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ON TRIPLE SEQUENCE OF BERNSTEIN OPERATOR
OF WEIGHTED ROUGH I; -CONVERGENCE

NAGARAJAN SUBRAMANIAN AND AYHAN ESI

Abstract. We introduce and study some basic properties of rough I; -convergence of weight g,
AR
g(m,n.k)
of triple sequence of Bernstein polynomials and also study the set of all rough I -convergence of
weight g limits of a triple sequence of Bernstein polynomials and relation between analyticness

and rough I -convergence of weight g of a triple sequences of Bernstein polynomials.

where g:N° — [0,0) is a function satisfying g (m,n,k) — o and

/0 as m,n,k — oo,

1. Introduction

The notion of the ideal convergence is the dual (equivalent) to the notion of filter
convergence introduced by Cartan et al. [4]. The notion of the filter convergence is a
generalization of the classical notion of convergence of a sequence and it has been an
important tool in general topology and functional analysis. Nowadays many authors to
use an equivalent dual notion of the ideal convergence. Kostyrko et al. [16] and Nuray
and Ruckle [18] independently studied in details about the notion of ideal convergence
which is based on the structure of the admissible ideal / of subsets of natural numbers
N. Later on it was further investigated by many authors, e.g. Saldt et al [25], Hazarika
and Mohiuddine [15], and references therein.

The idea of rough convergence was first introduced by Phu [20, 21, 22] in finite
dimensional normed spaces. He showed that the set LIM]. is bounded, closed and con-
vex; and he introduced the notion of rough Cauchy sequence. He also investigated the
relations between rough convergence and other convergence types and the dependence
of LIM} on the roughness of degree r. Aytar [1] studied of rough statistical conver-
gence and defined the set of rough statistical limit points of a sequence and obtained to
statistical convergence criteria associated with this set and prove that this set is closed
and convex. Also, Aytar [2] studied that the r-limit set of the sequence is equal to
intersection of these sets and that r-core of the sequence is equal to the union of these
sets. Diindar and Cakan [7] investigated of rough ideal convergence and defined the
set of rough ideal limit points of a sequence. Diindar [9] introduced rough ideal con-
vergence for double sequences. In [24], Sahiner and Tripathy introduced the notion of
I-convergence of a triple sequences, which is based on the structure of the ideal I of
subsets of N x N x N, where N is the set of all natural numbers, is a natural general-
ization of the notion of convergence and statistical convergence.
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In this paper we investigate some basic properties of rough /-convergence of a
triple sequence of Bernstein polynomials in three dimensional cases which are not ear-
lier. We study the set of all rough /-limits of a triple sequence of Bernstein polynomials
and also the relation between analyticness and rough /-convergence of a triple sequence
of Bernstein polynomials.

Let K be a subset of the set of positive integers N x N x N and let us denote the
set Kigg = {(m,n,k) € K:m <i,n< jk<{}. Then the natural density of K is given
by

K::
§(K)= lim | _’_ﬂ| :
ijl—oo Ijl
where |K,-j/;} denotes the number of elements in K;jy.
The Bernstein operator of order (r,s,z) is given by

By () 2 Z Zf<mnk> ( ) (n> (}{) e (1 ) mn) )

m=0n—0k rst

where f is a continuous (real or complex valued) function defined on [0, 1].
Throughout the paper, R denotes the real of three dimensional space with usual
metric. Consider a triple sequence of Bernstein polynomials (B, (f,x)) such that
(ank (f:x)) € R3’ (m7n7k> € N3'
Let f be a continuous function defined on the closed interval [0, 1]. A triple se-
quence of Bernstein polynomials (B, (f,x)) is said to be statistically convergent to
0 € R, written as st3 — lim B, (f,x) = 0, provided that the set

Kg = {(M,n,k) S N3 : ‘ mnk (fa 8}

has natural density zero for any € > 0. In this case, 0 is called the statistical limit of
the triple sequence of Bernstein polynomials. i.e., § (K¢) = 0. That is,

m o [{(m,n,K) < (7.5,) ¢ | Bk (F,) — F ()] > €}] = 0.

r,s,t—oo St

In this case, we write st3 — lim B, (f,x) = f (x) or By (f,X) 5, fx).

Throughout the paper, N denotes the set of all positive integers, x4 -the character-
istic function of A C N,R the set of all real numbers. A subset A of N? is said to have
asymptotic density d (A) if

1 i j v
d(4)= 7J€—> 7222

A triple sequence (real or complex) can be defined as a function x : Nx N x N —
R(C), where C denote the set of complex numbers. The different types of notions of
triple sequence was introduced and investigated by Sahiner et al. [23]. Later on further
studied by Esi [10, 14], Esi and Catalbas [1 1], Esi and Savas [12], Esi et al. [13], Dutta
et al. [5], Debnath et al. [6], Malik and Maity [17], Pal et al. [19], Savas and Esi [26],
Tripathy and Goswami [27, 30, 31, 32], [28], [29] and many others.
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A triple sequence of Bernstein polynomials is said to be triple Bernstein polyno-
mials of analytic if
1
sup |ank (fax) - f(x) ‘ ik <L oo,
m,n.k
The space of all triple of Bernstein polynomials of analytic sequences are usually
denoted by A3.

2. Definitions and preliminaries

Throughout the paper, we consider a triple sequence x = (X ) such that X, €
R3;m,n,k € N. We recall the following definitions.

DEFINITION 1. [16] A class I of subsets of a nonempty set X is said to be an
ideal in X provided

) oel

(i) A,B €I implies A B € I.

(iii) A € I,B C A implies B € 1.

I is called a nontrivial ideal if X ¢ I.

DEFINITION 2. [16] A nonempty class F' of subsets of a nonempty set X is said
to be a filter in X . Provided

(i) @ eF.

(ii) A,B € F implies A(\B € F.

(iii) A € F,A C B implies B € F.

DEFINITION 3. [ is a non trivial ideal in X, X # &, then the class
F(h={MCX:M=X\AorsomeA €I}
is a filter on X, called the filter associated with 1.

DEFINITION 4. A non trivial ideal I in X is called admissible if {x} € I for each
xeX.

DEFINITION 5. [7] A sequence x = (x;) in a normed space (X, ||.||) is said to be
rough I-convergent to xo if for every € > 0,

{keN:||jxx—xo|| =r+e} el

It is equivalent that the condition I — limsup ||x; — xo|| < r is satisfied. In this case we

write x; 5 xo if and only if ||x; — xo|| < r+ € holds for every € > 0 and almost all
k.

REMARK 1. If I is an admissible ideal, then usual convergence in X implies I-
convergence in X.
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REMARK 2. If [ is an admissible ideal, then usual rough convergence implies
rough /— convergence.

DEFINITION 6. [9] For some given real number r > 0, a double sequence x =
(xmn) is said to be r — I,-convergent to xy with the roughness degree r, denoted by

Xmn r=h, Xo, provided that
{(m,n) e Nx N:||x —x0|| =r+€}€b.

It is equivalent that the condition I, —limsup ||x,,, — xo|| < r is satisfied. In this case we
. 1 . .

write Xy, —= xo if and only if ||x;, —xo|| < r+ € holds for every € > 0 and almost

all (m,n).

Now the following definition are obtained:

DEFINITION 7. Let f be a continuous function defined on the closed interval
[0,1]. A triple sequence of Bernstein polynomials (B, (f,x)) is said to be statisti-

cally convergent to f(x) denoted by B (f,x) REN (x), if for any € > 0 we have
d(A(g)) =0, where

A(e) = {(m,n,k) € N* ¢ [By (f,x) — f(x)| = €}

In this case, f (x) is called the statistical limit of the sequence of Berstein polyno-
mials.

DEFINITION 8. Let f be a continuous function defined on the closed interval
[0,1]. A triple sequence of Bernstein polynomials (B, (f,x)) in (R37 |, |) and r bea

non-negative real number, is said to be r-convergentto f (x), denoted by By (f,x) —
f(x), if for any € > 0 there exists N € N such that for all m,n,k > N, we have

|ank (fax) —f(x)‘ <r-+e.

In this case f (x) is called an r-limit of B (f,x) .

REMARK 3. We consider r-limit set of By, (f,x) whichis denoted by LIM},
and is defined by

ik (f %)

LIMgnmk(fvx) = {ank (fax) eX: ank (fvx) L> f(x)} .

DEFINITION 9. Let f be a continuous function defined on the closed interval
[0,1]. A triple sequence of Bernstein polynomials (B, (f,x)) is said to be r-convergent
if LIMy # & and r is called a rough convergence degree of By (f,x). If r=0
then it is ordinary convergence of triple sequence of Bernstein polynomials.
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DEFINITION 10. Let f be a continuous function defined on the closed inter-
val [0,1]. A triple sequence of Bernstein polynomials (B, (f,x)) in a metric space
X,|.,.|]) and r be a non-negative real number is said to be r-statistically convergent to

|
f(x), denoted by B f (x) 5, f(x), if forany € >0 we have d (A (g)) =0, where
A(g) = {(m,n,k) €N : By f (x) — f(x)| > r+e}.

In this case f(x) is called r-statistical limit of B, f (x). If r =0 then it is
ordinary statistical convergent of triple sequence of Bernstein polynomials.

3. Weighted rough I, -convergence

Consider @ = {0,1,2,...}, recently Balcerzak et al. [3] introduced the density
of the weight g, where g: @ — [0,00) with g(n) — o but ﬁ — (. Based on this
concept we introduce the rough ideal convergence of weight g, for triple sequences of
Bernstein polynomials of reals. Let A = (A,4;) be a non-decreasing triple sequence
of positive numbers tending to e such that 111 = 1, Apq1g41j+1 < Apgj + 1 for all

P4, J-

DEFINITION 11. Let f be a continuous function defined on the closed interval
[0,1]. A triple sequence of Bernstein polynomials (B, (f,x)) in (]R3, |.,.]) and r be
a non-negative real number is said to be rough ideal convergent of weight g or rI) -

I8
convergentto f (x) of weight g, denoted by Bk -2, f(x), if for any € > 0 we have

{(Pa%]) €N3 : ﬂ%‘ank(f;x)—f(XH >r+8} cl.

qu)

In this case f(x) is called rIj -limit of (B (f,x)) of weight g, and a triple
sequence of Bernstein polynomials (B, (f,x)) is called rough I, -convergent weight
g to f(x) with r as roughness of degree. If » = 0 then it is ordinary I, -convergent of
weight g.

DEFINITION 12. Let f be a continuous function defined on the closed inter-
val [0,1]. A triple sequence of Bernstein polynomials (B (f,x)) is said to be I -
convergent f(x) of weight g if

{(0) €00 s B (1) = 10 > e} €1

qu)

for some € > 0.

REMARK 4. Itis clear that rI§ -limit of By, (f,x) is not necessarily unique.
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DEFINITION 13. The r/f -limit set is denoted by

I —LIMy (= {f(x) € [0,1]: By (f.) 5 f(X)} ;

then the triple sequence of Bernstein polynomials (B, (f,x)) is said to be rl; -conver-
gent of weight g, if Ij’[ — LIMj, () # ¢ and r is called a rough I, -convergence of

weight g degree of B, (f,x).

DEFINITION 14. Let f be a continuous function defined on the closed interval
[0,1]. A triple sequence of Bernstein polynomials (B, (f,x)) is said to be Ij’[ -analytic
if there exists a positive real number M such that

{(p,q,n eN: By (f ) [/ > M} el.

1
8 (Apqj)
DEFINITION 15. A point f (x) € X is said to be an /5 -accumulation point, where
f is a continuous function defined on the closed interval [0, 1], of a triple sequence of
Bernstein polynomials (B, (f,x)) if and only if for each € > 0 the set

{<p,q,j> eN: Bt (£.2) — £ ()] < e} ¢l

1
8 (quj)
We denote the set of all /5 -accumulation points of (B (f,x)) by I5 (T, (f.0)) -

DEFINITION 16. Let f be a continuous function defined on the closed interval
[0,1]. A triple sequence of Bernstein polynomials (B (f,x)) of real numbers, the
notions of ideal limit superior and ideal limit inferior are defined as follows:

sup Bank(f’x)’ if Bank(faX) # @’

Iﬁ — limsup B (f,x) = —oo, if Bank(f?x) =g ,,
and . .
lanBnmk(fvx)’ lf Aank f7 # @
Ii’ - liminf(Bm,,k (f,x)) = ~+oo, ifAank(f’ ) = =g ;,
where Ap (s ={a€R:{(mnk) € N?: By (f,x) <a} ¢I} and
Bp, (rx) = {PER:{(m,n k) €N’ By (fix) >b} &1}

DEFINITION 17. Let f be a continuous function defined on the closed interval
[0,1]. A triple sequence of Bernstein polynomials (B, (f,x)) is said to be rough
I; -convergent of weight g, if I — LIM"Byu (f,x) # @. It is clear that if I§ —
LIM"B (f,x) # @ for a triple sequence of Bernstein polynomials (B (f,x)) of
real numbers, then we have

1§ — LIM" By (f,x) = [I§ —limsup By (f,x) — 1,15 — liminf B (f,x) + 7] .



BERNSTEIN OPERATOR OF WEIGHTED ROUGH [; -CONVERGENCE 51

THEOREM 1. Let f be a continuous function defined on the closed interval [0,1]
and let (B (f,x)) be a triple sequence of Bernstein polynomials of real numbers. If
I — LIM’IE%,,,,,;< (f,x) # @ fora tri;zle sequence of Bernstein p)olynomials of real num-
bers, and I — LIM" By (f,x) = [I§ — limsup By (f,x) — 1,15 — iminf By (f,x) 4 1]
then diam (LIM" B,y (f,x)) < diam (I§ — LIM" By (X)) -

Proof. We know that I§ — LIM" B, (f,x) = @ for an unbounded triple sequence
of Bernstein polynomials (B, (f,x)) of real numbers. But such a sequence might be
rough I, -convergent of weight g. For instance, let / = I; of N and define

cos (mnk) 7, if (m,n,k) # (ij0)* (i, j,¢ € N),
Bk (f,x) = (mnk) , otherwise ,

in R?. Because the set {1,64,739,---} belong to I, we have

0, ifr<l,
I§ — LIM" By (f,x) = § [1—r,r—1], otherwise »,

and LIM" B, (f,x) = & for all r > 0. The fact that If — LIM" B,y (f,x) # @ does
not imply LIM" B, (f,x) # @. Because [ is a admissible ideal

LIM" Byt (f %) # @ == I3 LIM" By (f 1) # 9,

i.e., if By (f,x))ELIM" By (f,x) , then by Remark 3, B (f,X) elﬁ —LIM" By (f,%)
for each triple sequences of Bernstein polynomials. Also, if we define all the rough con-
vergence of weight ¢ by LIM" and rough I, -convergence of weight g sequences by
If — LIM", then we get LIM" C If —LIM".

{F>03L1Mernk(f»x)7é¢}§ {}”ZOIIA LIMernk f7 7&@}
Hence the sets yields immediately
inf{r > 0: LIM By (f,x) # ¢} 2 {r > 0: 1§ — LIM"B,,, (f.x) # @},

for each triple sequences of Bernstein polynomials of B, (f,x). Moreover, it also
yield directly

diam (LIM" By (f,x)) < diam (I§ — LIM" By (f,x)) . O

REMARK 5. The rough I) -convergent of weight g, limit of a triple sequence of
Bernstein polynomials (B (f,x)) is unique for the roughness degree r > 0. The
following result is related to the this fact.

THEOREM 2. Let f be a continuous function defined on the closed interval [0,1]

and let (B (f,x)) be a triple sequence of Bernstein polynomials of real numbers,
and I C 2V be an admissible ideal. Then diam (I;’L -LIM" Bk (f,x)) < 2r. In general,

diam (If — LIM" B,y (f,x)) has an upper bound.
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Proof. Assume that diam (LIM" B, (f,x)) =2r. Then 3u,v € LIM" B, (f,X) 3
|u—v|>2r. Take € € (0, lu—vl r) . Since u,v € I§ — LIM" By (f,x) , we have Aj (€)
€I and A, (g) € I forevery € > 0, where

A1(8)={(P,q,j)€N3t ank(f,x)—u>r+s}

8 (Apgj)
and
12(&)={(p.g.)

for all (m,n,k) € N°.
Using the properties F (I), we get

(41 @) N2 (o)) € F (1),

1
———— B (f,X) —Vv| =>1r+¢€
g(lqu)| ()= }

Thus we write

1 1
SZ U |ank (f,.X) - u| +— ‘ank (f?x) - V|
g(lqu) 8 (Arst)

<(r+e)+(r+e)<2(r+e), forall (p,q,j) €A (e)°( Az (e)

u—v| <

which is a contradiction. Hence diam (LIM" By (f,x)) < 2r.
Now, consider a triple sequence of Bernstein polynomials of (B, (f,x)) of real
numbers such that 15 — likm Bonic (fx) = f(x).
mnk—soo

Let € > 0. For all (m,n,k) € N, we can write

{(P:%J) 6N3 : @|ank(fax)_f(x) 2 8} 61.
Thus we have
1 1

2N an ) - < 2N an ) -

g(z/qu) ‘ k(f x) t| g(zqu/) ‘ k(f )C) f( )| g( qu) |f( ) ‘
< mank<f,x>—f<x>|+r<r+s

foreach t € B, (f (x)) := {(p q,j) €N A(lpq]) t—f(x)| < r}.

Then, we get

1

Bk (f,x)—t| <r+e¢
g(z/qu) ‘ k(f ) |

foreach (m,n,k) € {(p,q,j) eN?: ﬁ |Buunk (f,x) — f (x)| < € 7. Because the triple
rqJ

sequence of Bernstein polynomials of By, (f,x) is I -convergentof weight g to f (x),
we have

(pa.J) €N Bt (.2) — £ ()] < e} e F ().

1
8 (quj )
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Therefore, we get 1 € If — LIM" B, (f,x) . Consequently, we can write
1§ — LIM" By (f,x) = B, (f (x)).

Since diam <§, (f (x))) = 2r, this shows that in general, the upper bound 2r of the
diameter of the set Ij’[ — LIM"Byyi (f,x) is not lower bound. [

THEOREM 3. Let I C 3N be an admissible ideal and Let f be a continuous func-
tion defined on the closed interval [0,1], and (B (f,x)) be a triple sequence of
Bernstein polynomials is If -analytic if and only if there exists a non-negative real
number r such that Ié’z — LIM" By (f,x) # & forall r >0, an Iﬁ -analytic triple se-

quence of Bernstein polynomials always contains a sub sequence (Bm,-njk[ (f ,x)) with
Ii - LIMerinjkg (f,.X) 7é a.

Proof. Since the triple sequence of Bernstein polynomials of B (f,x) is Ij’{ -
analytic then there exists a positive real number M such that

. 1 m+n
{(P:C];J) 6N3 : g(T|ank(fvx)|l/ + +k>M} el

qu)

Detne ' =sup (.4.1) €N+ 25 B ()] 7442 mn ) € K

Pqj

where K =3 (p,q,j) € N> : ==L By (f,2) " > M ¢
g(ll’qj)

Then the set If — LIM" By (f,x) contains the origin of R3. So we have If —

LIM" ank (fax) 7é <.
If I§ — LIM" B, (f,x) # @ for some r > 0, then there exists f(x) such that
f(x) €I} —LIM By (f,x), ie.,

{0 et B () =g )7 5 e e

paj)

for each € > 0. Then we say that almost all B, (f,x) are contained in some ball with

any radius greater than r. So the triple sequence space of Bernstein polynomials of
Bk (f,x) is If -analytic.

Since By (f,x) is a I§ -analytic triple sequence of Bernstein polynomials in a

three-dimensional metric space, it certainly contains a I, -convergent of weight g sub

sequence (Bm,-njké (f ,x)) . Let f (x) beits I5 -limit point, then I§ —LIM" By, x, (f,X) =

B, (f (x)) and, for r > 0,

ﬁ—UM%&WMUM>#Q 0
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THEOREM 4. Let I C 3N be an admissible ideal. If (Bm,-njk[ (f,x)) is a sub
sequence of (Buni (f,x)), then
1§ — LIM" By (f,x) € I — LIM" By i, (f 1) -

Proof. The proof is trivial (See [8], Proposition 2.3). [

THEOREM 5. Let f be a continuous function defined on the closed interval [0,1]
and (B (f,x)) be a triple sequence of Bernstein polynomials, and I C 3% be an
admissible ideal. Then If — LIM" B, (f,x) is closed.

Proof. The result is true for I§ — LIM" By (f,x) = ¢.

Assume that If{ — LIM" B, (f,x) # @. Then, we can choose a triple sequence
of Bernstein polynomials of B, (f,y) C Ij’{ — LIM" B, (f,x) such that B, (f,y) =
f(y) for m,n,k — eo. To prove f (x) € If — LIM" By (f,X) .

Let € > 0 be given. Because B, (f,y) — f (v),3i,j,¢ = i%,j%,ﬁ% € N such that

1
8 (quj)
Now choose an mqg,ng, kg € N such that mg > i%,no > j%,ko >/
write

N TN

£
2

8 . .
|ank(f7y)_f(y)‘ < Evvm> l§7n>]

2

[

g Then we can

1 €
g(quj) |Bm0n0k0 (fsy) _f(y)’ < 5

On the other hand, because B, (f,y) C Ii —LIM" By (f,x) , we have By nok, (f,) €
I§ — LIM" By (f,x) , namely,

£ £
A<_>:{(p7Q7j)EN3:7ankfa) mnk(f;)>r+_}el~
2 g(quj } 07170K0 | 2
Now let us prove that the inclusion

ac(5) cacte) (1)

holds, where A(e) = {(pq])6N3 e )\ank(f, x) — f(x)|>r—|—8}. Take

(u,v,w) € A°(%). Then we have

: )
M}BMVW f7 ) m()n()k()(f, )|<r+§
and hence
1
—— [Buw (f,%) —
8 (Apgj) [Buns () = f ()]

1
<—F— |Buvw f7 ) monoko f7 ’+ ’bmonoko fa ) f(x)| <r+eg,
8 (Apgj)



BERNSTEIN OPERATOR OF WEIGHTED ROUGH [; -CONVERGENCE 55

i.e., (u,v,w) € A°(g), which proves (1). Thus we get
A(g)el(ie., f(x) €l —LIM'B,y (f.x)). O
THEOREM 6. Let f be a continuous function defined on the closed interval [0,1]
and (B (f,x)) be a triple sequence of Bernstein polynomials of real numbers, and

1 C 2N be an admissible ideal. Then the rough If{ -limit set of triple sequence of Bern-
stein polynomials of By (f,X) is convex.

Proof. Let y;,y; € If — LIM" B, (f,x) for triple sequence of Bernstein polyno-
mials of B, (f,x) and let € > 0 be given. Define

Al(g):{(quyj)6N33 |ank(f,x)—y1>r—|—8}

1
8 (quj )
and

A (g) = {(p,q,j) eN: @ Bk (f,X) —y2| > r+8},

because yy,y2 € I§ — LIM" B, (f,x), we have A; (g), A3 (€) € I. Thus we have

1
m|3mnk(f7X)—[(l —A)y1+Ay2]|
1
=0 |(1 = A) (B (f>%) = 31) + A Bk (f,%) — ¥2)|
1 1
< (1—l)mlenk(f,x)—Y1|+Am|ank(f’x)_y2‘

<(1=A)(r+e)+A(r+e)<r+e

for each (m,n,k) € A{(€)(NAS(e) and each A € [0,1]. Because (A{(g)NAS(g)) €
F (I) by definition of F (I), we get

1
{(pqu.]) € N3 SN ‘ank(fvx) - [(l _A’)yl +)Ly2]| 2 I"+8} 617
8 (Apqg;)
that is
[(1=A)y1+Ay] € Ij’{ — LIM" By (f,%)

which proves the convexity of the set Ij’{ —LIM" B (f,x). O

THEOREM 7. Let f be a continuous function defined on the closed interval [0,1]
and let I C 3N be an admissible ideal. Then a triple sequence of Bernstein polynomials
of (Byuk (f,X)) of reals with r > 0 is rough I -convergent to weight g of f (x) if and
only if there exists a triple sequence of Bernstein polynomials of By (f,y) such that

If’ — limank (f?y) = f(x)
and

1 .
m |ank (f7x) _ank (fay)| < r, for each m7n7k7p7CI7.] eN. (2)

P4
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Proof. Assume that the triple sequence of Bernstein polynomials of By, (f,x) is
rough I -convergent to weight g of f(x). Then we have

1§ —limsup Bk (f,x) — f(x)| <1 3)
A g (quj) | k( ) ( )|
Define
: 1
f(x),if Gy Bk (f5x) = f (x)| <7,
an 5 = _
elf2) Bk (f,x) +r lf ()~ Br(f4) , otherwise.
- ‘ank(fvx)_f(x)l
g(lm/)
We write

mwmnk (fsy) = f ()]
)|f() Fl,if e )|ank(f’) f(x)|<r,

g( Pq/) -

( P4

|ank(f X)—f(x)] ) ) OtherWlSe’

T B (.2 =1 ()] 7 (

g(}‘pw)
(i.e)
1
2R an , V) —
Ty B (1)~ £ @)
0,if ( ») Bk (fx) — f (x)| <
- |Bmk FO—F()] ‘
e Pq/) Bk (%) = ( |ank Ix)— (X)|> othervise

(i.e)

1 |B _ |_ 0,if ( )|ank(f7 ) f(X)|<I",
gi(lqu) wnk (1) — f (X)| = g(kqu) |ank(f, ) — f (x)| — r, otherwise.

We have

1
W\ank(f,y)—f(x)l > mwmnk(f’x)_f(x”_r
1
= g(pr) By (f>%) = £ (X) = By (f,y) + F )| < 7

i.e.
1

g(quj) |ank (f7x) — Bk (f7x)| <r
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for all m,n,k,p,q,j € N. By equation (3) and by definition of B, (f,y), we get

1
£ —1i —— By (fy) — =0.
A lmsupg(lqu) | k(f y) f(x)|

= I —lim B (f,y) = f (x).

Assume that (2) holds. Since I§ —UmB (f,y) = f (x), we have

A<e>={<p,q,j>eN3: |ank<f,y>—f<x>>r+s}ez,

1
8 (quj )

for each € > 0. Now, define the set

. 1
B(e) = {(p.0.) €N B (f) = F (] > e € L.
8 (Apg))
We have B(€) C A(€) holds. Since A(e) € I = B(¢g) € I. Hence By (f,x) is
rough I -convergent to weight g of f(x). O

REMARK 6. If we replace the condition —— B (f,X) — Bk (f,y)| < 7 for

8 (quj )
all m,n,k,p,q,j € N in the hypothesis of the above theorem with the condition

1
{(pa‘Iaj) €N3 : g(T|ank(fax)_ank(f7y)| > r} el

qu)

then the theorem will also be valid.

THEOREM 8. Let f be a continuous function defined on the closed interval [0,1],
let I C 3N be an admissible ideal, and (B, (f,x)) be a triple sequence of Bernstein

polynomialsof real numbers. For an arbitrary c € I§ (T), we have —Lf(x)—c|<

i g(kqu)
r forall f(x) € I5 — LIM" By (f ).

Proof. Assume on the contrary that there exist a point ¢ € /5 (I'y) and f(x) €
1§ — LIM" By (f,x) such that g% |f (x) —c¢| > r. Define

(AM./’)
s |f (%) —c| =
= g(kpq/) 3
Then
j 3. ! X)—c
{vaierw: G -d<e]

j 3'# x)—f(x r .
< {paD) € s G B () -1 0 > e}
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Since ¢ € I§ (T'y), we have

{(paqaj) €N3 : g(% ‘ank(fax)_d <8} ¢I'

qu)

From definition of I) -convergence of weight g, since

{0 €1 s B (1)~ 0] 2 e e

qu)

so by (3) we have

{(p,q,j)€N3: ank(f,x)—c|<8}el,

1
8 (quj )

which contradicts the fact ¢ € I3 (T'). On the other hand, if ¢ € I§ (T,) i.e.,

{anervs bt~ <ef ¢1,

qu)
then

%n%ﬁeNﬁgaiﬁBmAﬂw—f@n>Hw}¢L

which contradicts the fact f (x) € I§ — LIM By (f,x). O

THEOREM 9. Let f be a continuous function defined on the closed interval [0,1],
let (B (f,X)) be a triple sequence of Bernstein polynomials of real numbers, and
1. 3N be an admissible ideal, (R3, ., \) be a strictly convex, if there exist yi, y2, V3,
Y4, V5, Y6 € If — LIM"Byyi (f,x) such that

1 1
7|)’1_y2|<2r7 7|y3—y4|<2r
8 (Apgj) 8 (Apg;)

and

1
—— |ys —ye| < 2r,
g(lqu)

then this triple sequence of Bernstein polynomials is I, -convergent to weight g to

1
6g (quj )

1 +y2+y3+ys+ys+e).

Proof. Let c € I§ (). Thensince y1, y2, y3, Y4, ¥5, Y6 € I3 — LIM" By (f,X) .
By Theorem 8, we have

1 1 1

——— 1 —c|<n ———=n—cl<n —/— <y

8 (Apgj) 8 (Apqj) 8 (Apqj) (4)
1 1 1

———|mu—c|<r, ———|ys—c|]<rand ———|yg—c|<r

8 (Apqg;) 8 (Apqg;) 8 (Apg;)
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On the other hand, we have

6rg((p,q,7)) = [y1 — ysl

)
<=l +Iy2—cl+[ys —c[+ ya—c|+|ys — c|+ [y — -
Therefore, we get ( " yi—c|=-= m |ve — c| = r by inequalities (4) and (5).
Since
1 1
- (v6 —¥1)
6 g (Apg)) 6)
1 1
== [(c—=y1)+(c—y2) (¢ —y3) (c —ya) + (c—ys) + (c —ye)]
6g(lqu)

we get ﬁ ’% (y6—y 1)| = r. By the strict convexity of the space from the equality
Paj
(6), we get

1 1 1 1
gg(kqu) ()’6—)’1) = g(lqu) (C_)’l) == g(z{qu) (C—Y())a

which implies that

1
6 8 (Apqj)
Hence c is the unique If - cluster point of the triple sequence of Bernstein polynomials
of (Bynk (f,x)) -
On the other hand, the assumption y1, y2, y3, Y4, Y5, Y6 € Ij’{ —LIM" B (f,x) =
If — LIM"Byi (f,x) # ¢. By theorem 3, the triple sequence of Bernstein polynomials

of By (f,x) is Iﬁ -analytic. Consequently, the triple sequence space of Bernstein poly-
nomials of B, (f,x) must I; -convergent to weight g to

1 +y2+y3+ya+ys+ye)-

1
6g (quj )

i +y2+y3+ya+ys+ys),

i.e.,

1 1
£ —limB ==
2’ m mnk (f7x) 6g(lqu)

THEOREM 10. Let f be a continuous function defined on the closed interval [0,1]
and let (B (f,x)) be a triple sequence of Bernstein polynomials of real numbers and
I € 3N be an admissible ideal.

(i) If ¢ € I (Tx) then I — LIM" By (f,x) € By (c).

(ii)

Di+y2+y3+ya+ys+ys). O

I — LIM By (£ ) ﬂ O={r0erR:ET)CHFE}. O
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Proof. (i) If ¢ € I§ (Tx) then by Theorem 8, we have g(kl 3 | (x) —c| < r forall
rqJ
f(x) € I3 — LIM"Byx (f,x) , other wise we get

{anem B (0= s rvef g1

qu)

1
ey [ f(x) =] =r
for € := % Because ¢ is an If ~cluster point of By, (f,x), this contra-
dicts with the fact that f (x) € I§ — LIM" By (fx) -
(i1) From (7) we have

I§ —LIM" By (f,x) € () Br(c). (8)
celf (Ty)

Now, let By (f,x) € Neest 1) B, (c). Then we have

1
8 (quj )

forall ¢ € I5 (T'y), which is equivalent to /5 (T'x) C By (B (f,y)) , i.e.,

Bk (f5x) —c| <r

N Bl ={f() R : L) CB(f ()} ©)

celﬁ (Ty)

Now, let By (f,y) & 15 — LIM" By (f,x) . Then, there exists an £ > 0 such that

{(pvqaj) € N3 : g(+ |ank(f7x) _ank(f7y)‘ = r+£} ¢I7

Pqj )

— the existence of an I§ ~cluster point ¢ of the sequence By, (f,x) with

1
——— Bk (f,y) —c| = r+e,
g i) P L) =l
i.e., _
1§ (Tx) & By (Bt (f.))
and

Bunk (f.3) & {f () € B : £ (T) C B, (F () }
Hence By (f,y) € I3 — LIM" By (f,x) follows from
Bunk (f.9) € {f (x) € B : £ () C B (£ ()

ie.,
{F0) e B (T) CB (£ ()} C I~ LIM B (f.). (10)
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Therefore, the inclusions (8)-(10) ensure that (7) holds i.e.,

= UM B (fx) () B(e)={f() eR L) CB(F ()} O

(,GI)L (Ty)

THEOREM 11. Let I C 3" be an admissible ideal and Let f be a continuous
function defined on the closed interval [0,1]. If (Byyi (f,x)) is an I§ -analytic sequence

of Bernstein polynomials of real numbers with r > diam (I5 (T)) then 15 (Ty) CI§ -
LIM" B (f,x) .

Proof. Let ¢ ¢ Iﬁ — LIM" B¢ (f,x) . Then there exists an € > 0 such that

{(p,q,j) eN: Byt (f) — ¢|M/mHmHk > r+e} ¢l (11)

1
8 (quj)

Since By (f,x) is If -analytic and from the inequality (11), there exists an If -cluster
point ¢; such that

b
8 (quj )

So we get diam (I5 (T\)) > r+&.
The converse of this theorem is also true, i.e., if I (T'y) C I§ — LIM By (£, %)
then we have r > diam (I§ (Ty)). O

€
|c—ci1| > r+e€, where g := >
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