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RECURRENCE RELATIONS FOR THE MOMENTS OF

DISCRETE SEMICLASSICAL FUNCTIONALS OF CLASS s � 2

DIEGO DOMINICI

Abstract. We study recurrence relations satisfied by the moments n (z) of discrete linear func-
tionals whose first moment satisfies a holonomic differential equation. We consider all cases
when the order of the ODE is less or equal than 3 .

1. Introduction

Let K be a field (we mostly think of K as R or C) and N0 be the set of nonneg-
ative integers

N0 = N∪{0} = {0,1,2, . . .} .

Let F = K [[z]] denote the ring of formal power series in the variable z

F =

{



n=0

cnz
n : cn ∈ K

}
,

and  : F → F be the differential operator defined by [49, 16.8.2]

 = zz, (1)

where z is the derivative operator z = 
 z . We use the notation

(x+ c) = (x+ c1) · · · (x+ cm) , c ∈ K
m, m ∈ N,

and for m = 0 we understand that K0 = /0 and

(x+ /0) = x.

We denote by k,n the Kronecker delta

k,n =
{

1, k = n
0, k �= n

, k,n ∈ N0,
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and say that {n}n�0 ⊂ K[x] is a monic basis of K[x] if n is monic and deg(n) = n
for all n ∈ N0. The Pochhammer symbol (c)n is defined by [49, 5.2.4]

(c)0 = 1, (c)n =
n−1


j=0

(c+ j) , n ∈ N, c ∈ K,

and for c ∈ Km we will use the notation [49, 16.1]

(c)n = (c1)n · · ·(cm)n , ( /0)n = 1, n ∈ N0.

In this article, we continue the work started in [21], where we studied the moments
n = Lp,q [n] of linear functionals Lp,q : K [x] → F (acting on the variable x) defined
by

Lp,q [u] =



x=0

u(x)
(a)x

(b+1)x

zx

x!
, u ∈ K[x], (2)

with a∈Kp and b∈Kq . It follows from (2) that the first moment 0 (z)= L [1] satisfies
a differential equation (in the variable z) with polynomial coefficients p,q [y] = 0,
where the differential operator p,q is defined by

p,q =  ( +b)− z( +a) ,

and we assume that x and z are independent variables.
The ODE p,q [y] = 0 is the (generalized) hypergeometric differential equation

[49, 16.8.3] of order o = max{p,q+1} , and the first moment 0 (z) can be represented
as

0 (z) = pFq

(
a

b+1
;z

)
,

where the (generalized) hypergeometric function pFq is defined by [49, 16.2.1],

pFq

(
a
b

;z

)
=




x=0

(a)x

(b)x

zx

x!
.

Functionals of the form (2) are called discrete semiclassical [24], [43], [47]. If we
define the polynomials

 (x) = x(x+b) ,  (x) = (x+a) , (3)

then the class s of the functional Lp,q is given by

s = max{deg()−1,deg()−1} = o−1, (4)

and semiclassical functionals of class s = 0 are called classical. In [22], we classified
all discrete semiclassical linear functionals of class s � 1 (see also [45], [52], [53]). We
extended our results in [23] to the class s = 2.

In this paper, we will find recurrence relations for the moments of all discrete
semiclassical linear functionals of class s � 2.
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2. Previous results

In this section, we give a brief description of the results from our previous work
that will be needed in this paper. For more details and proofs, we refer the reader to
[21].

Since the operator  defined in (1) satisfies

 [zx f ] = zx ( + x) [ f ] , f ∈ F,

it follows using linearity that for all u ∈ K [x] ,

u() [zx f ] = zxu( + x)[ f ] , f ∈ F. (5)

Let L : K[x] → F be a discrete functional

L [u] =



x=0

u(x) (x)zx, u ∈ K[x], (6)

where  : N0 → K is a given function. If we set f = 1 in (5), we get

u() [zx] = u(x) zx, u ∈ K [x]

and therefore
L [u] = u()L [1] , u ∈ K [x] . (7)

We conclude from (7) that the moments n (z) of L on any monic basis {n}n�0 are
completely determined by the first moment

n = L [n] = n ()L [1] = n () [0] , n ∈ N0. (8)

2.1. Newtonian bases

A convenient choice for {n}n�0 is the basis of Newton polynomials [60], [61]

n (x) =
n−1


k=0

(x− k) , n ∈ N, 0 (x) = 1,

where {k}k�0 ⊂ K is a fixed sequence. These polynomials satisfy the 2-term recur-
rence relation

xn (x) = n+1 (x)+ nn (x) . (9)

Setting x =  in (9), multiplying by 0 (z) and using (8), we obtain.

 [n] = (S + n) [n] , (10)

where S denotes the shift operator in n

S [cn] = cn+1. (11)
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REMARK 1. From (10) and (11) we see that

 [n+1] = n+2 + n+1n+1 = S [n+1 + nn] = S (S + n) [n] , (12)

which is different from

(S + n)S [n] = (S + n) [n+1] = n+2 + nn+1,

so caution must be exercised when n depends on n .

The Newton polynomials n (x) satisfy the change of bases formula

xn =
n


i=0

{
n
i

}
i (x) , (13)

where the coefficients
{n

i

}
are defined by the recurrence{

n+1
i

}
=

{
n

i−1

}
+ i

{
n
i

}
,

{
n
n

}
= 1, (14)

with boundary conditions {
n
i

}
= 0, i /∈ [0,n] .

Among all Newtonian bases, we will consider the monomial basis (k = 0) n (x)=
xn and the basis of falling factorial polynomials (k = k) n (x) = n (x) . The main
reason for choosing the polynomials n (x) is that from their definition

n (x) =
n−1


k=0

(x− k) , n ∈ N, (15)

it follows that

n+1 (x) = (x−n)n (x) = xn (x−1) , n � 0, (16)

and therefore n (x) is well suited for dealing with shifts in x . We will call the moments
of Lp,q on the monomial basis standard moments

n (z) = Lp,q [xn] , n ∈ N0,

and the moments of Lp,q on the falling factorial polynomials basis modified moments

n (z) = Lp,q [n] , n ∈ N0.

Since
zn n

z [zx] = znn (x)zx−n = n (x) zx,

we have n (z) = zn n
z [0] and using the formula [49, 16.3.1]

 n
z

[
pFq

(
a

b+1
;z

)]
=

(a)n

(b+1)n
pFq

(
a+n

b+n+1
;z

)
,
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we obtain the hypergeometric representation

n (z) = zn (a)n
(b+1)n

pFq

(
a+n

b+n+1
;z

)
, n ∈ N0.

Multiplying the ODE p,q [y] = 0 by  n and using (5), we get[
 n+1 ( +b)− z( +1)n ( +a)

]
[0] = 0. (17)

and using (10) with n = 0 in (17) we have p,q [0] = 0, where the standard moments
recurrence operator p,q is defined by

p,q = S n+1 (S +b)− z(S +1)n (S +a) . (18)

The polynomials (x+ c) can be written in the monomial basis as

(x+ c) =
m


k=0

em−k (c)xk, c ∈ K
m, (19)

where the elementary symmetric polynomials en (c) are defined by the generating func-
tion [41]




n=0

en (c)tn =
m


i=1

(1+ tci) , c ∈ K
m.

Using (19), we can rewrite p,q in extended form

p,q =
q


k=0

eq−k (b)S n+k+1− z
n


k=0

(
n
k

) p


j=0

ep− j (a)S k+ j,

and the equation p,q [0] = 0 gives a recurrence for the standard moments

q


k=0

eq−k (b)n+k+1− z
n


k=0

(
n
k

) p


j=0

ep− j (a)k+ j = 0

of order n+ s+1, where s is the class of the functional Lp,q defined in (4).
Similarly, multiplying the ODE p,q [y] = 0 by n ( −1) and using (5) and (16),

we get
[( +b)n+1 ()− z( +a)n ()] [0] = 0.

Using (8) and (12), we conclude that p,q [n] = 0, where the modified moments recur-
rence operator p,q is defined by

p,q = S (S +n+b)− z(S +n+a). (20)

When k = k, the coefficients Sn,i =
{n

i

}
defined by (14) are called Stirling num-

bers of the second kind [49, 26.8]. Using (13) in (19), we obtain

(x+ c) =
m


k=0

em−k (c)
k


i=0

Sk,ii (x) ,
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and from (12) we conclude that

(S +n+ c) =
m


k=0

em−k (c+n)
k


i=0

Sk,iS
i. (21)

Using (21), we can rewrite p,q in extended form

p,q =
q


k=0

em−k (b+n+1)
k


i=0

Sk,iS
i+1− z

p


k=0

ep−k (a+n)
k


i=0

Sk,iS
i,

and the equation p,q [n] = 0 gives a recurrence for the modified moments

q


k=0

em−k (b+n+1)
k


i=0

Sk,in+i+1− z
p


k=0

ep−k (a+n)
k


i=0

Sk,in+i = 0,

of minimal order s+1, where s is the class of the functional Lp,q defined in (4).

2.2. Transformations

There are 4 canonical transformations of the functional Lp,q :
1) The Christoffel transformation at  , which we define by

LC
p,q [u] =




x=0

(x−)u(x)
(a)x

(b+1)x

zx

x!
,  ∈ K, u ∈ K[x]. (22)

Using (9) and (22) we obtain

C
n = LC

p,q [n] = Lp,q [(x−)n] = n+1 +(n−)n,

and in particular
C

n = n+1 +(n−)n. (23)

Since from (15) it follows that

x− = − (−+1)x
(−)x

, (24)

the first moment has the hypergeometric representation

C
0 (z;) = − p+1Fq+1

(
a,−+1
b+1,− ;z

)
.

Thus, C
0 is a solution of the ODE C

p,q [y] = 0, where the differential operator C
p,q is

defined by
C

p,q =  ()( −−1)− z () ( −+1) , (25)

and the polynomials  , where defined in (3).
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From (18) and (25) we see that C
p,q

[
C

0

]
= 0, where the recurrence operator C

p,q
is defined by

C
p,q = S n+1 (S +b)(S −−1)− z(S +1)n (S +a)(S −+1) .

Similarly, (20) and (25) give C
p,q

[
C

n

]
= 0, with

C
p,q = S (S +n+b)(S +n−−1)− z(S +n+a)(S +n−+1) .

2) The Geronimus transformation at  , which we define by

LG
p,q [u] =




x=0

u(x)
x−

(a)x

(b+1)x

zx

x!
,  ∈ K\N0, u ∈ K[x]. (26)

Using (24), we see that the first moment has the hypergeometric representation

G
0 (z;) = −−1

p+1Fq+1

(
a,−

b+1,−+1
;z

)
,

and therefore is a solution of the ODE G
p,q [y] = 0, where the differential operator G

p,q
is defined by

G
p,q =  ()( −)− z ()( −) = p,q ( −) . (27)

From (9) and (26), we see that

G
n+1 +(n −)G

n = LG
p,q [(x−)n] = Lp,q [n] = n,

and in particular
G

n+1 +(n−)G
n = n. (28)

From (18) and (27) we see that G
p,q

[
G

0

]
= 0, where the recurrence operator G

p,q
is defined by

G
p,q = p,q (S −) .

Similarly, (20) and (27) give G
p,q

[
G

n

]
= 0, with

G
p,q =p,q (S +n−).

3) The Uvarov transformation at  , which we define by

LU
p,q [u] = Lp,q [u]+u() z ,  ∈ K, u ∈ K [x] .

The differential operator U
p,q is defined by

U
p,q = ( −)( −−1)p,q, (29)

since

U
p,q =  ()( −)( −−1)− z ()( −+1)( −)

= [ ()( −−1)− z ()( −+1)]( −) ,
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and therefore
U

p,q [0] = 0, U
p,q [z ] = 0.

Comparing (29) with (25) and (27), we see that

U
p,q = G,C

p,q = C,G
p,q

in the sense of applying a double transformation to the operator p,q.
From (18) and (29) we see that U

p,q

[
U

0

]
= 0, where the recurrence operator

U
p,q is defined by

U
p,q = (S −)(S −−1)p,q.

Similarly, (20) and (29) give U
p,q

[
U

n

]
= 0, with

U
p,q = (S +n−)(S +n−−1)p,q.

REMARK 2. Because  − annihilates the function z , we have G
p,q [z ] = 0

and could have defined

LG
p,q [u] =




x=0

u(x)
x−

(a)x
(b+1)x

zx

x!
+u()z ,  ∈ K,

as some authors do. Thus, we will not consider the double transformation U,G
p,q , since

we can simplify the composition

U,G
p,q = G

p,q.

If  ( ) = 0, then the differential operator

U( )
p,q = ( −  −1)p,q

is called a reduced-Uvarov transformation, since

U( )
p,q =  ()( −  −1)− z () ( −  ) = [̃ ()( −  −1)− z ()] ( −  ) ,

with  () = ( −  ) ̃ () , and therefore U( )
p,q

[
z

]
= 0. In this case, we have

U( )
p,q = (S −  −1)p,q,

and
U( )

p,q = (S +n−  )p,q.

The second possibility for a reduced-Uvarov transformation happens when  ( ) =
0. We now have

U( )
p,q = ( −  )p,q,

U( )
p,q = (S −  )p,q,
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and

U( )
p,q = (S +n− −1)p,q.

4) The truncation transformation at N , which we define by

LT
p,q [u] =

N


x=0

u(x)
(a)x

(b+1)x

zx

x!
, N ∈ N0, u ∈ K[x].

The first moment admits the hypergeometric representation

 T
0 (z) = p+1Fq+1

(
a,−N

b+1,−N
;z

)
,

and therefore is a solution of the ODE T
p,q [y] = 0, where the differential operator T

p,q
is defined by

T
p,q =  ()( −N−1)− z () ( −N) = ( −N−1)p,q. (30)

From (18) and (30) we see that T
p,q

[
T

0

]
= 0, where the recurrence operator T

p,q
is defined by

T
p,q = (S −N−1)p,q.

Similarly, (20) and (30) give T
p,q

[
T

n

]
= 0, with

T
p,q = (S +n−N)p,q.

3. Examples

We now illustrate the application of the formulas that we have derived in the previ-
ous section. We will consider all discrete semiclassical functionals of class s � 2, and
also look at the subclasses obtained by applying one or more of the canonical transfor-
mations of the functional Lp,q.

3.1. Functionals of class 0 (discrete classical functionals)

The discrete classical orthogonal polynomials (Charlier, Meixner, Krawtchouk)
first appeared in the literature in the years 1905–1934, and were considered at the time
as a generalization of the continuous classical polynomials (Hermite, Laguerre, Jacobi).

The last member of this class (Hahn polynomials) were introduced by Chebyshev
(1875) and Hahn (1949), but we don’t consider them by themselves since they are a
special case (z = 1) of the Generalized Hahn polynomials (see Section 3.2.4).

We will use the notation (p,q;N) to indicate that one of the upper parameters in
the hypergeometric representation of the first moment is a negative integer −N, N ∈N .

For additional references, see [1], [13], [18], [19], [32], [48], [50], [59].
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3.1.1. Functional of type (0,0) (Charlier)

The Charlier polynomialswere introduced by Carl Vilhelm Ludwig Charlier (1862–
1934) in his paper [14].

Linear functional

L0,0 [u] =



x=0

u(x)
zx

x!
.

First moment differential operator

0,0 =  − z.

Standard moments recurrence operator

0,0 = S n+1− z(S +1)n .

Modified moments hypergeometric representation

n (z) = zn
0F0

(−
− ;z

)
= znez. (31)

Modified moments recurrence operator

0,0 = S − z.

REMARK 3. The Charlier polynomials have the hypergeometric representation
[49, 18.20.8]

P(0,0)
n (x;z) = 2F0

(−n,−x
− ;−z−1

)
. (32)

3.1.2. Functional of type (1,0) (Meixner)

The Meixner polynomials were introduced by Josef Meixner (1908–1994) in his
paper [46], although Ladislav Truksa (1891–?) already considered them in his 1931
papers [55], [56], [57] (see [12]).

Linear functional

L1,0 [u] =



x=0

u(x) (a)x
zx

x!
, z �= 1.

First moment differential operator

1,0 =  − z( +a) .

Standard moments recurrence operator

1,0 = S n+1− z(S +1)n (S +a) .

Modified moments hypergeometric representation

n (z) = zn (a)n 1F0

[
a+n
− ;z

]
= zn (a)n (1− z)−a−n . (33)

Modified moments recurrence operator

1,0 = S − z(S +n+a).
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3.1.2.1. Functional of type (1,0;N) (Krawtchouk)

The Krawtchouk polynomialswere introduced by Mykhailo PylypovychKravchuk
(1892–1942) in his paper [37]. These polynomials are a particular case of the Meixner
polynomials, with −a = N ∈ N.

Linear functional

L1,0;N [u] =
N


x=0

u(x) (−N)x
zx

x!
, z �= 1.

First moment differential operator

1,0;N =  − z( −N) .

Standard moments recurrence

1,0;N = S n+1− z(S +1)n (S −N) .

Modified moments

n (z) = zn (−N)n (1− z)N−n .

Modified moments recurrence operator

1,0;N = S − z(S +n−N).

3.2. Functionals of class 1

In [22] and [23], we classified the discrete semiclassical functionals of class s = 1.
There are 4 main families and 9 subfamilies, obtained by applying transformations to
the Charlier and Meixner functionals.

For additional references, see [2], [3], [6], [9], [11], [15], [27], [31], [34], [39],
[40], [44], [51].

3.2.1. Functional of type (0,1) (Generalized Charlier)

Linear functional

L0,1 [u] =



x=0

u(x)
1

(b+1)x

zx

x!
.

First moment differential operator

0,1 =  ( +b)− z.

Standard moments recurrence operator

0,1 = S n+1 (S +b)− z(S +1)n .
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Modified moments hypergeometric representation

n (z) =
zn

(b+1)n
0F1

[ −
b+1+n

;z

]
= z

n−b
2 (b+1)Ib+n

(
2
√

z
)
,

where Iv (z) denotes the modified Bessel function of the first kind [49, 10.25.2].
Modified moments recurrence operator

0,1 = S (S +n+b)− z = S 2 +(n+1+b)S − z. (34)

REMARK 4. If we write

n = Anpn,

then the recurrence (34) becomes

pn+1 +
(n+b)

A
pn− z

A2 pn−1 = 0.

Choosing
1
A

= −2x, − z
A2 = 1,

we get

pn+1−2(n+b)xpn + pn−1 = 0. (35)

The orthogonal polynomials satisfying the 3-term recurrence relation (35) with initial
conditions

p0 = 1, p1 = 2bx

are the modified Lommel polynomials having the hypergeometric representation

pn (x) = (b)n (2x)n
2F3

( − n
2 ,− n−1

2
b,−n,1−b−n

;−x−2
)

.

See [17], [28], [38], [42] .
Another possibility is to define

n = (−1)n qn,

where the monic polynomials qn (b) satisfy the 3-term recurrence relation

bqn = qn+1−nqn + zqn−1, q−1 = 0, q0 = 1.

For additional references on the generalized Charlier polynomials, see [16], [35],
[54], [58].
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3.2.2. Functional of type (1,1) (Generalized Meixner)

Linear functional

L1,1 [u] =



x=0

u(x)
(a)x

(b+1)x

zx

x!
.

First moment differential operator

1,1 =  ( +b)− z( +a) . (36)

Standard moments recurrence

1,1 = S n+1 (S +b)− z(S +1)n (S +a) .

Modified moments hypergeometric representation

n (z) = zn (a)n
(b+1)n

1F1

[
a+n

b+1+n
;z

]
.

Modified moments recurrence operator

1,1 = S (S +n+b)− z(S +n+a) = S 2 +(n+1+b− z)S − z(n+a).

REMARK 5. If we define
n = (−1)n pn,

then the monic polynomials pn (b) satisfy the 3-term recurrence relation

bpn = pn+1− (n− z) pn + z(n+a−1)pn−1.

For additional references on the generalized Meixner polynomials, see [10], [16],
[29].

3.2.2.1. Christoffel Charlier functional
Linear functional

LC
0,0 [u] =




x=0

(x−)u(x)
zx

x!
.

First moment differential operator

C
0,0 =  ( −−1)− z( −+1) ,

which is a special case of (36) with

a = −+1, b = −−1.

Standard moments recurrence operator

C
0,0 = S n+1 (S −−1)− z(S +1)n (S −+1) .
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Modified moments hypergeometric representation

C
n (z) = (n−)zn

1F1

(
n−+1

n− ;z

)
.

Using Kummer’s transformation [49, 13.2.39]

1F1

(
a
b
;z

)
= ez

1F1

(
b−a

b
;−z

)
,

we get

C
n (z;) = (n−)znez

1F1

( −1
n− ;−z

)
= (n−)znez

(
1+

z
n−

)
,

in agreement with (23), since

C
n = n+1 +(n−)n = (z−+n)znez. (37)

Modified moments recurrence operator

C
0,0 = S (S +n−−1)− z(S +n−+1)

= S 2 +(n−− z)S − z(n−+1) .
(38)

REMARK 6. Using (37), we see that the modified moments satisfy the first order
recurrence C

0,0 [] = 0, with

C
0,0 = (n−+ z)S − z(n−+1+ z).

This agrees with (38), since

(S +n+1−)C
0,0 = (z+n+1−)C

0,0.

3.2.2.2. Geronimus Charlier functional
Linear functional

LG
0,0 [u] =




x=0

u(x)
x−

zx

x!
,  /∈ N0.

First moment differential operator

G
0,0 = G

0,0 ( −) =  ( −)− z( −) ,

which is a special case of (36) with

a = − , b = − .
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Standard moments recurrence operator

G
0,0 = 0,0 (S −) =

[
S n+1− z(S +1)n

]
(S −) .

Modified moments hypergeometric representation

G
n (z;) =

zn

n− 1F1

(
n−

n−+1
;z

)
.

Using the identity [49, 13.6.5]

1F1

(
a

a+1
;−z

)
= az−a (a,z) ,

where  (a,z) is the incomplete gamma function defined by [49, 8.2.1]

 (a,z) =
z∫

0

ta−1e−t dt, Re(a) > 0,

we obtain
G

n (z;) = (−1)n (−z)  (n− ,−z) .

Since the function  (a,z) satisfies the recurrence [49, 8.8.1]

 (a+1,z) = a (a,z)− zae−z,

we see that
G

n+1 +(n−)G
n = znez = n,

in agreement with (28).
Modified moments recurrence operator

G
0,0 = 0,0 (S +n−) = S 2 +(n+1−− z)S − z(n−).

3.2.2.3. Reduced-Uvarov Charlier functional
Since for the Charlier functional

 () =  ,

we will have a reduced Uvarov transformation U ( ) for it if  = 0.
Linear functional

LU(0)
0,0 [u] =




x=0

u(x)
zx

x!
+u(0) .

First moment differential operator

U(0)
0,0 = ( −1)0,0 =  ( −1)− z ,
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which is a special case of (36) with

a = 0, b = −1.

Standard moments recurrence operator

U(0)
0,0 = (S −1)0,0 = S n+1 (S −1)− z(S +1)n S .

Modified moments recurrence operator

U(0)
0,0 = (S +n)0,0 = S 2 +(n− z)S −nz.

For additional references, see [7], [26].

3.2.2.4. Truncated Charlier functional
Linear functional

LT
0,0 [u] =

N


x=0

u(x)
zx

x!
, N ∈ N0.

First moment

 T
0 (z) =

N


x=0

zx

x!
= N (z) ,

where N (z) denotes the truncated exponential series [49, 8.4.11].
First moment differential operator

T
0,0 = ( −N−1)0,0 =  ( −N−1)− z( −N) ,

which is a special case of (36) with

a = −N, b = −N−1.

Standard moments recurrence operator

T
0,0 = (S −N−1)0,0 = S n+1 (S −N−1)− z(S +1)n (S −N) .

Modified moments hypergeometric representation

T
n (z) = zn

1F1

(
n−N
n−N

;z

)
=

zn

(N−n)!
U (n−N,n−N,z),

where U (a,b,z) is Tricomi’s function [49, 13.2.6]. Using the identity [49, 13.6.6]

U (a,a,z) = ez(1−a,z) ,

where (a,z) is the incomplete gamma function defined by [49, 8.6.5]

(a,z) =
∫

z

ta−1etdt,
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we conclude that

T
n (z) =

znez

(N−n)!
(N−n+1,z).

Comparing with (31), we see that

T
n (z) =

(N−n+1,z)
(N−n)!

n (z) , 0 � n � N.

Modified moments recurrence operator

T
0,0 = (S +n−N)0,0 = S 2 +(n−N− z)S − (n−N)z.

For additional references, see [33].

3.2.3. Functional of type (2,0;N) (Generalized Krawtchouk)

Linear functional

L2,0;N [u] =
N


x=0

u(x) (−N)x (a)x
zx

x!
, N ∈ N0.

First moment differential operator

2,0;N =  − z( −N)( +a) .

Standard moments recurrence operator

2,0;N = S n+1− z(S +1)n (S −N)(S +a) .

Modified moments hypergeometric representation

n (z) = zn (−N)n (a)n 2F0

[
n−N,a+n

− ;z

]
.

Using the hypergeometric representation (32) of the Charlier polynomials P(0,0)
n (x;z) ,

we can write
n (z) = zn (−N)n (a)n P(0,0)

N−n

(−a−n;−z−1) .

Modified moments recurrence operator

2,0;N = S − z(S +n−N)(S +n+a)

= −zS 2 +[1− z(2n+1−N+a)]S + z(N−n)(n+a).

REMARK 7. If we set z−1 = x, we see that the modified moments are a family of
monic orthogonal polynomials pn (x) , satisfying the 3-term recurrence relation

xpn = pn+1 +(2n−1−N+a) pn +(n+a−1)(n−N−1) pn−1.
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3.2.4. Functional of type (2,1) (Generalized Hahn of type I)

Linear functional

L2,1 [u] =



x=0

u(x)
(a1)x (a2)x

(b+1)x

zx

x!
.

First moment differential operator

2,1 =  ( +b)− z( +a1)( +a2) . (39)

Standard moments recurrence operator

2,1 = S n+1 (S +b)− z(S +1)n (S +a1)(S +a2) .

Modified moments hypergeometric representation

n (z) = zn (a1)n (a2)n

(b+1)n
2F1

[
a1 +n,a2 +n

b+1+n
;z

]
. (40)

Modified moments recurrence operator

2,1 = S (S +n+b)− z(S +n+a1)(S +n+a2) (41)

= (1− z)S 2 +[b+n+1− z(2n+1+a1+a2)]S − z(n+a1) (n+a2) .

REMARK 8. If we set b = −x, we see that the modified moments are a family of
orthogonal polynomials pn (x) , satisfying the 3-term recurrence relation

xpn = (1− z) pn+1 +[n− z(2n−1+a1+a2)] pn

+ z(n−1+a1)(n−1+a2) pn−1.

3.2.4.1. Hahn functional
When z = 1, the generalized Hahn functional of type I becomes the Hahn func-

tional [36]. Note that in this case (40) can be reduced using the identity [49, 15.4.20]

2F1

[
a1,a2

b
;1

]
=

(b−a2)−a1

(b)−a1

, Re(b−a2) > Re(a1) .

Choosing a1 = −N, N ∈ N, a2 = a, we get

n (1) =
(−N)n (a)n
(b+1)n

(b+1−a)N−n

(b+1+n)N−n
,

or

n (1) = (−1)n (b+1−a)N
(b+1)N

(−N)n (a)n

(a−b−N)n
,

which is a solution of (41) when z = 1, a1 = −N, and a2 = a

[(b−a+N−n)S − (n−N)(n+a)] [n (1)] = 0.

For additional references, see [20], [30].
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3.2.4.2. Christoffel Meixner functional
Linear functional

LC
1,0 [u] =




x=0

(x−)u(x) (a)x
zx

x!
.

First moment differential operator

C
1,0 =  ( −−1)− z( +a)( −+1) ,

which is a special case of (39) with

a1 = a, a2 = −+1, b = −−1.

Standard moments recurrence operator

C
1,0 = S n+1 (S −−1)− z(S +1)n (S +a)(S −+1) .

Modified moments hypergeometric representation

C
n (z) = (n−)(a)n zn

2F1

(
n+a,n−+1

n− ;z

)
.

Using the identity

2F1

(
a,b
c

;z

)
= (1− z)c−a−b

2F1

(
c−a,c−b

c
;z

)
,

we get

C
n (z;) = (n−)(a)n zn (1− z)−a−n−1

2F1

(−−a,−1
n− ;z

)
= (n−)(a)n zn (1− z)−a−n−1

[
1+

(a+)z
n−

]
,

in agreement with (23), since

C
n = n+1 +(n−)n = (z +az+n−)(1− z)−a−n−1 (a)n zn. (42)

Modified moments recurrence operator

C
1,0 = S (S +n−−1)− z(S +n+a)(S +n−+1)

= (1− z)S 2 +[n−− z(2n+2+a−)]S − z(n+1−)(n+a).
(43)

REMARK 9. From (42), we see that the modified moments satisfy the first order
recurrence C

1,0 [] = 0, where

C
1,0 = (1− z)(n−+ z+az)S − z(n+a)(n+1−+ z+az) .

This agrees with the second order recurrence (43), since

(S +n+1−)C
1,0 = (n+1−+ z+az)C

1,0.
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3.2.4.3. Geronimus Meixner functional
Linear functional

LG
1,0 [u] =




x=0

u(x)
x−

(a)x
zx

x!
,  /∈ N0.

First moment differential operator

G
1,0 = 1,0 ( −) =  ( −)− z( +a)( −) ,

which is a special case of (39) with

a1 = a, a2 = − , b = − .

Standard moments recurrence operator

G
1,0 = 1,0 (S −) =

[
S n+1− z(S +1)n (S +a)

]
(S −) .

Modified moments hypergeometric representation

G
n (z;) =

zn

n−
(a)n 2F1

[
a+n,n−
n−+1

;z

]
.

Using the identity [49, 8.17.7]

2F1

[
a,1−b
a+1

;z

]
= az−aBz (a,b) ,

we conclude that
G

n (z;) = (a)n zBz (n− ,1−a−n),

where Bz (a,b) is the incomplete beta function defined by [49, 8.17.1]

Bz (a,b) = za

1∫
0

ta−1 (1− zt)b−1 dt. (44)

Since the function Bz (a,b) satisfies the recurrence [49, 8.17(iv)]

aBz (a,b+1)−bBz (a+1,b) = za (1− z)b ,

we see that
G

n+1 +(n−)G
n = zn (a)n (1− z)−a−n = n,

in agreement with (28).
Modified moments recurrence operator

G
1,0 = 1,0 (S +n−)

= (1− z)S 2 +[n−+1− z(1+a−+2n)]S − z(n−)(n+a).



RECURRENCE RELATIONS FOR THE MOMENTS 107

3.2.4.4. Reduced-Uvarov Meixner functional
Since for the Meixner functional we have

 () =  ,  () =  +a,

we will have reduced cases for its Uvarov transformation U ( ) if

 = 0,−a.

i)  = 0 Linear functional

LU(0)
1,0 [u] =




x=0

u(x) (a)x
zx

x!
+u(0) .

First moment differential operator

U(0)
1,0 = ( −1)1,0 =  ( −1)− z( +a) ,

which is a special case of (39) with

a1 = a, a2 = 0, b = −1.

Standard moments recurrence operator

U(0)
1,0 = (S −1)1,0 = S n+1 (S −1)− z(S +1)n (S +a)S .

Modified moments recurrence operator

U(0)
1,0 = (S +n)1,0 = (1− z)S 2 +[n− z(2n+1+a)]S − zn(n+a).

For additional references, see [4], [8], [25].

ii)  = −a Linear functional

LU(−a)
1,0 [u] =




x=0

u(x) (a)x
zx

x!
+u(−a)z−a.

First moment differential operator

U(−a)
1,0 = ( +a)1,0 =  ( +a)− z( +a)( +a+1),

which is a special case of (39) with

a1 = a, a2 = a+1, b = a.

Standard moments recurrence operator

U(−a)
1,0 = (S +a)1,0 =

[
S n+1− z(S +1)n (S +a+1)

]
(S +a) .

Modified moments’ recurrence operator

U(−a)
1,0 = (S +n+a+1)1,0

= (1− z)S 2 − (n+a+1)[(2z−1)S + z(n+a)] .
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3.2.4.5. Truncated Meixner functional
Linear functional

LT
1,0 [u] =

N


x=0

u(x) (a)x
zx

x!
, N ∈ N0.

First moment differential operator

T
1,0 = ( −N−1)1,0 =  ( −N−1)− z( +a)( −N) ,

which is a special case of (39) with

a1 = a, a2 = −N, b = −N−1.

Standard moments recurrence operator

T
1,0 = (S −N−1)1,0 = S n+1 (S −N−1)− z(S +1)n (S +a)(S −N) .

Modified moments hypergeometric representation

T
n (z) = (a)n zn

2F1

(
n−N,n+a

n−N
;z

)
.

Using the transformation [49, 15.8.7]

2F1

(−N,b
c

;z

)
=

(c−b)N
(c)N

2F1

( −N,b
b− c−N+1

;1− z

)
,

we obtain

T
n (z) = (a)n zn (−N−a)N−n

(n−N)N−n
2F1

(
n+a,n−N
n+a+1

;1− z

)
.

Since the incomplete beta function (44) has the hypergeometric representation [49,
8.17.7]

Bz (a,b) =
za

a 2F1

(
1−b,a
a+1

;z

)
,

we conclude that

T
n (z) =

(a)N+1

(N−n)!
zn (1− z)−a−n B1−z (a+n,N−n+1),

and comparing with (33), we see that

T
n (z) =

(a+n)N−n+1

(N−n)!
B1−z (a+n,N−n+1)n (z) .

Modified moments recurrence operator

T
1,0 = (S +n−N)1,0

= (1− z)S 2 +[n−N− z(2n+1−N+a)]S − z(n−N)(n+a).
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3.3. Functionals of class 2

In [23], we classified the discrete semiclassical functionals of class s = 2. There
are 6 main families and 58 subfamilies, obtained by applying transformations to the
functionals of class s = 1, or double transformations to the functionals of class s = 0.

3.3.1. Functional of type (0,2)

Linear functional

L0,2 [u] =



x=0

u(x)
1

(b1 +1)x (b2 +1)x

zx

x!
.

First moment differential operator

0,2 =  ( +b1)( +b2)− z.

Standard moments recurrence operator

0,2 = S n+1 (S +b1) (S +b2)− z(S +1)n = 0.

Modified moments hypergeometric representation

n (z) =
zn

(b1 +1)n (b2 +1)n
0F2

[ −
b1 +1+n,b2 +1+n

;z

]
.

Modified moments recurrence operator

0,2 = S (S +n+b1) (S +n+b2)− z.

3.3.2. Functional of type (1,2)

Linear functional

L1,2 [u] =



x=0

u(x)
(a)x

(b1 +1)x (b2 +1)x

zx

x!
.

First moment differential operator

1,2 =  ( +b1)( +b2)− z( +a) . (45)

Standard moments recurrence operator

1,2 = S n+1 (S +b1)(S +b2)− z(S +1)n (S +a) .

Modified moments hypergeometric representation

n (z) =
zn (a)n

(b1 +1)n (b2 +1)n
1F2

[
a+n

b1 +1+n,b2 +1+n
;z

]
.

Modified moments recurrence operator

1,2 = S (S +n+1+b1)(S +n+1+b2)− z(S +n+a).
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3.3.2.1. Christoffel Generalized Charlier functional
Linear functional

LC
0,1 [u] =




x=0

(x−)u(x)
1

(b+1)x

zx

x!
.

First moment differential operator

C
0,1 =  ( +b)( −−1)− z( −+1) ,

which is a special case of (45) with

a = −+1, b1 = b, b2 = −−1.

Standard moments recurrence

C
0,1 = S n+1 (S +b)(S −−1)− z(S +1)n (S −+1) .

Modified moments hypergeometric representation

C
n (z) =

n−
(b+1)n

zn
1F2

(
n−+1

b+1+n,n− ;z

)
.

Modified moments recurrence operator

C
0,1 = S (S +n+b)(S +n−−1)− z(S +n−+1) .

3.3.2.2. Geronimus Generalized Charlier functional
Linear functional

LG
0,1 [u] =




x=0

u(x)
x−

1
(b+1)x

zx

x!
,  /∈ N0.

First moment differential operator

G
0,1 = 0,1 ( −) =  ( +b)( −)− z( −) ,

which is a special case of (45) with

a = − , b1 = b, b2 = − .

Standard moments recurrence operator

G
0,1 = 0,1 (S −) =

[
S n+1 (S +b)− z(S +1)n

]
(S −) .

Modified moments hypergeometric representation

G
n (z) =

1
n−

zn

(b+1)n
1F2

(
n−

b+1+n,n−+1
;z

)
.

Modified moments recurrence operator

G
0,1 = 0,1 (S +n−) = [S (S +n+b)− z] (S +n−).
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3.3.2.3. Reduced-Uvarov Generalized Charlier functional
Since for the Generalized Charlier functional we have

 () =  ( +b) ,

we will have reduced cases for its Uvarov transformation U ( ) if

 = 0,−b.

i)  = 0 Linear functional

LU(0)
0,1 [u] =




x=0

u(x)
1

(b+1)x

zx

x!
+u(0) .

First moment differential operator

U(0)
0,1 = ( −1)0,1 =  ( +b)( −1)− z ,

which is a special case of (45) with

a = 0, b1 = b, b2 = −1.

Standard moments recurrence operator

U(0)
0,1 = (S −1)0,1 = S n+1 (S +b)(S −1)− z(S +1)n S .

Modified moments recurrence operator

U(0)
0,1 = (S +n)0,1 = S (S +n+b)(S +n−1)− z(S +n) .

ii)  = −b Linear functional

LU(−b)
0,1 [u] =




x=0

u(x)
1

(b+1)x

zx

x!
+u(−b) .

First moment differential operator

U(−b)
0,1 = ( +b−1)0,1 =  ( +b)( +b−1)− z( +b) ,

which is a special case of (45) with

a = b, b1 = b, b2 = b−1.

Standard moments recurrence operator

U(−b)
0,1 = (S +b−1)0,1 =

[
S n+1 (S +b−1)− z(S +1)n

]
(S +b) .

Modified moments recurrence operator

U(−b)
0,1 = (S +n+b)0,1 = [S (S +n+b−1)− z] (S +n+b).
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3.3.2.4. Truncated Generalized Charlier functional
Linear functional

LT
0,1 [u] =

N


x=0

u(x)
1

(b+1)x

zx

x!
, N ∈ N0.

First moment differential operator

T
0,1 = ( −N−1)0,1 =  ( +b)( −N−1)− z( −N) ,

which is a special case of (45) with

a = −N, b1 = b, b2 = −N−1.

Standard moments recurrence operator

T
0,1 = (S −N−1)0,1 = S n+1 (S +b)(S −N−1)− z(S +1)n (S −N) .

Modified moments recurrence operator

T
0,1 = (S +n−N)0,1 = S (S +n+b)(S +n−N−1)− z(S +n−N).

3.3.3. Functional of type (2,2)

Linear functional

L2,2 [u] =



x=0

u(x)
(a1)x (a2)x

(b1 +1)x (b2 +1)x

zx

x!
.

First moment differential operator

2,2 =  ( +b1)( +b2)− z( +a1)( +a2) . (46)

Standard moments recurrence operator

2,2 = S n+1 (S +b1)(S +b2)− z(S +1)n (S +a1)(S +a2) .

Modified moments hypergeometric representation

n (z) =
zn (a1)n (a2)n

(b1 +1)n (b2 +1)n
2F2

[
a1 +n,a2 +n

b1 +1+n,b2 +1+n
;z

]
.

Modified moments recurrence operator

2,2 = S (S +n+b1)(S +n+b2)− z(S +n+a1)(S +n+a2) .
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3.3.3.1. Uvarov Charlier functional
Linear functional

LU
0,0 [u] =




x=0

u(x)
zx

x!
+u()z ,  �= 0.

First moment differential operator

U
0,0 = ( −)( −−1)0,0

=  ( −)( −−1)− z( −+1)( −) ,

which is a special case of (46) with

a1 = −+1, a2 = − , b1 = − , b2 = −−1.

Standard moments recurrence operator

U
0,0 = (S −)(S −−1)0,0

=
[
S n+1 (S −−1)− z(S +1)n (S −+1)

]
(S −) .

(47)

Modified moments recurrence operator

U
0,0 = (S +n−)(S +n−+1)0,0

= [S (S +n−−1)− z(S +n−+1)](S +n−).
(48)

3.3.3.2. Double Christoffel Charlier functional
Linear functional

LC2

0,0 [u] =



x=0

(x−1)(x−2)u(x)
zx

x!
.

First moment differential operator

C2

0,0 =  ( −1−1)( −2−1)− z( −1 +1)( −2 +1) ,

which is a special case of (46) with

a1 = −1 +1, a2 = −2 +1, b1 = −1−1, b2 = −2−1.

Standard moments recurrence operator

C2

0,0 = S n+1 (S −1−1)(S −2−1)− z(S +1)n (S −1 +1)(S −2 +1) .

Modified moments

C2

n = C
n+1 +(n−2)C

n

= n+2 +(2n+1−1−2)n+1 +(n−1)(n−2)n

=
[
z2 +(2n+1−1−2) z+(n−2)(n−1)

]
znez.
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Modified moments hypergeometric representation

C2

n (z) = (n−1)(n−2) zn
2F2

[
n−1 +1,n−2 +1

n−1,n−2
;z

]
.

Modified moments recurrence operator

C2

0,0 = S (S +n−1−1)(S +n−2−1)

− z(S +n−1 +1)(S +n−2 +1) .

3.3.3.3. Geronimus Christoffel Charlier functional
Linear functional

LG,C
0,0 [u] =




x=0

x−1

x−2
u(x)

zx

x!
, 1 �= 2, 2 /∈ N0.

First moment differential operator

G,C
0,0 = C

0,0 ( −2) =  ( −1−1)( −2)− z( −1 +1)( −2) ,

which is a special case of (46) with

a1 = −1 +1, a2 = −2, b1 = −1−1, b2 = −2.

Standard moments recurrence operator

G,C
0,0 = C

0,0 (S −2)

=
[
S n+1 (S −1−1)− z(S +1)n (S −1 +1)

]
(S −2) .

Modified moments hypergeometric representation

G,C
n (z) =

n−1

n−2
zn

2F2

[
n−1 +1,n−2

n−1,n−2 +1
;z

]
.

Modified moments recurrence operator

G,C
0,0 = C

0,0 (S +n−2)

= [S (S +n−1−1)− z(S +n−1 +1)](S +n−2) .

3.3.3.4. Reduced-Uvarov Christoffel Charlier functional
Since for the Christoffel Charlier functional we have

 () =  ( −−1) ,  () =  −+1,

we will have reduced cases for its Uvarov transformation U ( ) if

 = 0,+1,−1.
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i)  = 0
Linear functional

LU(0),C
0,0 [u] =




x=0

(x−)u(x)
zx

x!
+u(0) .

First moment differential operator

U(0),C
0,0 = ( −1)C

0,0 =  ( −−1)( −1)− z( −+1) ,

which is a special case of (46) with

a1 = −+1, a2 = 0, b1 = −−1, b2 = −1.

Standard moments recurrence operator

U(0),C
0,0 = (S −1)C

0,0 = S n+1 (S −−1)(S −1)

− z(S +1)n (S −+1)S .

Modified moments recurrence operator

U(0),C
0,0 = (S +n)C

0,0 = S (S +n−−1)(S +n−1)

− z(S +n−+1)(S +n) .

ii)  = +1
Linear functional

LU(+1),C
0,0 [u] =




x=0

(x−)u(x)
zx

x!
+u(+1)z+1.

First moment differential operator

U(+1),C
0,0 = ( −−2)C

0,0 =  ( −−1)( −−2)

− z( −+1)( −−1) ,

which is a special case of (46) with

a1 = −+1, a2 = −−1, b1 = −−1, b2 = −−2.

Standard moments recurrence operator

U(+1),C
0,0 = (S −−2)C

0,0

=
[
S n+1 (S −−2)− z(S +1)n (S −+1)

]
(S −−1) .

Modified moments recurrence operator

U(+1),C
0,0 = (S +n−−1)C

0,0

= [S (S +n−−2)− z(S +n−+1)](S +n−−1) .
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iii)  = −1
Linear functional

LU(−1),C
0,0 [u] =




x=0

(x−)u(x)
zx

x!
+u(−1)z−1.

First moment differential operator

U(−1),C
0,0 = ( −+1)C

0,0

=  ( −−1)( −+1)− z( −+1)( −+2) ,

which is a special case of (46) with

a1 = −+1, a2 = −+2, b1 = −−1, b2 = −+1.

Standard moments recurrence operator

U(−1),C
0,0 = (S −+1)C

0,0

=
[
S n+1 (S −−1)− z(S +1)n (S −+2)

]
(S −+1) .

Modified moments recurrence operator

U(−1),C
0,0 = (S +n−+2)C

0,0

= [S (S +n−−1)− z(S +n−+2)](S +n−+1) .

3.3.3.5. Truncated Christoffel Charlier functional
Linear functional

LT,C
0,0 [u] =

N


x=0

(x−)u(x)
zx

x!
, N ∈ N0.

First moment differential operator

T,C
0,0 = ( −N−1)C

0,0 =  ( −−1)( −N−1)

− z( −+1)( −N) ,

which is a special case of (46) with

a1 = −+1, a2 = −N, b1 = −−1, b2 = −N−1.

Standard moments recurrence operator

T,C
0,0 = (S −N−1)C

0,0 = S n+1 (S −−1)(S −N−1)

− z(S +1)n (S −+1)(S −N) .

Modified moments recurrence operator

T,C
0,0 = (S +n−N)C

0,0 = S (S +n−−1)(S +n−N−1)

− z(S +n−+1)(S +n−N).
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3.3.3.6. Double Geronimus Charlier functional
Linear functional

LG2

0,0 [u] =



x=0

1
(x−1) (x−2)

u(x)
zx

x!
, 1,2 /∈ N0.

First moment differential operator

G2

0,0 = G
0,0 ( −2) = 0,0 ( −1)( −2)

=  ( −1)( −2)− z( −1)( −2) ,

which is a special case of (46) with

a1 = −1, a2 = −2, b1 = −1, b2 = −2.

Standard moments recurrence operator

G2

0,0 = G
0,0 (S −2) = 0,0 (S −1)(S −2)

=
[
S n+1− z(S +1)n

]
(S −1)(S −2) .

Modified moments hypergeometric representation

G2

n (z) =
zn

(n−1)(n−2)
2F2

[
n−1,n−2

n−1 +1,n−2 +1
;z

]
.

Modified moments recurrence operator

G2

0,0 = G
0,0 (S +n−2) = 0,0 (S +n−1)(S +n−2)

= (S − z)(S +n−1)(S +n−2) .

3.3.3.7. Reduced-Uvarov Geronimus Charlier functional
Since for the Geronimus Charlier functional we have

 () =  ( −) ,  () =  − ,  /∈ N0,

we will have a reduced case for its Uvarov transformation U ( ) if  = 0.
Linear functional

LU(0),G
0,0 [u] =




x=0

u(x)
x−

zx

x!
+u(0) ,  /∈ N0.

First moment differential operator

U(0),G
0,0 = ( −1)G

0,0 = ( −1)0,0 ( −)

=  ( −1)( −)− z ( −) ,
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which is a special case of (46) with

a1 = 0, a2 = − , b1 = −1, b2 = − .

Standard moments recurrence operator

U(0),G
0,0 = (S −1)G

0,0 = (S −1)0,0 (S −)

=
[
S n+1 (S −1)− z(S +1)n S

]
(S −) .

Modified moments recurrence operator

U(0),G
0,0 = (S +n)G

0,0 = (S +n)0,0 (S +n−)

= [S (S +n−1)− z(S +n)](S +n−).

3.3.3.8. Truncated Geronimus Charlier functional
Linear functional

LT,G
0,0 [u] =

N


x=0

u(x)
x−

zx

x!
, N ∈ N0,  /∈ N0.

First moment differential operator

T,G
0,0 = ( −N−1)G

0,0 = ( −N−1)0,0 ( −)

=  ( −N−1)( −)− z( −N)( −) ,

which is a special case of (46) with

a1 = −N, a2 = − , b1 = −N−1, b2 = − .

Standard moments recurrence operator

T,G
0,0 = (S −N−1)G

0,0 = (S −N−1)0,0 (S −)

=
[
S n+1 (S −N−1)− z(S +1)n (S −N)

]
(S −) .

Modified moments recurrence operator

T,G
0,0 = (S +n−N)G

0,0 = (S +n−N)0,0 (S +n−)

= [S (S +n−N−1)− z(S +n−N)](S +n−).

3.3.3.9. Double Uvarov Charlier functional
Since for the Reduced Uvarov Charlier functional we have

U(0)
0,0 () =  ( −1) ,

we will have a reduced case for its Uvarov transformation U ( ) if  = 1.
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Linear functional

LU2(1,0)
0,0 [u] =




x=0

u(x)
zx

x!
+1u(0)+2u(1)z.

First moment differential operator

U2(1,0)
0,0 = ( −2)U(0)

0,0 = ( −2)( −1)0,0

=  ( −1)( −2)− z ( −1) ,

which is a special case of (47) with  = 1.
Standard moments recurrence operator

U2(1,0)
0,0 = (S −2)U(0)

0,0 = (S −2)(S −1)0,0

=
[
S n+1 (S −2)− z(S +1)n S

]
(S −1) .

Modified moments recurrence operator

U2(1,0)
0,0 = (S +n−1)U(0)

0,0 = (S +n−1)(S +n)0,0

= [S (S +n−2)− z(S +n)](S +n−1).
(49)

3.3.3.10. Reduced-Uvarov Truncated Charlier functional
Since for the Truncated Charlier functional we have

 () =  ( −N−1) ,  () =  −N, N ∈ N0,

we will have reduced cases for its Uvarov transformation U ( ) if

 = 0,N +1,N.

i)  = 0
Linear functional

LU(0),T
0,0 [u] =

N


x=0

u(x)
zx

x!
+u(0) , N ∈ N0.

First moment differential operator

U(0),T
0,0 = ( −1)T

0,0 = ( −1)( −N−1)0,0

=  ( −N−1)( −1)− z( −N) ,

which is a special case of (46) with

a1 = −N, a2 = 0, b1 = −N−1, b2 = −1.
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Standard moments recurrence operator

U(0),T
0,0 = (S −1)T

0,0 = (S −1)(S −N−1)0,0

= S n+1 (S −1)(S −N−1)− z(S +1)n S (S −N) .

Modified moments recurrence operator

U(0),T
0,0 = (S +n)T

0,0 = (S +n)(S +n−N)0,0

= S (S +n−1)(S +n−N−1)− z(S +n)(S +n−N).

ii)  = N +1
Linear functional

LU(N+1),T
0,0 [u] =

N


x=0

u(x)
zx

x!
+u(N +1)zN+1, N ∈ N0.

First moment differential operator

U(N+1),T
0,0 = ( −N−2)T

0,0 =  ( −N−1)( −N−2)

− z( −N)( −N−1) ,

which is a special case of (47) with  = N +1.
Standard moments recurrence operator

U(N+1),T
0,0 = (S −N−2)T

0,0 = (S −N−2)(S −N−1)0,0

=
[
S n+1 (S −N−2)− z(S +1)n (S −N)

]
(S −N−1) .

Modified moments recurrence operator

U(N+1),T
0,0 = (S +n−N−1)T

0,0 = (S +n−N−1)(S +n−N)0,0

= [S (S +n−N−2)− z(S +n−N)](S +n−N−1) .

iii)  = N
Linear functional

LU(N),T
0,0 [u] =

N


x=0

u(x)
zx

x!
+u(N) , N ∈ N0.

First moment differential operator

U(N),T
0,0 = ( −N)T

0,0 = ( −N)( −N−1)0,0

=  ( −N−1)( −N)− z( −N)( −N +1) ,

which is a special case of (47) with  = N.
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Standard moments recurrence operator

U(N),T
0,0 = (S −N)T

0,0 = (S −N)(S −N−1)0,0

=
[
S n+1 (S −N−1)− z(S +1)n (S −N +1)

]
(S −N) .

Modified moments recurrence operator

U(N),T
0,0 = (S +n−N+1)T

0,0 = (S +n−N+1)(S +n−N)0,0

= [S (S +n−N−1)− z(S +n−N+1)](S +n−N).

3.3.3.11. Christoffel Generalized Meixner functional
Linear functional

LC
1,1 [u] =




x=0

(x−)u(x)
(a)x

(b+1)x

zx

x!
.

First moment differential operator

C
0,1 =  ( +b)( −−1)− z( +a)( −+1) ,

which is a special case of (46) with

a1 = a, a2 = −+1, b1 = b, b2 = −−1.

Standard moments recurrence

C
1,1 = S n+1 (S +b)(S −−1)− z(S +1)n (S +a)(S −+1) .

Modified moments hypergeometric representation

C
n (z) = (n−)

(a)n

(b+1)n
zn

2F2

(
a+n,n−+1
b+1+n,n− ;z

)
.

Modified moments recurrence operator

C
1,1 = S (S +n+b)(S +n−−1)− z(S +n+a)(S +n−−1) .

3.3.3.12. Geronimus Generalized Meixner functional
Linear functional

LG
1,1 [u] =




x=0

u(x)
x−

(a)x

(b+1)x

zx

x!
,  /∈ N0.

First moment differential operator

G
1,1 = 1,1 ( −) =  ( +b)( −)− z( +a)( −) ,
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which is a special case of (45) with

a1 = a, a2 = − , b1 = b, b2 = − .

Standard moments recurrence operator

G
1,1 = 1,1 (S −) =

[
S n+1 (S +b)− z(S +1)n (S +a)

]
(S −)

Modified moments hypergeometric representation

G
n (z) =

1
n−

(a)n
(b+1)n

zn
2F2

(
a+n,n−

b+1+n,n−+1
;z

)
.

Modified moments recurrence operator

G
1,1 = 1,1 (S +n−) = [S (S +n+b)− z(S +n+a)] (S +n−).

3.3.3.13. Reduced-Uvarov Generalized Meixner functional
Since for the generalized Meixner functional we have

 () =  ( +b) ,  () =  +a,

we will have reduced cases for its Uvarov transformation U ( ) if

 = 0,−b,−a.

i)  = 0
Linear functional

LU(0)
1,1 [u] =




x=0

u(x)
(a)x

(b+1)x

zx

x!
+u(0) .

First moment differential operator

U(0)
1,1 = ( −1)1,1 =  ( +b)( −1)− z( +a) ,

which is a special case of (46) with

a1 = a, a2 = 0, b1 = b, b2 = −1.

Standard moments recurrence operator

U(0)
1,1 = (S −1)1,1 = S n+1 (S +b)(S −1)− z(S +1)n (S +a)S .

Modified moments recurrence operator

U(0)
1,1 = (S +n)1,1 = S (S +n+b)(S +n−1)− z(S +n+a)(S +n) .
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ii)  = −a
Linear functional

LU(−a)
1,1 [u] =




x=0

u(x)
(a)x

(b+1)x

zx

x!
+u(−a)z−a.

First moment differential operator

U(−a)
1,1 = ( +a)1,1 =  ( +b)( +a)− z( +a)( +a+1),

which is a special case of (46) with

a1 = a, a2 = a+1, b1 = b, b2 = a.

Standard moments recurrence operator

U(−a)
1,1 = (S +a)1,1 =

[
S n+1 (S +b)− z(S +1)n (S +a+1)

]
(S +a) .

Modified moments recurrence operator

U(−a)
1,1 = (S +n+a+1)1,1 = [S (S +n+b)− z(S +n+a+1)](S +n+a).

iii)  = −b
Linear functional

LU(−b)
1,1 [u] =




x=0

u(x)
(a)x

(b+1)x

zx

x!
+u(−b)z−b.

First moment differential operator

U(−b)
1,1 = ( +b−1)1,1 =  ( +b)( +b−1)− z( +a)( +b),

which is a special case of (46) with

a1 = a, a2 = b, b1 = b, b2 = b−1.

Standard moments recurrence operator

U(−b)
1,1 = (S +b−1)1,1 =

[
S n+1 (S +b−1)− z(S +1)n (S +a)

]
(S +b) .

Modified moments recurrence operator

U(−b)
1,1 = (S +n+b)1,1 = [S (S +n+b−1)− z(S +n+a)](S +n+b).
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3.3.3.14. Truncated Generalized Meixner functional
Linear functional

LT
1,1 [u] =

N


x=0

u(x)
(a)x

(b+1)x

zx

x!
, N ∈ N0.

First moment differential operator

T
1,1 = ( −N−1)1,1 =  ( +b)( −N−1)− z( +a)( −N) ,

which is a special case of (46) with

a1 = a, a2 = −N, b1 = b, b2 = −N−1.

Standard moments recurrence operator

T
1,1 = (S −N−1)1,1 = S n+1 (S +b)(S −N−1)

− z(S +1)n (S +a)(S −N) .

Modified moments recurrence operator

T
1,1 = (S +n−N)1,1 = S (S +n+b)(S +n−N−1)

− z(S +n+a)(S +n−N).

3.3.4. Functional of type (3,0;N)

Linear functional

L3,0;N [u] =
N


x=0

u(x) (−N)x (a1)x (a2)x
zx

x!
, N ∈ N0,

First moment differential operator

3,0;N =  − z( −N)( +a1)( +a2) .

Standard moments recurrence operator

3,0;N = S n+1− z(S +1)n (S −N)(S +a1)(S +a2) .

Modified moments hypergeometric representation

n (z) = (−N)n (a1)n (a2)n zn
3F0

[
n−N,a1 +n,a2 +n

− ;z

]
.

Modified moments recurrence operator

3,0;N = S − z(S +n−N)(S +n+a1)(S +n+a2) .
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3.3.5. Functional of type (3,1;N)

Linear functional

L3,1;N [u] =
N


x=0

u(x)
(−N)x (a1)x (a2)x

(b+1)x

zx

x!
, N ∈ N0.

First moment

0 (z) = 3F1

[−N,a1,a2

b+1
;z

]
.

First moment differential operator

3,1;N =  ( +b)− z( −N)( +a1) ( +a2) . (50)

Standard moments recurrence operator

3,1;N = S n+1 (S +b)− z(S +1)n (S −N)(S +a1) (S +a2) .

Modified moments hypergeometric representation

n (z) =
(−N)n (a1)n (a2)n

(b+1)n
zn

3F1

[
n−N,a1 +n,a2 +n

b+1+n
;z

]
.

Modified moments recurrence operator

3,1;N = S (S +n+b)− z(S +n−N)(S +n+a1) (S +n+a2) .

3.3.5.1. Christoffel Generalized Krawtchouk functional
Linear functional

LC
2,0;N [u] =

N


x=0

(x−)u(x) (−N)x (a)x
zx

x!
, N ∈ N0.

First moment differential operator

C
2,0;N =  ( −−1)− z( −N)( +a)( −+1)

which is a special case of (50) with

a1 = −N, a2 = a, a3 = −+1, b = −−1.

Standard moments recurrence

C
2,0;N = S n+1 (S −−1)− z(S +1)n (S −N)(S +a)(S −+1) .

Modified moments hypergeometric representation

C
n (z) = (n−)

(−N)n (a)n

(b+1)n
zn

3F1

(
n−N,a+n,n−+1

n− ;z

)
.

Modified moments recurrence operator

C
2,0;N = S (S +n−−1)− z(S +n−N)(S +n+a)(S +n−−1) .
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3.3.5.2. Geronimus Generalized Krawtchouk functional
Linear functional

LG
2,0;N [u] =

N


x=0

u(x)
x−

(−N)x (a)x
zx

x!
, N ∈ N0,  /∈ N0.

First moment differential operator

G
2,0;N = 2,0;N ( −) =  ( −)− z( −N)( +a)( −)

which is a special case of (50) with

a1 = −N, a2 = a, a3 = − , b = − .

Standard moments recurrence operator

G
2,0;N = 2,0;N (S −) =

[
S n+1− z(S +1)n (S −N)(S +a)

]
(S −)

Modified moments hypergeometric representation

G
n (z) =

1
n−

(−N)n (a)n
(b+1)n

zn
3F1

(
n−N,a+n,n−

n−+1
;z

)
.

Modified moments recurrence operator

G
2,0;N = 2,0;N (S +n−) = [S − z(S +n−N)(S +n+a)] (S +n−).

3.3.5.3. Reduced-Uvarov Generalized Krawtchouk functional
Since for the Generalized Krawtchouk functional we have

 () =  ,  () = ( −N)( +a) , N ∈ N0,

we will have reduced cases for its Uvarov transformation U ( ) if

 = 0,N,−a.

i)  = 0
Linear functional

LU(0)
2,0;N [u] =

N


x=0

u(x) (−N)x (a)x
zx

x!
+u(0) , N ∈ N0.

First moment differential operator

U(0)
2,0;N = ( −1)2,0;N =  ( −1)− z( −N)( +a) ,

which is a special case of (50) with

a1 = −N, a2 = a, a3 = 0, b = −1.
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Standard moments recurrence operator

U(0)
2,0;N = (S −1)2,0;N = S n+1 (S −1)− z(S +1)n (S −N)(S +a)S .

Modified moments recurrence operator

U(0)
2,0;N = (S +n)2,0;N = S (S +n−1)− z(S +n−N)(S +n+a)(S +n) .

ii)  = N
Linear functional

LU(N)
2,0;N [u] =

N


x=0

u(x) (−N)x (a)x
zx

x!
+u(N) zN .

First moment differential operator

U(N)
2,0;N = ( −N)2,0;N =  ( −N)− z( −N)( +a)( −N +1) ,

which is a special case of (50) with

a1 = −N, a2 = a, a3 = −N +1, b = −N.

Standard moments recurrence operator

U(N)
2,0;N = (S −N)2,0;N

=
[
S n+1− z(S +1)n (S +a)(S −N +1)

]
(S −N) .

Modified moments recurrence operator

U(N)
2,0;N = (S +n−N+1)2,0;N

= [S − z(S +n+a)(S +n−N+1)](S +n−N).

iii)  = −a
Linear functional

LU(−a)
2,0;N [u] =

N


x=0

u(x) (−N)x (a)x
zx

x!
+u(−a)z−a.

First moment differential operator

U(−a)
2,0;N = ( +a)2,0;N

=  ( +a)− z( −N)( +a)( +a+1),

which is a special case of (50) with

a1 = −N, a2 = a, a3 = a+1, b = a.
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Standard moments recurrence operator

U(−a)
2,0;N = (S +a)2,0;N

=
[
S n+1− z(S +1)n (S −N)(S +a+1)

]
(S +a) .

Modified moments recurrence operator

U(−a)
2,0;N = (S +n+a+1)2,0;N

= [S − z(S +n−N)(S +n+a+1)](S +n+a).

3.3.6. Functional of type (3,2)

Linear functional

L3,2 [u] =



x=0

u(x)
(a1)x (a2)x (a3)x

(b1 +1)x (b2 +1)x

zx

x!
.

First moment

0 (z) = 3F2

[
a1,a2,a3

b1 +1,b2 +1
;z

]
.

First moment differential operator

3,2 =  ( +b1) ( +b2)− z( +a1)( +a2)( +a3) . (51)

Standard moments recurrence operator

3,2 = S n+1 (S +b1) (S +b2)
− z(S +1)n (S +a1)(S +a2) (S +a3) .

Modified moments hypergeometric representation

n (z) =
(−N)n (a1)n (a2)n

(b1 +1)n (b2 +1)n
zn

3F1

[
n−N,a1 +n,a2 +n
b+1+n,b2+1+n

;z

]
.

Modified moments recurrence operator

3,2 = S (S +n+b1) (S +n+b2)
− z(S +n+a1)(S +n+a2)(S +n+a3) .

3.3.6.1. Uvarov Meixner functional
Linear functional

LU
1,0 [u] =




x=0

u(x) (a)x
zx

x!
+u() z ,  �= 0,−a.
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First moment differential operator

U
1,0 = ( −)( −−1)1,0

=  ( −)( −−1)− z( +a)( −+1)( −) ,

which is a special case of (51) with

a1 = a, a2 = −+1, a3 = − , b1 = − , b2 = −−1.

Standard moments recurrence operator

U
1,0 = (S −)(S −−1)1,0

=
[
S n+1 (S −−1)− z(S +1)n (S +a)(S −+1)

]
(S −) .

Modified moments recurrence operator

U
1,0 = (S +n−)(S +n−+1)1,0

= [S (S +n−−1)− z(S +n+a)(S +n−+1)](S +n−).

3.3.6.2. Geronimus Christoffel Meixner functional
Linear functional

LG,C
1,0 [u] =




x=0

x−1

x−2
u(x) (a)x

zx

x!
, 1 �= 2, 2 /∈ N0.

First moment differential operator

G,C
1,0 = C

1,0 ( −2) =  ( −1−1)( −2)− z( +a)( −1 +1)( −2) ,

which is a special case of (46) with

a1 = a, a2 = −1 +1, a3 = −2, b1 = −1−1, b2 = −2.

Standard moments recurrence operator

G,C
1,0 = C

1,0 (S −2)

=
[
S n+1 (S −1−1)− z(S +1)n (S +a)(S −1 +1)

]
(S −2) .

Modified moments hypergeometric representation

G,C
n (z) =

n−1

n−2
(a)n zn

3F2

[
a+n,n−1+1,n−2

n−1,n−2 +1
;z

]
.

Modified moments recurrence operator

G,C
1,0 = C

1,0 (S +n−2)

= [(S +n−1−1)S − z(S +n+a)(S +n−1 +1)](S +n−2) .
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3.3.6.3. Double Christoffel Meixner functional
Linear functional

LC2

1,0 [u] =



x=0

(x−1)(x−2)u(x) (a)x
zx

x!
.

First moment differential operator

C2

1,0 =  ( −1−1)( −2−1)− z( +a)( −1 +1)( −2 +1) ,

which is a special case of (46) with

a1 = a, a2 = −1 +1, a3 = −2 +1, b1 = −1−1, b2 = −2−1.

Standard moments recurrence operator

C2

1,0 = S n+1 (S −1−1)(S −2−1)

− z(S +1)n (S +a)(S −1 +1)(S −2 +1) .

Modified moments

C2

n = C
n+1 +(n−2)C

n

= n+2 +(2n+1−1−2)n+1 +(n−1)(n−2)n

=
(
2z

2 +1z+0
)
zn (a)n (1− z)−a−n−2 ,

where

2 = (a+1) (a+2) ,
1 = a− (a+2)1 − (a+1)2 +n(1+2a+1+2)
0 = (n−1) (n−2) .

Modified moments hypergeometric representation

C2

n (z) = (n−1) (n−2)(a)n zn
3F2

[
a+n,n−1+1,n−2 +1

n−1,n−2
;z

]
.

Modified moments recurrence operator

C2

1,0 = S (S +n−1−1)(S +n−2−1)

− z(S +n+a)(S +n−1 +1)(S +n−2 +1) .
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3.3.6.4. Reduced-Uvarov Christoffel Meixner functional
Since for the Christoffel Meixner functional we have

 () =  ( −−1) ,  () = ( +a)( −+1) ,

we will have reduced cases for its Uvarov transformation U ( ) if

 = 0,+1,−a,−1.

i)  = 0
Linear functional

LU(0),C
1,0 [u] =




x=0

(x−)u(x) (a)x
zx

x!
+u(0) .

First moment differential operator

U(0),C
1,0 = ( −1)C

1,0 =  ( −−1)( −1)− z( +a)( −+1) ,

which is a special case of (51) with

a1 = a, a2 = −+1, a3 = 0, b1 = −−1, b2 = −1.

Standard moments recurrence operator

U(0),C
1,0 = (S −1)C

1,0

= S n+1 (S −−1)(S −1)− z(S +1)n (S +a)(S −+1)S .

Modified moments recurrence operator

U(0),C
1,0 = (S +n)C

1,0 = S (S +n−−1)(S +n−1)

− z(S +a)(S +n−+1)(S +n) .

ii)  = +1
Linear functional

LU(+1),C
1,0 [u] =




x=0

(x−)u(x) (a)x
zx

x!
+u( +1)z+1.

First moment differential operator

U(+1),C
1,0 = ( −−2)C

1,0

=  ( −−1)( −−2)− z( +a)( −+1)( −−1) ,

which is a special case of (51) with

a1 = a, a2 = −+1, a3 = −−1, b1 = −−1, b2 = −−2.
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Standard moments recurrence operator

U(+1),C
1,0 = (S −−2)C

1,0

=
[
S n+1 (S −−2)− z(S +1)n (S +a)(S −+1)

]
(S −−1) .

Modified moments recurrence operator

U(+1),C
1,0 = (S +n−−1)C

1,0

= [S (S +n−−2)− z(S +n+a)(S +n−+1)](S +n−−1) .

iii)  = −a
Linear functional

LU(−a),C
0,0 [u] =




x=0

(x−)u(x) (a)x
zx

x!
+u(−a)z−a.

First moment differential operator

U(−a),C
1,0 = ( +a)C

1,0

=  ( −−1)( +a)− z( +a)( −+1)( +a+1),

which is a special case of (51) with

a1 = a, a2 = −+1, a3 = a+1, b1 = −−1, b2 = a.

Standard moments recurrence operator

U(−a),C
1,0 = (S +a)C

1,0

=
[
S n+1 (S −−1)− z(S +1)n (S −+1)(S +a+1)

]
(S +a) .

Modified moments recurrence operator

U(−a),C
1,0 = (S +n+a+1)C

1,0

= [S (S +n−−1)− z(S +n−+1)(S +n+a+1)](S +n+a).

iv)  = −1
Linear functional

LU(−1),C
1,0 [u] =




x=0

(x−)u(x) (a)x
zx

x!
+u(−1)z−1.

First moment differential operator

U(−1),C
1,0 = ( −+1)C

1,0

=  ( −−1)( −+1)− z( +a)( −+1)( −+2) ,
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which is a special case of (51) with

a1 = a, a2 = −+1, a3 = −+2, b1 = −−1, b2 = −+1.

Standard moments recurrence operator

U(−1),C
1,0 = (S −+1)C

1,0

=
[
S n+1 (S −−1)− z(S +1)n (S +a)(S −+2)

]
(S −+1) .

Modified moments recurrence operator

U(−1),C
1,0 = (S +n−+2)C

1,0

= [S (S +n−−1)− z(S +n+a)(S +n−+2)](S +n−+1) .

3.3.6.5. Truncated Christoffel Meixner functional
Linear functional

LT,C
1,0 [u] =

N


x=0

(x−)u(x) (a)x
zx

x!
, N ∈ N0.

First moment differential operator

T,C
1,0 = ( −N−1)C

1,0

=  ( −−1)( −N−1)− z( +a)( −+1)( −N) ,

which is a special case of (51) with

a1 = a, a2 = −+1, a3 = −N, b1 = −−1, b2 = −N−1.

Standard moments recurrence operator

T,C
1,0 = (S −N−1)C

1,0 = S n+1 (S −−1)(S −N−1)

− z(S +1)n (S +a)(S −+1)(S −N) .

Modified moments recurrence operator

T,C
1,0 = (S +n−N)C

1,0 = S (S +n−−1)(S +n−N−1)

− z(S +n+a)(S +n−+1)(S +n−N).

3.3.6.6. Double Geronimus Meixner functional
Linear functional

LG2

1,0 [u] =



x=0

1
(x−1) (x−2)

u(x) (a)x
zx

x!
, 1,2 /∈ N0.
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First moment differential operator

G2

1,0 = G
1,0 ( −2) =1,0 ( −1) ( −2)

=  ( −1)( −2)− z( +a)( −1) ( −2) ,

which is a special case of (51) with

a1 = a, a2 = −1, a3 = −2, b1 = −1, b2 = −2.

Standard moments recurrence operator

G2

1,0 = G
1,0 (S −2) = 1,0 (S −1) (S −2)

=
[
S n+1− z(S +1)n (S +a)

]
(S −1) (S −2) .

Modified moments hypergeometric representation

G2

n (z) =
(a)n zn

(n−1)(n−2)
3F2

[
a+n,n−1,n−2

n−1 +1,n−2 +1
;z

]
.

Modified moments recurrence operator

G2

1,0 = G
1,0 (S +n−2) = 1,0 (S +n−1)(S +n−2)

= [S − z(S +n+a)](S +n−1)(S +n−2) .

3.3.6.7. Reduced-Uvarov Geronimus Meixner functional
Since for the Geronimus Meixner functional we have

 () =  ( −) ,  () = ( +a)( −) ,  /∈ N0,

we will have a reduced case for its Uvarov transformation U ( ) if

 = 0,−a.

i)  = 0
Linear functional

LU(0),G
1,0 [u] =




x=0

u(x)
x−

(a)x
zx

x!
+u(0) ,  /∈ N0.

First moment differential operator

U(0),G
1,0 = ( −1)G

1,0 = ( −1)1,0 ( −)

=  ( −)( −1)− z( +a)( −) ,

which is a special case of (51) with

a1 = a, a2 = − , a3 = 0, b1 = − , b2 = −1.
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Standard moments recurrence operator

U(0),G
1,0 = (S −1)G

1,0 = (S −1)1,0 (S −)

=
[
S n+1 (S −1)− z(S +1)n (S +a)S

]
(S −) .

Modified moments recurrence operator

U(0),G
1,0 = (S +n)G

1,0 = (S +n)1,0 (S +n−)

= [S (S +n−1)− z(S +n+a)(S +n)](S +n−).

ii)  = −a
Linear functional

LU(−a),G
1,0 [u] =




x=0

u(x)
x−

(a)x
zx

x!
+u(−a)z−a,  /∈ N0.

First moment differential operator

U(−a),G
1,0 = ( +a)G

1,0 = ( +a)1,0 ( −)

=  ( −)( +a)− z( +a)( −)( +a+1),

which is a special case of (51) with

a1 = a, a2 = − , a3 = a+1, b1 = − , b2 = a.

Standard moments recurrence operator

U(−a),G
1,0 = (S +a)G

1,0 = (S +a)1,0 (S −)

=
[
S n+1− z(S +1)n (S +a+1)

]
(S +a)(S −) .

Modified moments recurrence operator

U(−a),G
1,0 = (S +a+n+1)G

1,0 = (S +a+n+1)1,0 (S +n−)

= [S − z(S +a+n+1)] (S +a+n)(S +n−).

3.3.6.8. Truncated Geronimus Meixner functional
Linear functional

LT,G
1,0 [u] =

N


x=0

u(x)
x−

(a)x
zx

x!
, N ∈ N0,  /∈ N0.

First moment differential operator

T,G
1,0 = ( −N−1)G

1,0 = ( −N−1)1,0 ( −)

=  ( −)( −N−1)− z( +a)( −)( −N) ,
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which is a special case of (51) with

a1 = a, a2 = − , a3 = −N b1 = − , b2 = −N−1.

Standard moments recurrence operator

T,G
1,0 = (S −N−1)G

1,0 = (S −N−1)1,0 (S −)

=
[
S n+1 (S −N−1)− z(S +1)n (S +a)(S −N)

]
(S −) .

Modified moments recurrence operator

T,G
1,0 = (S +n−N)G

1,0 = (S +n−N)1,0 (S +n−)

= [S (S +n−N−1)− z(S +n+a)(S +n−N)](S +n−).

3.3.6.9. Double Uvarov Meixner functional
Since for the Reduced-Uvarov Meixner functional we have

U(0)
1,0 () =  ( −1) , U(0)

1,0 () =  ( +a)

U(−a)
1,0 () =  ( +a) , U(−a)

1,0 () = ( +a)( +a+1),

we will have a reduced case for their Uvarov transformations U ( ) if

 = 1,−a, or  = 0,−a−1.

i)  = 1
Linear functional

LU(1,0)
1,0 [u] =




x=0

u(x) (a)x
zx

x!
+1u(0)+2u(1)z.

First moment differential operator

U(1,0)
1,0 = ( −2)U(0)

1,0 = ( −2)( −1)1,0

=  ( −1)( −2)− z( +a) ( −1) ,

which is a special case of (51) with

a1 = a, a2 = 0, a3 = −1, b1 = −1, b2 = −2.

Standard moments recurrence operator

U(1,0)
1,0 = (S −2)U(0)

1,0 = (S −2)(S −1)1,0

=
[
S n+1 (S −2)− z(S +1)n (S +a)S

]
(S −1) .
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Modified moments recurrence operator

U(1,0)
1,0 = (S +n−1)U(0)

1,0 = (S +n−1)(S +n)1,0

= [S (S +n−2)− z(S +n+a)(S +n)](S +n−1).

ii)  = −a
Linear functional

LU(−a,0)
1,0 [u] =




x=0

u(x) (a)x
zx

x!
+1u(0)+2u(−a)z−a.

First moment differential operator

U(−a,0)
1,0 = ( +a)U(0)

1,0 = ( +a)( −1)1,0

=  ( −1)( +a)− z( +a) ( +a+1),

which is a special case of (51) with

a1 = a, a2 = 0, a3 = a+1, b1 = −1, b2 = a.

Standard moments recurrence operator

U(−a,0)
1,0 = (S +a)U(1)

1,0 = (S +a)(S −1)1,0

=
[
S n+1 (S −1)− z(S +1)n S (S +a+1)

]
(S +a) .

Modified moments recurrence operator

U(−a,0)
1,0 = (S +n+a+1)U(0)

1,0 = (S +n+a+1)(S +n)1,0

= [S (S +n−1)− z(S +n)(S +n+a+1)] (S +n+a).

iii)  = −a−1
Linear functional

LU(−a−1,−a)
1,0 [u] =




x=0

u(x) (a)x
zx

x!
+1u(−a)z−a +2u(−a−1)z−a−1.

First moment differential operator

U(−a−1,−a)
1,0 = ( +a+1)U(−a)

1,0 = ( +a+1)( +a)1,0

=  ( +a)( +a+1)− z( +a)( +a+1)( +a+2),

which is a special case of (51) with

a1 = a, a2 = a+1, a3 = a+2, b1 = a, b2 = a+1.
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Standard moments recurrence operator

U(−a−1,−a)
1,0 = (S +a+1)U(−a)

1,0 = (S +a+1)(S +a)1,0

=
[
S n+1− z(S +1)n (S +a+2)

]
(S +a)(S +a+1).

Modified moments recurrence operator

U(−a−1,−a)
1,0 = (S +n+a+2)U(−a)

1,0 = (S +n+a+2)(S +n+a+1)1,0

= [S − z(S +n+a+2)](S +n+a)(S +n+a+1).

3.3.6.10. Reduced-Uvarov Truncated Meixner functional
Since for the Truncated Meixner functional we have

 () =  ( −N−1) ,  () = ( +a)( −N) , N ∈ N0,

we will have reduced cases for its Uvarov transformation U ( ) if

 = 0,N +1,−a,N.

i)  = 0
Linear functional

LU(0),T
1,0 [u] =

N


x=0

u(x) (a)x
zx

x!
+u(0) , N ∈ N0.

First moment differential operator

U(0),T
1,0 = ( −1)T

1,0 = ( −1)( −N−1)1,0

=  ( −N−1)( −1)− z( +a)( −N) ,

which is a special case of (51) with

a1 = a, a2 = −N, a3 = 0, b1 = −N−1, b2 = −1.

Standard moments recurrence operator

U(0),T
1,0 = (S −1)T

1,0 = (S −1)(S −N−1)1,0

= S n+1 (S −N−1)(S −1)− z(S +1)n (S +a)(S −N)S .

Modified moments recurrence operator

U(0),T
1,0 = (S +n)T

1,0 = (S +n)(S +n−N)1,0

= S (S +n−N−1)(S +n−1)− z(S +a)(S +n−N)(S +n) .
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ii)  = N +1
Linear functional

LU(N+1),T
1,0 [u] =

N


x=0

u(x) (a)x
zx

x!
+u(N +1)zN+1, N ∈ N0.

First moment differential operator

U(N+1),T
1,0 = ( −N−2)T

1,0 = ( −N−2)( −N−1)1,0

=  ( −N−1)( −N−2)− z( +a)( −N)( −N−1) ,

which is a special case of (51) with

a1 = a, a2 = −N, a3 = −N−1, b1 = −N−1, b2 = −N−2.

Standard moments recurrence operator

U(N+1),T
1,0 = (S −N−2)T

1,0 = (S −N−2)(S −N−1)1,0

=
[
S n+1 (S −N−2)− z(S +1)n (S +a)(S −N)

]
(S −N−1) .

Modified moments recurrence operator

U(N+1),T
1,0 = (S +n−N−1)T

1,0 = (S +n−N−1)(S +n−N)1,0

= [S (S +n−N−2)− z(S +n+a)(S +n−N)](S +n−N−1) .

iii)  = −a
Linear functional

LU(−a),T
1,0 [u] =

N


x=0

u(x) (a)x
zx

x!
+u(−a)z−a, N ∈ N0.

First moment differential operator

U(−a),T
1,0 = ( +a)T

1,0 = ( +a)( −N−1)1,0

=  ( −N−1)( +a)− z( +a)( −N)( +a+1),

which is a special case of (51) with

a1 = a, a2 = −N, a3 = a+1, b1 = −N−1, b2 = a.

Standard moments recurrence operator

U(−a),T
1,0 = (S +a)T

1,0 = (S +a)(S −N−1)1,0

=
[
S n+1 (S −N−1)− z(S +1)n (S −N)(S +a+1)

]
(S +a) .
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Modified moments recurrence operator

U(−a),T
1,0 = (S +n+a+1)T

1,0 = (S +n+a+1)(S +n−N)1,0

= [S (S +n−N−1)− z(S +n−N)(S +n+a+1)](S +n+a).

iv)  = N
Linear functional

LU(N),T
1,0 [u] =

N


x=0

u(x) (a)x
zx

x!
+u(N) zN , N ∈ N0.

First moment differential operator

U(N),T
1,0 = ( −N)T

1,0 = ( −N)( −N−1)1,0

=  ( −N−1)( −N)− z( +a)( −N)( −N +1) ,

which is a special case of (51) with

a1 = a, a2 = −N, a3 = −N +1, b1 = −N−1, b2 = −N.

Standard moments recurrence operator

U(N),T
1,0 = (S −N)T

1,0 = (S −N)(S −N−1)1,0

=
[
S n+1 (S −N−1)− z(S +1)n (S +a)(S −N +1)

]
(S −N) .

Modified moments recurrence operator

U(N),T
1,0 = (S +n−N+1)T

1,0 = (S +n−N+1)(S +n−N)1,0

= [S (S +n−N−1)− z(S +n+a)(S +n−N+1)](S +n−N).

3.3.6.11. Christoffel Generalized Hahn functional
Linear functional

LC
2,1 [u] =




x=0

(x−)u(x)
(a1)x (a2)x

(b+1)x

zx

x!
.

First moment differential operator

C
2,1 =  ( +b)( −−1)− z( +a1)( +a2) ( −+1) ,

which is a special case of (51) with

a3 = −+1, b1 = b, b2 = −−1.

Standard moments recurrence

C
2,1 = S n+1 (S +b)(S −−1)− z(S +1)n (S +a1)(S +a2) (S −+1) .
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Modified moments hypergeometric representation

C
n (z) = (n−)

(a1)n (a2)n

(b+1)n
zn

3F2

[
a1 +n,a2 +n,n−+1

b+1+n,n− ;z

]
.

Modified moments recurrence operator

C
2,1 = S (S +n+b)(S +n−−1)

− z(S +n+a1)(S +n+a2) (S +n−+1) .

3.3.6.12. Geronimus Generalized Hahn functional
Linear functional

LG
2,1 [u] =




x=0

u(x)
x−

(a1)x (a2)x

(b+1)x

zx

x!
,  /∈ N0.

First moment differential operator

G
2,1 = 2,1 ( −) =  ( +b)( −)− z( +a1)( +a2) ( −) ,

which is a special case of (51) with

a3 = − , b1 = b, b2 = − .

Standard moments recurrence operator

G
2,1 = 2,1 (S −) =

[
S n+1 (S +b)− z(S +1)n (S +a1)(S +a2)

]
(S −)

Modified moments hypergeometric representation

G
n (z) =

1
n−

(a1)n (a2)n

(b+1)n
zn

3F2

(
a1 +n,a2 +n,n−
b+1+n,n−+1

;z

)
.

Modified moments recurrence operator

G
2,1 = 2,1 (S +n−)

= [S (S +n+b)− z(S +n+a1) (S +n+a2)](S +n−).

3.3.6.13. Reduced-Uvarov Generalized Hahn functional
Since for the generalized Hahn functional we have

 () =  ( +b) ,  () = ( +a1)( +a2) ,

we will have reduced cases for its Uvarov transformation U ( ) if

 = 0,−b,−a1,−a2.
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i)  = 0
Linear functional

LU(0)
2,1 [u] =




x=0

u(x)
(a1)x (a2)x

(b+1)x

zx

x!
+u(0) .

First moment differential operator

U(0)
2,1 = ( −1)2,1 =  ( +b)( −1)− z( +a1) ( +a2) ,

which is a special case of (51) with

a3 = 0, b1 = b, b2 = −1.

Standard moments recurrence operator

U(0)
2,1 = (S −1)2,1 = S n+1 (S +b)(S −1)

− z(S +1)n (S +a1) (S +a2)S .

Modified moments recurrence operator

U(0)
2,1 = (S +n)2,1 = S (S +n+b)(S +n−1)

− z(S +n+a1) (S +n+a2)(S +n) .

For the special case z = 1, see [5].
ii)  = −b
Linear functional

LU(−b)
2,1 [u] =




x=0

u(x)
(a1)x (a2)x

(b+1)x

zx

x!
+u(−b)z−b.

First moment differential operator

U(−b)
2,1 = ( +b−1)2,1 =  ( +b)( +b−1)

− z( +a1)( +a2)( +b) ,

which is a special case of (51) with

a3 = b, b1 = b, b2 = b−1.

Standard moments recurrence operator

U(−b)
2,1 = (S +b−1)2,1

=
[
S n+1 (S +b−1)− z(S +1)n (S +a1) (S +a2)

]
(S +b) .
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Modified moments recurrence operator

U(0)
2,1 = (S +n+b)2,1

= [S (S +n+b−1)− z(S +n+a1) (S +n+a2)](S +n+b).

iii)  = −a1

Linear functional

LU(−a1)
2,1 [u] =




x=0

u(x)
(a1)x (a2)x

(b+1)x

zx

x!
+u(−a1)z−a1 .

First moment differential operator

U(−a1)
2,1 = ( +a1)2,1 =  ( +b)( +a1)− z( +a1) ( +a2)( +a1 +1) ,

which is a special case of (51) with

a3 = a1 +1, b1 = b, b2 = a1.

Standard moments recurrence operator

U(−a1)
2,1 = (S +a1)2,1

=
[
S n+1 (S +b)− z(S +1)n (S +a2) (S +a1 +1)

]
(S +a1) .

Modified moments recurrence operator

U(−a1)
2,1 = (S +n+a1 +1)2,1

= [S (S +n+b)− z(S +n+a2) (S +n+a1 +1)](S +n+a1) .

3.3.6.14. Truncated Generalized Hahn functional
Linear functional

LT
2,1 [u] =

N


x=0

u(x)
(a1)x (a2)x

(b+1)x

zx

x!
, N ∈ N0.

First moment differential operator

T
2,1 = ( −N−1)2,1 =  ( +b)( −N−1)− z( +a1) ( +a2)( −N) ,

which is a special case of (51) with

a3 = −N, b1 = b, b2 = −N−1.

Standard moments recurrence operator

T
2,1 = (S −N−1)2,1 = S n+1 (S +b)(S −N−1)

− z(S +1)n (S +a1)(S +a2) (S −N) .

Modified moments recurrence operator

T
2,1 = (S +n−N)2,1 = S (S +n+b)(S +n−N−1)

− z(S +n+a1)(S +n+a2) (S +n−N).
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4. Summary

In this section, we list all the functionals and their transformations. Note that we
have

s = 0 s = 1 s = 2
Charlier (0,0) 4 cases (1,1) 15 cases (2,2)
Meixner (1,0) 5 cases (2,1) 20 cases (3,2)

Generalized Charlier (0,1) 5 cases (1,2)
Generalized Meixner (1,1) 6 cases (2,2)
Generalized Krawtchouk (2,0;N) 5 cases (3,1;N)
Generalized Hahn (2,1) 7 cases (3,2)

Charlier

Differential operator:

00 =  − z.

(i) Christoffel transformation (of type 1,1) :

C
0,0 =  ( −−1)− z( −+1) .

Double transformations (of type 2,2):

C2

0,0 =  ( −1−1)( −2−1)− z( −1 +1)( −2 +1) ,

G,C
0,0 =  ( −1−1)( −2)− z( −1 +1)( −2) ,

U(0),C
0,0 =  ( −−1)( −1)− z( −+1) ,

U(+1),C
0,0 =  ( −−1)( −−2)− z( −+1)( −−1) ,

U(−1),C
0,0 =  ( −−1)( −+1)− z( −+1)( −+2) ,

T,C
0,0 =  ( −−1)( −N−1)− z( −+1)( −N) .

(ii) Geronimus transformation (of type 1,1) :

G
0,0 =  ( −)− z( −) .

Double transformations (of type 2,2):

C,G
0,0 = G,C

0,0 ,

G2

0,0 =  ( −1) ( −2)− z( −1)( −2) ,
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U(0),G
0,0 =  ( −)( −1)− z( −) ,

U(),G
0,0 = G

0,0,

T,G
0,0 =  ( −)( −N−1)− z( −)( −N) .

(iii) Reduced-Uvarov transformation U (0) (of type 1,1) :

U(0)
0,0 =  ( −1)− z .

Double transformations (of type 2,2):

C,U(0)
0,0 = U(0),C

0,0 , G,U(0)
0,0 = U(0),G

0,0 ,

U2(1,0)
0,0 =  ( −1)( −2)− z ( −1) ,

T,U(0)
0,0 =  ( −1)( −N−1)− z ( −N) .

(iv) Truncation transformation (of type 1,1) :

T
0,0 =  ( −N−1)− z( −N) .

Double transformations (of type 3,2):

C,T
0,0 = T,C

0,0 , G,T
0,0 = T,G

0,0 , U(0),T
0,0 = T,U(0)

0,0 ,

U(N+1),T
0,0 =  ( −N−1)( −N−2)− z( −N)( −N−1) ,

U(N),T
0,0 =  ( −N−1)( −N)− z( −N)( −N +1) .

(v) Uvarov transformation (of type 2,2) :

U
0,0 =  ( −−1)( −)− z( −)( −+1) ,  �= 0.

Meixner

Differential operator:

1,0 =  − z( +a) .

(i) Christoffel transformation (of type 2,1) :

C
1,0 =  ( −−1)− z( +a)( −+1) .

Double transformations (of type 3,2):

C2

1,0 =  ( −1−1)( −2−1)− z( +a)( −1 +1)( −2 +1) ,
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G,C
1,0 =  ( −1−1)( −2)− z( +a)( −1 +1)( −2) ,

U(0),C
1,0 =  ( −−1)( −1)− z( +a)( −+1) ,

U(+1),C
1,0 =  ( −−1)( −−2)− z( +a)( −+1)( −−1) ,

U(−a),C
1,0 =  ( −−1)( +a)− z( +a)( −+1)( +a+1),

U(−1),C
1,0 =  ( −−1)( −+1)− z( +a)( −+1)( −+2) ,

T,C
1,0 =  ( −−1)( −N−1)− z( +a)( −+1)( −N) .

(ii) Geronimus transformation (of type 2,1) :

G
1,0 =  ( −)− z( +a)( −) .

Double transformations (of type 3,2):

C,G
1,0 = G,C

1,0 ,

G2

1,0 =  ( −1)( −2)− z( +a)( −1) ( −2) ,

U(0),G
1,0 =  ( −)( −1)− z( +a)( −) ,

U(−a),G
1,0 =  ( −)( +a)− z( +a)( −)( +a+1),

U(),G
1,0 = G

1,0,

G,T
1,0 =  ( −)( −N−1)− z( +a)( −)( −N) .

(iii) Reduced-Uvarov transformation U (0) (of type 2,1) :

U(0)
1,0 =  ( −1)− z( +a) .

Double transformations (of type 3,2):

C,U(0)
1,0 = U(0),C

1,0 , G,U(0)
1,0 = U(0),G

1,0 ,

U2(1,0)
1,0 =  ( −1)( −2)− z( +a) ( −1) ,

U2(−a,0)
1,0 =  ( −1)( +a)− z( +a) ( +a+1),

T,U(0)
1,0 =  ( −1)( −N−1)− z( +a) ( −N) .
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(iv) Reduced-Uvarov transformation U (−a) (of type 2,1) :

U(−a)
1,0 =  ( +a)− z( +a)( +a+1).

Double transformations (of type 3,2):

C,U(−a)
1,0 =U(−a),C

1,0 , G,U(−a)
1,0 = U(−a),G

1,0 , U2(0,−a)
1,0 = U2(−a,0)

1,0 ,

U2(−a−1,−a)
1,0 =  ( +a)( +a+1)− z( +a)( +a+1)( +a+2),

T,U(−a)
1,0 =  ( +a)( −N−1)− z( +a)( +a+1)( −N) .

(v) Truncation transformation (of type 2,1) :

T
1,0 =  ( −N−1)− z( +a)( −N) .

Double transformations (of type 3,2):

C,T
1,0 = T,C

1,0 , G,T
1,0 = T,G

1,0 , U(0),T
1,0 = T,U(0)

1,0 , U(−a),T
1,0 = T,U(−a)

1,0 ,

U(N+1),T
1,0 =  ( −N−1)( −N−2)− z( +a)( −N)( −N−1) ,

U(N),T
1,0 =  ( −N−1)( −N)− z( +a)( −N)( −N +1) .

(vi) Uvarov transformation (of type 3,2) :

U
1,0 =  ( −−1)( −)− z( +a)( −)( −+1) ,  �= 0,−a.

Generalized Charlier

Differential operator:

0,1 =  ( +b)− z.

Transformations (of type 1,2) :

(i) Christoffel
C

0,1 =  ( +b)( −−1)− z( −+1) ,

(ii) Geronimus
G

0,1 =  ( +b)( −)− z( −) ,

(iii) Reduced-Uvarov

U(0)
0,1 =  ( +b)( −1)− z ,

U(−b)
0,1 =  ( +b)( +b−1)− z( +b) ,

(iv) Truncation
T

0,1 =  ( +b)( −N−1)− z( −N) .
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Generalized Meixner

Differential operator:

1,1 =  ( +b)− z( +a) .

Transformations (of type 2,2) :

(i) Christoffel

C
1,1 =  ( +b)( −−1)− z( +a)( −+1) ,

(ii) Geronimus
G

1,1 =  ( +b)( −)− z( +a)( −) ,

(iii) Reduced-Uvarov

U(0)
1,1 =  ( +b)( −1)− z( +a) ,

U(−b)
1,1 =  ( +b)( +b−1)− z( +a)( +b) ,

U(−a)
1,1 =  ( +b)( +a)− z( +a)( +a+1),

(iv) Truncation

T
1,1 =  ( +b)( −N−1)− z( +a)( −N) .

Generalized Krawtchouk

Differential operator:

2,0;N =  − z( −N)( +a)

Transformations (of type 3,1;N) :

(i) Christoffel

C
2,0;N =  ( −−1)− z( −N)( +a)( −+1) ,

(ii) Geronimus
G

2,0;N =  ( −)− z( −N)( +a)( −) ,

(iii) Reduced-Uvarov

U(0)
2,0;N =  ( −1)− z( −N)( +a) ,

U(N)
2,0;N =  ( −N)− z( −N)( +a)( −N +1) ,

U(−a)
2,0;N =  ( +a)− z( −N)( +a)( +a+1).
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Generalized Hahn functional of type I

Differential operator:

2,1 =  ( +b)− z( +a1)( +a2) .

Transformations (of type 3,2) :

(i) Christoffel

C
2,1 =  ( +b)( −−1)− z( +a1) ( +a2)( −+1) ,

(ii) Geronimus

G
2,1 =  ( +b)( −)− z( +a1) ( +a2)( −) ,

(iii) Reduced-Uvarov

U(0)
2,1 =  ( +b)( −1)− z( +a1)( +a2) ,

U(−b)
2,1 =  ( +b)( +b−1)− z( +a1)( +a2) ( +b) ,

U(−a1)
2,1 =  ( +b)( +a1)− z( +a1)( +a2) ( +a1 +1) ,

U(−a2)
2,1 =  ( +b)( +a2)− z( +a1)( +a2) ( +a2 +1) ,

(iv) Truncation

T
2,1 =  ( +b)( −N−1)− z( +a1)( +a2) ( −N) .

5. Conclusion

We have studied the discrete functionals (6) characterized by the hypergeometric
differential equation satisfied by their first moment 0 (z) = L [1] ,

[ ( +b)− z( +a)] [0] = 0, a ∈ K
p, b ∈ K

q.

We obtained recurrence relations for the moments on the monomial and falling factorial
polynomial bases, and gave examples for all functionals of class s � 2, where s =
max{p−1,q} .

We are currently working on further applications of our results to study some prop-
erties of the orthogonal polynomials themselves (representations, recurrence-relation
coefficients, generating functions, etc.).
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[26] A. J. DURÁN, The algebras of difference operators associated to Krall-Charlier orthogonal polyno-
mials, J. Approx. Theory 234, 64–81 (2018).
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(1931).

[56] L. TRUKSA, Hypergeometric orthogonal systems of polynomials. ii, Aktuárské Vědy 2 (3), 113–144
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