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ON THE GENERALISATION OF
HENSTOCK-KURZWEIL FOURIER TRANSFORM

S. MAHANTA™® AND S. RAY

Abstract. In this paper, a generalised integral called the Laplace integral is defined on unbounded
intervals, and some of its properties, including necessary and sufficient condition for differen-
tiating under the integral sign, are discussed. It is also shown that this integral is more general
than the Henstock-Kurzweil integral. Finally, the Fourier transform is defined using the Laplace
integral, and its well-known properties are established.

1. Introduction

~

If f: R — R is Lebesgue integrable, its Fourier transform is defined by f(y) =
[ f(x)e 2™ "and its theory is also well established. Now the obvious question from
the viewpoint of “generalised integrals” is “can we replace the Lebesgue integral with a
generalised integral in the definition of Fourier transform?” It is Erik Talvila who first
gave an affirmative answer to the above question in [18]. He used Henstock-Kurzweil
integral to define the Fourier transform and proved its important properties. Further-
more, he pointed out that some beautiful results, e.g., Riemann-Lebesgue lemma, are
not satisfied by the Henstock-Kurzweil Fourier transform. However, in [10], it is proved
that the Riemann-Lebesgue lemma is satisfied in an appropriate subspace of the space of
all Henstock-Kurzweil integrable functions on R. Further results concerning Henstock-
Kurzweil Fourier transform can be found in [2, 3,9, 11, 19, 20].

Let us discuss some ambiguity we found in the proof of Lemma 25 of [18]. In the
paragraph between equation (20) and equation (21) of [18], it is asserted that F(x) =
J .. f,is ACG, on R; and then this fact is used to prove that H, € ACG.(R) (see the
last line of [18, p. 1224]). At the end of the proof of Lemma 25 (a), it is proved that
H_.. € ACG,(R) and then Corollary 6 of [17] is used to prove the Lemma 25 (a). So,
what we have seen so far is that the key idea working implicitly in the proof of Lemma
25 (a)is

“f is Henstock integrable on R if and only if there is a F € ACG(R)
such that F/ = f a.e.on R
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However, according to our best knowledge, there is no Denjoy type definition for the
method of integration on infinite intervals (see [4, p. 297], [6], [7], [16]). So, we think
the proof of Lemma 25 of [18] might needs to be rechecked.

The ambiguity we discussed in the previous paragraph has encouraged us to nur-
ture the problem of defining Fourier transform using generalised integrals. In [8], a
new generalised integral on bounded intervals called the Laplace integral is defined by
the authors of this paper, which has continuous primitives and is more general than
the Henstock-Kurzweil integral. In this paper, the concept of the Laplace integral is
extended on R, which is free of any variational condition, and then applied to define
the Fourier transform. Moreover, the essential properties of the Fourier transform are
studied in this general setting.

NOTATIONS. Let I be an interval bounded or unbounded. We use following no-
tations throughout this paper.

L'(I) = {f | f is Lebesgue integrable on I},

A (I) = {f | fis Henstock-Kurzweil integrable on I},

PBY (1) ={f| f is of bounded variation on 7},

BY (+e0) = {f | f is of bounded variation on R\ (—a,a) for some a € R},

Vi[f] = Total variation of f on I,

Vi[f(-,y)] = Total variation of f with respect to x on I,

|£Ili = The L' norm of f.

2. Preliminaries

DEFINITION 2.1. ([8]) Let f be Laplace integrable (see Definition 3.2 of [&]) on
a neighbourhood of x. If 30 > 0 such that the following limits

) )
lim 5 / e f(x+1)di and lims / e flx—1)di
s—oo [0 s—oo Jo
exist and are equal, then the common value is denoted by LDy f(x). And we say f is
Laplace continuous at x if LDgf(x) = f(x).

DEFINITION 2.2. Let f be Laplace integrable on a neighbourhood of x. If 36 >
0 such that the following limits

1) 1)
lim 52 /0 e f(xt1)— f()]dr and  lim(—s?) /0 eI fe—1) — f(x)]dr

§—ro0 §—ro0

exist and are equal, then we say f is Laplace differentiable at x and the common value
is denoted by LD f(x).

If f is a function of two variables, say x and y, then we define the Laplace deriva-
tive of f with respect to x as the Laplace derivative of f(x) = f(x,y) (y is assumed
to be constant) and we denote it by LDy, f. Definition of LDy, f is similar. For further
properties on Laplace derivative and Laplace continuity see [12, 13, 14, 15].
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3. The Laplace integral on unbounded intervals

In Definition 3.4 of [5], Denjoy-Perron type integrals on unbounded intervals are
defined and then it is proved that it is equivalent to Henstock-Kurzweil integral on un-
bounded intervals (Theorem 3.2 of [5]). Similarly, we shall define the Laplace integral
on unbounded intervals and establish its properties. Due to similarity, most of the re-
sults will be given without proof.

DEFINITION 3.1. Let I = [a,e0] and let f: 1 — R. Then we say f is Laplace
integrable on [a, ) or on [a,co] if

(a) f is Laplace integrable on [a,c| for ¢ > a and
(b) lim [ f exists.
Cc—0

In this case we write [, f = lim [ f. The set of all Laplace integrable functions on
Cc—0
[a,e=) will be denoted by .¥ P[a, ) orby £ P[a,o|.

Integrability on (—eo,b] or on [—eo,b] can be defined analogously. We shall say
that f is integrable on R or on R ( = [—oo,0] ) if there is some @ € R such that f is
integrable on both (—ee,a] and [a,e°), and we write [ f = [“_ f+ [ f. From now
on, we assume all integrals are Laplace integral unless otherwise stated.

From Section 3 of [8] and Definition 3.4, Theorem 3.2 of [5], it is evident that
Denjoy-Perron integral or Henstock-Kurzweil integral on unbounded intervals is a par-
ticular case of Laplace integral; however, the following example will ensure that the set
L P (R)\ A (R) is non-empty.

EXAMPLE 3.1. Let f:[0,1] — R be the function defined in Equation (4.12) of
[8] and let ¢ = LD, f on [0,1] (see Theorem 4.2 of [8]). Now define

if 0,1
po_ [f@ e
0 ifxeR\[0,1].
Then F is continuous and Laplace differentiable on R. If we denote LD F by ®, then
we get
0 ifxeR\0,1].
By Theorem 4.3 of [8] and Definition 3.1, we get that ® € £ Z2(R)\ % (R).

D) = {¢(x) if x € [0,1]

THEOREM 3.1. (Cauchy criterion) Let I = [a,| and let f:1— R be such that
feZLPla,c| forall c =a. Then f € L P (1) if and only if for any € > 0 there is a
K(¢) > a such that g > p > K(e) implies | [ f| < €.

THEOREM 3.2. Let I = [a,oo|. Then

(@ if f,ge LP(I) and c R, then cf+ge LP(I) and [;(cf+g)=c [ f+ ];g.
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() if f,Lg€ LX) and f < g, then [, f < [;g.
(c)ifceland f€ LP(I), then [ f= [ f+ | f.

THEOREM 3.3. (Fundamental theorem of calculus) Let I = [a,| and let f:1—
R.If fe £P(I) and F(x) = [ f, then LD\F = f a.e. on I.

Proof. Let Iy = [a,a+1) and I, = [a+n,a+n+1), n € N. Then I = U;_o1,.
Now apply Theorem 5.5 of [8] oneach [,. [J

THEOREM 3.4. (Du Bois-Reymond’s) Let I = [a,o<|, let f:1 — R and let g:
I—-R.If

(@) feZLPa.c| forall c>a and F(x) = [ f is bounded on [a,],
(b) geLN)NBYV(I) and G(x) = [ g forall x €1,
(©) limF (x)G(x) exists,

then fG € L P(I).

Proof. As F isbounded, Fg € L' (I) which implies lim,_... [ Fg exists and equal
to ["Fg. Let x € [a,o), then by Theorem 6.1 of [8], we have

/ 1G = F(x)G(x) / Fa. 3.1)
a a
Now applying the last assumption on (3.1), we get f/G € Z2(I). O

COROLLARY 3.1. (Integration by parts) Ler I = [a,], let f € L P (1), let g €
LN BYV (1) and let G(x) = [Tg, x€ 1. Then fG € L P(I) and

| r6 = tim[F@Gw) - | e

X—>00

where F(x) = [ f.

a

LEMMA 3.1. Let [a,b] CR, let f € LP(R) and let g € BV (R). If G(x) =
I g, then

/ubfG'S'/ahf

Proof is similar to that of Lemma 24 of [18]. The norm, |- ||, is the norm
defined in [18], and it is equivalent to the Alexiewicz’s norm (see Theorem 5.2).

1G4 1 aVie[6) < | inf 1G]+ ViG] Il
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THEOREM 3.5. Let I = [a,o], let f € L P(I), let (g,) be a sequence in L' (I)N
BY (1) and let G,(x) = [ gn. If (gn) is of uniform bounded variation, then

tim [ G, = [ £( Jim Gy).

n—oo

For the proof see Theorem 7.2 of [8].

LEMMA 3.2. Let [ = [a,o|, where a € R. Then L P (1)NBYV (1) = (I)N
BV (I).

Proof. 1t is enough to prove that f € LZ2(1)NAY (I) implies f € A% (I).
Note that f € L2 (1)NAY (I) implies f € L P([a,b]))NABY ([a,b]), where a < b <
oo. As bounded Laplace integrable functions on finite intervals are Lebesgue integrable
(see Corollary 5.2 of [8]), f € 5 ([a,b]). Now, as

b b o
lim £ [ =1im [Ty= 7.
Hake’s theorem (Theorem 12.8 of [4, p. 291]) implies f € s2¢ (I). O

4. A necessary and sufficient condition of Laplace differentiation
under the integral sign

One may notice that almost the whole paper [18] depends on Lemma 25 of [18].
Furthermore, Theorem 4 of [ 17] has a crucial role in proving that lemma. In this section,
we also establish results similar to Theorem 4 of [17]. However, before that, we need
to define the concept of a .2 & -primitive.

DEFINITION 4.1. (£ % -primitive) Let I = [a,b] CR and let F: I — R be con-
tinuous. We say F is a £ & -primitiveon [ if LD F existsa.e. on I, LD|F € L (1)

and [PLD\F = F(B)—F(a) for o, €1.

THEOREM 4.1. Let I = [, 8] x [a,b] CR xR andlet f: 1— R. Suppose f(.,y)
isa &P -primitive on o, B] for a.e. y € (a,b). Then F(x) = [* f(x,y)dy isa £ 2P-
primitive and LD{F (x) = f:LDle(x,y) dy for almost every x € (a,3) if and only
if

t b bt
//LDle(x,y)dydx:/ /LDle(x,y)dxdy Sforall s,;t € o, B].  (4.1)

Proof. Let F be a .Z % -primitive and LD F (x) = ff LD, f(x,y)dy for almost
every x € (o,f3). Let s,¢ € [, B]. Then

[ [ 1ot yyava = @)~ (s
= [y ssav= [ [ 1Diste)asay
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Conversely, let us assume (4.1) holds. Let xy € (¢, 3) be fixed. Then for x € (e, 3),
we get

//LDl,fty)dydt //LDl,fty)dtdy
= [ 1)~ 1w )y = F) ~ ).

Hence by Theorem 3.3, we get F is a .£ & -primitive and LD F (x) = f: LDy, f(x,y)dy
for almost every x € (¢, ). O

COROLLARY 4.1. Let I = [, ] x [a,b] CR xR and let g: I — R. Suppose
g(.,y) € 2o, B] ae. y€ (a,b). Define G(x) = f Jo8(t,y)dtdy. Then G is a
£ P -primitive and LD G(x) = ffg(x,y) dy fora.e. x € (o, ) if and only if

[ /ahg(x,y)dydx: /u” /z g(x,y)dxdy  for [s,1] C [, B].

5. Convolution

Let f: R —- R and g: R — R. Then the convolution f *g of f and g is defined
by

Frglx /fx v)g)dy  forall x€ R, (5.1)

provided the integral exists. We all know the basic properties of convolution while
the integral is Lebesgue integral or Henstock-Kurzweil integral (see Section 3 of [18]).
Here, we discuss similar properties when the integral is Laplace integral. However,
before that, we need to prove the following Lemmas.

LEMMA 5.1. Let f € £ P|a,|. Then [, f(x)dx = [ f(x+y)dx

Proof. Let € >0 be given. Let U and V be respectively major and minor func-
tions of f on [a,b] with V(a) =U(a) =0 and 0 < U(b) —V(b) < €, where a <
b < . Then it is quite obvious that U o¢ and V o ¢ are respectively major and
minor functions of fo¢ on [a—y,b—y| with Vog(a—y)=Uo¢(a—y) =0 and
0<Uo¢p(b—y)—Vodp(b—y)<e,where ¢(x) =x+y forall x € [a—y,b—y]. Thus
if F(x) = [; f(t)dt for x € [a,b], then Fo¢(x) = [;_, fo¢(r)dt for x € [a—y,b—Y]
which implies

[ rwa=ro)=rFoo-y)= [ s ya

a-=-y

Now letting b — oo, we get the desired result. [
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LEMMA 5.2. Let f € LP(R), let G: R?> - R and let J be the collection of all
open intervals of R. Moreover, let 0,G(x,y) = g(x,y). Now define the iterated integrals

1(A,B) = //f G(x,y) dxdy,

yEBXEA

2(A,B) = //f G(x,y)dydx,

x€AyeB
where (A,B) € I xJ. If A €T is bounded and if
(@) Volg(-,y)] € L'(B), for any interval O C A,

() |g(x,»)| < Ms(y) and |G(x,y)| < k5(y) for a.e. (x,y) € J x B, where J is any
interval in A and ny, x; € L'(B),

then 1y(A,B) exists, and 1,(A,B) = I,(A,B). In addition, if I;(R,B) exists, then
II(R7B) = 12(R7B)

Proof. Let J be any bounded interval and let F(x) = [ f. Then by the second
condition of this Lemma, we get [, [*_|F(x)g(x,y)| dydx < o, proving that Fg €
L'(J x R) for any bounded interval J. So for —eoc < a <t < b <o and (o,) C R,

we get
Byt
/ /F(x) g(x,y)dxdy = // F(x)g(x,y)dydx. (5.2)
o a

Let ((a,b),(a,B)) € 3 x T, where (a,b) is bounded. For 7 € (a,b), define

//f G(x,y)dxdy.

Then applying integration by parts and (5.2), we get

/thdy //F g(x,y)dydx. (5.3)

Applying the second condition on (5.3), it can be proved that H,(¢) is continuous on
(a,b). Let ¢(x) = £ G(x,y)dy. Then on any bounded interval J, ¢ is absolutely con-
tinuous. Furthermore, as |0,G(x,y)| = |g(x,y)| < ns(y) € L' ((at, B)). we get ¢ (x) =
fg g(x,y)dy. Thus by Corollary 6.1 of [8], we have LD{H,(t) = f(t)f(f(3 G(t,y)dy =
f@)¢(r) forae. t € (a,b). Let P:= {a =xo,x1,...,%, = b} be any partition of [a,b].
Then by the first condition, we get

n—1
> ’<P (xig1) —
i=0

proving that ¢’ € PBY |a,b]. Thus f¢ € L P[a,b]. Moreover, integrating f¢ , we can

prove that H, is one of its primitive. Now Theorem 4.1 implies that I, (J, (¢, )) =
L(J,(ea,B)), where (J,(e,3)) € 3x T and J is bounded.

pn-l B
x;) </a Z\g(xi+17y)—g(xi7y)|dy<L Viap)[8(-, )] dy < oo,
i=0
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As it is assumed that I, (R, B) exists, for a € R, we have

//f xydydx—hm//f G(x,y)dydx

la, ] B lag] B (5.4)
:tlim//f G(x,y)dxdy.
B [ad]
Thus tlim H,(t) exists. Define
= H,(1) ifa<t<eo, ss
«) =9 tim Hy () it — o, (5-5)

Then H is continuous on [a, o] and
LD H(t) = LD H,(t /f dy fora.e.t € R.

Moreover, existence of I,(R,B) implies that [°LD;H(t)dt exists. Now as H, is a
£ & -primitive on every bounded intervals in R, applying (5.4) and (5.5) we have

/ﬁ LD\H}(t)dt =H}(B)—H,(a) forall o, € [a,]

which implies that H} is a £ % -primitive. Therefore, Corollary 4.1 implies that

Ii((a,),B) = h((a,*),B).

Similarly, we can prove that I;((—e,a),B) = I((—e,a),B), and this completes the
proof. [

THEOREM 5.1. Let f: R —R and g: R — R. Then
(a) frg=gx*f, provided (5.1) exists.
(b) if f € LP(R), he L'(R) and g" € L'(R), then (fxg)xh= f* (g*h).
(© for z€R, T(f+g) = (t.f) xg = [+ (%g), where T.f(x) = f(x—2).
(@) if A= {x+y|x€supp(f), y € supp(g)}, then supp(f*g) CA

Proof. Proof of (a) is a straight forward consequence of Lemma 5.1 and that of
(c) and (d) are same as in the case of Lebesgue Fourier transformation. So we give the

proof of (b) only.
Applying (a), we have

(f+g)*h(x //f g(x—y—2)h(z)dydz.
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Let G*(y,z) = g(x—y—2)h(z). As g is bounded and g”, h are Lebesgue integrable
on R, G*(y,z) satisfies all conditions of Lemma 5.2. Thus

(f*g)*h(x //f g(x—y—2)h(z)dzdy
— [ [ 0)gshtx=y)dy=f+(gxm)(). O

THEOREM 5.2. Let f € LP(R), let g€ L'(R)NAY (R), let F(x) = [*_ f and
let G(x) = [*_g. If F and G are Lebesgue integrable and G(=) = lim,_... G(x) =0,

then R
/7w/7wf(x—y dydx—/ / f(x—y)G(y)dxdy.

Moreover, we have

1+ Gl < [[Flhlglls,

5.6
1/ %Gl < IFlr |Gl -0

where || f|lo = supyeg [ 2o f

Proof. Let h(x) = [~ f(x—y)g(y)dy for x € R. Then using integration by parts,
we have

/Fx Nely)dy = F g(x). (5.7)

Now as both F and g are Lebesgue integrable, using Fubini’s theorem and integration
by parts, we have

[ nwas=[" (/_’Nm—y)dx)g(y)dy
:/—:F(t_ y)dy = / / fx—y)G(y)dxdy

which implies [*_ [*_ f(x—y)G(y)dydx = [~ [ f(x —y)G(y)dxdy. From (5.7)
and (5.8), we shall get (5.6). [

(5.8)

6. Fourier transform

Let f: R — R. Then the Fourier transform of f is defined by

= / T f(x)e Ty, 6.1)

provided the integral exists for y € R.

Now, if we denote G (x) = e~2™% then it is easy to verify that G; is of bounded
variation on finite intervals. Hence if the integral in (6.1) exists, it implies that f €
L P1(R), where by .Z2,,.(R) we mean the set of all locally Laplace integrable
functions. Now we establish some basic properties of the Fourier transform in this
general setting.
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THEOREM 6. 1. (Existence theorems) (a) If f € £ Z,(R) and f is Lebesgue
integrable in a neighbourhood of infinity then f exists.

(b) If f € LP(R)NBY (£e0), then [ exists on R.

Proof.
(a) Let a € (0,00) be such that f € L'(R\ (—a,a)). Then [,;-, f(x)e ™" dx exists.
Now, as gy(x) = (—2miy)e 2™ is of bounded variation on [—a,a],

a .
f(x)e—2myx dx
—a

exists. Thus fexists on R.

(b) Itis a straightforward consequence of the previous part, Lemma 3.2, and Theorem
3.10of[10]. O

The above theorem implies that @ (see Example 3.1) exists in our setting; how-
ever, ® does not exist in the sense of Henstock-Kurzweil Fourier transform since ® is
not locally Henstock integrable.

THEOREM 6.2. Suppose f,g € L P (R).
(a) If [ exists, then ‘L'/C?(y) = e‘z’”{yf(y) and Tnfz 7, where h(x) = 2™ f(x).

(b) Let f existsat y € R, let g € L'(R)NZBY (R), let G(x) = [*.. |g| and let Fy(x) =
[* e 2™ f(t)dt. If Fy and G are Lebesgue integrable and G() = limy—... G(x) =
0, then

F*G() = G-
(c) Let X"f € X P(R) and let x/"? exists for n=0,1. Then % =h a.e. on R, where
h(x) = (—2mix) f(x).
d) Let f,f € ZP(R). Iff exists, then f’ exists and ]?’(y) = (27riy)f(y).
(e) Let fe ZZPR). If

(1) f has compact support, then f is continuous on R.
(i) f € BV (+oo), then f is continuouson R\ {0}.

~

(f) (Riemann-Lebesgue Lemma) If f € £ P (R)NAYV (R), then limy,_..., f(t) = 0.

Proof. Proof of (a) and (b) follow from Lemma 5.1 and Theorem 5.2, respectively,
and proof of (f) follows from Theorem 5.2 of [10] and Lemma 3.2. So we shall prove
the rest.
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(c) Let A=R and B=[n,n+1], n € Z. Let h(x) = (—2mix)f(x) and let G(x,y) =
e 2™ Then

(i) g(x,y) = AG(x,y) = (—2miy)e 2™,

(i) Viaplg(-,y)] =2n(b—a)ye L' (B), for any compact interval [a,b] C A,
(iii) |g(x,y)| =2my € L'(B) and |G(x,y)| = 1 € L' (B) for (x,y) €A x B, and
(iv) 12(A,B) = fyes fyeph(x)G(x,y)dydx = [f(n+1) — f(n)] € R
which implies 11 (A,B) = [ cp [iea h(x)G(x,y) dxdy = 1,(A,B) (see Lemma 5.2).

Hence, we get
t poo
/ / h(x)G(x,y) dxdy = / / h(x)G(x,y) dxdy, 6.2)

where s, € [2,n+1]. Now, as f(y) = [~ H(x,y)dx, where H(x,y) = f(x)G(x,y).
df ~
and d,H (x,y) = h(x)G(x,y), by (6.2) and Theorem 4.1, we have d—f =h ae. on
y
[n,n+1] for all n € Z and hence a.e. on R.

(d) As f,f" are integrable, limyy .. f(x) = 0. For [u,v] C R, we have

/‘Vf,(x)efyrixydx [ 72mxyf( )] + 27'Ely / f 72mxvdx

Now taking u — —oo and v — o, we arrive at our conclusion.

(e) (i) Let a € (0,00) be such that f(x) =0 for |x| > a. Let yo € R be arbitrary
and let Iy, = [yo — 1,0 + 1]. If we denote, g,(x) = e 2™, then it is easy to
verify that the set {g), [ y € Iy, } is of uniform variation. Hence, by Theorem
7.2 of [8], we get

lim f(y) = lim F(x)e 2% dx

y—=Yo y—=Yo0J—
a . o~
= lim [ f(x)e 7 dx= f(y).
Y=YoJ—-a

(ii) Let a € (0,00) be suchthat f € BY (R\ (—a,a)). Note that f = fi + fo+ f3,
where

J1 = X—co—a]s f2=IXad) 3= Xae)-

To prove f is continuous on R\ {0} it is enough to show that fi,fs are
continuous on R\ {0}. Now Lemma 3.2 implies fi, f5 € 7.7 (R)NAY (R)
and hence Theorem 4.2 of [10] completes the proof. [

LEMMA 6.1. Let y and ¢ be real-valued function on R and let Y exists a.e. on
R. If ¢(y), yo(y) and y*¢(y) are Lebesgue integrable on R and if [~ l//(Z) exists,

then [~ yo = [~ §9.
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Proof. Let G(x,y) = ¢(y)e 2™ and g(x,y) = d:G(x,y). Then
@) Viglg(o3)] = Ji |9wg(x,y) dx = [74%2 |9 (y)] dx = 472 (b — a)y* [0 ()
(®) 2. Vienlg(,y)ldy =4m*(b—a) [Z.y* |9 (y)| dy = Oy <
© gy =2xlyp()|=n() e L'(R);
@ |G(x.y)| =00 =x() e L' (R).
Therefore, by Lemma 5.2, we get [~ wo = [~ yo. O

Let us denote

flx) = L Zf(z)esz dt (6.3)

THEOREM 6.3. (The Inversion Theorem) Let f: R — R be such that f exists
almost everywhere on R. Let xo € R be such that f exists at xo. Then f(xo) = f(xo)
provided

sup —0 as § — oo (6.4)

xe[~8.5]

s/:é”Wﬂm+0—ﬂm»W

Sfor some 6(>0).

. .. 2 2
Proof. For simplicity, we assume xg = 0. As e’ - and 2e~" belong to

L'(R), by Lemma 6.1, we get

/ e"lz’”zf(t)dt:/ e M £ (1) dr.

, te

Now as G, (t) = %(642”’2) € L'(R)N %Y (R) and the set {Vg[G,] |0 < A < 1} is
uniformly bounded on R, Theorem 3.5 implies

lim [ e ™ f(1)dr = / F(0)dt = £(0). (6.5)

A—0t

Let 6 > 0 be such that (6.4) holds. Then

| emm pwar= [Tt R payar

_ / Al ™A f () i+ / Al ™2 f (1) dt.

[t|<é [t|>6

Let Iy = i s A~ e ™/ f(t)dt, = [y o5 A" ™ /% f(1)dr and J5 =R\ (-8,8).
Then by simple calculation, we can prove that
(At ™2 e LNR) N BV (R)

HA(I)ZE
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and the set {Vr[H;] |0 < A < €} is uniformly bounded on Jg, where € € [0,1) is
sufficiently small. Thus again, Theorem 3.5 implies that I, — 0 as A — 0" . Now

6 5
I :f(())‘/_él—le—mz/lzdt_i_/_Sl—le—t/k(f(t)_f(O))e_ﬂtZ/)Lz_i_t/Adt
6 5
=5(0) [ At ™ s [ g om)r

where g; (1) = A~'e /2 (f(1) — £(0)) and hy (1) = e A+ By Lemma 3.1, we
get

[ somoa

< Ligfa] [ ()| +V_s.6] [hx]} lgalli-s,5-

For sufficiently small 4, it can be proved that V|_s s [13] is independent of A. Thus
by (6.4), we get

00— )
lim 222 (1) dr = Tim I = lim £(0 / A-le /2% g
: 0= lim §= i £0) [ AT

A—0t J - 0t —
7r52
282 (6.6)
— OV /2 1 P26 gy
f( ) )LEBlJr 0 ¢

= f(0)x~'/*T(1/2) = £(0).

Equating (6.5) and (6.6), we get £(0) = [~ f(t)dt. O

COROLLARY 6.1. Let f: R — R be such that f: 0 a.e. on R. Then f =0 a.e.
on R.

Proof. Let I, = [n,n+ 1] for n € Z. Then f € L (I,) for all n € Z. Now,
Corollary 6.2 of [8] implies that f is Laplace continuous a.e. on I, and hence (6.4) is
satisfied a.e. on I, for all n € Z. Since f =0 a.e. on R, we obtain f =0 a.e. on I,
for all n € Z which completes the proof. []

7. Conclusions

The definition of Laplace integral depends on a generalised derivative called the
Laplace derivative. Suppose it is possible to define the total Laplace derivative on R”
(n > 2) and establish its interrelations with the partial Laplace derivatives. In that case,
it may be possible to find excellent applications of the Fourier transform (in our setting)
to the generalised PDEg, i.e., to the PDEs using partial Laplace derivatives, which, we
hope, will be an interesting problem to deal with.
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