lournal of
|assical
nalysis
Volume 21, Number 1 (2023), 45-56 doi:10.7153/jca-2023-21-05

EXTENDED GENERALIZED VOIGT—TYPE
FUNCTIONS AND RELATED BOUNDS

RAKESH KUMAR PARMAR* AND S. SARAVANAN

Abstract. The principal aim of this paper is to introduce extended generalized Voigt-type func-
tion which contains the classical Voigt functions K(x,y) and L(x,y) as their particular cases.
Functional bounding inequalities, monotonicity properties, log—convexity properties and Turdn—
type inequality results are presented for the investigated extended generalized Voigt—type func-

! R
tion erﬁﬁrv(x,y, 2).

1. Introduction

The classical Voigt functions K(x,y) and L(x,y) occur frequently in a variety
of problems of physics such as in astrophysical spectroscopy, emission, absorption and
transfer of radiation in heated atmosphere, and plasma dispersion, and also in the theory
of neutron reactions [25]. For various other investigations involving the Voigt functions,
the interested reader may be referred to several recent papers on the subject, see, among
others [5, 15, 20, 23] and the references cited therein. The functions K(x,y),L(x,y),
which are due essentially to Reiche [19] are defined by:

oo 2
K(x,y) = %/0 e YT cos(xt) dr, (1)
and Lo e
L(x,y) = ﬁ/o e 7 sin(xr) dr, )

where in both cases x € R,y € R, !.
The power series definition of the Bessel function of the first kind J, (z) of the
order v reads [26]

B o (_l)k(%)v+2k

MO =2 k)

z€C\Zy;veC,
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and the fact that [13, Eq. (10.39.2)]

%(Z) = \/nzz sin(z), and J_% (z) = \/nzzcos(z),

enable Srivastava and Miller [22] to define a generalization of K(x,y) and L(x,y) in

(1) and (2) as
Viv(xy) = \/g/:t” e Jy () dt, (3)

(1, x,y eR"; R(u+v) > —1),

J

so that
K(x,y) = V%77 (x7y)7 and L(.Xf,y) = V%%()C,y)

1

2
Recently, Pathan and Shahwan [16] (see also [1 1]) introduced a generalized Voigt func-
tion in the following form:

D R x*t?
Quopvxy) = 5/0 e T B a;ﬁ,1+v;—T dr, “4)

(1, x,y eRY; R(u+v) >-1).
Clearly, by (3) and (4), we have the relation

2\
Qﬂ,a,a,v(xa)’) =T(v+1) (;) Vﬂfv,v(xy)’)

Extending the generalized Voigt function (4) by introducing two more parameters in
numerator and denominator as

o 2.2
o B’ _ X U —yt—z? .. / . Xt
Qﬂ,a’ﬁ,v(mm)—\/;/o tfe 2F3 [a7a,ﬁ,ﬁ7l+v, o } dt, (5

(1, x, 3, z€ R R(u+v) > —1),

for o’ = B/, the result in (4) of Pathan and Shahwan [16] follows.

In the present article, we first extend the generalized Voigt function (4) by intro-
ducing two more parameters. Then we derive the bounds for
x*1? }

23 [(x,a’;ﬁ,ﬁ’, 1 +V;—T

by using the bound established by Parmar [14] for

2.2
t
2 {a;ﬁ,lJrv;—xT].

By virtue of the derived bounds for »F3, we establish the bounds for the extended gen-
! !

eralized Voigt function QZOI? ﬁ7v(x7 ¥,z) using its integral representation and estimating

the | F> function in the integrand in terms of the confluent Fox-Wright function ;'¥y.

Monotonicity properties, log—convexity properties and Turdn—type inequality results

are presented for the investigated extended Voigt—type function.
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2. Bounds for generalized Voigt function Qzlflﬁ L(6y,2)
We recall the bounds for J,,, which ones we will employ on the positive real half—

axis. Firstly, we mention von Lommel’s results [7], [8, pp. 548-549] (see also [26, p.
406])

1
L) <1, Ty (D) < —, veR" reR, 6
| v( )| | v+1( )‘ \/z (6)
and the bound by Minakshisundaram and Szdsz [9, p. 37]
TA p——A R @
WIS T+ \ 2 ) '

Another bounds were derived by Landau [6], who gave in a sense best possible bounds
for J, with respectto v and ¢:

()| <b v '3, b= V2supAi(r), (8)
=0
@) <eclt| ™3, e =supt'PUo(r), )
>0

where Ai(-) stands for the Airy function

Ai(x) = g g (11 {26372} 0y {26130} ).

Olenko established the upper bound [12, Theorem 1]

o 3o
?gg\/ﬂjv(IHgbL\/VIB‘Fm‘Fﬁ:dO; veRT, (10)

where ¢ is the smallest positive zero of the Airy—function Ai and by, is the Landau’s
constant from above. Further considerable upper bounds are listed, for example, in
[2, 3,17, 18, 24].

The generalized hypergeometric function with p numerator and ¢ denominator
parameters is defined by the power series

,,Fq(oq,~~~,ocp;ﬁl,---,ﬁq;z)=’Z,0%%, (11)

where, as usual, we make use of the Pochhammer symbol (or raising factorial)

I'(t+m)

(Mo=1; (Dm=1(t+1)--(T+m—1)= SO

me N,

and Bj € C\Z,,j =1,s. The series (11) converges for all z€ C if p <gq. Itis
divergent for all z # 0 when p > g+ 1, unless at least one numerator parameter is a
negative integer in which case (11) is a polynomial. Finally, if p = g+ 1, the series
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converges in the unit circle |z| < 1, and also for |z] =1 when R(Tf;— X ;) >0
(consult [1]).

The Fox—Wright function extends the generalized hypergeometric function ,F,|[z]
which power series form reads [18, 21]:

I~

C(aj+mAj)

(Oﬁ,A]) (aP7A ) T (12)

P¥al (B1B1), By By) I©

I
3
L
=[
|N

T(B;+mB;) "

~.
I
—_

where A; >0, j=1,---,p; B; >0, j=1,---,q. The convergence conditions for the
series at the right-hand side of (12) follow from the known asymptotic of the Euler
Gamma-—function. The defining series in (12) converges in the whole complex z-plane

when
q 14
A=1+Y B;j— Y Ai>0.
j=1 i=1

If A =0, then the series in (12) converges for |z| < p, and |z] = p under the condition
R(6) > 3 where

In the special case A, =By =1; r=1,---,p; s=1,---,q, the Fox—-Wright function
»¥4lz] reduces (up to the multiplicative constant) to the generalized hypergeometric
function

ool o = vy o 5

We also will need in the exposition the integral formula [4, p. 200, Eq. 13.1(95)]
P+1Fq+1[Paa1,"-,ap;p + Gaﬂl"",ﬁq;z}

I'(p+o) [t o
:%/O wWP (1 —u)° L Fylou, - 05 B,y Byszuldu,  (13)

valid under
p =g+ 1; min{R(p),R(c)} >0; |z] < I whenp =g+ 1.

Forp=gq—1=0,p=0a,p+0o=8,p1=1+vVv andz——— (13) becomes

2] T(B) s —o—
sy 16- | = i e

2.2
t
-oF (—;erl;—M4 )dt. (14)
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Applying the relation [13, 26]

Jv(z)zi)oﬂ <—;v+1;—lzz>, veC\Z, (15)

I'(v+1 4

in (14), we obtain the integral

1 (Xﬁ 1+v;—

x*t? ]_ 2YT(B)T(v+1)
4 ] ()'I(e)l(B~ )

1
/O WS 1 =Pt g e de. (16)

Recently, Parmar [14] obtained sharp bounding inequalities for the generalized Voigt
function € 4 g v(x,y) by making use of the integral representation (16) and applying
several known upper bounds for the first-kind of the Bessel function Jy (x) for the |F>
with appealing the bounds of Lommel’s, Minakshisundaram and Szdsz, Landau and
Olenko, respectively given in (6), (7), (8), (9) and (10). These bound are given in
Lemma below.

LEMMA 1. [14] Let o, B, x, t, v € RT such, that 2min{c,B} > v. Then we
have

i 227 2V i T(v+ DI(B)T (a— %)
Bloap,l1+v,——|| L2 17
| osh 3 ' [T ()T (B ) 4
In the same parameter range
I x2f2 br2VT(B)T (o — Y)Y T(v+1
B o1 vs— || < b2 LA) (@—3) Mv+1) (18)
| 4 | YV |xt|VT(a)T (B — %)
Next, for min{a, B} > v, there follows
Xt 2YIT(B)T (o —v)
BlosB,1+v;——|| < 19
”[“ﬁ Y 4] S CINCED) 19
and
c 2T (a*%*%)rv+l
21 \le“ﬂr ar(p-3-4)
1 |:Ol;ﬁ 1+v —T:| < (20)

dp2'T(B)T(a—Y—
|xt\v+2r o) (B—

b

$)T(v+1)
v_ 1)
2714

here the bound above holds if 6min{o, B} > 3v + 1, whilst the expression below ap-
pears for 4min{a, B} > 2v+ 1.
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Now by using the integral representation (13), if we specify p=g—1=1,p =
oa,p+o=0,04=0a,p=p, = l—f—v,andz——% we conclude

2
SFs ool BB 14 v — 4:]:%/0114“”(1—14)/3—“—1

2l2
.1F2<a’;ﬁ’,v+l;—ux4 )dt. Q1)

In the sequel we present our results which consist of functional and uniform upper
bounds for the modulus of generalized hypergeometric functions |F;, »F3 under spe-
cific combinations of upper and lower parameters. The main derivation tools are the
auxiliary Lemma 1 and the integral representation (16).

THEOREM 1. Let o, B,0/,B', x, t, v € R*. When 2min{a,,a','} > v we
have

22 2V—%r<v+1> r(B)r(g)r ( Hr(e-3)
F "B.B' 1 ;—&} < L2
o e N | R T e
(22)
Moreover,
227 _ b2 T(v+1)T(B)L(B)T (o — %) T (o — ¥
2F3[aoc BB v ] AR MZTLPIRUA /IS X
E W@ (@) (B-5)T (B~ ¥
(23)
Next, for min{o,B,0/,B'} > v, itis
212 2v—ll—~(B/)l—~(a/_v)
<
2F3[oca B.B' 1+v; ) } = e (F—v) (24)
and
e 2V T(v+)T(B)T(B)T(a—3 - )T (/-5 -1)
1 )
272 e[S T ()T ()T (B~% 5 )T (B~ 5 %)
2F3{O‘05 B.B 1+ v; —T} =
do2" T(v+1)T(B)L(B)T(a—4— )T (/-3 —1)
" 2T T(B—§~4)r(B'~ 3~ })
(25)

Here the bound above holds if 6min{ct,0/, 3,8’} > 3v+1, while the expression below
appears for 4min{c, 0/, 3,8} >2v+1.

Proof. Considering the integral representation (21), we observe that

F(B) 1ua—1 _uﬁ—a—l
< Farp ey Jy 0

.’1F2 [a;B,1+v;—u

2F3 {a o ;8,8 1+ v; —Z—I}

2l2
- ] ’du. (26)
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By appealing appropriately the functional bound (17) for |{F>| in the integrand of (26)
and then using the integral definition of Beta function, viz.

1
B(t,s) =/ W N1 — ) du, min{z,s} > 0,
0

we get (22). In a similar manner (23) is established by virtue of the second result (18).

The bounds (19) and (20) give the inequalities (24) and (25), respectively. [J
Our next goal is to give a functional bound for the function Q#, O’? /ﬁ ,(6¥,2) by
exploring its integral representation (4) with the help of Theorem 1.

THEOREM 2. Let o, 3,0/, B, x,y,z,4,v > 0. For all min{c,B,0/,5'} > v itis

o B 2'2T(v+ DI(B)T (o = ) T(B)T (o — %)
Qi Py (o) < ;
g s3] Y22 (@) (B $) T(e)r (B~ %)
.I\PO[(” 2V_1 7) ’_\L[] @7)
In the same parameter range holds
Qﬁ'fgv(x,y,@\ < bsz—%Fl([SZES?c—%)F(ﬁ’)l‘(a’—%)r(erl)
o VvV 2z T(e)(B — 5)T(a)T(B' — 5)
-lwo[(”zvjl’%))—\/lz]. )
Next, for min{c/, 3’} > v, we have
V-5 AT(BY T (of — Wi 1
Qafl o (X,2) §2 M\l/_l"( )T (e~ v) ¥ (u; 2|2 ) (29)
ek )z()(ﬂ’> A
and
e 2V IT(B) (o — % — ) T(B)T (e =% —)T(v+1)
XV "8 25 S T(a)T(B — % — MM (o) T(B — % — 1)
(%_%‘F%’%) hi
I\PO - ’_% B}
Qi Py (ra)| <

(30)
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where the bound above holds if 6min{a,o/,B,B'} > 3v + 1, while the expression

below appears for 4min{aa’,B,B'} > 2v+ 1. Here 1Yy is the confluent Fox-Wright
function for the case p =1 and g =10 in (12).

Proof. Let us evaluate the integral similar to given in [24, p. 198, Equation (15)]
Tu(yz) = / e an,
0

by the series expansion of the exponential e in the kernel into its Taylor-Maclaurin
series and legitimate integral-sum interchange and then using the familiar Gamma for-
mula [13]

F(n)’g””:/we’élt"’ldt, R(E) >0, R(n) >0,

0
we obtain
r(l.l—f—m)
- 2 y \" 1 (&, 1) y
Iy =—7 Y ———= (=) =—71¥o| 2V |-=—|,
TR T (ﬁ) el v

where we have used the defintion of Fox—Wright hypergeometric function for the case
p =1 and g =0 in (12), say confluent Fox—Wright function |‘¥y.

Applying the first inequality (22) to the modulus of the generalized hypergeomet-
ric function »F3 occurring in the integrand of (5), we easily conclude that

2" T(v+ DIB)T(B)T (e — %) T(a/ - %)
X[V ()T (B — %) T(a)T (B — %)
x /0 S ] 31)

QuFy o) =

Now applying integral representation .#; (y,z) given above in (31), we arrive at (27).
Similarly using the inequalities (23), (24) and (25) as above and simplifying, we get the
results (28), (29) and (30), respectively. [J

3. Complete monotonicity, log—convexity and Turan type inequalities

In this section, we prove the complete monotonicity and log—convexity properties,
and certain Turdn—type inequalities for the extended generalized Voigt—type function

Qzaéﬁﬁ,v(x’y?Z) in (5).
The function 4 : (0,00) — R is completely monotonic (or totally monotonic), if &

has derivatives of all (positive integer) orders and satisfies

(=1)"h" (x) >0,  meNg;x>0.
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We say that a function % : [a,b] C R — R is said to be logrithimically convex, or
simply log-convex, if its natural logarithm logh is convex, that is, for all x,y € [a,b]
and A € [0, 1], we have

h(Ax+(1-A)y) < [h@)]* ()]

Every completely monotonic function is log—convex, see [27, p. 167].

THEOREM 3. Let v> —1,x>0andt € (0,1). Then

e the function y Q“/O% v

(0,%),

(x,v,2) is completely monotonic and log—convex on

/ !
; B
e the function 7 — Qﬂ apv

(0,%),

(x,v,2) is completely monotonic and log—convex on

o' B’

e the function [l — Q“ By

(x,y,2) is log—convex on (0,00) forall y,z >0,

e the function (y,z) — Qﬂf,ﬁ (X, 3,2) is log—convex on (0,).

Proof. Differentiating Q% o O’? /ﬁ o (%,¥,z) with respect to y we arrive at

(;) sz;svxy, \/7/ t”teytzt 2F3[aoz [3[31+v——d
Y

where m € Ny. Consequently
d /
o () arly e 2o

forall € (0,1). So the function y — Q# (f B, (%, 3,2) is completely monotone in y.
"B’

By the complete monotone behavior of y — Q% 1oB, ,(%,y,2) itis also log—convex
for y > 0 for all u > 0,z > 0. Hence, for a suitably used y;,y, > 0 we can write

/./ ! R/ /7/ 17l
QU A+ (1= A0 S [Q0F) (o]t [QL P 0] (D)

In a similar manner, we can prove the next assertions concerning the complete mono-
"B’
tonicity and log—convexity of Q% 1o B, o(X¥,2) in z.

For the next statement, we recall the Holder—Rogers inequality for integrals [10,

p. 54]
/ub F(e)g(t)] dr = (/ Hold df)l/p (/01 Ig(t)lth)l/q, (33)
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where p > 1, 1/p+1/g =1, and the real functions f € LP[a,b] and g € L”[a,b].
Applying the integral representation (5), with the help of (33) we conclude

A +(1-2)p 2.2
o B’ 4 /. ’ L Xt
Q}L“l"ﬂ‘(l —A),a.B.v (x.5,2) \/7/ et 2F3 [OC, osB. B+ 4 d

\/7/ {t”le w—a? gFg[aa B.B' 1+v;— 22 }

' {I“ZGWZ’Z 23 [(x,a’;ﬁ,ﬁ’, 14 v;— }

2.2
{\/7/ e Py {aa B.B' 1+ v; x;}dt}
-1
x ~ Xt
{\/;/ (o gmyt—a’ 2F3|:O(06 B.B', l—l—v—T]dt} )

B ol B! ol B’ 1-1
QP apapy ) S [ (02 )} AN

[IA

This is equivalent to

/ !

which proves the assertion that the function y — Qﬂ O’? B, o (¥,3,2) is log—convex for all
Ui, tp >0, A €[0,1] and y,z > 0.

Moreover, the function (y,z) — Qz O’? B, o (x,3,2) islog—convex forall y1,y2,21,22 >

0,u>0,4€(0,1] and x > 0 and hence equivalent to

Qﬁ‘ff,}a,v(x,lyl +(1=A)y2zi+(1-2)z)

Y A Y 1-1
< QZ7£ﬁ’v(x7yl7Zl)i| [9372513’\/()(7)}2722)] 3

which finishes the proof of the theorem. [

THEOREM 4. For the same parameter range as in Theorem 3 there holds the
Turdn inequality

QL ey -l P (ry—1,9Q0 0 (ry+1.2) 0.

Moreover, for the same parameter space we have the Turdn inequalities
Qrl -l h o o9l () 0,
Q0P en P Q0P (oya—1)QPL (ryz+1) S0,

Finally, we have

Q0 ey -l P (ry—1z-1)Q0 P (ry+1z+1) 20,
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Proof. Choosing yy =y—1,y,=y+1and A = % in (32), we conclude the first

Turan inequality in Theorem 4. Finally, for other assertion, specifying z; =z—1, u; =
p—1l,m=z+lm=p+1,y1=y—lLz=z-1,yy=y+lL,zp=z+1land A =3,
respectively, we deduce the remaining Turdn inequalities. [

4. Concluding remarks and observations

In present paper, we introduce the extended generalized Voigt—type function which
contains the classical Voigt functions K(x,y) and L(x,y) as their particular cases. Then

by virtue of the derived bounds for ,F3, we established the bounds for the extended
generalized Voigt—type function Qzlflﬁv(x, y,z) using its integral representation and
estimating the | F> function in the integrand in terms of the confluent Fox—Wright func-
tion |'Wo. Finally, we studied monotonicity properties, log—convexity properties and
Turdn—type inequality for the newly introduced extended generalized Voigt—type func-

tion.

Acknowledgements. The authors are grateful to the anonymous referee for the
careful reading and provided valuable comments for improving the earlier version of
the manuscript. We also wishes to thank Professor T. K. Pogany for fruitful suggestions.

REFERENCES

[1] G. E. ANDREWS, R. ASKEY, R. ROY, Special functions, Cambridge University Press, Cambridge,
2000.

[2] A. BARICZ, P.L. BUTZER, T. K. POGANY, Alternating Mathieu series, Hilbert-Eisenstein series
and their generalized Omega functions, in T. RASSIAS, G. V. MILOVANOVIC (Eds.), Analytic Num-
ber Theory, Approximation Theory, and Special Functions — In Honor of Hari M. Srivastava, 775
(Springer, New York, 2014).

[3] A.BARICZ, D. JANKOV MASIREVIC AND T. K. POGANY, Series of Bessel and Kummer-Type Func-
tions, Lecture Notes in Math. 2207, Springer, Cham (2017).

[4] A.ERDELYI, W. MAGNUS, F. OBERHETTINGER AND F. G. TRICOMI, Tables of Integral Transforms,
Vol. I, McGraw-Hill Book Company, New York, Toronto and London, 1954.

[5] D. KLUSCH, Astrophysical spectroscopy and neutron reactions: integral transforms and Voigt func-
tions, Astrophys. Space Sci. 175 (1991), 229-240.

[6] L.LANDAU, Monotonicity and bounds on Bessel functions, Proceedings of the Symposium on Math-
ematical Physics and Quantum Field Theory (Berkeley, CA, 1999), 147-154, Electron. J. Differ. Equ.
Conf. 4, Southwest Texas State Univ., San Marcos, TX, 2000.

[7] E.C.J. VON LOMMEL, Die Beugungserscheinungen einer kreisrunden Offaung und eines kreisrunden
Schirmchens theoretisch und experimentell bearbeitet, Abh. Math.-Phys. Kl., Konig. Bayer. Akad.
Wiss. 15 (1884-1886), 229-328.

[8] E. C.J. VON LOMMEL, Beugungserscheinungen geradlinig begrenzter Schirme, Abh. Math.-Phys.
KI., Konig. Bayer. Akad. Wiss. 15 (1884—1886), 529-664.

[9] S. MINAKSHISUNDARAM AND O. SZASZ, On absolute convergence of multiple Fourier series, Trans.
Amer. Math. Soc. 61 (1947), no. 1, 36-53.

[10] D.S. MITRINOVIC, Analytic Inequalities, Springer-Verlag, Berlin, 1970.

[11] D.H.NAIR AND M. A. PATHAN, Composition of Saigo fractional integral operators with generalized
Voigt functions, Mat Vesnik 66 (2014), no. 3, 323-332.

[12] A. YA. OLENKO, Upper bound on \/xJy(x) and its applications, Integral Transforms Spec. Funct. 17
(2006), no. 6, 455-467.



56

[13]

[14]
[15]

[16]
[17]
[18]
[19]
[20]

[21]

[22]
[23]
[24]
[25]
[26]

[27]

R. KUMAR PARMAR AND S. SARAVANAN

F. W. J. OLVER, D. W. LOZIER, R. F. BOISVERT AND C. W. CLARK (eds.), NIST Handbook of
Mathematical Functions, Cambridge University Press, Cambridge, 2010.

R. K. PARMAR, Bounding inequalities for the generalized Voigt function, J. Anal. 28 (2020), 191-197.
M. A. PATHAN, M. KAMARUJJAMA, AND M. K. ALAM, On multiindices and multivariables pre-
sentation of the Voigt Functions, J. Comput. Appl. Math. 160 (2003), 251-257.

M. A. PATHAN AND M. J. S. SHAHWAN, New representations of the Voigt functions, Demonstratio
Math. 39 (2006), 75-80.

T. K. POGANY, Further results on generalized Kapteyn—type expansions, Appl. Math. Lett. 22 (2009),
no. 2, 192-196.

T. K. POGANY, Bounds for Incomplete Confluent Fox-Wright Generalized Hypergeometric Functions,
Mathematics, 10 (17) (2022), 3106, https://doi.org/10.3390/math10173106.

F. REICHE, Uber die Emission, Absorption und Intesitdtsverteilung von Spektrallinien, Ber. Deutsch.
Phys. Ges. 15 (1913), 3-21.

H. M. SRIVASTAVA AND M. P. CHEN, Some unified presentations of the Voigt functions, Astrophys.
Space Sci. 192 (1992), 63-74.

H. M. SRIVASTAVA AND P. W. KARLSSON, Multiple Gaussian Hypergeometric Series, Ellis Hor-
wood Series: Mathematics and its Applications, Ellis Horwood Ltd., Chichester; Halsted Press [John
Wiley & Sons, Inc.], New York, 1985.

H. M. SRIVASTAVA AND E. A. MILLER, A unified presentation of the Voigt functions, Astrophys.
Space Sci. 135 (1987), 111-118.

H. M. SRIVASTAVA, M. A. PATHAN, AND M. KAMARAIJIUMA, Some unified presentations of the
generalized Voigt functions, Commun. Appl. Anal. 2 (1998), 49-64.

H. M. SRIVASTAVA, AND T. K. POGANY, Inequalities for a unified Voigt functions in several vari-
ables, Russian J. Math. Phys. 14 (2007), no. 2, 194-200.

W. VOIGT, Zur Theorie der Beugung ebener inhomogener Wellen an einem geradlinig begrentzen
unendlichen und absolut schwarzen Schirm, Gott. Nachr. 1 (1889), 1-33.

G. N. WATSON, A Treatise on the Theory of Bessel Functions, Second edition, Cambridge University
Press, Cambridge, London and New York, 1944.

D. V. WIDDER, The Laplace Transform, Princeton Univ. Press, Princeton, 1941.

(Received December 2, 2022) Rakesh Kumar Parmar

Department of Mathematics

Ramanujan School of Mathematical Sciences
Pondicherry University — A Central University
Puducherry-605014, India

e-mail: rakeshparmar27@gmail.com
rakeshparmar@pondiuni.ac.in

S. Saravanan

Department of Mathematics

Ramanujan School of Mathematical Sciences
Pondicherry University — A Central University
Puducherry-605014, India

e-mail: saravanan.logicl@gmail.com

Journal of Classical Analysis
www.ele-math.com

jca@ele-math.com


https://doi.org/10.3390/math10173106

