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SHARP COEFFICIENT BOUNDS OF ANALYTIC
FUNCTIONS SUBORDINATE TO SHELL-LIKE CURVES
CONNECTED WITH k-FIBONACCI NUMBERS

SERAP BULUT* AND JANUSZ SOKOL

Abstract. Let us consider the function

1+ 122 &
= =14 PrnZ".
1—ktz— 122 2. i

n=1

Pr(2)

The coefficients of the function fj (z) are connected with k-Fibonacci numbers:
Pin = (Fen—t1 + Fens1) 7 (n=12,...).
If the function p of the form p(z) = 1+ p1z+ paz® + - satisfies
P(@) < pr(2),

then we have

Ip1] < klwl = |pral,

2| < (B +2) 7 =|peal,

p3] < (K +38) [uf* = [ es)

In this paper, we prove that

1Pal < (Fin1 4 Fenrt) |0l = |pra] — (n=1,2,..).

1. Introduction

Let R = (—o0,00) be the set of real numbers, C be the set of complex numbers
and
N:={1,2,3,...} =Np\ {0}

be the set of positive integers.
Assume that 77 is the class of analytic functions in the open unit disc

U={zeC: |7 < 1}.

For two functions f,g € ¢, we say that the function f is subordinate to g in U,
and write

f(2)<g(2) (zeU),
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if there exists a Schwarz function
weQ:={we:00)=0 and |0(z)|<1(zeU)},

such that
f(@=g(w(z) (z€U).
Indeed, it is known that

f(2)<g(@) (zeU)=f(0)=g(0) and f(U)Cg(U).

Furthermore, if the function g is univalentin U, then we have the following equivalence
f(2)=<g(z) (zeU)=f(0)=¢(0) and [f(U)Cg(U).

DEFINITION 1. [6] For any positive real number k, the k-Fibonacci sequence
{Fn} e, is defined recurrently by

Fk,n+1 = ka,n + Fk,n—l (n S N)

with initial conditions
Fro=0, Fi=1

Furthermore n™" k-Fibonacci number is given by

(k—%)" -7

Fop= ek 1
SRV @
where
. k—Vk>+4
k=
2

For k =1, we obtain the classic Fibonacci sequence {F,},cy, :

Fy=0, =1, and F =F,+F_ (I’ZGN)

THEOREM 1. [9] Let {F,}
fined in Definition 1. If

neNo be the sequence of k-Fibonacci numbers de-
1+ 122

5 (7)) = — %S
Pk( ) l—kaZ—T]gzz

=1+ prad’, 2)
n=1

then we have
i =kte, pro=(+2)1%, pin= Fino1+Fn)7  (neN). (3)

The function (2) was applied for defining several classes of analytic functions, for
more details we refer to [1, 3,4, 5,7, 8, 10, 11, 12, 13, 14].



APPLICATIONS OF k-FIBONACCI NUMBERS 3

LEMMA 1. [14] If p(z) =1+ piz+p22+--- (z€U) and
1+ 1272 k—Vi2+4

Tk =

—<~ = T - 5 5 A
p(2) < pi(2) T e—— 5

then we have
|p1| < k|7l and |p2\<(k2—|—2)1',3.

The above estimates are sharp.
LEMMA 2. [8] If p(z) = 1+ piz+p2®+ -+ (z€U) and
1+ 1272 k—Vi2+4

<D )=, Ty = _—
p(2) < P () pe———— k 5
then we have
Ipal < (K +3k) |

The result is sharp.

Giiney et al. [8] also stated the following conjecture:

CONJECTURE. If p(z) = 1+ piz+p2z®+ - (z€ U) and

(9 < 7 (2 14 1222 . k—Vik2+4
Z )= ——>, =
p Pk l—kaZ—T]gzz ¢ 2
then we have

1P| < (Fin—1+4 Fent1) %] (neN).

The main purpose of this paper is to prove that this conjecture is true.

2. Main results
THEOREM 2. If p(2) = 1+ piz+p2z>+--- and

1+T2Z2 >
e =14 Y (Fonmt + Fins) %42 )
n

2) < prlz) = ——2——
p(2) < pr(2) Ty e—— )

then we have
1P| < (Fin—14 Fensr) | %] (neN). (5)

The result is sharp.

Proof. If p satisfies (4), then by the principle of subordination, there exists a
Schwarz function @ € Q such that

 14ae’(z)
 1-bo(z) —aw?(z)

p(2) (zel), (6)
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where a = 17, b = k7;. This gives

p(2) —1=a0’(2)(1+ p(z)) +bo(z)p(z).

Therefore, we can write

ipmz’“r i en?" = aw’(2) <1+nizpmz’”>+bw (mez> (po=1).

m=1 m=n+1 m=0
(7N
for some ¢;;, m=n+1,n+2,.... Then, we have
n—1
2 P+ 2 cm?” 2 (aa)z(z)qm_lz”“1 +b0(2)pm") (®
m=n+1 m=0

where g_1 =0, go =2 and g;, = p;, for m € N. The left hand side of (8) is a function
F, analytic in U. From (8), we have
2

n—1
FQP =Y, (a0*(2)gu-12""" +bo(2) pn")
m=0
2
n—1
<Y (ao(2)gm_12""" +bpw")
m=0
n—1 2 n—1 n—1 n—1
<Y ao@)gm2"t +| Y bpnd"| +2] Y, a0(2)gu_17"" Y, bpud"
m=0 m=0 m=0 m=0
n-1 n—1 2 n—1
< Zaqm_lszl + Ebpmzm +2 Zaqm_lzm’l 9)
m=0 m=0 m=0

From Holder’s inequality, we have

2
J
2m |n—1
< /0 )

m=

n—1

2 an—lzm_l

m=0

n—1

2r
d(P / 2 bpm7"

where z = re’® . Therefore, integrating the both sides of equality (9) around z = re’?
and taking limit » — 1~ we obtain

d¢>,

aqm—12"" !

=

Spal*+ Y Jewl* < Z\aqm 12 +2\bpm| +2 2|aqm nk 2|bpm\

m=1 m=n+1 m=0

n—1 5 n—1 )
= Z lagm—1|" + Z |bpm|
m=0 m=0

2

< 2 (‘aCIm71| + ‘bpm‘)27
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applying in the last step Minkowski’s inequality

n
Z x| + \yk\
=1

n
2%+
k=1

n
Y i <
k=1

Hence we find

n—1 n—1
P+ 3 1pul® < X, {1 lgm-aP + 6P |pal +2labgn1pnl . (10)
m=1

where g_; =0, go =2 and g,, = p,, for m € N, so (10) gives
p* <02, (1D

p2f” < (67 = 1) |p1]* + 4 ab| | p1| + 4a® + b7, (12)
and

ol < (02 = 1) |paf* +41ab| |py| +4a® + b
n—1
+ 3 {@ 1P+ (02 = 1) [pul> +21abl | rpml o (023). (13)
m=2
We note that the inequality (11) implies

p1] < k|| = |pr1| = (Feo+ Fro) wl- (14)

Now consider the inequality (12). Because a = T,f and b = k1, after a standard calcu-
lations, we obtain that (b — 1) |p1|* +4|ab||pi| +4a® + b increases with respect to
|p1], where by (14) |p1] € [0,k|7|]. Since then

(b? 1) |p1|* +4ab| |p1| +4a® + b < {(zﬁ— 1) |p1]* +4|ab| \p1|+4a2+b2]

|p1|=k||
=524k = (Fi1 +Fs)’, (15)

and (12) gives
p2| < (R +2)%¢ = | pra| = (Fir + Fia) % (16)

Now, we will prove (5) by applying mathematical induction. In (14) and (16) it was
proved that (5) holds for the case n =1 and n =2. Suppose that (5) holds for 3,4,... ,n—
1. Then from (13), we have

pal? < (b* = 1) |pi > + 4 ab| |p1| + 4a® + b

n—1
+ Z az(Fk,m—2 +Fk.,m)2 ‘Tk‘z(m_l)

m=2

+Z 2~ 1) (Finet + Fioner)* |1 ™"

+ Z 2|ab|(Fem—2~+ Fem) (Fem—1+ Fems1) kA G

m=2
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Using (15) and @ = 77 and b = kT, we get

|Pul® < (Fi1 + Fi3) 1

n—1
+ Z (Fk,m—2 + Fk,m)2 |7'-k|2m-‘r2

m=2

n—1
+ Y R (Fimer + Fin)? |l

m=2

nl 2m+2
+ N 2k(Fim—2 + Fim) Fem—1 + Femer) |5

m=2

n—1 By
- (Fk,m—l+Fk,rn+l)2|Tk| m.

=

m=

Therefore, applying the property Fy s = kFj ;1 + Fys—2 (s > 2), we obtain

|pn|2 < (Fk,l + Fk’3)2T]?

n—1
+ z {(Fk,m72 +Fk,m) +k(Fk,m71 +Fk,m+l)}2 |Tk|2m+2
m=2
n—1
— > (Fim—1+ Femi1)? 7"
m=2
n-1 n—1
= 2 {Fk,m+Fk,m+2}2 |72 — 2 (Fim—1 +Fk,m+l)2|7k|2m+2
m=1 m=2

= (Fin-1+Fint1)? "

This proves |p,| < (Fk,,,_l + Fk7n+1) |7|", and by induction (5) holds for all n € N.
The coefficients py , of the function py satisfy

’ﬁk,n| = (Fk,n71+Fk,n+1)|Tk|n (l’lEN),
by Theorem 1, so in this sense Theorem 2 is sharp. [J

For k =1, we obtain following consequence which proves [13, Conjecture 2.1].

COROLLARY 1. If p(z) = 1 + p1z+ p2z> +--- and

- 14172 - non
P(Z)<P(Z)=m:1+zl(Fn—1+Fn+1)TZ, ==
n—=

then we have
|pn| < (Bt + Fog) |7]" (neN).
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