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RECURRENCE RELATIONS FOR THE MOMENTS OF
DISCRETE SEMICLASSICAL ORTHOGONAL POLYNOMIALS

DIEGO DOMINICI

Dedicated to Dick Askey (1933 — 2019), Grandmaster of Special Functions.

Abstract. We study recurrence relations satisfied by the moments Vv, (z) of a linear functional L
whose first moment satisfies a differential equation (in z) with polynomial coefficients.

1. Introduction

Let K be a field (we mostly think of K as the set of complex numbers C) and Ny
be the set of nonnegative integers

No=Nu{0}=1{0,1,2,...}.

We will denote by &, the Kronecker delta, defined by

1, k=n
Sk,n_{o’ k;én’ kan€N07

and say that {A, (x)},- C K[x] is a monic basis if A, (x) is monic and deg(A,) =n
for all n € Ny.

Suppose that {A (x)},~( is a monic basis and L : K[x] — K is a linear functional
(acting on the variable x) satisfying

hy=L[A;] #0, neN,.

If the system of linear equations

N LIA A Cni = pSp, 0<k<n, cpp=1, ¢))
=0

has a unique solution {c,}, <i<n» We can define a monic polynomial P, (x) by

P, (x) = i)cnﬂ'[\i (x) ,
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and say that {P, (x)},>o is an orthogonal polynomial sequence with respect to the
functional L.
The system (1) can be written as

L[AkPn] :hnak,na nggnv

and using linearity we see that the sequence {P,(x)},, satisfies the orthogonality
conditions
LIPP,] = hySin, 0<k<n. )

If we define the (symmetric) matrix of moments G by
Giy=L[AA], ikeN, )
one can show [14] that the condition

Oédi,elitén (Gl,k) 7é Oa nz Oa
is equivalent to the existence of a unique family of orthogonal polynomial satisfying
(2) and deg(P,) =n.

The theory of orthogonal polynomials is vast and rich, extending all the way back
to the groundbreaking work of Legendre [42], where he introduced the family of poly-
nomials that now bears his name. We direct the interested reader to (some of!) the
fundamental treatises on the field [8], [10], [29], [31], [33], [40], [70].

A particular fruitful approach that has received a lot of attention in recent years,
is to work with the (infinite) matrix (3) acting on the (infinite) vector P = (Po, Pr,y...).
One can then view orthogonal polynomial sequences as elements of an infinite dimen-
sional vector space [17], [22], [30], [45], [74], [ 751, [76], [77].

Of course, in its full generality, it’s difficult to get results that apply to any family
of orthogonal polynomials. Thus, one chooses, for example:

i.) an operator (difference, differential, functional, integral) that annihilates P, (x) .

ii.) a degree-reducing operator relating P, (x) and P,_; (x) (Sheffer classification,
umbral calculus, generating functions).

iii.) a particular form of the linear functional L (continuous, discrete, matrix val-
ued, g-series).

iv.) a particular domain of L (C, Ny, R, quadratic lattices, unit circle).

Another possibility, is to ask L to satisfy a relation of the form

Llop]=L[tU[p]], peK[,

where o (x),7(x) are fixed polynomials, and U : K[x] — K[x] is a degree reducing
linear operator satisfying U [1] =0 and

degU[x"|=n—1, neN.

In this case, we say that L is a semiclassical functional with respect to U . The class of
the functional L is defined by

s = max {deg (o) —2,deg(t) — 1},
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and semiclassical functional of class s = 0 are called classical.

This type of functionals was introduced by Shohat [67], and studied in detail by P.
Maroni and collaborators [53], [55], [56], particularly when U [p] = dyp is the deriva-
tive operator [47], [51], [52], and also for the operator

px+o)—px
Uy lp] = PEF O PG
w
which contains the finite difference operators A,V as special cases (0 = +1), and the
derivative operator as a limiting case [1]. Other examples include the g-semiclassical
polynomials [38], [57], associated with the operator

p(qx) —p(X)’ 21,
(g—1)x
In this paper, we will focus on the so-called discrete semiclassical orthogonal

polynomials [7], [27], [50], [58], [79], where U is the shift operator U [p] = p(x+1).
In this case, the linear functional L is of the form

Uy [p] =

oo

Llp] = Z(,)p(X)P(X)» p € K[y,

where p (x) is a given weight function. The traditional starting point is the Pearson
equation satisfied by p (x)
Ulop]=1(x)p(x), )

but after trying this approach in [24], we found it very dissatisfying, especially when
one considers spectral transformations of L.
For example, applying an Uvarov transformation to L at a point ® (see Section
3.3) will lead to the Pearson equation
p(x+1) (x—o)x+1-0)t(x)

p (%) x—0)x+1-w)o(x+1)’

and this begs the question of when one is allowed (or not) to simplify the above expres-
sion. A possibility to avoid this problem is to study the difference equation satisfied by
the Stieltjes transform of L

S(t):L[ﬁ], t ¢ Np,

and we did this in [25], where we classified the discrete semiclassical orthogonal poly-
nomials of class s < 2.

Now suppose that the weight function p (x) also contains an independent variable
Z, p = p (x;2). Although this may seem like an extra assumption, we note that one
could always introduce such a variable as a Toda deformation [9], [62], [72],

p(x;z) =p ()’ f(z)=0,
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and recover the original functional L by setting z = zo. We studied this type of weight
functions in [23], and observed that the operator ¢+ defined by
du
Uu| =z—
U] =2 dz
is naturally associated to the shift operator.
As we will see in Section 2, this allows us to replace the Pearson equation (4) with
the ODE satisfied by the first moment Ag (z) = L[1],

0 (9)[Ao] = 27 () [A0]. (5)

We note in passing that the ODE (5) is the true starting point of the theory, and by
considering alternative equations satisfied by A (z), one could study semiclassical or-
thogonal polynomials associated with different operators U.

The structure of the paper is as follows: in Section 2, we introduce the operator ¢}
and the ODE satisfied by the moments of a discrete linear functional

0 (D) A (9) [Mo] = 27 () An (D + 1) [A0], 1 €No. (6)

This will naturally lead to the class of functionals whose first moment Aq(z) can be
represented as a (generalized) hypergeometric function.

Since the ODE (6) contains a shift, we need to choose a convenient basis {A,(x) }>o0-
In Section 2.1, we study the monomial basis and derive a linear recurrence of order
n+ s+ 1 for the (standard) moments U, (z). We also find a representation for , (z)
as a linear combination involving a family of polynomials that satisfies a differential-
difference equation.

In Section 2.2, we consider the basis of falling factorial polynomials defined by
o (x) =1,

Opt1 (¥) =x¢, (x—1), neN,

which allows us to easily work on the lattice Ny. We use Newton’s interpolation for-
mula and obtain a linear recurrence of order s+ 1 for the (modified) moments v, (z).
The linear functionals of class s = 1 are particularly interesting, since in this case the
moments V, (z) are themselves a family of orthogonal polynomials. This is an area that
has been studied in detail by M. Ismail and D. Stanton, see [34], [35], and [36].

Both the monomials and the falling factorial polynomials are examples of Newton
basis polynomials defined by ng (x) = 1 and

k—1

e () = [T (x =),

J=0

where {K’j} >0 is a fixed sequence. This type of polynomials satisfy 2-term recurrence
relations, which we study in Section 2.3. Among other results, we look at the connec-
tion between the monomial and falling factorial bases (through Stirling numbers), and
find the (formal) representation for the Stieltjes transform

A (2)

S(w;z) = ), ——=. 7
(@20 = 2 3 (o) ™M
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In [26], we used (7) to derive recurrence relations for the modified moments v, (z).

In Section 3, we consider transformations Qg between different families of dis-
crete semiclassical orthogonal polynomials. We introduce a uniform notation to label
objects belonging to different families, and show how the recurrence relations for the
moments change as we apply a transformation.

In Sections 3.1, 3.2, 3.3, and (3.4) we consider the special cases o« = 8 + 1
(Christoffel transformation) [12], [28], [66], o = B — 1 (Geronimus transformation)
[19], [20], [41], [54], their composition (Uvarov transformation) [5], [6], [15], [39],
[49], and @ = B = —N, N € N (truncation transformation). These rational spectral
transformations have been studied by many authors, [4], [43], [61], [81]. The relation
between these transformations and the so-called Darboux transformation, has also been
considered [13], [48], [80].

2. Differential operators and moment functionals

Let I denote the ring of formal power series in the variable z

F=K[[zﬂ={iw": CneK}7
n=0

and ¥ : F — F be the differential operator defined by [59, 16.8.2]
¥ =2z0., ®)

where 0, is the derivative operator o, = a%. The operator ¥ has the following proper-
ties.

PROPOSITION 1. Let the differential operator ¥ be defined by (8). Then, for all
u,v € K[x] we have:

(i) The action of ¥ on the monomials is given by
u(9) ] =u(x)z, ©)
where we always assume that x and z are independent variables.

>11) ¥ is multiplicative
() (¥) =u (V) v(9). (10)

(i) For all k € Ny,
u() {zkv(ﬁ)] =K uv(9), (11)

where ., denotes the shift operator defined by

el fl=f(r+1). 12)
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Proof. (i) Iterating (8), we get
[ =47, keN,.

Using linearity, the result follows.
(ii) Using (9), we have

ﬂner [Zx} :xn+mZx :xnxmzx — 19" [Zx] — 9™ [xnzx} — ymyn [ZXL

for all m,n € Ny. The result follows from linearity.
(iii) Using (9) and (10), we see that

u(®) [#v ()R] = (@) [2r0)2] =u (@) [v(0)]
=v(@)u(®) [#H] = v uler
=Zv(ux+k) =20 u(0+k) [,

and the result follows. [

Let L: K[x] — F be the linear functional (acting on the variable x) defined by

oo

Llul=Yux)p @)z, wueckK[], (13)

x=0

where p : Ng — K is a given function.

REMARK 2. If f € K][[x]], we can extend (9) to
€= Yo" =2 T e = f (@)
n=0 n=0

and therefore we can consider L as a functional on K[[x]], satisfying

Zu x)2 =f(9)

forall u € Klx], feK]J[x]].

Let {A, }n>0 be a monic polynomial basis. If we define a sequence of moments
(21, [3], [68] by
Ay (z) =L[Ay) €T,

then from (14) we obtain
F@) ] =f@) LI =L[f], [feK[x], (15)

and in particular

A (2) = L[As] = A (9) [A0]. (16)

Using (15), we can obtain a generating function for the moments of L.
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PROPOSITION 3. Let Ex (t,x) denote the exponential generating function [78] of
the polynomials A,, (x)

mmm:EM@%. (17)
n=0 :

Then, the exponential generating function of the moments A, (z) is given by

£.(1) = 3 (0) - = LIEA (5]

n=0

where it’s always understood that L is only acting on the variable x.
In particular, if Ex (t;x) = [f (t)]" is an exponential function, we have

& (t:2) = Ao [zf (1)]. (18)
Proof. Using (16) and (17), we get
30057 = 3 A (9) ol 1 = Ea059)

and from (15) we see that Ex (1;9) [Ao] = L[Ea (£;x)].
If Ep (t;x) = [f (£)]", then

LIEx ()] =L[f]= X p (x)

Up to this point, p (x) is an arbitrary weight function. We will now characterize it
by imposing a condition on the first moment Aq (z).

THEOREM 4. If the first moment Ay (z) satisfies the differential equation with
polynomial coefficients

[0(¥)—zt(9)][A] =0, o,71€K[x], (19)

then
(i) L is a semiclassical functional

Llou] =Lzt [u]], ueKlx] (20)

with respect to the shift operator %y defined in (12).
(ii) If 0 (0) =0, then p (x) satisfies the Pearson equation [60]

prtl) Tl

o (9 :G(x—i—l)’ x € Np. 2n
(iii) If we set p (0) = 1, then
_xfl T(k)
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Proof. (i) Let u € K[x]. Using (11) in (19), we see that

u(9) 0 (9) [Ao] = u () [z7 () [A0]] = 27 (F) u (D + 1) [A0]

and using (15), we conclude that
L[o (x)u ()] = Lzt () (x + 1)].

(ii) If o (0) =0, we can use (20) and obtain

oo

;G(x)u(x)p (x)z"=L[ou] = L[ztu(x+1)]

oo

:Z’[(x)u(x+l ZH_I ZT x—l (X—I)Zx.

x=0

Comparing powers of z, (21) follows.
(iii) Using (21), we get

Tt _jeken _pw
o0 (k+1) 5 pk)  p(0)
and (22) follows if we define p (0)=1. O
The Pochhammer symbol (c), is defined by [63]

k

(¢), = imk* et -,
k—eo .:0c+x+]

—(c+x) ¢ No,

and when n € Ny, (c), becomes a polynomial in ¢ of degree n
n—1
(C)n:H(C+j>7 I’lEN, (0)0:1.
j=0
‘We will use the notation [59, 16.1]
(c)n:(cl)n'”(cm)n’ CEKW”

and also
(x4+¢)=(x+c1) - (x+cm), ceK™

In the special case m = 0, we understand that
K'=0, (0),=1, neNy,
while for m = o we have

K* = {{Ck}k>0 L Ck € K} .

(23)

(24)
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Let p,g € Ny be some fixed numbers. In the remainder of the paper, we will
always have a € K”, b € K? and

o) =x(x+b), T(x)=(x+a). 25)
Using (24), we can rewrite (22) as
_ (@), 1
p(x) - (b+ l)XE7

and using (25) in (19), we have
[ (O +Db)—z (3 +a)][A)] =0. (26)

The ODE (26) is the (generalized) hypergeometric differential equation [59, 16.8.3] of
order
o=max{p,q+ 1},

and the first moment Ay (z) can be represented as

Ao(z) = pFy (bj—l;z>’

where the (generalized) hypergeometric function pF, is defined by [59, 16.2.1], [69],

o (32) = S

0

We define the class s of the semiclassical functional L by
s=o0—1=max{p—1,q},

and functionals of class s = O are called classical.
Multiplying (26) by A, () and using (23), we conclude that

(O (O +Db)A, (¥) —z(D+a)A, (O +1)][Ao] =0, neNy, 27
and expanding the polynomials coefficients on the basis {A,},~¢,
n+q+1

(x+b Z [ kAk

n+17
(x+a X+1 chkAk

we get a recurrence relation of order n+ s+ 1 for the moments A, (z)

q+1
Z Cn, n+kxfn+k < 2 Cn, n+kxfn+k = (28)
k=—n k=—n
The question is: can we do better than this? In other words, can one choose a
convenient basis A, so that the recurrence (28) will have minimal order s+ 1? The
answer is yes, as we will see in Section 2.2. In the meantime, we study the simplest
basis: the monomials.
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2.1. Standard moments

To simplify the formulas, in the remainder of the paper we will use the umbral
notation [65]

Wk VY, YE K*.
So, for example, the equation

(W+b)y" ! —z(y+a)(y+1)"=0

can be written in extended form as
X /n
V2 + b1 — 2, (k) (Vi1 +ayy) =0.
k=0

Let u, (z) € F denote the standard moments of L on the monomial basis A, (x) =
X"
Uy (z) =L[x"], neN,.

Using A, (x) =x" in (27), we get
(9 +b) 0" — (9 +a) (9+1)"] [o] = 0. (29)

The polynomials (x+¢) can be written in the monomial basis as
(x+¢) Zem r(e) X, ceK™, (30)

where the elementary symmetric polynomials e, (¢) are defined by the generating func-
tion [46]

o m
Nenle)"=]](A+1ci)), ek 31)
= i=1

Using these formulas, we can write a recurrence for , (z).

THEOREM 5. (i) The standard moments of L satisfy the recurrence

(u+b) ™ —z(u+a)(u+1)"=0. (32)

(ii) We have the explicit recurrence

Egk ) ks — 2()2%, a) 1 j=0. (33)

k=0

In particular, for n =0

Zeq k ”k+1_ZZep j .uj—o (34)
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Proof. (i) Using (15) in (29), we have
(0 +b) "] [uo] = (u+b) ™,
(0+a) (9 +1)"[to] = (u+a)(u+1)",

and the result follows.
(i1) Using (30) in (32), we get

(‘LL—Fb n+1 __ Zeqf n+k+1,

(u-ta) (ut 1) = z(k) =3 () e @nt

k=0
and the result follows. [
It is clear from (33) that elements of the set
{: k>s}, s=max{p—1,q},

are linear combinations of the first s+ 1 standard moments. Thus, we have a represen-
tation of the form

2) = enx (DM (z), neN, (35)

where the coefficients must satisfy
8nk (Z) = 5n,k7 0<nk<s. (36)
If we introduce the vectors [, g, € F*! defined by

(H)k:nuk’ (?n)k:gn,ka 0<k<s,

we can write (35) as an inner product

—

Un="gn H. (37
To satisfy the initial conditions (36), we need

—

-
g&n= Enp, 0 S n < s,
where the standard unit vectors € , € K+ are defined by

(?n)k: n,k7 O<k<S7 nENO
THEOREM 6. With the previous definitions, let the matrix M be given by
M= (?17?27 ) ?S7§>S+1) € IF(S+1)X(S+1)a

where the vectors form the columns of M. Then, g ,(z) satisfies the differential-
difference equation

Coi1=O+M) g0, n=0, go= €0 (38)
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Proof. From (37). we get

o1 = O[] =0 [T T] =0[Tn]- T+ Zn0[H]
and since _
Hi 5)1 Ho
N 2 82 My
M1 ?.\'Jrl Uy
we have ¥ [ﬁ] =MTI, with
N
1
N
T — gz c ]F(s+1)><(s+1)’
_}.
8 s+1

where vectors form the rows of the matrix M7 . Thus,
?rr‘rl ﬁ = Upt1 = Y [?n] 'ﬁ"‘?n . (MTH) = (19 [?n} +M§)n) ﬁ
from which the result follows. [

REMARK 7. In[21], we derived (38) using a different method.

From (33), we see that we have three cases to consider.

COROLLARY 8. (i) If p > q+ 1, then the vector polynomials

—

0n(2)=7"gn(2) € (K™, n>0,

satisfy the differential-difference equation

— —= - —
On1=2z(0+M—nl)Qp, n=20, Qo= €y, (39)

where I is the (s+ 1 x s+ 1) identity matrix.
(ii) If p = q+ 1, then the vector polynomials

0,(@)=(1-2)" Ful@) € KR, n>0,
satisfy the differential-difference equation
N
€

Oni1 =[(1-2) (9 +M)+nzl] On, n>0, Qo= €o. (40)

(iii) If p < q+ 1, then g, (z) is a vector polynomial.
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Proof. (i) If p > g+ 1, then the standard moments will satisfy a recurrence of the

form
n+p—1

ZUptp = Z Cnk (Z) M,
k=0
and setting g, (z) = Z‘"En (z) in (38), we get (39).
(ii) If p = g+ 1, then the standard moments will satisfy a recurrence of the form
n+p—1

(1 _Z)Iln-i-p = Z Cn.k (Z) H,
k=0

and if weset g, (z) = (1—2)" 6n (z) in (38), we get (40).
(iii) If p < g+ 1, then the standard moments will satisfy a recurrence of the form

n+q
Hnrgr1 =2 Z Cn kM,
k=0
and it follows that the functions g, (z) are polynomialsin z. [J

Finally, we will study the exponential generating function of the standard mo-
ments.

PROPOSITION 9. (i) The exponential generating function of the standard mo-
ments

o m
eu(1:2) = D 1 (2) ol
n=0 .

is given by
€u (t:2) = o (z€') . (41)

(ii) The function g, (t;z2) is a solution of the linear ODE (in the t variable)

[0(d) —ze'(3)] ] =0. (42)

Proof. (1) The exponential generating function of the monic basis is the exponen-
tial function

and using (18) we obtain (41).
(i1) Since

I [y (ze')] =z¢'y (z¢') =20 [y (z¢') | = ¥ [y (z¢')],

it follows from (19) that L (z¢') satisfies (42). O
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REMARK 10. If we define
o m
Gk(l,Z): Zgn,k(z)_'7 O<k<S7
= n!
it follows from (35) that
s
to (z¢') = Y, Gi (t,2) e (2)

k=0

and therefore the functions Gy (7,z), 0 < k < s form a basis of solutions of the ODE
(42) with initial conditions

[5tnGk]t:0 = 6}’[,/{7 0 < n7k < S,
since from (41) we see that
[0 (z¢")],_o = Hn (2).

2.2. Modified moments
Let ¢, (x) denote the falling factorial polynomials defined by ¢y (x) = 1 and
n—1
¢n(x) =[] (x—k), neN. (43)

k=0

Sometimes, the polynomials ¢, (x) are called “binomial polynomials”, since

() _ (x) neNo. (44)

n! n

From the definition (43), we see that

¢n+1 (x) = (x_n) (Pn (x) :x¢n (x_ 1)7 nz 07 (45)

and from (24) it follows that the falling factorial polynomials and the Pochhammer
polynomials are related by

on(x) = (=1)" (=x), = (x+ 1 =n),.

The falling factorial polynomials are eigenfuncions of the differential operator
Z"d}' since

anzn [Z]=2"u(x) " = P (x) Z". (46)

REMARK 11. Caution must be exercised when using the operators z"d!" and "
since

O = (20.)" £ (2.)", n> 1.
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PROPOSITION 12. Let the modified moments be defined by
Va(2) = L[], n€No. (47)
Then, for all n € Ny,
a+n

n_(a), :
Vn(Z):Z mqu <b+n+1,2>.

Proof. The results follows from (46) and the formula [59, 16.3.1]

n a \|__(a), atn
2l (o)~ (o 20e)
Using (27) with A, (%) = ¢, (¥ — 1), we get
9 (9 +b) ¢ (9 —1)0 (9)[vo] = 2(0 +a) ¢ (D) 7(I) [vo],
and from (45) we conclude that

(D +Db) §ui1 (B) —2(D +2) 9a (9)] [Vo] = 0. (48)

Unlike the monomial case, there is no immediate formula that would express products
of the form (¥ +c¢) ¢, (¥) in terms of the polynomials ¢, (¢+). Thus, we will find one
next.

Any polynomial u(x) can be represented in the basis of falling factorials using
Newton’s interpolation formula [ 18]

deg(u) Ak 1,1 (¢

k=0

O (x—c), (49)
where the forward difference operator A" (acting on x) is defined by
L (n n—
20 =3 (}) e, (50)
k=0

We start with a result that may be already known, but we have not been able to
find in the literature.

LEMMA 13. For any function f(x), we have
A[f9a](0)=0, 0<j<n, (51)

a"d A6, (0) A (] (n)
T n ¥ n .
(n+j)! = 7l , n,j=0. (52)
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Proof. Using the definition (50),

N0l 0)=3 (’) (1) £ ()00 ().

i=0 \!
and since ¢, (i) =0, for i < n, we see that
A[f6:)(0)=0, 0<j<n,

If j >0, then

AT £ ] (0) (=" F (1) 9 (0)

|
~ =
LMz
= s 7
¥+ o~
~ . .
N—

I
M-
N

Il
=]

)(—1>f-ff<n+i>¢n (n+i).

Using (44), we have

and therefore

ai1f0) 0 = "L S () o = ). o

Using (52), we obtain the following Corollary.

COROLLARY 14. If u(x) is a polynomial of degree k, then

/'

k
2 ¢n+,( ). (53)
i
Proof. Using (49) and (51), we have
n+kAj . 0 n+kAj . 0
W) () = 3, 20Oy S A0y

=0 jen

L AT [ug,] (0

—3 E O, 0.

=0

and the results follows from (52). [

From the previous Corollary, we obtain an explicit recurrence of order s+ 1 =
max {p,q+ 1} for the modified moments v, (z).
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PROPOSITION 15. Let v, (z) be defined by (47). Then,

3 &/l +b) (”“>vn+1+,-—z,p AT[(x+a))(n)

, T Vnyj=0. (54)
j=0 J: j=0 J:

Proof. Using (53), we have
(+¢)0u () = Y,

and therefore we can write (48) as

Pntj (%) [Vo] -

LN [(x+b)](n+1)
= x=0

& A [(x+a)] (n)
! j! - !

Ony1tj (X)] . F

[Vo} =2z [

J

x=10 J
Using (15), the result follows. [

Finally, we will study the exponential generating function of the standard mo-
ments.

PROPOSITION 16. (i) The exponential generating function of the modified mo-
ments

o m
e (t;2) = ZVn (2) -
= n!
is given by
e (t;2) =vo(z+2). (55)

(ii) The function &y (t;z) is a solution of the linear ODE (in the t variable)

[c((t+1)d)—zt((t+1)0,)][y] =0. (56)

Proof. (1) Using (44) and the binomial theorem, we obtain the exponential gener-
ating function of the falling factorial polynomials

\ " <« (X n X
Son(0) =nzo(n)t (1)
and using (18), we get (55).
(i1) Since
(L+0)a (L +1)2)] =z(1+1)y' (1 +1)2) =20 [y (1 +1)2)] = O [y (1 +1)2)],

it follows from (19) that vy (z+z#) is a solution of (56). O
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REMARK 17. The differential equation (56) needs to be understood in an opera-
tional sense, since the coefficients are not constant. For instance, we have

A+ [(1+0)3] = (1+0) (dh+(1+1)dF) = (1 +1)> P+ (1+1) 0,
and therefore
(1400 +a)][1+1)d+a) = (1412 P+ (1 +a1+a2) (1 +1) 0 +aaz.

It is clear from (54) that the elements of the set {V; : k > s+ 1}, are linear com-
binations of the first s+ 1 modified moments. Thus, we have a representation of the
form

N
Vi (Z) = an,k (Z) \73 (Z) ) (57)
k=0
where the coefficients must satisfy the initial conditions
fik(@) =08, 0<jk<s.
If we define

oo m
Fi(t,z) = an,k (2) e 0<k<s,
n=0 :

where f, x (z) are the coefficients in (57), we see that

volz+zt)= iFk (t,2) vi (2),
k=0

and therefore the functions Fy (#,z), 0 < k < s form a basis of solutions of the ODE
(56) with initial conditions

[a[anL:() = 6?1,/{7 0 < nak < S,
since from (55) we see that
[gtn Vo (z+ Zt)Lf:O =Vu(2).

In the next section, we will look at more general polynomial bases that contain the
monomials and falling factorial as particular cases.

2.3. Two-term recurrence relations

Both the monomial polynomials and the falling factorial polynomials satisfy a 2-
term recurrence relation of the form

XA, (x) = A1 (%) + KA, (X) (58)

where for the monomials k, = 0 and for the falling factorial polynomials x;, = n.
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THEOREM 18. Let the Stieltjes transform of the functional L [71] be defined by

‘u@@:L[ 1], (59)

w—Xx

where (as always) L is acting on the variable x. Suppose that {A, (x)},~ is a monic
basis satisfying (58), and A, (z) = L[A,]. Then, forall n € N

1 4AW+HJ&L

S(w;Z)ZAn(w) w—x| A (o)

Proof. From (58), we have

and therefore
(x = @) Ay (x) An (@) = Api1 (%) An (@) = An (%) Anr (@) -
Dividing by A, (@) Ayt (@),

An (%)

(x—w) _A -
Api1 (@) Apr () Ay(@)’

and summing from 0 to n — 1, we obtain

Hence,
1 Ax) 1 D A
A(@)x—0 x—0 A1 (0)

(60)

since Ag (x) = 1.
Applying L to (60), we see that

ol )

M (0) [x—@ x—0| S (o)

and the result follows. [

REMARK 19. Since

Jim 22 )

=1
= Ay (@) ,
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we have (at least formally)

o M(2)
;ZE)AkJrl (@)

The falling factorial case was already considered in [11].

S(w;z) =

Next, we relate an arbitrary monomial basis to the basis of monomials.

PROPOSITION 20. Suppose that {A,},~ is a monic basis satisfying (58).
(i) If
n
K=Y ik (x), (61)
i=0

then, the coefficients &, ; satisfy the recurrence

Sri=6nic1 +%&ni Cun=1,

with boundary conditions
£i=0, i¢(0,n].
(ii) If

An(x) = E (62)

IIMx

then, the coefficients &, ; satisfy the recurrence

€n+1,i = én,ifl - Kngn,i’
with boundary conditions

gn,n: 1’ én,izo’ l§é [O7n]

Proof. (i) Since A, (x) is monic, we need &, , = 1. Using (58), we get

n+1 n
Egn-&-l i anrl Zgn,iXAi (x)
i=0
n+1 n
= Zén,z‘ [Air1 (%) + KA ( Egnz 1A (x) + Zén,iKiAz (x)
i=0 i=0

Comparing coefficients, we obtain the result.
(i1) In a similar way, we have

n+1
EgnJrllx +ZK" }’ll'x _An+l( )+K"A" ()C)

n+1_

x) = Egn,z‘xiﬂ = Zén,iflxa
i=0 i=1

and the result follows. [
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EXAMPLE 21. If A, (x) = ¢, (x), we get

Sorti=6nic1+i&ni, Cun=1,
gn-&-l,i = gn,i—l _ngn,h émn =L

In this case, the coefficients én,i are known as Stirling numbers of the second kind, and

the coefficients &, ; are known as Stirling numbers of the first kind [64].
Using Newton’s interpolation formula (49), we have

oo $ A0

k=0

and therefore the Stirling numbers of the second kind have the representation [59,

26.8.6]
i -5 age ()

Applying L to (61) and (62), we see that
Hn = Zén,ix’h An = zgn,i.uh
i=0 i=0

and in particular

= Z{Z}vk. (63)

k=0
3. Transformations of functionals

Let m € Ny, ¢ € K", and € € K. If we define the the recurrence operator ©,, (c;€)
by
O, (cie) [y] = (y+¢)(y+e)", weK”, (64)
we can write (32) as
[©n41 (b;0) — 20, (a;1)] [u] = 0. (65)

Similarly, let the recurrence operator Y, (¢) be defined by

mwwziﬁ@%ﬂﬂmﬁwev. (66)
P

Then, using (54) and (66), we see that the modified moments v, (z) satisfy the recur-
rence
[Yyr1 (b) —2Y, (a)][v] =0. (67)

We have Y, (0) [y] = v, and from (66), we get
Y, () [W] = Yni1 + (n+¢) Y.

In general, we have the following result.
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PROPOSITION 22. The recurrence operators Y, satisfy the basic recurrence

Yo (€,7) = Yup1(e)+ (n+7)Yu(c). (68)
Proof. From the definition of Y,,, we have

m+1 A j X X n
Yo () [v] = 25 A +C)j(' i,
Jj= :

If we use Leibniz rule [37]

=3 () w2 bl

we get

N [(x+¢) (x+7)] (1) = (n+ VA [(x+ )] (n) + j& [(x+¢)] (n+1).
Since

LA (x4-¢)] (n+1)
Z N Yt j
j=0 J:

AT (x4-¢)] (n+1)
1

AN [(x+e)](n+1)
=t (j—l). Yntj = Z

A ! Vn+j+1,
we conclude that

"SI [(x+¢) (x+ )] (n)

Z Iy Y+

j=0 J:

A [(x+¢)](n "A[(x+e)](n+1
RS X (G222 (O T oF Y G2 [CE2T W
=0 J: =0 J:

and the result follows. [

If m =2, (68) gives

Yy (cr,¢2) (W] = Yog1 (c1) [W] + (n+c2) Yo (1) [W]

= Ynyo + (n+ 1 +C1) Y1 + (n—i—Cg) [WnJrl + (n+c1) Wn]
and hence

Y, (c1,¢2) =5”,72—|—(2n—|—cl—|—cz—|—1)5”,,—|—(n—|—cl)(n—|—cz)

Note that

Yy (c1,62) = (Sn+n+er)(F+ntc) =Yy(cr)oYn(c2),
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where clearly
Y,(c1)oYu(c2) =Y (c2)oY,(c1).

Using induction, it follows that
Y, (¢c)=(S+n+c), ccK”,
and
Y,(c)=Y,(c1)oYn(c2)o---0Yy(cnm), eceK™ (69)

REMARK 23. We have

(alfn —|—b1n—|—cl) (azfn +b2n+c2) — (azfn +b2n+c2) (alfn +b1n+c1)
= (a1by — azby) S,

so in general caution must be exercised when composing linear terms involving .%,.

In the remaining of the paper, we will use the notation
®, =0, (b;0) —z0,(a;1), (70)
and
an = Y’n-"-l (b) - ZYn (a) 5 (71)

which allow us to write the recurrences for the standard and modified moments as
®, (] =0 and ¥, [v] = O respectively.
For p,q € Ny and o € K?, B € K7, we define the moment transformation Qg by

Q5 [Ao] =C(a,B) p+5Fq+z;<bi’ffﬁ;z), (72)

where C(c, 3) is a constant. Clearly, Qg [A0] is a solution of the hypergeometric ODE

OO +B—-1)(0+b)—z(+o) (O +a)|[y] =0. (73)

From (32) and (73), we see that the transformed standard moments Qg [u] satisfy the

recurrence
[®n+l (baﬂ - 1’0) - Z(an (av OC;I)] [V/] = O (74)

while (67) and (73) give a recurrence for the transformed modified moments Qg [v]
[Yn+1 (baﬁ - 1) - ZYn (aa OC)] [V/] =0. (75)

REMARK 24. It may seem that the definition of Qg (72) is ambiguous, because

the constant C (¢, B) is not fixed. But since the recurrences (74) and (75) are homoge-
neous, they are not affected by a multiplicative constant.



166 D. DOMINICI

Comparing (74) with (70), we can define
Qg [q)n] = ®"+1 (bvﬁ - 190) - ZGH (av O{;l) ) (76)

in the sense that
Qf [@,] | u)| =o.
Similarly, from (75) and (71) we conclude that the operator
Qg [P, =Yni1 (b, —1)— 27, (a,00) (77)
satisfies

Q%] [gg [v]] =0.

PROPOSITION 25. Let ., be the shift operator defined in (12). If ¢ € K, we
have:

(1)
Qi[q)n]:(%q‘f'C—l)oq)n- (78)

(i1)
Q@] o (Fp+e)=(Fntc—1)(Fn+c)od,. (79)

(iii)
Q| [@,] = Dyo0 (S +o). (80)

(iv)
QW] = (S +n+c)o¥,. 81)

(v)
QN o (S +ntc)=(Fptntct1)(Ftntc)oW,  (82)

(vi)

Q41 [¥)] = Wyo (Fntnto). (83)

Proof. (i) If we consider the composition (.7, + ¢) o ®,, we see that

(St ¢)o®uy] = (Lutc) [(W+b)y"™ ! —z(y +a) (y+1)]
= (y+b)y" 2 —z(yta) (w+ 1) e (y+b) y ! —ze(wta) (w+ 1)
= (y+c) (y+b)y" ! —z(yte+ D) (y+a)(y+1)",

and comparing with (76) we obtain
(St ) 0@y [w] = QL] [@n]) [y]-

The result follows after shifting c.
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(i1) Using (78), we have
(Fate=1)(Fntc)o@yly] = (QLCT @) v

=(Y+e—D(y+o)(w+b)y™ —z(y+o)(y+e+1)(y+a)(y+1)
=[(y+e=D(y+b)y" " —z(y+c+ D (y+a) (y+1)"] (y+0),

and we obtain (79).
(iii) Note that

Q6 [ @[]l = (w+c) (w+b)y" ! —z(y+c)(y+a) (y+1)
[(w+b)y" ™ —z(y+a)(y+1)"] (y+c),

and therefore (80) is true.
(iv) Similarly, we have

(St n¢) oWy = Tyn () — Wit (a)+ (14 )Yyt (b) — 2(n-+ ), (a)
=Y,+1(b,c—1)—2zY,(a,c),

and comparing with (77) we obtain (81).
(v) Using (69), we get

(Fntn+et 1) (Fptntc)oW,=Q | [¥,]
:Yn+l (b,c— lac)_ZYn (aacac+ 1) = [Yn+1 (b,C— 1)_ZYH (aac+ 1)} oYy (376)7

and (82) follows.
(vi) Finally,

c1 [¥n] = Yup1 (b,c) —2Yy (a,¢) = [Yys1 (b) — 2y ()] 0 Yo (c),
and we see that (83) is true. [J

It follows that the special cases o = B and oo = B £+ 1 lead to some interesting
transformations. We will study them in detail in the next sections.

3.1. The Christoffel transformation
The Christoffel transformation is defined by
Ay =025 Al
From (73), we see that AS (z; @) is a solution of the ODE
(—0—-1)0(9+b)—z(F—w+1) (¥ +a)][y] =0, (84)
and admits the hypergeometric representation

a,—-0o+1 ) (85)

2’OC(Z;(D) :_wp+1Fq+1 <b+l7—(0’z
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The reason for choosing this particular solution is the identity

_wi(‘(‘fat)?x —r—o, (86)

which shows that the linear functional LE associated to /IOC is given by
LU =L[(x—w)u], ucK[x. (87)
This transformation was introduced by Elwin Bruno Christoffel (1829-1900) in his

pioneering work [16].
Clearly we must have

A§ = L [x— 0] = (8 — 0)[A0] #0,
and since the operator ¥ — @ annihilates any multiple of z%, we need
Ao (z0) #nz®, n ek
From (58) and (87), we get
AC = LA = L[(x — @) Ay] = A1 + (16— @) Ay,

and in particular

My = My — Ol (88)
and
VE = v+ (n—o)VvE. (89)
Note that,
A§ = uf —ou§ = vE— V. (90)

From (76), we see that the standard moments uS satisfy the recurrence
o5 (1] =0,
where
O] =(u—o—1)(u+b)u" —z(u—o+1)(u+a)(u+1)",

and from (77), we see that the modified moments vnc satisfy the recurrence

where

Y=Y, o)+ (n—0)Ymi(b) =2V, (a) —z(n—o+1)Y,(a).  (91)
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REMARK 26. Using (79), we obtain
(yn—a)—l)(fn—a))od)gz d)go(fn—a)),
and therefore

D [ty — o] = D o (S, — o) [u]
:(fn—a)—l)(jﬂn—a))od)n[y} :qu)g[.u];

in agreement with (88).
Similarly, using (82), we see that

(Fn4+n—o+1)(S+n—w)o¥, =¥ o (S +n—0),
and hence

Y Vi1 + (n—0) v, =¥ o (S +n—o)[V]

= (Fptn—w+1)(F+n—w)oP,[v]=0="PC [vc] ,
in agreement with (91).

Using (41) and (88), we obtain the exponential generating function of the trans-
formed standard moments

- o
2y (30) = pg (¢'50) = (1 — o) (z¢'),
n=0 '

while from (55) and (89) we get the exponential generating function of the transformed
modified moments

oo

Evnc(z;co)t

n
==V (2 +250) = (vi - ov) (z+2).
n=0 :

3.2. The Geronimus transformation

The Geronimus transformation is defined by
Ay =070, ], ©¢ENp.
From (73), we see that 7LOG (z; ) is a solution of the ODE
B (9 +b) (0 —0)y]=z(0+a) (¥ — o), 92)

and admits the hypergeometric representation

G\ ~1 a,—0 .
2,0 (Z,(D) = — p+1Fq+l <b+ 1,_w+1,Z) . (93)
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REMARK 27. The function z? is also a solution of (92), and therefore we could

define (as some authors do)

2§ (w) = -0~ piFyn (

where 7 is an arbitrary constant.

37_(0 . + (0]
b+1,—o+1°°) T

The identity (86) shows that the linear functional LS associated to JLOG is given by

LS[ul=L

and

A (mo)=L

%] , ueK[x], (94)
_x_l w} () = S (@:2), (95)

where S (;z) is the Stieltjes transform of the functional L defined in (59). Since

(O—w)[AJ] =L

we need

S(w;z) #nz®,

(- o) #] —L[1] = 20,

X— 0

nek.

This transformation was introduced by Yakov Lazarevich Geronimus (1898-1984) in

his groundbreaking article [32].

PROPOSITION 28. The moments of the linear transformation L defined by (94)

have the integral representation

1

A (z0) = /f‘“”/ln (zt)dt, neNy.

0

Proof. 1f we use the integral representation [59, 16.5.2]

a,o0 _\ re
s (055) - e

in (93), we obtain

A8 (z o)

Extending (97), we obtain (96). [

(96)
) 1
o— —a— a
_O‘)O/t Y1 —n)P 1qu<b;Zt>dt,
1
_ /f“’*lﬂ.o(zt)dt. 97
0
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REMARK 29. Note that if we use (13) in (96) and formally integrate term by term,
we get

1
R @, & [0, <Ml (2,
Af(z’“’)_;)’\”(x) (b+1)xﬁot ldt_xzzox—w b+1) x

in agreement with (94).
From (58) and (94), we see that
281+ (K — 0) A9 = L9](x — @) Ay (0)] = L[An (1)] = An,

and in particular

Wy — o) = py, (98)
and
Ve L+ (n— o) vE = v, (99)
Using (60), we get
n—1 A (Z)
A8 (z0) = Ay (0) | A8 (o) + ¥ 2L
(@0) = M (@) |3 (@0) + 5, 200

where care needs to be exercised if Ay (@) =0 for some k.

REMARK 30. From (80), we have
O [u] = @yo (S~ o) [u] . (100)
in agreement with (98), since
D, [ — op] = @yo (S — 0) [u°] = 07 [u°] = 0=, [u].
From (83), we get W5 [v©] =0, where
YO =W, 0(S+n—w), (101)
in agreement with (99), since
W Ve + (n—0)ve] =W, o (S +n—w) [ve] =¥ [ve] =0=",[v].
Using (41) and (95), we obtain the exponential generating function of u¢

ZIJnG (z;0) % = 2§ (z¢';0) = —S (w;ze'),
n=0 :

and for the transformed modified moments v we get
o m
Svi(zmw) = =2 (z+zt:0) = —S(wiz+2zt).

;=
n=0 n:
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3.3. The Uvarov transformation
Let’s consider the composite transformations (Christoffel-Geronimus)
(@14, 0 QL) [A0],
and (Geronimus-Christoffel)
(@150 Q%) [A]-
We see that in either case, the transformed first moment is a solution of the ODE
P-—0)(0—0—-1)0(O+b)=z(0—0)(F—o+1)(F+a))], (102)
which can be written as
(—o0)(d—w—1)[c(¥)—2z7(F)][y] =0. (103)
LEMMA 31. The linear combination
A (o) =X (2) +nz°, neK, (104)

is a solution of (103).

Proof. Clearly, A is a solution of (103). If we set y(z) = z®, we have
[0 () —27(9)][z*] = 0 (©)2° — T () 2T, (105)
and therefore
(¥ — ) (¥ —o—1)[o(D)—z7(9)] ]
=(0-0)(®-0-1)[c(®)z-1(0)""] =0.
Thus, (104) is a solution of (103). [
We define the Uvarov transformation by
LY [u] = Lu] + nu(w)z®, ucK[],
which is well defined as long as
o (z) # —nz®.

This transformation was introduced by Vasilii Borisovich Uvarov (1929-1997) in his
monumental paper [73].
From (78), we see that

OV = (S —0—1)(S)—0)od,, (106)
and from (81), we have
Y= (Stn—o+1)(F+n—w)o¥,. (107)

If 0 (w) =0 or 7(w) =0, we obtain some reduced cases.
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PROPOSITION 32. Suppose that 6 (w) = 0. Then,
(i) The transformed moment lg satisfies the reduced ODE

(¥ —o—1)[o(9)—z(9)][A]] =0. (108)
(ii) The transformed first moment 7%/ is given by
A = Q3 [A]. (109)
(iii) The transformed standard moments Ul satisfy the reduced recurrence
@/ [y] =0,
where
OV = (S —o—1)od,. (110)
(iv) The transformed modified moments v¥ satisfy the reduced recurrence
¥ [w] =0,
where
Y = (S n—w)o¥,. (111)

Proof. (i) If o (w) =0, then we see from (105) that
[0(9)—27(9)][2°] = —7(@) """

and (108) follows.
(i1) Comparing (108) with (73), we can interpret ?Léj as (109).
(iii) From (78) and (109), we get (110).
(iv) Using (81) in (109) gives (111). O

PROPOSITION 33. Suppose that T(w) = 0. Then,
(i) The transformed first moment JLOU satisfies the reduced ODE

(O —w)[o (V) —zr(9)] [Af] =0. (112)
(ii) The transformed first moment lg is given by
A = Q176 Aol (113)
(iii) The transformed standard moments UV satisfy the reduced recurrence
q)ﬁz] [V/] =0,
where
! = (S —w)od,. (114)
(iv) The transformed modified moments vV satisfy the reduced recurrence
"sz] [W} =0,
where

YW= (St n—w+1)o¥,. (115)
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Proof. (i) If T(w) =0, then we see from (105) that
[0(9) —z7(9)][z?] = 0 (@)2°,

and (112) follows.
(i) Comparing (112) with (73), we can interpret JLOU as (113).
(iii) From (78) and (113), we get (110).
(iv) Using (81) in (113) gives (111). O

Finally, we have
AV =LY [An] = Ay + MAn (@) 2%, (116)

from which we obtain the exponential generating functions of uY (z; @)
o m
Sl o) o () 40 (),
n=0 .

and VY (z; )

SV (o) s =voleta)+n(cta)”

3.4. Truncated linear functionals

Let N € Ny and the truncated functional LT be defined by

LT[u]:Eu(x) (b—l—l)x)j’ u e Klx], (117)

as long as

v (@),

REMARK 34. If 7(N) = 0, then the functional (13) is already a truncated func-
tional, since
(=N), =0, x>N.

Therefore, we assume that T (N) £ 0.

LEMMA 35. The first transformed moment Al (z) satisfies the ODE

(9 =N —1)[o(8)—=22(8)] ] = 0. (118)

Proof. Using the Pearson equation (21), we have

N
[0(0) —22 ()] [Ag] = Zb [o(x)p ()2 —T(x)p ()]
N N+1 B ZNJrl

= YoWpW = Xl pl- 2 =T N)p (V)

x=0



DISCRETE SEMICLASSICAL ORTHOGONAL POLYNOMIALS 175

and since the operator ©® — N — 1 annihilates any multiple of z¥*!

lows. O

Using (11) in (118), we obtain

(9 -N-1)0(8)[A]] =2(9-N)7(9) [Ag ],

and therefore we have

, the result fol-

A =QN[A], NeN. (119)

PROPOSITION 36. The first transformed moment Al (z) can be represented as a
Laplace transform

N+1 =

T (=1 @)y / “N,=b—=N_ . \atp+1,) -z

A (&) == CEN q+1Fp< an (D t)e@dr.  (120)
0

Proof. If we use the formula [59, 16.2.4]

N ko N +p+l
(@) 2 (a)y —~N,1—-b—N,1_(=1)7*7
Zbyk ~ Mb), 2\ eamn ) (00

we obtain the hypergeometric representation

N q+p+1
r_z (a)y ~N,~b—N,1 (=1
2T — F : . 122

N!(b+1)Nq+21’< l-a-N = g (122)

Using the integral representation [59, 16.5.3]

Lo
vi1Fy (ab“,;ﬁ> = Fz(oc) /z“—l o (;;xt> e i (123)

0

with o = 1, we obtain (120). [
From (78) and (119), we get

O = (S -N—-1)od,, (124)

while (81) gives
Y = (S +n—N)oW,. (125)

PROPOSITION 37. The transformed modified moments vI (z) have the integral
representation

T ( [ n—N,-b—N, _1)qtprtl —zt
Vo (2) = (b+1 ,O/qHFp( | ey =D t)e?dr. (126)
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Proof. Note that since

S Sy @ @, 2

= b+1),x! & (b+1), (x—n)! S (b+1),,, x! ’
we have v
T n (a)n ~ (a+n)x Zx
= =, 127
v (@) =2 (b+1)n§) (b+1+n), ! (127)
Thus, we can use (121) and obtain
1
T (ay ¥ n—N,—b—N,1 (=1)""""
) = — F, — . 128
Vn (Z) (b+1)N (N—n)!q+2 )4 l—a—N Z ( )

In particular,

VIC(Z):&ZN, vi(2)=0, n>N. O

REMARK 38. Using (123) and (128), we get the integral representation (126).

4. Conclusion

We have studied the linear functionals characterized by the hypergeometric differ-
ential equation satisfied by the first moment A (z)

[0q(F) —zp (9)][A] =0, p,g€K[].

We obtained recurrence relations for the moments on the monomial and falling factorial
polynomial bases.

We note that one could use the generating function (41) and the ODE it satisfies
(42), as a different way of analyzing the standard moments (, (z). Similarly, one could
study the modified moments v, (z) using (55) and (56).

We are currently working on further applications of our results to study some prop-
erties of the orthogonal polynomials themselves (representations, recurrence-relation
coefficients, generating functions, etc).
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