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A SERIES OF RAMANUJAN, TWO-TERM
DILOGARITHM IDENTITIES AND SOME LUCAS SERIES

KUNLE ADEGOKE AND ROBERT FRONTCZAK *

Abstract. We study an elementary series that can be considered a relative of a series studied by
Ramanujan in Part 1 of his Lost Notebooks. We derive a closed form for this series in terms of
the inverse hyperbolic arctangent and the polylogarithm. Special cases will follow in terms of
the Riemann zeta and the alternating Riemann zeta function. In addition, some trigonometric
series will be expressed in terms of the Clausen functions. Finally, a range of new two-term
dilogarithm identities will be proved and some difficult series involving Lucas numbers will be
evaluated in closed form.

1. Introduction

In Part 1 of Ramanujan’s Lost Notebooks [2], Ramanujan studied the function

n
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Among other things Ramanujan proved the identities
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Ramanujan also considered the alternating variant of ¢(a), i.e., the function
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He obtained [2, p. 40/41]
~ 4 ~
In(2) = ¢(2) and gln(Z) =0(3). 3)
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The function ¢@(a,n) has also been studied recently. It appears in an article by
Berndt and Huber from 2008 [3] who derive a new formula for the Euler-Mascheroni
constant . In addition, we mention the article by Ravichandran from 2004 [13] where
the function @(a) has been analyzed (under the notation Ay,).

In this article, we study a relative of Ramanujan’s function ¢(a), namely the series
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F(z,p) = Z,l (2k — 1)(2k)P(2k + l)’

zeC, p=>0. 4)

We express the series in closed form using the inverse hyperbolic arctangent, arctanh(z),
and the polylogarithm of order n, Li, (z), the later being defined by [11]

Li,(z Z o lz| < 1.

At z =1 we evaluate the series in terms of the Riemann zeta function given by

C(s): R(s) > 1.
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We also show that at z=1i, i = v/—1, F(z,p) can be expressed in terms of alternating
zeta, or Dirichlet’s eta, or Euler’s eta function, 71 (s), defined by
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Other difficult series will follow as particular cases. One such series is
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R(s) > 0.
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In addition, as corollaries to our main theorem, we will express some trigonometric

series in terms of the Clausen functions. Finally, we prove a range of new two-term
dilogarithm identities and evaluate some difficult series involving Lucas numbers L,.

2. The main result

Our approach is completely elementary and builds mainly on properties of the
inverse hyperbolic arctangent arctanh(z). For complex arguments z, arctanh(z) is de-

fined by [1]
dt

Z
tanh(z) = .
arctanh(z) /0 -

It is a multivalued function with a branch cut in the complex plane. It is an odd function
related to the inverse tangent via

arctanh(z) = —iarctan(iz), i=v-1.
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The logarithmic representation of the inverse hyperbolic arctangent is given by

(lz) 7] < 1. )

1
arctanh(z) = =1In I

2

It is also well known that it possesses a Maclaurin series expansion of the form

o _2k—1

arctanh(z 2 , lz| < 1. (6)

Recent articles on the function include [7, 8, 16].
Now, we present our first main result.

THEOREM 1. For any integer p >0 and |z] < 1 we have
%((Z—%)arctanh( )+1— Ep/z ~@/=DLiy;(z ))7 peven;
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F(z,p) =
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Proof. We prove the identities using induction on the parameter p. We start with
the base cases p =0 and p = 1, respectively. Employing (6) we get
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This proves the base case p = 0. Next, we have
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Using

/é (1 + (z— é) arctanh(z)) dz=1In(1-2*)+ <z+ %) arctanh(z) +c,

in conjunction with

z—0

1
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we get
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as desired. Now let p > 2 be arbitrary and even. Then p+ 1 is odd and keeping in
mind that s

Li,(z |
/#dZ = E Lln+1(22) + C,

we get
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which proves the statement. The case p is odd is very similar and omitted. [J

In particular, for |z| < 1, we have
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COROLLARY 1. We have for p > 0
= 1
=1 2k — 1) (2k)P(2k+ 1)
1-3/12 2’4(2) p even; -
Lin() -2V CiNg @) 1), podd.
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Proof. Take the limit z — 1 and make use of the results Li,(1) = {(n) as well as

1
lim (z - —) arctanh(z) =0
z

z—1
and
i—

lim <<z+ %) arctanh(z) + In(1 —22)> =2In(2). O

COROLLARY 2. We have for p > 0

Fp) - 3 D
:1 2k—1 2k (2k+l)
%~+y“ 2720 (2j), p even;
/2 . (12)
—%‘f‘ ( 1)/ 27(2]4’1).”(2]'_'_1), pOdd,

where 1 (s) denotes the Dirichlet eta function.

Proof. Take the limit z — i and make use of the results Li,(—1) = —n(n) [11] as
well as

1 Y
lim (z— - ) arctanh(z) = — —
im (z z) arctanh(z) 2

1

and

lim ( <z+ %) arctanh(z) + In(1 —z2)> =In(2). O
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Some particular cases of the previous results are stated below:
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The first identity is a rediscovery of Ramanujan’s identity (1) while the second
recovers his first result in (3).
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COROLLARY 3. We have
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Proof. Set z=1/+/2 in (7), use

and

and simplify. [

(13)
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COROLLARY 4. With o = (14+/5)/2 being the golden section we have
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Proof. Evaluate (8) at z=1/v/5,z=2/v5and z=+/5/3. O
COROLLARY 5. If p is a non-negative integer and 0 < x < 27, then

cos(kx)

21 2k —1)(2k)P(2k+ 1)

=

/2 Gl
E-fan(3) -3 9 peen
—_— J:
= (r—1)/2
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p odd;
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and

=

sin(kx)
21 2k 1)(2k)P(2k 1 1)

/2 o,
—2sin(%)In(tan (%)) — 1?21 Cl;éj(x), p even;
j=
(r—1)/2
Zeos(3)— 3 (m—x)— pzl G1222,/++11( ), p odd;
=

where Cl,(y) and Gl,(y) are the Clausen functions [11] defined through
Lip, (€' ) Glp,(x) +iCly,(x),
Ll2n+1 (6 ) = C12n+1 (X) + iGl2n+l ()C);

so that
o sin(kx) o cos(kx)
Clon() = ¥, —5— Clawni¥) = X =357
k=1 k=1
— cos(kx < sin(kx)
Glon(x) = Y, kgn ), Glapi1(x 2 e
k=1 k=1

Proof. Set z=exp(ix/2) in Theorem 1 and take real and imaginary parts.

COROLLARY 6. If p is a non-negative integer, then

i cos(kx)
& (2k—1)(2k)?P (2k + 1)

1 1 )4 -1 JjH1.27
()3 e )

2) 240 (2)) 2n)’
i sin(kx)
& (2k—1)(2k)?P+1(2k 4 1)
T X 1 1 )]+17.L.2j+1 X
- Ten())- b3 S (),
4C°S<z> i 224 Qi+ A \og

where B,(y) are the Bernoulli polynomials defined by

Proof. Use the identity [11]

Gl,(x) = (—1)+1/2] 2n_1n”M

n!

in Corollary 5. [

(20)

21

(22)



THEOREM 2. If p is a non-negative integer, then
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S R
,Zfl (4k — 1)(4k)2P+1(4k+1)
2/ (23)
%—l—?ln(\/ﬁ—l)—%ln —%JEP‘J ) C(2j+1),
(—1)kt o 1 & (—1)/tig2itt
(4k—3) 4k—2)2P+1(4k—1)_§(‘/§_1>_EZIWB2’“(I/4)'
(24)

Proof. Write 2p+ 1 for p in (19), set x = /2 and use the identity [11]
(2n+l)(1 _ 272n)c(2n + 1)

C12n+1 (”/2) -

i cos(km/2)
A (2k—1)(2k)2P T2k + 1)
1Z 1— =2
ZZ’ ) C2j+1),

v2 V2-1)+ —ln

__1(

O

1 (
!
2
from which (23) follows. Identity (24) is proved by setting x = 7/2 in (22)

THEOREM 3. If p is a non-negative integer, then
1
(6k+1)(6k+2)2P+1(6k +3)

s

= 1 1
; )(6k)2P+ T (6k+1) (k:

1 )

2 6k +3) (6k +4)2PT1(6k +5)
1 1 1 1 1 3 1 & (1-372%) .

(25)

and
1 - -
&6 (6k +3)(6k +4)2r+1(6k +5)
(26)
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,Z;) (6k 1+ 1)(6k +2)2P71(6k +3)
1)+ g2t
Byj1(1/3).

V3n V3 & (-
) (2j+1)!

36 3 =
Proof. Again, write 2p+ 1 for p in (19), set x = 27/3 and use the identity [11]
1
—5(1 —37¢(2n+1)

Clyqg (27'[/3) =
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to obtain

< cos(2mk/3)
2

1 1 & (1-3 ')
=—= —1 — f2j+1
—1)(2k)2 12k +1) 2+8 n(3 4; 22/ (2j+1),
from which (25) follows upon noting that
1 k=0 mod 3;
cos(an/3):{ ’ mo

—1/2, k=1,2mod3;
and simplifying. Identity (26) is proved by setting x = 27 /3 in (22) in conjunction with
0, k=0 mod 3;
sin(2mk/3) = < \/3/2,

k=1 mod 3;

—V/3/2, k=2mod3. O

Additional interesting results can be obtained from Corollaries 5 and 6, which we
leave for a private study.

3. Another approach to evaluate F'(1,p) and F(i,p)
and a restatement of Theorem 1

There is another direct approach to evaluate the series F(1,p) and F(i,p), re-
spectively. As F(1,0) and F(i,0) follow easily be telescoping we assume that p > 1
From the partial fraction decomposition

1 1 1 1
Ck—De@k+1) ke Tke D) Rk 1)
in conjunction with
1 1 2 1 1 2
WAL W e 2krD)  Rk—1) R
we getfor p > 1

kP=1(2k—1)’
1

LIS - | (1!
(2k—1)kp(2k+1):_k_ﬁ+j§6 e+

1
2%+ 1 +2k—1>' @7

This produces

Y B §
F(l’p)=—2”€(p)+§%(2127_jlap—1_ %§<2k_1 (=" )

2k+1
If p is even, then by telescoping

5 (- ) -

-1 2k+1
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and
1 (p—2)/2 1
F(lap)zz—z_pC(P)— Z WC(P—zj)-

J=1

This is the identity for p even as stated in (11). Similarly if p is odd, then

=1 1
;(2k—1+2k+1>_1+222k+1

and after some calculations
1 (r=3)/2 )
F(lp)=—3+@)-27C(p)~ 3, 27 20¢(p-2)).
Jj=1

The last expression is equivalent to the second part in (11). The derivation of F(i,p)
based on a partial fraction decomposition is done in the same way making use of the
results

(—1)k 2-= & (—

= Yk 1
§ 2k—1 ey & M Z‘I(Zk

1
D2k+1) 4

The remaining steps are omitted.

Surprisingly, the above analysis allows to prove Theorem 1 directly, without re-
quiring to distinguish between p odd and p even, respectively. Note that (27) is equiv-
alent to

1 1 [p/21-1 52j +2p_1<(_1)p—1 1 )

k- DRkt 1) kT = d+1 2=l

which, multiplying through by z*, gives

* B & (P21 92)k 2p_1k<(_1)p—1 1 )

(Zk—l)kP(2k+1)__k_1’+ Ay k2 k+1 T 2k—1

Hence we obtain

k ok [p/2]-1 ek

) (2k— l)lil’(Zk—i—l) =2 Z_p+ > 2 § kpzfzj

k=1
= —1)p-1 1
2r~! K[ . 28
T2 X ( %1 k-1 (28)

To evaluate the last term in (28), by (6), let

- Ve 1+z
f(z)_,Z‘IZk—l_ zarctanh(y/z) = 5 ln<1_\/2)7 7 < 1.



A SERIES OF RAMANUJAN 11

Then
oo )pl 1
,Zfl <2k+l +2k—1) (=1 2k+1 )
s k—1
:<—1>P—1%22_1+f<z>
G -
T (,gzk—l_Z)Jrf(Z)
_1\p-1
= s+ (-1 ()
Thus,

g (21{2:11 2/{1_1):(14'%)%1“(11—:;) +(=1)". (29

Using (29) in (28) and invoking the definition of the polylogarithm to write the first two
terms of (28) gives for p a non-negative integer and |z| < 1 the identity

o & [p/2]-1
—Li,( 2% Li,_5(2)
; (2k— DkP(2k+1) r(@ jzl b=
P2 % L+vz p=1_1)P
+2 <1+ - VzlIn = +2P7(=1)P.

(30)

This is an equivalent form of Theorem 1.

4. New two- and three-term dilogarithm identities and the evaluations
of some related series

Itis obvious that from Theorem 1 for suitable choices of the parameter z additional
interesting series can be evaluated in closed form. In this section, we focus on series
involving the golden section o and Lucas numbers L,, .

Recall that the Fibonacci numbers F;, and the Lucas numbers L,, are defined, for
n € Z, through the recurrence relations F, = F,,_| + F,_», n > 2, with initial values
Fo=0,Fi=1land L,=L,_+L, » with Ly =2, L; = 1. For negative subscripts we
have F_, = (—1)""'F, and L_,, = (—1)"L,,. They possess the explicit formulas (Binet
forms)

an _ ﬁn

o—pB"
where o = (1++/5)/2 and B = —1/a = (1 —+/5)/2. The number « is the famous
golden section. The relation L, = F»,/F, follows directly from (31). Excellent refer-

ences concerning Fibonacci and Lucas numbers are the books by Koshy [10] and Vajda
[15].

F,=

L,=a"+p", nez, 31)
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At this point we can extend the identities in Corollary 4 to Fibonacci and Lucas
numbers.

THEOREM 4. If n is a positive even integer, then

i SkE2k n Ly,

1
2k(2k — 1)(2k) (2k + 1) =In(2)~In T 5 By (@)= (32

2

Proof. Set z=F,\/5 /L, in (8). When simplifying use the Binet formulas and the
basic identities

=5F2 4+ (-1)"4, 5SF2=Lyp+(-1)""2, L2=Lp+(-1)"2. O

THEOREM 5. If n is an odd integer, then

oo 2k
Ln

1 n L2n 1
=1In(2) — =In(5) — In(F;, In(ax) — =. (33)
,;Fnszk(Zk—l)(Zk)(Zk—l-l) @) 2 ) (Fa) + \/_an n(e) 2
Proof. Set z=1L,/F,\/5in(8). 0O
THEOREM 6. If r is an even integer and s is any integer, then
i L2rk+s
& L2 (2k—1)(2k) (2k+1)
= {FW5hn (Biﬂ) % ( )
r+ (34
+§LrFs\/§ln L LyIn(2L2 +1)
L2~ L+a L2—1
_{ 8L D r+5\/_1 (( ir ) 2’)—( S )Lr+sln(2L3+l)7
i F2rk+s
&4 L2 (2k—1)(2k) (2k+ 1)
1L (ﬁ’L,Jrl 1F1 <2LE+1> F,
= hl =) -2
4\/_ L+1 4 L 2 35)

+
1 5 Ls r+ o 2 2
SLiFIn(2L; +1
gk <<L+ﬁ> >+ net

(L7 — 1) Lris L+a’\ (L7 1) 2
L V3 In Lip o SL, FrisIin(2L7 4 1).

Proof. Set z= 0o /L, and z= 3" /L,, in turn, in (8); add and subtract the resulting
identities to obtain (34) and (35). [
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THEOREM 7. If s is any integer; then

- Lojys 5
2‘ kD)) b In(2) + ¢ Ls+11n(5)
+§(15Fs—1 —Fy)In(ax) — %"’ (36)
- F2k+s 5
g‘ Dk @)+ g fainG)
! F,
+m(15L5_1—LS)11’1(05)—?_ (37)

Proof. Set z= /2 and z = [8/2, in turn, in (8); add and subtract the resulting
identities to obtain (36) and (37). [

To prove the main results of this section we will need the following nontrivial
identities for the dilogarithm [11]:

2
Liy(—1) = _f_z, (38)

. o,
Lip(—a) = 10 —In“(), (39)

. e o,

Lis(—B) = Lis (&) =I5~ In’(@), (40)

1 2
Lir(82) = Lis <E> - % — (). (41)

Inserting z = 1/a and z = 1/y/a in (8) and (9), respectively, using trivial proper-
ties of the golden section, and (40) and (41) we get, for instance, the evaluations
i 1 1 3
S o2k —1)(2k)%(2k+1) 2 60 4

as well as
& 1 1 1 1 1
- th(—) Zn2(a).
Z‘lak(Zk—l)(Zk)z(ZkJrl) 2730 2aye e g ) (@

A series involving &° in the denominator comes from combining (10) with the
identity (consult [11] for a derivation)

Lis (%) - §§(3)+§1n3(oc)——7r2ln(a). 42)
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The result is

= 1 e 3 1
§ Xk 1)(2kP(2k+1) <@+1+W)ln(a>_ﬁln3(a)
1 1
165035

Recently, Campbell published two papers about dilogarithm identities [5, 6]. The
paper [5] is about extending the work of Lima [12] via Fourier-Legendre theory (poly-
nomial expansion). It contains five two-term dilogarithm identities which are rediscov-
eries of previously known dilogarithm identities. All five results are well-documented
in the book by Lewin [1 1]. One such identity is [5, Eq. (9)]

30,2 2
Lis 5 ) - Liap?) = S 2B, @)

which in view of
af —1= (= 1)(®+1) =40,

can be nicely simplified resulting in

1 3,
L12 (OC ) le(B ) = 2 ) In (O() (44)
Identity (44) is identity (1.70) of Lewin. Also Lima’s main result from 2012 [12]
is Lewin’s equation (1.68). Campbell’s paper [6] is an addendum to his first publica-
tion [5], where he references Lewin’s work, discusses his results from [5], and gives a
historical survey. We also recommend the papers by Boyadzhiev and Manns [4] and
Stewart [14]. Boyadzhiev and Manns discuss several topics related to polylogarithms
with special focus on dilogarithms. Stewart offers a number of proofs for “Lima’s iden-
tity”” while making use of known functional relations for the dilogarithm function.
In what follows, we present presumably new nontrivial two-term dilogarithm iden-
tities involving the golden section based on Lewin’s book [11]. Such relations can be
derived in a fairly straightforward manner using certain transformations.

THEOREM 8. We have the following relations:

L12<2>+L12<§> :E+2ln( )~ In(2), (45)

L12<O; )+L12<ﬁ,53) 1—;+6ln( o) — 21n%(2) +21n(2) In(5)
1

—ln2(5)—Li2<—Z>7 (46)

(ol (BT L, 5
Lip | — |+Lib [ — ) = —+r"In°(ax) — In*(L,), r=0, r even, 47)
L, L, 6
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in particular

2 2 2
Lis (%) fLis (%) =T (o) (), (48)

r r 2
Li, (\/‘%‘F ) ( \/—BF ) = % + 2 1n?(a) — %1&(5) —In(5)In(F,) —In*(F,),
r>=1, rodd, 49)

in particular
. a . _ﬁ 7[2 2 1 2
Lip | —= |+Li | —= | = — +In"(a) — = In“(5), 50
() (T8) = 5+ ) 50)

Lip (%2) +Lip (%2) = %2+21n2(05) - %lnz(S) +21n(2)1In(5)
—41n*(2) — Li, (%) 51D

and
Liz (3) +Li (§ ) = 10°(c) 10%(5) +In(3) n(5) ~ In2(3)

-l-%Liz (%) lle (215) (52)

Proof. Many relations of this kind follow from the two-term identity [11]

. X y X Yy
L (17 775) =t (55) + e ()
21y 21y T T

~Lip(x) ~ Liz(y) ~ In(1 — x) In(1 - y). (53)

To prove (45) set x = o/2 and y = /2 in (53), respectively. We have

Hence, we get
Liy (%) +Lis (g) — Liy(—B) + Lia(—a) — Lis(—1) — In(1/(2¢2)) In(0? /2).

Equation (45) follows upon using (38)—(40) and simplifying. For (46) insert x = o’ /5
and y = 83/5 in (53), respectively. This gives

() 13 () = (§) 10 (5) - (-

—In(1—ca?/5)In(1—B3/5).
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Now, use (45) and simplify. To prove (47) we use the dilogarithm reflection formula

2
Liy (x) + Lip(1 — x) = % —In(x)In(1 —x), (54)

with x = o’ /L., r even, and simplify. Identity (48) is the case r = 2 in (47). Identity
(49) follows from the reflection formula (54) with x = "/ V/5F., r odd, after some
steps of simplifications. Identity (50) is the case » = 1 in (49). Next, insert x = o? /4
and y = f82/4 in (53) and calculate

X 1 x o« y B
l-x1—y 5 1-y 5 1-x /5
Hence,
2 2 _
Li, (O‘T) +Lip (%) — Li (% +Liy (7[;) _Li (%)
—In(v/5/(40)) In(v/50./4).

Using identity (50) the identity is proved after some steps of simplifications. Finally,
the choices x = &/3 and y = /3 in (53) yield

Lip (3) +Li PY i (L) i (L) — i (-
—In(l —a/3)In(1—B/3).
Form here apply the dilogarithm identity
1
Lia (x) + Liz(—x) = 7 Lia (x%)
twice and simplify. [
REMARK 1. We observe that (50) can also be proved using (53) with x = o/ V5

and y = —/+/5, respectively. Since

Xy o x Y
l-x1—-y 1-y 1-—x

we get the striking simple relation

Liy (%) +Lis (L\/g) = Lip(1) + In(ct/v/3) In(v/301).

As Lix(1) = £(2) the proof is completed.

It is also worth noting that each of the equations (45)—(52) can be stated equiva-
lently as an infinite sum involving Lucas and Fibonacci numbers. In particular, we state
the following three examples:

o Lk m? 2 2
D iz = 15 F2n’ (@) —1n*(2), (55)
k=1
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o L3k 2 S
%W—E—an( ) —21n*(2) +21n(2)In(5) g 4kk2 , (56)
o Lr 2
D k"z - + 2 1n?(a) —In?(L,), r>0, reven. (57)
SRR 6

THEOREM 9. The following series involving Lucas numbers L, allow a closed
form evaluation
< Ly U |

1
- Q) -2
,Z’lzk+2(2k—l)k2(2k+l) 25t (2 =z

1 [\ o?Va /1
— —————arctanh — | - arctan — |,
2022a ( 2 ) 272 ( 20

(58)
gﬁk@k— Mot - ) - e - L))+ L
+%Li2 (- %) - ﬁarctanh(%)
ai/g arctan(a \}ﬁ ) (59)
2 F(2k— 1)€2k) 22k 1) l‘g—j—%rzlnz(a)+%1n2(u)

) , re&Ny, reven,

2 r oL,
(60)
< Loy Fy
§ K(4k — 1)(4k)2 (4k+1)“LZ SE1(ak —3)(4k —22(4k — 1)
R 2 L. 5
1—ﬂ+ﬁl (5)— 7 1n*(@)
! arctanh( i) + v/ arctanh L 61)
ENNACY V V5 Via ) )’
and
i L2k o 7'[2 1 2 9\/_
,;4k+1(2k—1)k2(2k+1) BRI (O‘)__l () + Eln(s)

s 1 s 1. 1
+1n%(5) = 31n(2) In(5) +1n%(2) + 7 Liz (5) (62)
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Proof. To prove (58) set z = +/0/2 and z =i/—f/2 in (7), respectively, com-
bine according to the Binet form, simplify and make use of (45). To prove (59) set
z=+/03/5 and z =i\/—f3/5 in (7), respectively, combine according to the Binet
form, simplify and make use of (46). Identity (60) comes from setting z = /o' /L,

and z = /B’ /L,, in turn, in (9) and making use of (47). To prove (61) set z =1/ a//5

and z =1/ —B/+/5 in (7), respectively, combine according to the Binet form, simplify
and make use of (50). Finally, proceed as before with z = /2 and z = /2 in (7),
respectively. When simplifying apply the relation (51). O

Using the identities of Hoggatt et al. (Lemma 1) we will extend the identity (47).

LEMMA 1. (Hoggattet al. [9]) For p and q integers,

Fpiq— Fpod = BPF,, (63)
Fpiq—FpB? = aPFy, (64)
Lpig—Lyad = —BPF,V/5, (65)
Lpig—L,B7 = alF,\/5. (66)

LEMMA 2. For integers p and q,
F, F, n? F,
Lip (—paq> +Li, (—qﬁp) =——In (—paq> ln<
Fpiq Fpiq 6 Fp+q
F, F n? F,
Li» (—‘fal’) +Lip (—”B’i) =" —In <—‘1a1’) In <—”ﬁ‘1) , pP+q#0,
Fpiq Fpiq 6 Fpiq Fpiq

_ 2 —
(220} e (220 ) - 2 () (25) o0

p+a p+q 6 Lpiq

L F\/5 2 L F,\/5
Liy <_Pﬁf1> +Li q\/_ap - <_Pﬁf1) In i—ap NG
Lp+q Lp+q 6 Lp+q Lp+q

Proof. Use the dilogarithm reflection formula (54). [

As usual, identities (67)—(70) can be stated as Fibonacci and Lucas series, namely,
that if p and ¢ are positive integers, then

= FFLy+FFL n? F, F,
2 P qkk g pk:__1n< P aq)1n< 4 ﬁp)
i1 Bk 3 Fpiq Fpiq 71)

p+q
E F
—1In (—q(xp> In (_qu> ., peven, g even,
Fpiq Fpiq
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and

i L Ly, i F2k5kL2k,, = FAUSRFoy

+2

k=1 Lp+qk2 1Ly (207 S L (2k—1)?
2 L —F, L FyV/'5 (72)
T <_1’aq> In L\/_Bp “n <_Pﬁq) In ‘I_\/_ap ,
3 Lp+q Lp+q Lp+q Lp+g
p odd, g even.

When p = g =2 then (71) gives

. 2 2
Y —=5 = — +4In*(a) — In*(3),
Sk 6

which confirms (57) with r =2. When p =1 and ¢ = 2 then (72) produces

i£+2 > Lo +3 i :”—2+41n2(a)+21n(2)1n(5)—81n2(2).
Lgke T A Rk T A T — 1) T 3

Identities (71) and (72) also lead to Ramanujan type sums as presented in Theorem

9. We state the result corresponding to (71) in the next theorem and leave the other sum
as an exercise.

THEOREM 10. Let p and q be even integers. Then

i FrLge+ FfLpi
& FE(2k—1)(2k)2(2k+ 1)
T

2
=2 1 ( Fp atz) ( g [317) ( Fy ocl’>1 (iﬁq>
124 \Fpiy Fpiq 47\ Fpry Fpiq

1 F,pB? Fyod 1 F,o

—— ¢ arctanh L= ——P = arctanh
2 \/Ep+qbpod Foig ) 23/FprqoB?
1 F,B1 F,a? 1 F,a?

—— L arctanh 4 ——2— __ arctanh (73)
2 \/FprqFqa? Fpiqg) 2\/FpiqbypP?

5. Additional series

In the next couple of theorems we state identities involving binomial coefficients.

LEMMA 3. Let m € Zt, m > 2. Let 7 be any real or complex variable such that
lz| < 1. Then
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o (2k) 22k
24 1)(26)(2k+1)

TR O o))

(=)™ (l+4z
+ e In )

Proof. Differentiate (8) with respect to z, m times. [

THEOREM 11. If m is a positive integer greater than or equal to 2, then

S )

2 « SK(2k—1)(2k)(2k+ 1)

5 L D/2) @ 1 §((m71)/2] Fooajin ]
A A me 2] 24 A m—2j+12m 2

L, 1 FE, 1 F, 1 (—1)'“\/5111(“)

m 2mtl T gy gmt2 Ty gmtl

k=1
~-1)/2 ~1)/2
_ 5 L(m—1)/2] Fyn2)) s 5 [(m—1)/2] 11730”72]41)2m_2j_~_1
8 &= m=2j 8 & m=2j+l1
_lﬂszl F3m2m 1 F3(m 1)2m 2 ( ) \/_1 ( )
m —1
and

oo 5k(2k)

IZ’I Ok(2k — 1)(2k)(2k+ 1)

3 Sl A(m, ) . 1 5’”/2<— %L2m+L2m_1>, m even;
45 S m—j  m2 | SO (S By ), modd;
. 1 52 s, m even,

3(m—1)2mtl ) 5mtD2E o moodd;

(75)

(76)

(77)
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with

5(m=j)/2 . .

— S Lam—j)» m even, j odd,
(m—j)/2 .

. SR 7 Lo(m—j)» modd, j even;
A(m, j)=1

sm—j+1)/2 : )

a7 F2m- ) m even, j even,
5(m—j+1)/2 .

— WF%mfj)’ m Odd, J odd.

Proof. Setting z = 1/+/5 in (74) gives (75) while z = 2/1/5 gives (76) and z =
V/5/3 gives (77). O

THEOREM 12. If n is a positive even integer and m is a positive integer, then

o ()
2‘ L%k(Zk— 1)(2k)(2k+ 1)

m—1 5m7j F2m—2j
2 2m—2j 22m- 77 Fnem—2j)

Ln m Sm_j Fn2m—2j+1 (78)
4F, Z m—2j 1 22 2T a2

5m F2m 5m+1 F2m+l

- om+2 onm + ——— 2m+3 F2nm
m 2" L, m 2°m
1 5m F2m

n
+ _m22m+ll’n(2m 1T ZP},—\/gln(a)7
o F2k5k(2m+1)
& RGN0 28T 1)

_j 2m—2j+1
Ln 5m—j an J+

- ; Ln m—2j
FHZ‘OZm—Zj+1 22m—2j+1 (2m=2j+1)

~

L, & gm—j+1 Fnzm*2j+2

- . — Faam—2j+2) (79)
4F, & 2m—2j+ 2 222 j

5m+1 Fn2m+1 1 5m+1 Fn2m+2
o (2m+1) 22m+2 F"(2m+1) + L_n (2m+1) 22m+3 L"(2m+1)
1 5m+l Fn2m+1 nLn

T mn \ .
L, m 223 ™ op /s n(@)

Proof. Set z = Fn\/§ /L, in (74), consider the parity of m and use the Binet for-
mulas. [
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LEMMA 4. Let me 7T, 2. Let z be any real or complex variable such that
|lz] < 1. Then

5 i

& (2k— 1)k (2k+1)
:2(_lmil1n(1—zz)+ (_;)m In (1—3)
sty i) s-o i)
(e () ()
B (o () e ()
B (et () et (7))

Proof. Differentiate 4F (z,2) given in (9) m times with respectto z. [

THEOREM 13. If m is a positive integer greater than or equal to 2, then

5 )

& SF2k— )22k + 1)

_ (_l)m 5 m Fm—l 1 Fm 1
=2—=In(7)-(-1) 2\/§1n(a)+m_12m_1+
o Lm—byj2)

m2m

L2 LI A 81)
moS m=2j2m om A om=2j 4 12m 2
_5“'”_1)/2J F, 1 “’“i)m Fuoj1 1
o m2j2m

= m— 2]+12m—2j+1'

Proof. Set z=1/+/5in (80). O

Acknowledgement. The authors thank two referees for a careful reading and for
making suggestions that significantly improved the presentation of this paper.



[1]
[2]
[3]
[4]
[5]
[6]
[7]
[8]
[9]
[10]
[11]
[12]
[13]
[14]
[15]

[16]

A SERIES OF RAMANUJAN 23

REFERENCES

M. ABRAMOWITZ AND I. A. STEGUN (Eds), Handbook of Mathematical Functions with Formulas,
Graphs, and Mathematical Tables, National Bureau of Standards, Applied Mathematics Series 55,
10th edition, Washington, 1972.

B. C. BERNDT, Ramanujan’s Notebooks, Part I, Springer-Verlag, New York, 1985.

B. C. BERNDT AND T. HUBER, A fragment on Euler’s constant in Ramanujan’s lost notebook, South
East Asian J. Math. Math. Sci. 6, 2 (2008), 17-22.

K. N. BOYADZHIEV AND S. MANNS, On a series of Ramanujan, dilogarithm values, and solitons,
Involve 15, 3 (2022), 411-425.

J. M. CAMPBELL, Some nontrivial two-term Dilogarithm identities, Irish Math. Soc. Bull. 88, (2021),
31-37.

J. M. CAMPBELL, Special values of Legendre’s chi-function and the inverse tangent integral, Irish
Math. Soc. Bull. 89, (2022), 17-23.

X.-D. CHEN, L. NIE AND W. HUANG, New inequalities between the inverse hyperbolic tangent and
the analogue for corresponding functions, J. Inequal. Appl. (2020), Article 131.

R. FRONTCZAK, Inverse hyperbolic summations and product identities for Fibonacci and Lucas num-
bers, Appl. Math. Sci. 10, 13, (2016), 613-623.

V. E. HOGGATT, JR., J. W. PHILLIPS AND H. T. LEONARD, JR., Twenty-four master identities,
Fibonacci Quart. 9, 1 (1971), 1-17.

T. KoSHY, Fibonacci and Lucas Numbers with Applications, Wiley-Interscience, 2001.

L. LEWIN, Polylogarithms and Associated Functions, Elsevier/North-Holland, 1981.

F. M. S. LIMA, New definite integrals and a two-term dilogarithm identity, Indag. Math. (N.S.) 23,
(2012), 1-9.

V. RAVICHANDRAN, On a series considered by Srinivasa Ramanujan, The Math. Gazette, 88 (511),
(2004), 105-110.

S. M. STEWART, Some simple proofs of Lima’s two-term dilogarithm identity, Irish Math. Soc. Bull.
89 2022, 43-49.

S. VAIDA, Fibonacci and Lucas Numbers, and the Golden Section: Theory and Applications, Dover
Press, 2008.

L. ZHU, New Masjed Jamei-type inequalities for inverse trigonometric and inverse hyperbolic func-
tions, Mathematics 10, (2022), Article 2972.

(Received June 12, 2023) Kunle Adegoke

Department of Physics and Engineering Physics
Obafemi Awolowo University

220005 lle-Ife, Nigeria

e-mail: adegoke00@gmail .com

Robert Frontczak

Independent Researcher

Reutlingen, Germany

e-mail: robert.frontczak@web.de

Journal of Classical Analysis
www.ele-math.com

jca@ele-math.com



