az(n) = —37 —99n — 153> — 81n°>.

, we have the third example.

Finally according to hyp(5 V3eim/2) — \% In ﬂ%ﬂ
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EXAMPLE 13. (Theorem 3: m=3,x=+/3/2 and W, = &, for k=0,---,3)

7T V3+HVT 49 S A

VI Y3 VT 3 36(") (—27)",

V3 2 10800 .= (%)

where Az (n) = —3456 — 218151+ 4377n* — 30186n°;
7 749 & A

VI Y3HVT_ 49 3 63('? (—27)",

V3 2 216075 (3211)

where A3 (n) = 7398 + 191591 + 16632n° 4 20241n°;

n =
on+4
vi©o 2 160,55 (i)
where Az (n) = —744 — 13991 — 1334n* — 391,

(a)

(b)

()

4.3. Formulae corresponding to m =4
Firstly, by separating 7 from the logarithmic value in
N (ei”/8> 7w+ 2iln(1+v2)
B 2V2

we can work out the following two examples, where the formula (a) in Example 14 is
due to Zheng [24, Example 4.1].

EXAMPLE 14. (Theorem 3: m =4, x = 1/v/2 and W, = & for k=0,---,4)

1102510 i As(n)
8v2 S ()
where Ay(n) = —5856 4 17803n — 223184n> + 163232n° — 133120n%;
2251 & As(n)
© AT

where Ag(n) = 480 +2611n + 5630n> — 544n° + 5440n*;
3157 & Ag(n)

© aETAED
where A4(n) = —10656 — 403051 — 51512n> — 33888n> — 37120n*;
3157 & Aaln)
256v2 gb (anr9)
where A4(n) = 12000 + 362111 +43900n° + 34784n° + 185601,

(_64)na

(a)

(_64)n7

(_64)n7

(d) (—64)",

EXAMPLE 15. (Theorem 3: m =4, x = 1/+/2 and W, = O for k=0,---,4)

In(3+2v2) & As(n) (—64)"
@ A —,ZO (%) 11025
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where Ay(n) = 14019 — 30932n + 525856n° — 293248n° + 327680n";

In(3+2v2) & A4(n) (—64)"
(b) \/_ = Z 8n+2 1575 ’
4v2 n=0 (4n+1)
where A4(n) = —29595 — 1599925 — 341920n> + 51968n> — 327680n™;
. In(3+2v2) i As(n) (—64)"
W2 S G 315
where Ay4(n) = 95715 + 3633121 + 468928n> + 316416n> + 343040n*;
In(3+2v2) & A4n) (—64)"

8v2 Sy 15

where Ay(n) = —10415 — 31392n — 37696n* — 29184n> — 15360n*.

Then by separating = from the logarithmic value in

eizr/ 8
we( 55
yp 32

we get the next two examples, where the formula (a) in the first example has previously
appeared in [ 1, Example 3.2] and [24, Example 3.1].

3—1i .
> = W(TE—FZZIHZ)

EXAMPLE 16. (Theorem 3: m=4,x=1/v/32 and Wy = & for k=0,---,4)

T Ma(n) (=1/4)"
(a) 5 - Sn )
S (3 11025
where Ay (n) = —44643 + 1937974n — 17485067n*

+55101236n° — 575968001%;

S (=1/4)"
® 7= g ;
=G ) 1575
where Ay(n) = —3405 + 2390561 + 23842551

— 4060174n° — 5403800n";
S (=1/4)"
(© Z ;
= (3 g) 1260
where Ay(n) = —26541 + 4041901 + 6175603n>
— 877488n> — 373756000,
o Aa(n) (—1/4)"
@ 7= = ,
i (is) 105
where Ay (n) = 256104 1366951 + 1637332n°

+ 58515871 +5571900n".
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EXAMPLE 17. (Theorem 3: m=4,x=1/v/32 and Wy = & | for k=0, --

_ v Maln) (=1/4)"
@ 1‘12—20 (5) 176400

where A4(n) = —88491 — 145508620 + 122888096n°
— 4321503681° 4 266598400n";

o Ag(n) (—1/4)"
0 I02= 2, T 3600

where A4(n) = —51465 — 7833821 — 3795860n>
— 8120721° — 29946400n";

o M4(n) (=1/4)
© 2= 2 oy 3530

where Ay4(n) = —13887 — 3388201 — 2605204
— 6862416n° — 5379200n™;

o A4(n) (—1/4)"
@ In2= ,
2 ) 1260

where A4(n) = —22380 — 5702601 — 448693 11
— 12273646n° — 103402001,

4.4. Formulae corresponding to m =6

69

By separating 7 from the logarithmic value in (14), we get the next two examples.

EXAMPLE 18. (Theorem 3: m = 6,x=+/3/2 and Wy = &, for k=0,---,6)

(—729)"
@) Z (12:) 2593344600’

where Ag(n) = —53873100004 6519793439991 — 12611202106851>
+ 14199336146970n° + 413588141460n"
+ 1021296969361° 4 3808298851200n°;
i (n) (=729)"

f 2 (252) 117879300°

where Ag(n) = 91789293960+ 9408061191615 + 3901783340435n1°
+5542344867780n° + 176900719939201*
—78530033770561° + 7288661134800n°%:

(b)

_ w Ag(n) (=729)"
© 75_”20(12n+4) 2910600’
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where Ag(n) = —102492581310— 7500447885431 — 2208603591930
—34972956562251° — 3039634783770n*
— 515461430521° — 1512229073400n°;

(n) (=729)"
(d) 2 (12n+6) 207900

where Ag(n) = 90162698130+ 534126652561n + 1300924281070
+ 1656674437695n° + 1090050880050n"
+444261799764n° + 445362283800n°;

o (—729)"
(e) 2 (12n+48) 166320

where Ag(n) = —436029305040 — 2219297544437n — 46495607 10464n>
—51101644696291° — 3290093603622n1*

— 17798053455001° — 9183605850001,

(—729)"
(f) 2 (12n+;0) 15400 °’

where Ag(n) = 128261863800+ 5742034319671 + 10620222021 80n?
+ 1068407754575n° +701225415870n"
+369737572788n° + 1255256946001°.

EXAMPLE 19. (Theorem 3: m = 6, x = v/3/2 and W; = Ok for k=0,---,6)

As(n) (=729)"
(a) In(2++3) = Z :
\/§ S (1) 1945008450
where Ag(n) = 10595832750+ 497980898331 + 817260572230n>
+8158922436151° — 693432589680n*
+953786473812n° — 786527496001,
2 & As(n)  (—=729)"
b) —In(2+V3) =
® ZinC+v3) ngo(lgnﬂ) 176818950°
where Ag(n) = —15770158110— 1490053183511 — 5651006920851>
— 2466487696051° — 3657975117345n*
+ 18477079707961° — 1293585414300n°;
2 o As(n) (=729)"
~—m(2+V3
© 5 n2+v3) = }12;)(12n+4) 1091475



(d)

(e)

®)
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where Ag(n) = 7306203240 + 544113029721 + 1647200362201
+272113093525n° + 2436649072051*
— 62249020921° + 123240671100n°;

5 = A 729)"
%ln(2+\/§):}%(126n—€r6))(31185)0

where Ag(n) = —31885057080 — 1903488681261 — 4649305554951
— 588548910120n° — 384784965675n"
— 162263479824n° — 1566442233001,

2 = Ag(n) (=729)"

—IQ2+V3)=Y = :

V3 n=0(6::-r4) 31185

where Ag(n) = 16812253080+ 84112833224n + 173205332153n>
+ 1883791216081 4 1218069134191*

+65560363200n° 4 3255572250005,

2 o Ae(n) (=729)"
%IH(Z—H/:;) nzb(%wéo) 11550 °

where Ag(n) = —15326028900— 687891061111 — 1283856583151
— 1300584507251 — 84793886085n1*
— 44917548804n° — 16004544300n°.

Finally, by separating 7 from the logarithmic value in (15), we can deduce two
further examples below.

EXAMPLE 20. (Theorem 3: m =6, x = 1/+/8 and W, = Ok for k=0,---,6)

(—8)"
® _nz;) (162:) 4002075’

where Ag(n) = —32011150 — 737272700 + 15773125531
—27977606010n> + 574019530201*
— 195182881201° — 187859450881°;

where Ag(n) = —3854690 — 234074381 + 191183071
—23392832401° + 1285157880n*
+8008538688n° — 8649007632n°;




72 W. CHU AND F. L. ESPOSITO

where Ag(n) = —857640 — 64883881 — 7686494n”
—241188885n° —377839170n*
+21907963081° — 19609691761

@ 3= (278) 17325°
where Ag(n) = 173006804 104361526n +296658012n>
+ 1917908551 — 1243291950
+517195044n° + 6318382968n°;

() 3 12n+8) 3465
where Ag(n) = —16662380 — 830478321 — 140221389n°
— 744421321 — 665677008n"
—2634020208n1° — 2536395120n°;

6= 2, e s
where A6( ) = 10890740+ 476415200 + 1107513711
+374701950n° + 11181897000

+ 15946405201° + 816433344n°.

EXAMPLE 21. (Theorem 3: m =6, x = 1/+/8 and W, = O for k=0,---

In(14+v2) i Ag(n) (—8)"
- 12n ’
V2 S (127 4002075
where Ag(n) = 2918435 — 2713507551 4 5660009634n>

(a)

— 358921925551 4+ 113980760820n"
— 146537688060n° 4 65954251296n°;

In(1+v2) i Ag(n) (-8)"
2V2 S (f2rr?) 363825
where Ag(n) = —2000285 — 212638991 — 959073091
+124700310n° + 5649556951
— 604884996n° — 560633076n%;
In(1++v/2) i Ag(n) (—8)"

© ——F%—= 204 ,
V25 (i) 13475

(b)
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where Ag(n) = —212205 — 2503944n — 12153437n°
+79906057° +99010260x*
—103699116n° — 671496481,
In(1+v2) _ i As(n) (=8)"
4\/§ ) (l2n+6) 17325’
where Ag(n) = —1573085 — 12501287n — 463623541
—310450051° 4-245791395n*
+71259912n° — 836544996n°;
In(1+v2) i Ag(n) (—8)"
V2 5 () 34657
where Ag(n) = 6289325 4288617331 + 381907021
+ 16709787n> 4 285022206n*
+ 10007209801° 4+ 9018663 12n°;
mww@_iAd)FW
42 S (Pi0) 1925
where Ag(n) = —2536835 — 128754051 — 42055148n’
— 1282412251 — 286069140n*
— 344692260n° — 1622229121°.

(d)

(e)

®

5. Appendix: Mathematica commands

In order to evaluate the infinite series in Section 3, we have appropriately devised,
according to Theorem 2, the following Mathematica commands, where ‘hyp’ stands
for the “hyp”-function whose special values are given in Subsection 2.3, and ‘vpiv’
corresponds to the A-polynomials under the setting Vi = &, for k=0,1,---,m

(*pplk,y] and qqlk,y] polynomials*)
hh(x_]:=1/(1-x"2)+xxArcSin[x]/(1-x"2)"(3/2)
pplk_,x_]:=Factor[(1-y~2) " (k+1)*(D[ArcSin[y]l/Sqrt[1-y~2],{y,k+1}]-

ArcSin[yl*D[1/Sqrt[1-y~2],{y,k+1}]1)/.y->x]
qqlk_,x_]:=Factor[(1-y~2)~ (k+3/2)*D[1/Sqrt[1-y~2],{y,k+1}]1/.y—>x]

(*Special values for variable x*)
ww[m_] :=Exp [2Pi*I/m]
xx:={27(-1),27(-1/2),3°(1/2)/2,2°(-1/4) ,2°(-3/4) ,2°(-5/4) }
xy [k_] :=Part [xx,k]
hpy [y_]:=Normal [I/y*Log[Sqrt [1-y~2]-y*I]/Sqrt[1-y~2]]
hyp[m_,k_,x_] :=FunctionExpand [hpy [x*ww [m] “k]]
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(*Hyperbolic representationsx)
palr_,k_,y_]:=pplk,yl*y~ (k-2r)/(1-y~2) " (k+1)
aplr_,x_,y_1:=qqlk,yl*y"~ (1+k-2r)/(1-y~2) " (k+1)
uwv[O,m_,r_,x_]:=Sum[mm[i]/ (4" r*m)*Sum[pqlr,i,x*ww[m] k],
{k,1,m}],{i,0,m}]
uvlk_,m_,r_,x_]:=Sum[mm[i]/ (4 r*m)*If [k==m,qp[r,i,x*ww[m] k],
If [k<m/2,-2Im[qgplr,i,x*wwlm] "k]],2Relqplr,i,x*wwlm] "k]111]1,{i,0,m}]

(*Equation system and solutions*)
system[m_,r_,x_]:=FullSimplify[Table[uv[k,m,r,x]==0,{k,0,m}]]
wpiw[m_,r_,x_] :=Solve[ReplacePart[system[m,r,x],

uv[m,m,r,x]==1,1+m] ,Table[mm[k] ,{k,0,m}]]
weew[ee_,m_,r_,x_]:=Solve[ReplacePart[system[m,r,x],
uvlee,m,r,x]==1,1+ee] ,Table[mm[k] ,{k,0,m}]1]

(*Weight polynomialsx)
vv[m_,r_,n_]:=Sum[k!*mm[k] *Binomial [2m*n+2r,k] ,{k,0,m}]
vpiv[m_,r_,n_,x_]:=

Factor[vv[m,r,n]/.Flatten[FullSimplify[wpiw[m,r,x]]1]]
veevlee_,m_,r_,n_,x_]:=
Factor[vv[m,r,n]/.Flatten[FullSimplify[weew[ee,m,r,x]]]]

For instance, we can confirm Example 1 by executing the command below

SequenceForm[hyp[3,3,xy[1]1],": ",
ColumnForm[Table [vpiv[3,r,n,xy[1]],{r,0,2}1]]

that gives the following output:

£5(378n 2730+ 103n—8), r=0;
2r

35 Z(—189n + 16802 +29n+2), r=1;

2L(1701n% + 882n% — 750 — 56, r=2.

Instead, for the alternating series in Section 4, we have to first replace the two
functions “hyp” and “uv” in the above package by the following three commands:

hyplm_, k_, x_] :=FullSimplify [hpy [x*ww[4m]~(2k - 1)]]
wlO,m_,r_,x_]:=

Sum[mm[i]/ (4" r*m)*Sum[pqlr,i,x*ww[4m] " (2k-1)],{k,1,m}],{i,0,m}]
uvlk_,m_,r_,x_]:=Sum[mm[i]/ (4 r*m)*qp[r,i,x*ww[4m] " (2k-1)],{i,0,m}]

Then we run the commands ‘hyp’ and ‘veev’ to determine the hyp-values and the A-
polynomials. Finally, separating their real part from the imaginary part, we can derive,
in view of Theorem 3, the corresponding alternating series identities.

For example, by carrying out the command below
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SequenceForm[hyp[2,1,xy[3]1],": ",
ColumnForm[Table[veev[1,2,r,n,xy[3]],{r,0,1}]11]

we get the following expressions

V3 s\ S8 (Ve ) 4o
hyp( 4) — _
V3 153
2H1(160+11200)n> — (166 — 188i)n — (63— 2881)}, r=0;
Aalr) = (17)
—ZH (20 4+ 190i)n® + (68 + 196i)n + (27 + 126i)},  r=1.

{m+3iln(2+V3)}, (16

For the sake of brevity, let R[xx] and 3[xx] stand, respectively, for the the real
part and the imaginary part of the expression displayed in equation (xx). By separating
the real part and the imaginary part in (16)

x16] 47t+61n(2+\/_) 3[T6] - 121n(2+\/§)—27c;

153 153
we can combine them to express 7 and a special logarithmic value
2
2% 16]- S[16]=—=, (18)
3V3
2In(2 3
EK+28:H(+\/—). (19)
Analogously, for the A-polynomial in (17), we have
3 (—400n% —260n —207), r=0;
2(25n%+10n +12), r=1;

4(800n> +70n+171),  r=0;

wn

3[17]=

(—400n% —460n —279), r=1.

\o|—

Their linear combinations yield the following expressions

o (40007 + 12500+ 1341), r=0;

2R/[17]-9[17]= (20)

5(700n2 + 580n +423), r=1;

2

R/[17]+23[17]={ °

(1000n% —25n+153), r=0;
—3(325n% +430n+243), r=1.

—_

21

According to Theorem 3, we obtain the four identities given in Examples 7 and 8
by relating (18) and (19), respectively, to (20) and (21).
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Concluding remarks. The multisection series method has been successfully used

to derive numerous formulae for 7 and special values of the logarithm function with
m=2,3,456 and 0 < v < m, where all the formulae corresponding to y # 0 seem

new.

Following the procedure described in this paper, it is possible to work out further

formulae. However, we shall not produce them due to the space limitation.
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