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LOCATION OF ZEROS OF LACUNARY–TYPE

POLYNOMIALS IN ANNULAR REGIONS

IRFAN AHMAD WANI ∗ , MOHAMMAD IBRAHIM MIR AND ISHFAQ NAZIR

Abstract. In this paper, we place certain conditions on the real and imaginary parts of the coef-
ficients of a lacunary-type polynomial and find the annular regions containing all the zeros of a
lacunary-type polynomial.

1. Introduction

Various experimental observations and investigations when translated into math-
ematical language lead to mathematical models. The solution of these models could
lead to problems of solving algebraic polynomial equations of a certain degree. The
study of zeros of these algebraic complex polynomials is an old theme in the analytic
theory of polynomials, and has spawned a vast amount of research over the past millen-
nium including its applications both within and outside of mathematics. In addition to
having numerous applications, this study has been the inspiration for much theoretical
research (including being the initial motivation for modern algebra). Algebraic and an-
alytic methods for finding zeros of a polynomial, in general, can be quite complicated,
so it is desirable to put some restrictions on polynomials. This motivated the study of
identifying suitable regions in the complex plane containing the zeros of a polynomial
when their coefficients are restricted with special conditions. A classical result on the
location of zeros of a polynomial by restricted coefficients known as Eneström-Kakeya
theorem (see section 8.3 of [20]) is stated as

THEOREM 1. If P(z) = ∑n
j=0 a jz j , is a polynomial of degree n and if the coeffi-

cients satisfy, 0 < a0 � a1 � a2 � . . . � an , then P(z) has all its zeros in |z| � 1 .

In literature (see [2]–[20]) there exist several generalizations of Eneström-Kakeya
theorem. There is always a need for better and better results in this subject because of
its application in many areas including signal processing, communication theory, cryp-
tography, control theory, combinatorics, and mathematical biology. In this paper, by
using standard techniques we establish an annular region in which zeros of a complex
lacunary-type polynomial lie by putting certain restrictions on the real and imaginary
parts of the complex coefficients of a given lacunary-type polynomial. In 1996, Aziz
and Zargar [1] proved the following result for the regions containing the zeros of the
lacunary-type polynomials. In fact they proved
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THEOREM 2. If P(z)= anzn +apzp+ . . .+a1z+a0 , 0� p � n−1 is a polynomial
of degree n and M = max | a j

an
| , j = 0,1, . . . , p, then all the zeros of P(z) lie in |z|< K ,

where K is a unique positive root of the trinomial equation

xn−p− xn−p−1−M = 0.

In 1978, Datt and Govil [4], obtained a ring-shaped region containing all the zeros
of P(z) . In fact they proved,

THEOREM 3. If P(z) = anzn +an−1zn−1 + . . .+a1z+a0 , 0 � p � n−1 is a poly-
nomial of degree n and M = max | a j

an
| , j = 0,1, . . . ,n−1, then P(z) has all its zeros in

the ring shaped region

|a0|
2(1+A)n−1{An+1} � |z| < 1+ α0A,

where α0 is a unique positive root of the equation

x = 1− 1
(1+Ax)n

in the interval (0,1) .

Aziz and Zargar [1], generalized Theorem 3 to the class of lucanary-type polyno-
mials. Moreover, they proved,

THEOREM 4. If P(z)= anzn +apzp+ . . .+a1z+a0 , 0� p � n−1 is a polynomial
of degree n and M = max | a j

an
| , j = 0,1, . . . , p, then all the zeros of P(z) lie in the ring

shaped region

|a0|
2(1+A)n−1{1+(p+1)A} � |z| < 1+ α0A,

where α0 is a unique positive root of the equation

x = 1− 1
(1+Ax)p+1

in the interval (0,1) .

Recently A. Kumar, Z. Manzoor and B. A. Zagar [12] obtained an annular re-
gion containing the zeros of the lacunary-type polynomials with real coefficients, where
these coefficients are subjected to Eneström-Kakeya theorem. In fact they proved

THEOREM 5. If P(z) = a0 + ∑n
j=μ a jz j , 1 � μ � n, a0 �= 0 is a polynomial of

degree n, where for some t > 0 and some μ � k � n,

tμ |aμ | � . . . � tk−1|ak−1| � tk|ak| � tk+1|ak+1| � . . . � tn−1|an−1| � tn|an|
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and |arg a j −β |� α � π
2 for μ � j � n and some α and β , then all the zeros of P(z)

lie in the region defined by the following inequalities

min(r2,t) � |z| � max(r1,t
−1),

where

r1 =
2M2

t2|tan−an−1|(|an|−M)+ (t4|tan−an−1|2(|an|−M)2 +4|an|t2M3)
1
2

,

r2 =
1

2M2
1

[
(t2|a0|−M1)t2|a0|+

(
{t2|a0|−M1)t2|a0|}2 +4M3

1 |a0|t3
) 1

2
]
,

M = tn−k(1+ t2)(|a0|tk −|ak|cosα)+ tn−μ|aμ |(t2 + cosα + sinα)

+ t2|an|(cosα + sinα)+ (1− t2)cosα
k−1

∑
j=μ+1

|a j|tn− j

+(t2−1)cosα
n−1

∑
j=k+1

|a j|tn− j +(1+ t2)sinα
n−1

∑
j=μ+1

|a j|tn− j,

M1 = |a0|t +(1+ cosα + sinα)(aμ |tμ+1 + |an|tn+1)−2cosα|ak|tk+1

+2sinα
n−1

∑
j=μ+1

|a j|tn− j.

For more literature in this direction (see [2], [3], [13], [16], [19]).

2. Main results

In this paper, we obtain an annular regions in which zeros of a complex lacunary-
type polynomial lie by imposing certain restrictions on the real and imaginary parts of
the complex coefficients of a given lacunary-type polynomial. In fact, we prove the
following result:

THEOREM 6. Let P(z) = a0 + ∑n
j=μ a jz j , 1 � μ � n, a0 �= 0 be a polynomial of

degree n with complex coefficients. Let Re(a j) = α j, Im(a j) = β j for j = 0,1,2, . . . ,n
and for some t � 0 , μ � k � n, μ � l � n,

tμαμ � . . . � tk−1αk−1 � tkαk � tk+1αk+1 � . . . � tn−1αn−1 � tnαn

and

tμβμ � . . . � tl−1βl−1 � tlβl � tl+1βl+1 � . . . � tn−1βn−1 � tnβn,
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then all the zeros of P(z) lie in r1 � |z| � r2 , where r1 = min
{ t2|a0|

M1
,t

}
and r2 =

max
{ M2
|an| , t

−1
}

, where

M1 = |a0|t +(αμ + βμ + |aμ|)tμ+1−2(tk+1αk + tl+1βl)+ tn+1(αn + βn + |an|),

M2 = |a0|(t2 +1)tn−1 + |aμ |tn−μ+1 +(αμ + βμ)tn−μ−1 + t(αn + βn)− (t2 +1)

(tn−k−1αk + tn−l−1βl)+ (1− t2)
[ k−1

∑
j=μ+1

tn− j−1α j +
l−1

∑
j=μ+1

tn− j−1β j

]

+(t2−1)
[ n−1

∑
j=k+1

tn− j−1α j +
n−1

∑
j=l+1

tn− j−1β j

]
.

REMARK 1. For t = 1, Theorem 6 reduces to Corollary 1 and for β = 0, Theorem
6 reduces to Corollary 2.

COROLLARY 1. Let P(z) = a0+∑n
j=μ a jz j , 1 � μ � n, a0 �= 0 be a polynomial of

degree n with complex coefficients. Let Re(a j) = α j, Im(a j) = β j for j = 0,1,2, . . . ,n
and for some t � 0 , μ � k � n, μ � l � n,

αμ � . . . � αk−1 � αk � αk+1 � . . . � αn−1 � αn

and

βμ � . . . � βl−1 � βl � βl+1 � . . . � βn−1 � βn,

then all the zeros of P(z) lie in

|a0|
|a0|+(αμ + βμ + |aμ |)−2(αk + βl)+ (αn + βn + |an|)
� |z| � 2|a0|+(αμ + βμ + |aμ |)−2(αk + βl)+ (αn + βn)

|an| .

COROLLARY 2. Let P(z) = a0 + ∑n
j=μ a jz j , 1 � μ � n, a0 �= 0 be a polynomial

of degree n with real coefficients, for some t � 0 , μ � k � n,

tμaμ � . . . � tk−1ak−1 � tkak � tk+1ak+1 � . . . � tn−1an−1 � tnan

then all the zeros of P(z) lie in r3 � |z| � r4 , where r3 = min
{ t2|a0|

M3
,t

}
and r4 =

max
{ M4
|an| , t

−1
}

, where

M3 = |a0|t +(aμ + |aμ |)tμ+1−2tk+1ak + tn+1(an + |an|),

M4 = |a0|(t2 +1)tn−1 + |aμ |tn−μ+1 +aμtn−μ−1 + tan− (t2 +1)tn−k−1ak

+(1− t2)
k−1

∑
j=μ+1

tn− j−1a j +(t2−1)
n−1

∑
j=k+1

tn− j−1a j.
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Next, we prove the following result by rearranging coefficients in Theorem 6.

THEOREM 7. Let P(z) = a0 + ∑n
j=μ a jz j , 1 � μ � n, a0 �= 0 be a polynomial of

degree n with complex coefficients. Let Re(a j) = α j, Im(a j) = β j for j = 0,1,2, . . . ,n
and for some t � 0 , μ � k � n, μ � l � n,

tμαμ � . . . � tk−1αk−1 � tkαk � tk+1αk+1 � . . . � tn−1αn−1 � tnαn

and

tμβμ � . . . � tl−1βl−1 � tlβl � tl+1βl+1 � . . . � tn−1βn−1 � tnβn,

then all the zeros of P(z) lie in s1 � |z| � s2 , where s1 = min
{ t2|a0|

N1
,t

}
and s2 =

max
{ N2
|an| , t

−1
}

, where

N1 = |a0|t +(αμ −βμ + |aμ|)tμ+1−2(tk+1αk − tl+1βl)+ tn+1(αn −βn + |an|),

N2 = |a0|(t2 +1)tn−1 + |aμ|tn−μ+1 +(αμ −βμ)tn−μ−1 + t(αn−βn)− (t2 +1)

(tn−k−1αk − tn−l−1βl)+ (1− t2)
[ k−1

∑
j=μ+1

tn− j−1α j −
l−1

∑
j=μ+1

tn− j−1β j

]

+(t2−1)
[ n−1

∑
j=k+1

tn− j−1α j −
n−1

∑
j=l+1

tn− j−1β j

]
.

REMARK 2. For t = 1, Theorem 7 reduces to Corollary 3.

COROLLARY 3. Let P(z) = a0+∑n
j=μ a jz j , 1 � μ � n, a0 �= 0 be a polynomial of

degree n with complex coefficients. Let Re(a j) = α j, Im(a j) = β j for j = 0,1,2, . . . ,n
and for some t � 0 , μ � k � n, μ � l � n,

αμ � . . . � αk−1 � αk � αk+1 � . . . � αn−1 � αn

and

βμ � . . . � βl−1 � βl � βl+1 � . . . � βn−1 � βn,

then all the zeros of P(z) lie in

|a0|
|a0|+(αμ −βμ + |aμ |)−2(αk −βl)+ (αn−βn + |an|)

� |z| � 2|a0|+(αμ −βμ + |aμ |)−2(αk −βl)+ (αn−βn)
|an| .

Next, we prove the following result by rearranging coefficients in Theorem 6 and
Theorem 7.
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THEOREM 8. Let P(z) = a0 + ∑n
j=μ a jz j , 1 � μ � n, a0 �= 0 be a polynomial of

degree n with complex coefficients. Let Re(a j) = α j, Im(a j) = β j for j = 0,1,2, . . . ,n
and for some t � 0 , μ � k � n, μ � l � n,

tμαμ � . . . � tk−1αk−1 � tkαk � tk+1αk+1 � . . . � tn−1αn−1 � tnαn

and

tμβμ � . . . � tl−1βl−1 � tlβl � tl+1βl+1 � . . . � tn−1βn−1 � tnβn,

then all the zeros of P(z) lie in w1 � |z| � w2 , where w1 = min
{ t2|a0|

O1
,t

}
and w2 =

max
{ O2
|an| , t

−1
}

, where

O1 = |a0|t +(βμ −αμ + |aμ |)tμ+1 +2(tk+1αk − tl+1βl)− tn+1(αn −βn−|an|),

O2 = |a0|(t2 +1)tn−1 + |aμ |tn−μ+1 +(βμ −αμ)tn−μ−1− t(αn−βn)+ (t2 +1)

(tn−k−1αk − tn−l−1βl)+ (t2−1)
[ k−1

∑
j=μ+1

tn− j−1α j −
l−1

∑
j=μ+1

tn− j−1β j

]

+(1− t2)
[ n−1

∑
j=k+1

tn− j−1α j −
n−1

∑
j=l+1

tn− j−1β j

]
.

REMARK 3. For t = 1, Theorem 8 reduces to Corollary 4 and for β = 0, Theorem
8, it reduces to Corollary 5.

COROLLARY 4. Let P(z) = a0+∑n
j=μ a jz j , 1 � μ � n, a0 �= 0 be a polynomial of

degree n with complex coefficients. Let Re(a j) = α j , Im(a j) = β j for j = 0,1,2, . . . ,n
and for some t � 0 , μ � k � n, μ � l � n,

αμ � . . . � αk−1 � αk � αk+1 � . . . � αn−1 � αn

and

βμ � . . . � βl−1 � βl � βl+1 � . . . � βn−1 � βn,

then all the zeros of P(z) lie in

|a0|
|a0|− (αμ −βμ −|aμ |)+2(αk −βl)+ (αn−βn−|an|)
� |z| � 2|a0|− (αμ −βμ −|aμ |)+2(αk −βl)− (αn−βn)

|an| .

COROLLARY 5. Let P(z) = a0 + ∑n
j=μ a jz j , 1 � μ � n, a0 �= 0 be a polynomial

of degree n with real coefficients, for some t � 0 , μ � k � n,

tμaμ � . . . � tk−1ak−1 � tkak � tk+1ak+1 � . . . � tn−1an−1 � tnan



LOCATION OF ZEROS OF LACUNARY-TYPE POLYNOMIALS IN ANNULAR REGIONS 109

then all the zeros of P(z) lie in w3 � |z| � w4 , where w3 = min
{ t2|a0|

O3
,t

}
and w4 =

max
{ O4
|an| , t

−1
}

, where

O3 = |a0|t− (aμ + |aμ|)tμ +2tk+1ak − tn+1(an−|an|),

O4 = |a0|(t2 +1)tn−1 + |aμ |tn−μ+1−aμtn−μ−1− tan +(t2 +1)tn−k−1ak

+(t2−1)
k−1

∑
j=μ+1

tn− j−1a j +(1− t2)
n−1

∑
j=k+1

tn− j−1a j.

3. Proof of main results

Proof of Theorem 6. Let P(z) = a0 + ∑n
j=μ a jz j , 1 � μ � n , a0 �= 0 be a polyno-

mial of degree n with complex coefficients such that Re(a j) = α j, Im(a j) = β j for
j = 0,1,2, . . . ,n . Consider the polynomial

Q(z) = (t − z)P(z)

= a0(t− z)+ taμzμ +
n

∑
j=μ+1

(ta j −a j−1)z j −anz
n+1

= a0t−a0z+ taμzμ +
n

∑
j=μ+1

(ta j −a j−1)z j −anz
n+1

= a0t−R1(z)

where

R1(z) = a0z− taμzμ −
n

∑
j=μ+1

(ta j −a j−1)z j +anz
n+1.

On |z| = t ,

|R1(z)| � |a0|t + |aμ |tμ+1 +
n

∑
j=μ+1

|ta j −a j−1|t j + |an|tn+1

� |a0|t + |aμ |tμ+1 +
k

∑
j=μ+1

(α j−1− tα j)t j +
n

∑
j=k+1

(tα j −α j−1)t j

+
l

∑
j=μ+1

(β j−1− tβ j)t j +
n

∑
j=l+1

(tβ j −β j−1)t j + |an|tn+1

= |a0|t + |aμ |tμ+1 +(αμ + βμ)tμ+1−2(tk+1αk + tl+1βl)+ (αn + βn + |an|)tn+1

= |a0|t +(αμ + βμ + |aμ|)tμ+1−2(tk+1αk + tl+1βl)+ (αn + βn + |an|)tn+1

= M1.
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Applying Schwarz Lemma [15] to R1(z) , we get for |z| � t ,

|R1(z)| � M1|z|
t

which implies for |z| � t ,

|Q(z)| = |a0t−R1(z)| � t|a0|− |R1(z)| � t|a0|− M1|z|
t

.

Hence, if |z| < r1 = min

{
t2|a0|
M1

,t

}
then Q(z) �= 0 and so P(z) �= 0.

Next we show that P(z) �= 0 for |z| > r2 . For this, we again consider the polyno-
mial

Q(z) = (t − z)P(z)

= a0(t− z)+ taμzμ +
n

∑
j=μ+1

(ta j −a j−1)z j −anz
n+1

= a0t−a0z+ taμzμ +
n

∑
j=μ+1

(ta j −a j−1)z j −anz
n+1

= R2(z)−anz
n+1

where

R2(z) = a0t−a0z+ taμzμ +
n

∑
j=μ+1

(ta j −a j−1)z j.

Now

∣∣∣znR2

(1
z

)∣∣∣ =
∣∣∣a0tz

n −a0z
n−1 + taμzn−μ +

n

∑
j=μ+1

(ta j −a j−1)zn− j
∣∣∣.

On |z| = t ,

∣∣∣znR2

(1
z

)∣∣∣ � |a0|tn+1 + |a0|tn−1 + |aμ |tn−μ+1 +
n

∑
j=μ+1

|ta j −a j−1|tn− j

� |a0|tn−1(t2 +1)+ |aμ|tn−μ+1 +
k

∑
j=μ+1

(α j−1 − tα j)tn− j

+
n

∑
j=k+1

(tα j−α j−1)tn− j+
l

∑
j=μ+1

(β j−1−tβ j)tn− j+
n

∑
j=l+1

(tβ j−β j−1)tn− j

= |a0|(t2 +1)tn−1 + |aμ |tn−μ+1 +(αμ + βμ)tn−μ−1 + t(αn + βn)

− (t2 +1)(tn−k−1αk + tn−l−1βl)
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+(1− t2)
[ k−1

∑
j=μ+1

tn− j−1α j +
l−1

∑
j=μ+1

tn− j−1β j

]

+(t2−1)
[ n−1

∑
j=k+1

tn− j−1α j +
n−1

∑
j=l+1

tn− j−1β j

]

= M2.

Thus by the Maximum Modulus Theorem [15] for |z| � t ,∣∣∣znR2(
1
z
)
∣∣∣ � M2,

which implies for |z| � 1
t ,

|R2(z)| � M2|z|n

which follows that for |z| � 1
t ,

|Q(z)| = |R2(z)−anz
n+1| � |an||z|n+1−M2|z|n = |z|n(|an||z|−M2).

Hence, if |z| > r2 = max
{

M2
|an| ,t

−1
}

, then Q(z) �= 0 and so P(z) �= 0.

That proves the Theorem 6 completely. �

Proof of Theorem 7. Let P(z) = a0 + ∑n
j=μ a jz j , 1 � μ � n , a0 �= 0 be a polyno-

mial of degree n with complex coefficients such that Re(a j) = α j, Im(a j) = β j for
j = 0,1,2, . . . ,n . Consider the polynomial

Q(z) = (t − z)P(z)

= a0(t− z)+ taμzμ +
n

∑
j=μ+1

(ta j −a j−1)z j −anz
n+1

= a0t−a0z+ taμzμ +
n

∑
j=μ+1

(ta j −a j−1)z j −anz
n+1

= a0t−R1(z)

where

R1(z) = a0z− taμzμ −
n

∑
j=μ+1

(ta j −a j−1)z j +anz
n+1.

On |z| = t ,

|R1(z)| � |a0|t + |aμ |tμ+1 +
n

∑
j=μ+1

|ta j −a j−1|t j + |an|tn+1

� |a0|t + |aμ |tμ+1 +
k

∑
j=μ+1

(α j−1− tα j)t j +
n

∑
j=k+1

(tα j −α j−1)t j

+
l

∑
j=μ+1

(β j−1− tβ j)t j +
n

∑
j=l+1

(tβ j −β j−1)t j + |an|tn+1
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= |a0|t + |aμ |tμ+1 +(αμ −βμ)tμ+1−2(tk+1αk − tl+1βl)+ (αn−βn + |an|)tn+1

= |a0|t +(αμ −βμ + |aμ|)tμ+1−2(tk+1αk − tl+1βl)+ tn+1(αn −βn + |an|)
= N1.

Applying Schwarz Lemma [15] to R1(z) , we get for |z| � t ,

|R1(z)| � N1|z|
t

which implies for |z| � t ,

|Q(z)| = |a0t−R1(z)| � t|a0|− |R1(z)| � t|a0|− N1|z|
t

.

Hence, if |z| < r1 = min

{
t2|a0|
N1

,t

}
then Q(z) �= 0 and so P(z) �= 0.

Next we show that P(z) �= 0 for |z| > r2 . For this, we again consider the polyno-
mial

Q(z) = (t − z)P(z)

= a0(t− z)+ taμzμ +
n

∑
j=μ+1

(ta j −a j−1)z j −anz
n+1

= a0t−a0z+ taμzμ +
n

∑
j=μ+1

(ta j −a j−1)z j −anz
n+1

= R2(z)−anz
n+1

where

R2(z) = a0t−a0z+ taμzμ +
n

∑
j=μ+1

(ta j −a j−1)z j.

Now
∣∣∣znR2

(1
z

)∣∣∣ =
∣∣∣a0tz

n −a0z
n−1 + taμzn−μ +

n

∑
j=μ+1

(ta j −a j−1)zn− j
∣∣∣.

On |z| = t ,

∣∣∣znR2

(1
z

)∣∣∣ � |a0|tn+1 + |a0|tn−1 + |aμ |tn−μ+1 +
n

∑
j=μ+1

|ta j −a j−1|tn− j

� |a0|tn−1(t2 +1)+ |aμ|tn−μ+1 +
k

∑
j=μ+1

(α j−1 − tα j)tn− j

+
n

∑
j=k+1

(tα j−α j−1)tn− j+
l

∑
j=μ+1

(β j−1−tβ j)tn− j+
n

∑
j=l+1

(tβ j−β j−1)tn− j
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= |a0|(t2 +1)tn−1 + |aμ |tn−μ+1 +(αμ −βμ)tn−μ−1 + t(αn−βn)

− (t2 +1)(tn−k−1αk − tn−l−1βl)

+ (1− t2)
[ k−1

∑
j=μ+1

tn− j−1α j −
l−1

∑
j=μ+1

tn− j−1β j

]

+(t2−1)
[ n−1

∑
j=k+1

tn− j−1α j −
n−1

∑
j=l+1

tn− j−1β j

]
.

= N2.

Thus by the Maximum Modulus Theorem [15] for |z| � t ,

∣∣∣znR2

(1
z

)∣∣∣ � N2,

which implies for |z| � 1
t ,

|R2(z)| � N2|z|n

which follows that for |z| � 1
t ,

|Q(z)| = |R2(z)−anz
n+1| � |an||z|n+1−N2|z|n = |z|n(|an||z|−N2).

Hence, if |z| > r2 = max
{

N2
|an| ,t

−1
}

, then Q(z) �= 0 and so P(z) �= 0.

That proves the Theorem 2.4 completely. �

Proof of Theorem 8. Let P(z) = a0 + ∑n
j=μ a jz j , 1 � μ � n , a0 �= 0 be a polyno-

mial of degree n with complex coefficients such that Re(a j) = α j, Im(a j) = β j for
j = 0,1,2, . . . ,n . Consider the polynomial

Q(z) = (t − z)P(z)

= a0(t− z)+ taμzμ +
n

∑
j=μ+1

(ta j −a j−1)z j −anz
n+1

= a0t−a0z+ taμzμ +
n

∑
j=μ+1

(ta j −a j−1)z j −anz
n+1

= a0t−R1(z)

where

R1(z) = a0z− taμzμ −
n

∑
j=μ+1

(ta j −a j−1)z j +anz
n+1.
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On |z| = t ,

|R1(z)| � |a0|t + |aμ |tμ+1 +
n

∑
j=μ+1

|ta j −a j−1|t j + |an|tn+1

� |a0|t + |aμ |tμ+1 +
k

∑
j=μ+1

(α j−1− tα j)t j +
n

∑
j=k+1

(tα j −α j−1)t j

+
l

∑
j=μ+1

(β j−1− tβ j)t j +
n

∑
j=l+1

(tβ j −β j−1)t j + |an|tn+1

= |a0|t + |aμ |tμ+1− (αμ −βμ)tμ+1 +2(tk+1αk − tl+1βl)− (αn−βn−|an|)tn+1

= |a0|t +(βμ −αμ + |aμ|)tμ+1 +2(tk+1αk − tl+1βl)− tn+1(αn −βn−|an|)
= O1.

Applying Schwarz Lemma [15] to R1(z) , we get for |z| � t ,

|R1(z)| � O1|z|
t

which implies for |z| � t ,

|Q(z)| = |a0t−R1(z)| � t|a0|− |R1(z)| � t|a0|− O1|z|
t

.

Hence, if |z| < r1 = min

{
t2|a0|
O1

,t

}
then Q(z) �= 0 and so P(z) �= 0.

Next we show that P(z) �= 0 for |z| > r2 . For this, we again consider the polyno-
mial

Q(z) = (t − z)P(z)

= a0(t− z)+ taμzμ +
n

∑
j=μ+1

(ta j −a j−1)z j −anz
n+1

= a0t−a0z+ taμzμ +
n

∑
j=μ+1

(ta j −a j−1)z j −anz
n+1

= R2(z)−anz
n+1

where

R2(z) = a0t−a0z+ taμzμ +
n

∑
j=μ+1

(ta j −a j−1)z j.

Now

∣∣∣znR2

(1
z

)∣∣∣ =
∣∣∣a0tz

n −a0z
n−1 + taμzn−μ +

n

∑
j=μ+1

(ta j −a j−1)zn− j
∣∣∣.
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On |z| = t ,

∣∣∣znR2

(1
z

)∣∣∣ � |a0|tn+1 + |a0|tn−1 + |aμ |tn−μ+1 +
n

∑
j=μ+1

|ta j −a j−1|tn− j

� |a0|tn−1(t2 +1)+ |aμ|tn−μ+1 +
k

∑
j=μ+1

(α j−1 − tα j)tn− j

+
n

∑
j=k+1

(tα j−α j−1)tn− j+
l

∑
j=μ+1

(β j−1−tβ j)tn− j+
n

∑
j=l+1

(tβ j−β j−1)tn− j

= |a0|(t2 +1)tn−1 + |aμ |tn−μ+1 +(βμ −αμ)tn−μ−1− t(αn−βn)

+ (t2 +1)(tn−k−1αk − tn−l−1βl)

+ (t2−1)
[ k−1

∑
j=μ+1

tn− j−1α j −
l−1

∑
j=μ+1

tn− j−1β j

]

+(1− t2)
[ n−1

∑
j=k+1

tn− j−1α j −
n−1

∑
j=l+1

tn− j−1β j

]

= O2.

Thus by the Maximum Modulus Theorem [15] for |z| � t ,

∣∣∣znR2

(1
z

)∣∣∣ � O2,

which implies for |z| � 1
t ,

|R2(z)| � O2|z|n

which follows that for |z| � 1
t ,

|Q(z)| = |R2(z)−anz
n+1| � |an||z|n+1−N2|z|n = |z|n(|an||z|−O2).

Hence, if |z| > r2 = max
{

O2
|an| ,t

−1
}

, then Q(z) �= 0 and so P(z) �= 0.

That proves the Theorem 2.6 completely. �
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