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LOCATION OF ZEROS OF LACUNARY-TYPE
POLYNOMIALS IN ANNULAR REGIONS

IRFAN AHMAD WANI*, MOHAMMAD IBRAHIM MIR AND ISHFAQ NAZIR

Abstract. In this paper, we place certain conditions on the real and imaginary parts of the coef-
ficients of a lacunary-type polynomial and find the annular regions containing all the zeros of a
lacunary-type polynomial.

1. Introduction

Various experimental observations and investigations when translated into math-
ematical language lead to mathematical models. The solution of these models could
lead to problems of solving algebraic polynomial equations of a certain degree. The
study of zeros of these algebraic complex polynomials is an old theme in the analytic
theory of polynomials, and has spawned a vast amount of research over the past millen-
nium including its applications both within and outside of mathematics. In addition to
having numerous applications, this study has been the inspiration for much theoretical
research (including being the initial motivation for modern algebra). Algebraic and an-
alytic methods for finding zeros of a polynomial, in general, can be quite complicated,
so it is desirable to put some restrictions on polynomials. This motivated the study of
identifying suitable regions in the complex plane containing the zeros of a polynomial
when their coefficients are restricted with special conditions. A classical result on the
location of zeros of a polynomial by restricted coefficients known as Enestrom-Kakeya
theorem (see section 8.3 of [20]) is stated as

THEOREM 1. If P(z) =X a;z’, is a polynomial of degree n and if the coeffi-
cients satisfy, 0 < ag < a; <ay < ... < ay , then P(z) has all its zeros in |z < 1.

In literature (see [2]-[20]) there exist several generalizations of Enestrom-Kakeya
theorem. There is always a need for better and better results in this subject because of
its application in many areas including signal processing, communication theory, cryp-
tography, control theory, combinatorics, and mathematical biology. In this paper, by
using standard techniques we establish an annular region in which zeros of a complex
lacunary-type polynomial lie by putting certain restrictions on the real and imaginary
parts of the complex coefficients of a given lacunary-type polynomial. In 1996, Aziz
and Zargar [1] proved the following result for the regions containing the zeros of the
lacunary-type polynomials. In fact they proved
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THEOREM 2. If P(2) = and" +apz’ +...+aiz+ap, 0< p <n—1 isapolynomial
of degree n and M = max |Z—:’|, j=0.1,...,p, then all the zeros of P(z) liein |z] < K,
where K is a unique positive root of the trinomial equation

PPl M=,

In 1978, Datt and Govil [4], obtained a ring-shaped region containing all the zeros
of P(z). In fact they proved,

THEOREM 3. If P(z) = a," —i—}an_lzn_l +...+a1zt+ap, 0< p<n—1isapoly-
nomial of degree n and M = max | Z—:’\, j=0,1,...,n—1, then P(z) has all its zeros in
the ring shaped region

|ao|
201+ A {An+ 1}

<z < 14 oA,

where 0y is a unique positive root of the equation

1

= 1 e ———
o (1+Ax)"

in the interval (0,1).

Aziz and Zargar [1], generalized Theorem 3 to the class of lucanary-type polyno-
mials. Moreover, they proved,

THEOREM 4. If P(2) = and" +apz’ +...+aiz+ap, 0< p <n—1 isapolynomial
of degree n and M = max | Z—”l\, Jj=0,1,...,p, then all the zeros of P(z) lie in the ring
shaped region

|ao|

ST A 1+ (pra) S Fl<1+o,

where 0 is a unique positive root of the equation

1

= 1 R ——
* (14 Ax)P+!
in the interval (0,1).

Recently A. Kumar, Z. Manzoor and B. A. Zagar [12] obtained an annular re-
gion containing the zeros of the lacunary-type polynomials with real coefficients, where
these coefficients are subjected to Enestrom-Kakeya theorem. In fact they proved

THEOREM 5. If P(z) = ao+ X, ajz/, 1 < <n, ag#0 is a polynomial of
degree n, where for some t > 0 and some U < k < n,

Hlag| = .. > Nae | = Ma) <ETHag| << apo | < 1%an]
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and larg aj—B| < a < T for u < j <nandsome o and 3, then all the zeros of P(z)
lie in the region defined by the following inequalities

min(ry,7) < |z| < max(ry,z7 1),
where

2M?
r = ’
t2|tan — an—1|(lan| — M) + (t*[tan — an—1[*(Jan| — M)? +4‘an‘52M3)%

1 %
2= sy |l =)l + (el =3Pl -+ 4.
1

M =" (1+1%)(|ao|t* — |ax| cos &) + 1" H|ay| (> + cos o +sin )

k=1
+1*|ay|(cos o +sin o) + (1 — %) cos ot Y, lajlet?
=+l
n—1 ) n—1 )
+(*=1)cosa Y |aj[t" T+ (1+£%)sinee Y, ajl" ™,
J=k+1 j=u+l

My = |aglt + (1 +cosa +sina) (ay |t +[an|" ') — 2 cos o] ag|* !

n—1
+2sino Y, ajl" .
JEHH

For more literature in this direction (see [2], [3], [13], [16], [19]).

2. Main results

In this paper, we obtain an annular regions in which zeros of a complex lacunary-
type polynomial lie by imposing certain restrictions on the real and imaginary parts of
the complex coefficients of a given lacunary-type polynomial. In fact, we prove the
following result:

THEOREM 6. Let P(z) =ap+ Z’;:“ ajzj, 1 <u<n, ag#0 be a polynomial of
degree n with complex coefficients. Let Re(a;) = o, Im(aj) = Bj for j=0,1,2,....n
and for some t 20, u <k<n, u <Il<n,

Hoy > ... =1

and

By 2t B =B < T B < < T Bt < B
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then all the zeros of P(z) lie in r| < |z| < ry, where r| = mln{t Zlaol 1} and ry =

M, —1
max{m,t },where

My = |aolt + (o4 + Bu + |ag )" T =2 oy 4+ B)) 1 (04 + Ba+ |anl),

My = |ao| (£ + )"+ |ay [("* T 4 (o + Bu)t" H T (06 + Ba) — (124 1)
k—1 -1
(tn_k_lak—Fl‘n_l_lB[)—F(l—1‘2)|: l‘n_j_lOCj—F Z tn—j—lﬂj
Jj=u+1 J=u+1

+(*—1) 2t”11a+2t"’1ﬁ]

j=k+1 j=1+1

REMARK 1. Forz =1, Theorem 6 reduces to Corollary 1 and for § =0, Theorem
6 reduces to Corollary 2.

COROLLARY 1. Let P(z) =ap+Xj_, ajz’, 1 <u<n, ag#0 be apolynomial of
degree n with complex coefficients. Let Re(a;) = o, Im(aj) = Bj for j=0,1,2,....n
and for some t 20, u <k<n, u <Il<n,

and

Buz..2B1 2B <B1<... <Bum1 < Bus
then all the zeros of P(z) lie in
|ao|
laol + (ot + Bu + lap]) — 2(0 + Br) + (0 + Bu + an])
2|ao| + (0t + B +lau|) —2(04 + Br) + (o + Bn)

|an|

<zl <

COROLLARY 2. Let P(z) = ap+X_, ajz/, 1 < <n, agp#0 be a polynomial
of degree n with real coefficients, for some t >0, U < k <n,

fay > ... >t g > e <My < < age ) <1y

then all the zeros of P(z) lie in r3 < |z| < rq, where r3 = mln{t Zlaol 1} and ry =

My 1
max{w,t }. where

M; = |aolt + (ay + |ay ) — 20y + 1" (@ + |an)),
My = |a0\(t2+1)t”‘1+\a T R ra, — (4 D gy

(1—1%) Zt’”la+t—1 Zt’”l

J=u+1 Jj=k+1
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Next, we prove the following result by rearranging coefficients in Theorem 6.
THEOREM 7. Let P(z) =ao+ X}, ajz/, 1< <n, ag# 0 be a polynomial of
degree n with complex coefficients. Let Re(a;) = o, Im(aj) = Bj for j=0,1,2,....n
and for some t >0, u <k<n, u<Il<n,
oy > .. >t o >t <o << oy <1y
and

By < <ITIB L <R =T B = =T B 2B

then all the zeros of P(z) lie in s; < |z| < 52, where s; = mln{t Zlaol 1} and s, =

Ny -1
max{m,t },where

= laolt + (g — By + e ) =2 oy — 1" By) + 1" (04 — B+ [anl),

= lao|(* + )"+ au | H T 4 (o — Bu)r" M -t (on — Bu) — (124 1)

k—1 -1
(tnfkflak _ tnflflﬁ 1 —t |: 2 t"7'771Q/ _ 2 Z‘nfjflﬁj
j=+ j=+

l—l Ztnjla_ztnjlﬁ}

REMARK 2. For t = 1, Theorem 7 reduces to Corollary 3.

COROLLARY 3. Let P(z) =ap+Xj_, ajz’, 1 <u<n, ag#0 be apolynomial of
degree n with complex coefficients. Let Re(aj) = oj, Im(a;)=B; for j=0,1,2,...,n
and for some t 20, u <k<n, u <Il<n,

Oy 2. Z 0| Z 0 SOy <. . SO0y SO
and

Bu<...<Ba<B=ZBy1=...2Bu12=Bn,
then all the zeros of P(z) lie in

|ao|
lao| + (0t — Bu + lau|) — 2(0s — Br) + (0% — Bu + |an)

<le < 2lao| + (ot — Bu +laul|) — 2(0 — Br) + (0 — Bn)
X X ‘an| °

Next, we prove the following result by rearranging coefficients in Theorem 6 and
Theorem 7.
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THEOREM 8. Let P(z) = ay +Z?=u ajzj, 1 <u<n, ag#0 be a polynomial of
degree n with complex coefficients. Let Re(aj) = oj, Im(a;)=B; for j=0,1,2,...,n
and for some t 20, u <k<n, u <Il<n,

oy <. <t o <oy =t o > 2 oy 21y

and

B> =t B B < B << By <P,

2
then all the zeros of P(z) lie in wy < |z| < wa, where wy = min{%,t} and w, =

0 —1
max{w,t }. where

O1 = laolt + (B — o + lau )1 2" oy — 11 By) — 1" (o — By — lau]),

= lao|(* + )" "+ Jay | H T 4+ (By — o)t H T —t (0 — Bu) + (12 1)

k—1 -1
(tnfk 1 e - lﬁl t _1 |: 2 tna/flaj_ 2 tna/flﬂj

J=u+1 J=u+1

(1—-17%) Zt”fla—Zt"flﬁ]

j=k+1 j=l+1

REMARK 3. For 7 =1, Theorem 8§ reduces to Corollary 4 and for f =0, Theorem
8, it reduces to Corollary 5.

COROLLARY 4. Let P(z) =ag+Xj_ a,z , I<u<n, ag#0 be apolynomialof
degree n with complex coefficients. Let Re(aﬂ,) oj, Im(a;) = B; for j=0,1,2,..
and for some t 20, u <k<n, u <Il<n,

Oy <o SO SO 20y 2 ... 2 0p—1 20y
and

Buz...2B1Z2B<By1<...<Bu1 < By,
then all the zeros of P(z) lie in

|ao|
lao| — (o — Bu — laul) +2(0u — By) + (0 — B — lanl)
2ao| — (o — By — lau|) +2(ow — Br) — (0 — Bn)

<zl < ] )
n

COROLLARY 5. Let P(z) = ap+ X, ajz/, 1< <n, agp#0 be a polynomial
of degree n with real coefficients, for some t >0, U < k <n,

tfay <. <t o <o =g > > a2 10,
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2
then all the zeros of P(z) lie in wy < |z| < wa, where w3 = min{%,t} and wy =

Oy ,—1
max{m,t } where

03 = |ag|t — (ay + |ay|)* + 2/ g, —t"H(an —lanl),

04 = |ao|(t* + )" 4 |ay | ! —a“t"_“_l —tay+ (2 + )" g

k=1
+(=1) Y e+ (1-17) Et"’lj
Jj=u+1 Jj=k+1

3. Proof of main results

Proof of Theorem 6. Let P(z) = ao+Y/}_, a;z/, 1 < <n, ag # 0 be a polyno-
mial of degree n with complex coefficients such that Re(a;) = oj, Im(a;) = B; for
j=0,1,2,... ,n. Consider the polynomial

0(z) = (1 =2)P(2)

n
=ag(t—2z)+ta'+ Y, (taj—aj_1)7 — a2t

j=Hr1
n .
=apt —apz+tay + Y, (taj—a;1)7 — a2t
=
:aot—Rl(Z)
where
n .
Ri(z) = aoz—ta,lz“ — 2 (taj — aj_l)ZJ +anzn+1
=
On |z] =1,

n
R Q)] < laolt + a1+, Jra;—aj il + Ja|e+
j=u+l

k n
<laolt +laplt* ™+ ¥ (o1 —ray)/ + Y, (toy—oyi)r!
= jok+

1 n
+ Y B =B+ Y, (B — Bi—)t + |ay|" !
JTE j=l+
= |aot + au|t* T + (o + Bu)t* T =2 og + 1B + (04 + Bu + | )"
= |ao|t + (o + By + au )" T =25 oy + £ By) 4 (0 + B+ |an] )
=M,.
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Applying Schwarz Lemma [15] to R (z), we get for |z| <1,

M|z

R <=

which implies for |z| <17,

M|z
10(2)] = laot — Ri(2)] > t]ao] — |R1(2)] > t]ao| - #

Hence, if |z] <r| = min{’le—“l‘)J} then O(z) # 0 and so P(z) #0.

Next we show that P(z) # 0 for |z| > r,. For this, we again consider the polyno-
mial

0(z) = (1 —2)P(2)

n
=ao(t—z2)+tau + Y, (taj—aj1)z) —a.d"™!
=R+
n .
=apt —apz+tay + Y, (taj—a;1)7 — a2t
J=u+1

_ R2(Z) _ anzn+1

where
n .
Ry(2) = aot —apz+tau* + Y, (taj—aj_1)z’.
JRera
Now
1 1 .
Z"R2<—)| = ‘aofzn —apd" ' +tay M+ Y (taj—aj1)? .
‘ ji
On |z| =1,

1 < i
Z"Rz(—>’ < laolt™ + [aolt" + [agl" T+ S Jtaj—a; 1"
< Jj=u+1

k
laolt™ M2+ 1)+ |ap|" * T+ Y (o — o)™
=a

n l n
+ Y (to—a )"+ Y (BB + Y, (eBi—B-)"
il s s
= Jao|(t® + )" 4 Jap " H T 4 (o Bu)t"H T 1 (04 + Ba)
— (40" o+ By
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+(1-1%) [Z " o+ Z t"flﬂ]

J=u+1 J=u+1
t—l[Et"’laJth’”lﬁ}
s jas]
— M>.

Thus by the Maximum Modulus Theorem [15] for |z| < ¢

1
Z"RZ(—)) <My,

N

which implies for |z] > 1

bl

IR2(2)| < Malz]"

which follows that for |z| > 1

0(2)] = [Ra(2) — an ™| = lan| 2" ™! — Malz|" = |2]" (|an||z] — Mo2).

i

Hence, if |z| > r, = max{& t’l}, then O(z) #0 and so P(z) #0.

lan]

That proves the Theorem 6 completely. [

Proof of Theorem 7. Let P(z) = ao+Xj_, ajz/, 1< <n, ap#0 be a polyno-
mial of degree n with complex coefficients such that Re(a;) = o, Im(a;) = B; for
j=0,1,2,... ,n. Consider the polynomial

0(z) = (1 = 2)P(2)

n
=ag(t—z)+ta' + Y, (taj—aj_1)7 — a2t

=
n .
=apt —apz+tay + Y, (taj—a;1)7 — a2t
=
= aopl —Rl(Z)
where
n
Ri(2) = apz —tayz! — 2 (taj—a;—1)z +an?"*!
jopr
On |z| =1,

n
R1(2)| < laolt + [apt* ™+ Y, Jtaj—aj1 [t/ + |an|t""
joarl

k n
<laolt +lapt* ™+ ¥ (o1 —ray)/ + Y, (toy—oyi)!
Jo+1 jras

l n
+ Y, B =B+ Y, (B — Bj-1)t + lanlt"!

Jj=u+1 Jj=l+1
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= |aot + au|t* T + (o — Bu)t* T —2(F L og — 1B + (04 — Bu + || )"
= |ao|t + (ot — By + lau )" =2 Loy — 11 By) + 1" (04 — Bo 4 |anl)
=N

Applying Schwarz Lemma [15] to R (z), we get for |z| <1,

N[z

R@I<=

which implies for |z| <17,

Nilz]

0(2)] = laot = Ry (2)| > tlao| = |R(2)| > tlao| — —

2
Hence, if |z] <r = min{’lN—“lOJ} then O(z) # 0 and so P(z) #0.
Next we show that P(z) # 0 for |z| > r,. For this, we again consider the polyno-
mial
0(z) = (1 —2)P(z)
=ag(t—z)+ta' + Y, (taj—aj_1)7 — a2t
joHr
= apt — apz+tayzt + Z (taj— ai,',l)zj —ap?"t!
=
_ Rz(Z) _ anzn+1

where
n .
Ry (z) = aot — apz+tayz + 2 (taj—aj_1)7.
=
Now
1 1t )
7Ry <_> ’ - ‘aot & —apd" trap M+ Y (taj—aj0) ),
¢ j=pH1
On || =1,

1 B n y
'R, (E> ‘ < |ao\t"Jrl + |ao|t"71 + lay|t" Pl Z ltaj—a;_|t"/
J el

k
<laolt"™ (e + 1) + lapl" ™ 4+ ¥ (01 — o)
J=H+1

n

1 n
+ Y, (oy—oy )" Y (BB Y, (BB

J=k+1 Jj=u+1 j=l+1
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= lao| (1 + 1" + lau[e" 1 + (agu — Bu)e" " 41 (0w — B)
o (1‘2 + 1)(tn—k—1a —ln_l_lﬁ )

(1—17 "oy — it
I S rip)

J u+1 J=u+1
n—1
_ n—j-1 n—j-1g.
(> -1 { 2 t oj— Yt Bj].
=t =T
=M.

Thus by the Maximum Modulus Theorem [15] for |z| <7,

1
Z"R2<;>’ <MV,

which implies for |z| > %

IR2(2)] < Na2|”

which follows that for |z[ > 1

0(2)| = |Ra(2) — ang"™| = lan 2] = Nofe]" = [2]" (| an]|z] = N2).

Hence, if |z| >, = max{lNZV 1}, then Q(z) # 0 and so P(z) #0.
That proves the Theorem 2.4 completely. [

Proof of Theorem 8. Let P(z) = ap+ 2;?:# ajz/, 1 <u<n,ay#0 be apolyno-
mial of degree n with complex coefficients such that Re(a;) = o, Im(a;) = B; for
j=0,1,2,... ,n. Consider the polynomial

0(z) = (1 = 2)P(2)

n
=ao(t—z2)+tau + Y, (taj—aj1)z) —a.d"™!
=R+
n .
=apt —apz+tay + Y, (taj—a;1)7 — a2t
J=u+1

Zaol‘—Rl(Z)

where

n
Ri(2) = apz —tayz! — 2 (taj—a;—1)z +an?"*!
JHH
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On |z| =1,

n
R1(2)| < laolt + [aglt* ™+ Y, Jtaj—aj1[t! + |an|t""
2

k n
< |a0|t—|—|aﬂ|t“+1—|— Z (otj—1 —tog)t! + Z (toj—otj_1)t!
J=u+l1 J=k+1

l n
+ Y B =B+ Y, (1B — Bt + |a|"t!
j=Hr j=l+1
= laolt + |au |1 — (o — Bu)t* T+ 25 oy — £ B) — (00 — B — |an] )"
= lao|t + (By — o + lap )" ' + 2" o — 1771 By) — " (040 — B — |an])
—0,.

Applying Schwarz Lemma [15] to R (z), we get for |z| <1,

0
IR1(z)] < IT|Z|

which implies for |z| <¢,

Oz
1] = laot — Ra(2) > tlao] ~ R1(2)| > t]ao] —~ 21

Hence, if |z| < rf = min{%’t} then Q(z) # 0 and so P(z) #0.

Next we show that P(z) # 0 for |z| > r,. For this, we again consider the polyno-
mial

() = (1 - )P()

n
=ag(t—z)+ta'+ Y, (taj—a;_1)7 — a2t
JR

n
=apt —apz+tay + Y, (taj—a;1)7 — a2t
JRra

_ R2(Z) _ anzn+1

where

n
Ry(z) = aot —apz+tay' + Y, (taj—aj_1)z’.
j=pr

Now

1 _ _ L _
ZnR2<—>) = ‘aotz" —ap" " ttay M+ Y (taj—a;)].
z j=u+1
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On |z| =1,

1 d ;
z”Rz(ZN < Jao|t™™ + |aolt" ! + |ay [ H T + Y, ltaj—aj |
s

k
<laol™He? + 1)+ laple" ™+ ¥ (o1 —ray)"
j=ar

n 1 n
+ Y (oy—oy )" Y (BBt 4 Y, (eBi—Bi)"
J=k+1 J=u+1 j=i+1
= lao|(t® + )"+ |ap |t P 4 (B — o)t F T —t(0p — Ba)
+(E+ D) -y

k—1 -1
—|—(t2—1)[ o -y t”flﬁj}
J=HH =
n—1 ) n—1 )
=) S e S e
j=k+1 j=1+1
-0,

Thus by the Maximum Modulus Theorem [15] for |z| <7,

1
ZnR2<E> ‘ g 027

which implies for |z| > %

i

IR2(2)| < O2z]"

bl

which follows that for |z[ > 1

10(2)] = [Ra(2) — an2"™* | = lan 2" = Naf2]" = |2l (|an]|z] = O2).

Hence, if |z| > = max{f)—z‘,t_l},then 0(z) #0 and so P(z) #0.

An

That proves the Theorem 2.6 completely. [J
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